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RUNGE-KUTTA METHODS APPLIED TO FULLY IMPLICIT
DIFFERENTIAL-ALGEBRAIC EQUATIONS OF INDEX 1

ANNE KVAERNY

ABSTRACT. In this paper we study the order of Runge-Kutta methods applied to
differential-algebraic equations of index one. We derive general order conditions
for the local order k; , and give a convergence result, which shows that the order
kg of the global error satisfies k; > k;, — 1. We also describe some numerical
experiments, which are in agreement with our results.

1. INTRODUCTION
A general differential-algebraic equation (DAE) has-the form
(1.1) Fw,v',x)=0
with initial values
! /
v(X,) =, v (Xy) = Vg

where v: R —>R" " and F: R" ' xR" 'xR — R™' is a function for which
we assume sufficient differentiability. We also assume 8F/8v’ to be singular
with constant rank, (1.1) to be of index 1 over the whole interval of integration
[xy, X.,q] > and the initial values to be consistent, i.e.,

F('vo,'v('),xo)=0.

The index of a DAE is the number of times the algebraic part of the system has
to be differentiated to obtain an ODE. The index 1 system (1.1) is supposed
to be solvable in the sense that for each set of consistent initial values there
exists a unique solution of the system. For more precise definitions of index
and solvability, see [8].

According to Petzold [13], an s-stage Runge-Kutta method applied to (1.1)
is defined by

s
(12)  Flu,+hd a, V.V, x,+ch| =0, i=1,..,s,
Jj=1

s
!
(1.3) Uppr =V, +hY_ BV,
i=1
Received May 27, 1988; revised April 14, 1989.
1980 Mathematics Subject Classification (1985 Revision). Primary 65L0S.

@© 1990 American Mathematical Society
.0025-5718/90 $1.00 + $.25 per page

583



584 ANNE KVAERN@

and the stage vectors V; are given by

s
(1.4) Vi=v,+hY a;V,, i=1,...,s.
Jj=1
An s-stage Runge-Kutta method is described by its Butcher tableau
S| Gy Gy Ay
G | Gy Gy o Gy
Cs gy Qg Qg
b, b, -+ b
or by
c | &
p"’
where ¢, = Zj.=l a5 i=1,...,s. The matrix &/ has to be nonsingular, and
we define |
D=0d;,)=%".

The local truncation error is given by

dn+1 = @n+1 - U(xn +h),

where ¥, is the solution of (1.3) when v, = v(x,). The local order of the
method is k, if
d,. =0H).
The global error is defined by
e, =v,—v(x,),

and the order of the method is k; if

e, =O(h).
The stability constant r is given by
r=1 —bTJ/_lss,

where ¢ =1, ..., 11" eR’.

Recently, the behavior of Runge-Kutta methods applied to differential-alge-
braic problems has received considerable attention. In [13], Petzold derived a
complete set of order conditions for linear constant-coefficient index-1 equa-
tions, assuming that |r| < 1. Under the same assumption, she also derived
a sufficient set of order conditions for nonlinear problems (1.1) linear in v'.
Later, Burrage and Petzold [2] extended these results to also include the classes
of methods with |r| = 1. Kvaerne [9] derived a complete set of order condi-
tions for the local truncation error for this class of preblems by comparing the
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Taylor expansion of the exact and numerical solution of the equation. Roche
[14, 15] derived general order conditions for Runge-Kutta methods applied to
semiexplicit index-1 problems, using the theory of Butcher series and rooted
trees. Very recently, this theory has been extended to the Hessenberg form
index-2 DAE’s by Hairer et al. [7].

The DAE (1.1) can (at least in theory) be transformed to an autonomous,
partitioned system, by using the following arguments. The system can be written
as an autonomous system with no loss of generality. This is done by adding the
differential equation

v:n=1, v(xy) = X,
with the solution v, (x) = x, to the system. We then have
(1.5) Fv,v)=0

with v: R — R” and F: R" xR™ — R" . Equation (1.5) can be split into a dif-
ferential and an algebraic part. Gear [6] uses the following argument: Suppose
that

rankF, =r<m.

Then there exists a nonsingular r x r submatrix of F,,. Suppose that the
equations have been numbered so that rankd f/dv’ = r over the whole interval
of integration, where f represents the first r equations in F. Let g be the
last m —r equations in F . Suppose that the variables are numbered such that
of _|of of
ov'  [av] vy’
where v = [vlT, 'UZT]T, v, € R, v, € R, and 8f/0v, is nonsingular.
Then, by the implicit function theorem, f = 0 can be solved for 'v; , that is,
v; = fi(v, vy, 'v;) . This can be substituted into the last m —r equations to get
an implicit relationship between v, and v, . The vector 'v; cannot be involved,
or we would be able to solve (1.5) for additional components of v’, contrary
to the assumption about the rank of F,,. Thus, (1.5) can be written as

flw,v)=0,
g(v)=0.
The system (1.6) has index 1 if and only if

A

&

is nonsingular. In this paper, we are only concerned with solvable index-1
DAE’s of the form (1.6). However, the results obtained are valid also for the
more general form (1.1), as long as the rank of dF/dv’ is constant over the
whole interval of integration.

We have used a model equation for the derivation of the local order condi-
tions.

(1.6)
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Theorem 1.1. The set of order conditions derived for the model equation
fw.zYy=0, z=2@)
is equivalent to the set of order conditions for the fully implicit problem (1.6).

Proof. The fully implicit index-1 DAE is given by (1.6). By the definition of
the index, we know that ,
[8 f]ov ]

0g/ov
is nonsingular. Then, rankg, = m — r, and there exists a nonsingular
(m—r)x(m—r) submatrix of g . Suppose that the variables are now numbered
such that g, can be written as

8g6g
9y oz|’

where v = [yT, zT]T, and g, is nonsingular. Then g can be solved for z,
and (1.6) can be written as

f(y,Z,y/,Z/)=0, Z=g(y)
or, by inserting the expression for z into the differential equation, as

(1.7) LY, =0, z=20).
The numerical solution defined by (1.2) and (1.3), applied to (1.6), is given by
(1.8) fW, V=0, g)=

The equation (1.8) is the same as (1.6) with v replaced by V; and v by V/
Using the same arguments as above, (1.8) can be written as

(1.9) KY, Y, Z)=0,  Z,=a),

where V, = [Y,.T, Z,.T]T. Note that the choice of y and z so that g, is
nonsingular is not necessarily unique, neither will g, necessarily be constant
over the whole interval of integration. But, at least in some neighborhood of the
solution at x,, g, will be nonsingular, and we assume / to be small enough
to keep g, nonsingular over the whole step. For the first step, (1.4) and (1.3)
can be written as

(1.10) Y, = y,,+hZa,“, =z +hZaU oi=1,.,s,
Jj=1
and
> ! d !
(1.11) Vas1 =V, +hY_bY,,  z, =z, +h) bZ

i=1
By using (1.10) together with the algebraic part of (1.9) we have

s
z +hZaUZj =g (yn+h2ain;) ,

j=1
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or, by solving for Z; ' and using the Taylor expansion around 0, 2,) s

gt )

h
5 Z duajkaﬂgyy(yk ’ Y )+
.k, I=1

/

=87 +
Inserting this into the differential part of (1.9), we obtain
LYY, Z)=f|Y,. Y, &Y + Z djaya;8,, (Y., Y)+ =0.
j k,l=1

l
order conditions. We then have that the equation

fY,,z)=0, Zz=gY), i=1,..,s,
together with (1.11) and (1.10), will give all the necessary order conditions. O

The term Z] involves Y/, so the term Y/ in (1.9) will give no additional

In §2.1 we develop a general scheme for the Taylor expansion of the exact
solution of the model equation. In §2.2 we give a complete set of order condi-
tions for the local truncation error when a Runge-Kutta method is applied to
the model equation. These order conditions take on a simple form, with the
help of the “tree model” derived in §2.1. Convergence results are given in §3,
while numerical experiments are described in §4.

2. THE ORDER OF THE LOCAL TRUNCATION ERROR

The aim of this section is to derive a set of necessary and sufficient order
conditions for the local truncation error. In §2.1, we expand the solution of
the model equation into a Taylor series. This series is expressed in terms of
rooted trees. In §2.2, we derive the Taylor expansion of the numerical solution
of the model equation. The coefficients of the Taylor series are obtained directly
from the trees derived in §2.1. By comparing the Taylor series of the exact and
numerical solution, the order conditions are obtained. The main result in this
section is given in Theorem 2.2.

Some of the trees derived in §2.1 will correspond to identical order conditions.
In §2.3, a reduced set of trees is introduced, so that each of the order conditions
is given by one, and only one, tree. In Figure 2, all the order conditions up to
order 4 are exhibited, together with their related trees.

2.1. Taylor expansion of the exact solution of a model equation. Consider the
index-1 equation

(21) f(yazl)=0’ Z=g(y)

with consistent initial values y(x,) = y, and z(x;) = z,, where y: R — R,
z2R->R"", f:R"xR"" SR, and g: R" — R""". The functions f and
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g are assumed to be sufficiently differentiable. Repeated differentiation of the
algebraic part of (2.1) yields

/ /
=gy,

=g, 0,V +gy",
(2.2)

n

/ ! / " ! U " / n n
=8,0,y,y)+8,0 ,y)+e,0,y)+e,0,y)+ey ,

These expressions can be written in terms of trees as follows:

e

1

3
2\/3 2
1 1

4
4 4 3
3 3
2%/4 2 3 2 3 4 2 2
1 1 1 1 1
By inserting z’' from (2.2) into the differential part of (2.1) we have

(2.3) fy.gy)=0.

Since (2.1) is an index 1 equation, (2.3) can be solved for y', and Sy g, is
nonsingular. Repeated differentiation of the differential part of (2.1) gives

f;,y,-l'lezu=0,
U ! / n " " ! n n n
f;;y(y ’y)+f;;z’(y » Z )+f;;y +f;/y(2 ’y)+.fz’z'(z » Z )+.fz’Z =09

By replacing the highest derivative of z with the expression given in (2.2), we
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find
/ /
y=y,
" -1 / / /
vy =(-ry8) (/,8,0,y)+1y),
—1
V=(-f.8) (fo8,,0 . V) +18,0". )
(24) + 18,0 V") + f18,,0', V")
+ f;,y(y, , yl) + f;,z'(yl , Z”)
" n / n n
+f:vy +.fz’y(z >y ) +.fz’z’(z » Z ))a

These expressions can also be written in terms of trees:

°
0
2 3
1 ./1
0 0

4 4 3

3

2 4 2 3 2 3 4 2
1 1 1
1
0 0 0 0
2

1\/2 10\/02 1 1%/2 1(v32

0 0 0 0 0

These graphs motivate us to introduce a set of special monotonically labelled
trees, t_, given by the following definitions.

Definition 2.1. The set of special trees, SDAIT, is the set of directed graphs,
consisting of light and heavy vertices, with one single root, such that:

(1) t, € SDAIT, if the root is light, only the root has ramifications, and
each of the branches consist of only light, or only heavy vertices. If the
root has no ramification, then the tree consists of only light vertices.

(2) t, € SDAlTyZ if the root is light without ramifications, but followed
by a heavy vertex. The heavy vertex has at least two branches with no
ramifications, and the branches all consist of only light vertices.
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(3) t, € SDAIT, if the root is heavy, only the root has ramifications, and
the branches consist of only light vertices.

(4) SDAIT, =SDAIT, USDAIT ..

(5) SDAIT = SDAIT, USDAIT,.

Let w(z;) be the number of vertices in a tree.

Definition 2.2. Let ¢, € SDAIT. We say that t_ is monotonically labelled if
every vertex is associated with an integer | satisfying

0<i<w(t)-1 ift eSDAIT,,
1<i<a(t,) ift,€SDAIT,,

and if, following each branch of ¢ , the labels are monotonically increasing.

Definition 2.3. SLDAlTyy , SLDAlTyz , and SLDAIT, are the sets of mono-
tonically labelled trees satisfying conditions (1)-(3), respectively, in Definition
2.1, and

SLDAIT, = SLDAITW USLDAIT,,

SLDAIT = SLDAlTy USLDAIT,.

The set of trees, SLDAI1T, corresponds to the SLDAT-trees defined by Roche
[14]. The differences between the two sets of trees derives from the fact that
the trees of Roche are constructed for a semiexplicit index 1 equation, while
the trees used in this paper are constructed for the model equation (2.1). Also,
in the rest of this paper, we will use similar notations as used by Roche. To
distinguish between the two kind of trees, we use the notation DAI1T-trees in
place of the DAT-trees used by Roche.

Let w,(¢,) be the number of light vertices, and let w /(1) be the number of
heavy vertices in 7, € SLDAIT.

Definition 2.4. The order p(t;) of a tree ¢t € SLDAIT is defined by
(1) pt) =w,(t,)+ wf(ts) ift € SLDAlTyy ,

(2) p(t) =w,(t)—1if 1, € SLDAIT _,
(3) »(t,) = w,,(t,) if t, € SLDAIT, .

Then ¢ is the tree representation for one of the terms in y(’J @) if t, €
SLDAIT , and one of the terms in PALCUIT, t, € SLDAIT, . Let

I —e Tz=o/.

y

Definition 2.5. For every tree ¢, € SDAlTy we define a function F,(¢,): R’ x
R"™" = R’, and for every tree u, € SDAIT, we define a function G,(u,): R x
R L R"™ , by

!

(1) F(r)»,2) =y and G(z)(v,2) =gy =7,
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(D) F(t)0:2) = (=£,8) fyr 0P oy, 20 2D if 1 €
SDAIT,,,
() E(t)0, 2) = (/8" e gky<y“" ., ¥™) if 1, € SDAIT,,
(4) G(u)(y, z) =g, 0™, ..., y?)) if u eSDAlT
where the tree ¢, or u_ has k light branches with respectively p,, ..., p,
vertices, and / heavy branches with respectively ¢, — 1, ..., g, — 1 vertices.

Example 2.1. The tree

" "

corresponds to (—fz,gy)'lj;yz 0",y 2.

There is a one-to-one correspondence between the trees ¢, € SLDAlTy ,
p(t,) = p, and the terms of y(” ) , and between the trees u, € SLDAIT,,
p(u;) = p, and the terms in z? . The following arguments will show this.
The trees corresponding to the termsin y', y”, y"”, z', z”,and z" are already
given. Suppose that all the trees corresponding to y' s eees y(” ) and 2’ yeees Pa
are given. Let u, € SLDAIT,, with p(f,) = p. Attach a light vertex once to
each of the terminal vertices of the tree, and once to the root. Associate with
the new vertex the number w(u,)+1. Do this with all the trees u, € SLDAIT,,
p(u;) = p. Now we have the set of trees corresponding to z?*Y | To find the
trees corresponding to y**") | we first have to differentiate /). Let T, be the
monotonically labelled tree w1th a light root followed by one single branch with
p heavy vertices. This tree corresponds to the term (—f, gy)_1 fz,z(” ). The

derivative f ®) s composed of terms obtained by premultiplying the deriva-
tives corresponding to the trees f, € SLDAIT, UT, of order p(t,) =p with

(— fz/gy) . To find the trees corresponding to (— fz,gy)"l f P+1) " attach a light
vertex once to each terminal light vertex and once to the root. This corresponds
to differentiation of (— fz,gy)_l f ?) with respect to y. Then attach a heavy
vertex once to each heavy terminal vertex, and once to the root. This corre-
sponds to differentiating (— fz/gy)_1 ﬂ” ) with respect to z’ . Associate with the
new vertex the integer w(f) + 1. We now have all the trees in SLDAIT,,
with p(z) = p +1, and the tree T, , corresponding to ,(—fz,gy)_lfz,z(”“) .
Replace the heavy branch in T,, , Wwith the trees corresponding to Z?*Y  This
will give the trees ¢, € SLDAIT ;YUU,, with p(t)=p+1. The tree U,
consists of a light root followed by one branch with one heavy vertex, followed

by p+1 light vertices. This tree corresponds to y(” ) , for which the equatlon
(-f.8, )~L P = 0 s solved.
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The number of ways to label a tree ¢, € SDAIT is the number of times the
corresponding derivative appears in the Taylor expansion of the exact solution.
We call this number f(z,). We can now state the following lemma.

Lemma 2.1. For the exact solution of (2.1) we have

W= Y Fu)= Y BWE(®),

1,ESLDAIT, t,ESDAIT,
plt)=p p(t)=p

(p)

2= N Gu)= Y Bu)Gu).
u €SLDAIT, u,ESDAIT,
p(u)=p p(u)=p

We now know how to express y(p ) and z” in terms of partial derivatives

of f and g, and of lower derivatives of y and z. What we want is to express
y(p ) and z” in terms of partial derivatives of f and g, and of y'. Such an
expression is already given for y” in (2.4). By inserting this into the expression

for z" in (2.2) we obtain
—1 -1
=g, 0, V) +e,(-fr8) £y +g(-f.8) fog,0,)).

The expressions for y” and z” can be inserted into the expression for y"',
and then for z”’, etc. We now find a new set of trees corresponding to these
expressions. This set is defined as follows.

Definition 2.6. We denote by DAIT, DAlTy , and DAIT, the set of trees
defined recursively by

1. 1,€DAIT, and 7, € DAIT,,.

2. (a)If ¢,..., 1 €DAIT, and k > 1,then [t ,..., ], € DAIT, ..
) If ¢,,..., 4 €DAIT,, u,, ..., u, € DAIT \{7,}, k>0 or
k=0,and /> 1, then [tl,...tk,ul,...,u,]yeDAlTyy.

(c) If u € DAIT,, then [u], € DAIT ..

(d) If € DAIT, then [f], € DAIT,, .
3. DAIT, =DAIT, UDAIT,_ , DAIT, = DAIT, UDAIT . .
4. DAIT = DAIT UDAIT,.

Here, t=1[t,,..., b, u;,..., u,]y is the tree obtained by connecting the roots
of t,,..., 4 ,u;,...,u by k+1 arcs to a new light vertex which becomes
the new root of ¢. Similarly, u=[¢,, ..., t,], is the tree obtained in the same

manner, but with a new heavy root.

Definition 2.7. The order p(t) of a tree t € DAIT is given by

(1) p(t) = w,,(t) - w (1) if te DAIT,,

(2) p(t) =w,(t) - w(t)+1 if te€ DAIT,,
where w, (1) and @ f(t) are the number of light, resp. heavy, vertices in the
tree.
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There is a one-to-one correspondence between these trees and the terms ap-
pearing in the Taylor expansion of the exact solution. This correspondence is
given in the following definition.

Definition 2.8. For every tree 1 € DAIT, we define a function F(1)(y, z): R’ x
R"™" — R’, and for every tree u € DAIT_ we define a function G(u)(y, z):
R xR"™" = R™" recursively by:

(1) F(t)w,2)=y, Gr,)y,2)=2 =g,

(2) FOW,2) = (=f,8) Sy (F(t), ..., F(t), G(uy), ..., Gu) if

t=[tl,...,tk,ul,...,u,]y,
(3) Gy, z) =g, (F(t)), ..., F(,)) if u=1[t;, ..., 4],,
where ¢,,...,t € DAlTy and u,,...,u, € DAIT,. The expressions

F(t)(y, z) and G(u)(y, z) are called the elementary differentials associated
with the tree ¢, respectively u.

y' p(t) =1 Ty 'Y
ay' p(u) =1 T, O/
(—fe9,) fy' p(t) =2 [Tv]y /
(—f29y) f29u (¥, ¥") p(t) =2 ([, ml], >)/
9w (¥ ¥) p(u) =2 [, 7], \o/
gy(_fz'gy)—lfvy' p(u) =2 [[Tv]y]x }
9y(—f29y) " frr94 (¥, Y') p(u) =2 (74, TV]z]y]z g

FiGure 1. Elementary differentials and corresponding
trees
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Figure 1 shows the elementary differentials and the corresponding trees for
y/’ Z/, y//’ and Z”.

There exists a relation between the trees 6f SDAIT and those of DAIT.
Let ¢, € SDAlTyy and

F(t)=(=1,8)" feuy 0™, ..., y™, 2% 29

with p(z,) = p. Suppose that all the trees ¢ € DAIT, p(t) < p, are given.
Replace each branch with p; light vertices once with each of the trees ¢ €
DAlTy , p(t) = p;, and each of the branches with q; — 1 heavy vertices once
with each of the trees u € DAIT,, p(u) = g;. Then we have the set of trees
t e DAIT, p(t) =p. See Example 2.2.

Example 2.2. Let ¢ € SDAlTy , p(t;) =4, be the tree

with corresponding derivative (—f,/ gy)_1 f.,(z", ¥"). Replace the light branch
with each of the trees corresponding to y”, that is all the trees given in Figure
1 with a light root and p(¢#) = 2. We then obtain all the trees of DAI1T

corresponding to ¢ :

Then replace the heavy branch with each of the trees corresponding to z”, that
is all the trees given in Figure 1 with a heavy root and p(u) =

GO IV

Similar transformations can be carried out with all the trees in SDAIT.
For each ¢, € SDAIT there is a corresponding set of trees ¢ € DAIT. Let
t € DAIT be one of the trees obtained from a tree ¢, € SDAIT as described
above. Then we call ¢, the special tree corresponding to t, and denote it by
S(¢). This is illustrated in the following example.
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Example 2.3. Let ¢, € SDAIT,, and ¢, € SDAI . The corresponding special

trees are given by
t = ﬁ S(ty) = y
t = \%f S5(t2) =§/

Let a(t) be the number of times the elementary differential corresponding
to t € DAIT appears in the exact solution of the model equation (2.1). We
can then state the following result.

Theorem 2.1. For the exact solution of (2.1) we have

W= Y aF@0)0y, zo),

tEDAIT,

(2-5) " p(t)y=p
V)= Y awGU)(,, z)

u€DAIT,
p(u)=p

and

p(1)
Yo+ =y 3 a(t)F(t)(yo,z(,)%,
t€DAIT, :

(2.6) P

2(xg+h) = zy + ueDZmz a(u)G(u)(y,, zo)m :
Lemma 2.2. «(t) is given recursively by
(1) ea(r,)=a(r,)=1.
@) Ife=1It, ...t up, ..., ul,, then a(t) = B(S(2))a(t)) - et )a(u,)
cea(w), and if u=1[t,,...,1,],, then a(u) = B(S(u))a(t,) - alt,).
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Proof. From Lemma 2.1, Definitions 2.5 and 2.8, and Theorem 2.1 we have

W= Y BU)F@), 2)
tGSDAlT
p(t)=p

-1
o BU)(=18) Sy 0Py 2 A

t,ESDAIT,
p(t)=p
-1
(2.7) = Y BU-1r8) fipr
1,ESDAIT,
plt)=p
Yo et)F()W, ), Y. aw)Gw)y, z)
1,EDAIT, u,€DAIT,
p(t))=p, p(u))=g,
Let S(¢) € SDAlTy, t=1[t;, sty tyyenn, u,]y, and p(¢) = p be one of

the trees in (2.7). The value of «(#) is given directly by comparing (2.7) with
(2.5). A similar procedure can be used to prove the lemma for a(x). O

2.2. Taylor expansion of the numerical solution of the model equation. To be
able to find the order conditions for Runge-Kutta methods applied to the model
equation (2.1), we have to find the Taylor expansion of the numerical solution.
To do this, we introduce the concept of DAl-series. Similar series are given by
Roche [14] for semiexplicit index-1 problems.

Definition 2.9. Let a: DAlTy — R and b: DAIT, — R be any mappings. The
series

p(1)

DAl (a, vy, z9) =y + > a()e()F(t)——= Ok
tEDAIT, :

hl’(u)

DAL (b, ¥y, z)) = 2o+ Y bw)a(u)G(u)—— IO
u€DAIT,

are called DAl o respectively DAL, series.
A Runge-Kutta method applied to (2.1) is given by

(y0+h2a,]j, )=O,
zo+hZaU ; g(y0+h2ain;),

J=1

(2.8) i=1,...,s,

(2.9) Vi=Vo+hd bY, z,=zy+h) bZ.

i=1 =1
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The stage values are given by

Y, = y0+hZaU iE

(2.10) = i=1,...,s.
._zo+hZaU s
Now Y;, y,, respectively Z, and z,i=1, , §, can be written as DAly,

respectlvely DAL, series as follows:

p(t)

Yixg+h) =y, + Y. v(D)a(t)F(1)

teDAIT, p(t)! ’
(2.11) ’ i=1,...,s,
hP(u)
Zxg+h)=zo+ Y. wwa()G(u)—— S
u€DAIT,

7 P(1)

Pt =0+ 3 y1<t)a<z>F<t>/fjW,

512 1€DAIT,
(2.12) Z p(u)
z,(xy+h)=zy+ Ya(u)G(u) —
u€DAIT, pu)t’
The stage derivatives are written as
n = Z hP(l)—l
Y! (X + L(t)a(t)F(2) ,
213 (€DAIT, ol -
(2.13) 1 i=1,...,s.
Z (x0+h E k;(u)a u)G(u) PO
u€DAIT.
By inserting (2.13) into (2.10) we get
s , hl’(’)
Y,.(x0+h)=y0+hZaUYj=yo+ Z Za,” t)F(t)p(t)"
j=1 {EDAIT,
h/’(u)
(x0+h)_z0+hz:aU T=zo+ Y Zau k(1) | a)G(u) S
J=1 u€DAIT,

Comparing this with (2.11), we have

(2.14) Za,” w,(t)= Zau k;(u).

Similarly, by inserting (2.13) into (2.9) and comparing with (2.12), we have

(2.15) O =351, zw=> bku).
i=1 i=1
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The Taylor expansion of the numerical solution can be written as

kT sk
(2.16) Y, =YY, = zZ; =Y Z T
p=1 p=1
e o] e o]
. hp __ p
(2.17) Yi=y0+ZY§‘p)—|’ Zi=zo+zzi‘p)h—|’
p=1 p: p=1 P
[eo} N hp (o] N hp
(2.18) VW=Vt y(p)——'-, z, =zO+Zz(p)—|.
p=1 p: p=1 p:

Comparing (2.13) with (2.16), (2.11) with (2.17), and (2.12) with (2.18), we
have

(219) 7= ¥ Lna®FQ), > kWaewGu),

tGDAlTy u€DAIT,
p(t)=p p(u)=p
() ={p)
(2200 Y/ = > Z = Y wwaewGu),
tEDAIT, uEDAIT,
p(t)=p p(u)=p

221) 3= 3 y0an)F @),
tGDAlTy
p()=p

z(p) — Z

u€DAIT,

p(u)=p

z,(w)a(u)G(u).

We use the notation 1~",.(p")(tk) for the term o(t;)1,(¢,)F(¢,), and Z,.(q’)(u,) for
the term a(u))k,(%,)G(y,), where p, = p(t,) and g, = p(u,) . Similar notations

AL ) Equation (2.8) can be

Z, ,and Z

are used for the terms in Y
written as

& 5 )h” '
(2.22) fy+ 70,320 =0,
SORAD>
14
(2.23) z0+§:z %-:g(yO-I—ZY(p)};)

p=1 p=1

The nth derivative of (2.23), evaluated at 4 =0, is

=(n) (o) 7(Ps)
Zi = Z gky(Y,'l (tl),w-aY,‘k(tk))-
S(u)ESLDAIT,
u=[t,, ...t 1,
p(u)=n
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By use of (2.20), Lemma 2.2, and Definition 2.8 we have

ZV = 3 BSW)alt) - alt)v,(1,) v, (1)

S(u)ESDAIT,
u=[t,, ..., t;1.
p(u)=n
: gky(F(tl), ey F(tk))
(2.24) = > a(wyv,(t) - v(5,)GW).
S(u)ESDAIT,
u=[t,, ... 1 1.
p(u)=n

Comparing this with the expression for _Z—E") in (2.20), we obtain
(2.25) w(u) =v,(t) - v,(t), i=1,...,s,

forall u=1¢t,,...,t], € DAIT,. Multiplying the (n — l)st derivative of f
(given by (2.22)), evaluated at 2 =0, by (—fz,gy)_1 gives

(_fz’gy)_lﬂn_l)lh:o
= Z (_fz'gy)_lf;cylz'

S(H)ESLDAIT,,
=[t), .y,
p(t)=n

~

() (P, 1 5 1
. (Y,."' ()5 » Y,."“(zk), q—ZI.(q')(ul), e q—lz“'f)(u,))
1

7

!

S |-

+(=fr8) ' fy
=0.
From (2.10), (2.16), and (2.17) we have
s N
20=3 47" =3 d; S e, T T ).
J=1 j=1 S(u)eESLDAIT.

u=[t, ..., 41
p(u)=n

Thus, from (2.24),

s
—1 = (n) -1 7(p)) 7Py)
(—fz’gy) fz’Zi = Zd,'j Z (_fz’gy) fz'gky(le LR Yj’\ )
j=1 S(1)ESLDAIT, .
t=([t e 1)),
p(t)=n

N
37(n)
DL
J=1

Substituting this into (2.26), and using (2.19), (2.20), Lemma 2.2, and Defini-
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tion 2.8, we obtain

7" = > vita()F (1)
tGDAlTy
p()=n

d 1 1
=ny_a; Y. a)v(t) V() K (u) - =Kk;(u)F (1)
j=1  S(1)€SDAIT,, 4 9
=[t,,. u,]
p(t) n

+ Y ey vt )F (D).
S(t)eSDAIT,
=1ty 55 41,1,
p(t)=n

We then have
1

Pl )

vit)=n)_a,vi(t) - v(t)—— k.(u),
j=1

(2.27) (u )

i=1,...,s,
ift=[t1,...,tk,ul,...,u,]yeDAlTyy, p(t) =n, and

(2.28) V) =) vi(t),  i=1,..,s,

if t=1[[t,,...,4],], € DAIT, . By using (2.14), (2.15), (2.25), (2.27), and
(2.28) we can state the following lemma.

Lemma 2.3. The quantities Y,, y,, respectively Z; and z,, i=1,...,s, are
DA1,, respectively DAL, series given by (2.11) and (2. 12) The coeﬁicients

of these series, and the series of Yl.' and Z,.' , in (2.13), are given recursively by

1), ——k (1),

L(@) = p(0)v,(t) v, (t) —— )

( u,) kil
k;(u) = Zd,, vt vi(t)

for t = [tl,...,tk,ul,...,ul]yeDAlTy, and u=1[t,,...,t], € DAIT,,
and by

(2.30) V(0 = Za,] ; Zau ;

and

(2.31) y,(t) = Zb L), o z,(u)= ibiki(u)
i=1

where 1,(2) =0, k,(&) =0, and
(2.32) L(z,)=1, k(r,)=1.

(2.29)
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Note that the coefficients 1,(#) and k() can be written as

N

(2.33) L0 = p(t)p_(:t—l) - 77(—:4/_) " ,..;k:la"” i

'ln,(tl) : '-lnk(tk)ki(ul) - k;(u)
for t=1[t,,...., 4, u,..., u,]yeDAlTy, and

N N
(2.34) k(@)=Y d;, Y. a, a1, (1)1, (&)
j=1 Ay, =1

for u =[t,,..., t],. Equation (2.32) can be pfoved by inserting (2.16) into

(2.8) and using the Taylor expansions of f and g. We can then express (2.~8) as
power series in /. The first terms in these expressions will give us f(y, g, Yl.') =

0 and Z = g, Y/, so that
(2.35) Y=y and Z =Z.
Comparing this with (2.19), we have that

fad) /

Y, =1(t)F(t)=y =1(r)=1

Therefore, k;(z,) is given by (2.29) and (2.30).

We observe that y,(¢) and z,(f) can be written as y(1)®(¢), where y(f) is a
rational number and ®(¢) is some combination of the method coefficients. The
number y(¢) is given by the definition below, and ®(¢) can be read directly
from the tree, by the following procedure. Let ¢ € DAIT. To the root of
the tree, attach the label i if the root is light and j if the root is heavy. To
the other vertices, attach other labels, say k,/, m,.... For each arc write
down the factor a,,, if the succeeding vertex (labelled w) is light, v, w being
the labels at the end of the arc. Similarly, write down the factor d,,, if the
succeeding vertex is a heavy vertex. Insert a further factor b, if ¢ € DAIT,,
and b,.dij if ¢+ € DAIT,, and sum over each index i, j, ..., k in the range
from 1 to s. The sum is ®(¢) and is called the elementary weight for the tree
t. To each tree we also associate the following rational number:

Definition 2.10. Let y(¢): DAIT — Q, where Q is the set of rational numbers,
be defined recursively by

for t=1[t,,..., ¢4, ul,...,u,]yeDAlTy,and

y(u) = y(t,) - 7(8,)
for u=1[t,,..., ], € DAIT,.
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Example 2.4. Let ¢t € DAlTy and u € DAIT, . Their elementary weights and
rational numbers are given by

k 1 n o

s
‘D(t) = Z blduajkajldlmamnamo (D(u) = E bzduajkajlalod/mamnamp

1jkimno=1 1jkimnop=1
y(t) =3 y(u) =3

The order conditions for Runge-Kutta methods applied to DAE problems are
given by the following theorem.

Theorem 2.2. If the method (1.2), (1.3) is applied to the problem (2.1), then
the order of the local truncation error is p + 1 if and only if

for all t € DAIT with p(t)<p.

Proof. The Taylor expansion of the exact solution of (2.1) can be written as the
DAL series

(2.36)  y(xy+h)=DA1,(p,, ¥, 29),  z(xy+h)=DAL,(p,, ¥y, Z))

with PP, = 1 forall t € DA1T. By comparing (2.36) term by term with the
DAI1 series (2.12) for the numerical solution, and by using (2.33), (2.34), and
Lemma 2.3, we have proved Theorem 2.2 for the model equation (2.1). Theo-
rem 1.1 shows that this result is also valid for the general index-1 problem. 0O

2.3. Simplification of Theorem 2.2. Let ¢ € DAlTy ; then ¢ can be associated
with a simplified tree 7 as follows: If a heavy vertex has no ramifications, and
is followed by a light vertex, then the tree can be simplified by removing these
two vertices. Similarly, if a light vertex (except the root) with no ramifications
is followed by a heavy vertex, the tree can be simplified by removing these two
vertices. The simplified tree 7 corresponding to ¢ is the tree which is simplified
as much as possible.

Example 2.5. The figure shows a tree ¢ and its corresponding simplified tree 7.
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The set of simplified trees T is defined recursively by
Definition 2.11. The sets DAIT, C DAIT, and DAIT, Cc DAIT, of simpli-
fied trees 7 are defined recursively as follows:
. <, eDAIT,,.
2. (a)If 7,,...,7, € DAIT, and k > 1, then [7,...,7,], € DAIT,.
(b) If?,,...,?ke—DrTyy, U,..., 4, €DAIT,, k>0 or k=0,
I>1,then [7,,...,7,%,,... ,ﬁ,]ye_D_Al—Tyy.
(c) If @ e DAIT,, then [7], € DAIT,, .
3. DAlTy = DAlTyy U DAlTyz .

Theorem 2.3. To each tree t € DAIT there is a corresponding simplified tree

1 € DAIT, such that ®(t) = ®(7) and y(t) = y(7) .
Before we prove this theorem, we will give an example.

Example 2.6. Consider the tree ¢ and the corresponding simplified tree 7 given
by Example 2.5. Their elementary weights are given by

s s
2 - 3
D(t) = § bld,.jcjajkdk,c, , O(1) = E bid,.jcj.
i,j,k,I=1 i,j=1
By using the fact that

N
Zajkdkl =0; = {
k=1
we have that ®(¢) = ®(7). In addition, we have
y)=3-(3-(1-2-G-(1- =1, yH=3-3-1-1-1)=1,
in agreement with the statement of the theorem.

Proof of Theorem 2.3. Let

t=[?l,...,ik,tp,

1 ifj=1,
0 otherwise,

U,..., 4, uq]y eDAlTy,
where

t,=1[4,), =1, - ,?p,kp]z]y € DAIT _,
=, =My s lg > Ty i By )], €DAIT,

Lo B B Ty oo By g Ty een T €DATT

Up, oo Uy, U, uq,l,...,uq’,q € DAIT, .

From (2.33), (2.34), and Definition 2.7 we have

1
p(u,)

1,(t,) = p(t,) ==k, (7,)

(2.37)

s

s
=Zdjm Z ale‘“amNAplNl(tp"l)”.lN"p(tp’k"),
m=1

Nyoes N =1
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(2.38) = p(1 PG, ) P, 1)

N

Z %im, "'aiM,(qlM.(tq,l)"'ki(ﬁq,l,,)‘
My, My =1

By using the fact that p(u,) = p(f,) we have
N

(2.39) L(=T@) > Ay Ay Gy Gy By gy LT (L),
. nk 14 q
Nk

Ry, =1
N,y p=1
M,,..,qu=
where
1 1 1 1
I'(¢) = p(2) : = = >

pGi) o) p(@, ) P, )
L0 =1, @)+ L, Gl Ty, Ly, G g o)+ Ly T i)

and
Z(t) =k, (u,)- ~-ki(ﬁ,)kl,(ﬁq’l) . ~k,.(ﬂq’,q).
Therefore,
(2.40) L(2) = 1,(7),
where
f= [?l, cee ?k,?p’l, e 7p,kp’?q,1’ e ?q,kq,
U, ..., 4, 7q,1 e ﬂq’,q]y eDAlTyy.

It is obvious that this resw valid even if the tree ¢ consists of more (or
less) than one subtree ¢ € DAlTyz and more (or less) than one u € DAszy .
Similarly, if v =1[7,,...,7,,¢],, where ¢, =[], =[[7, |, ..., ?p'kp]z]y €
DAIT,, and [ ?p,l s ?p:kp € DAlTyy , then
(2.41) k;(u) =k,(),
where

u=[t,,..., 71’?;;,1’ e ?p,,p]z € DAIT,.

If t =[u], € DAIT ,, then = [ﬂ]yz. By repeated use of (2.38) and (2.41)
we can show that for all ¢ € DAIT, and for all u € DAIT, there exist corre-
sponding simplified trees 7 € DAIT, and % € DAIT, such that 1,(s) = 1.(7)
and k;(u) = k;(u#). From (2.37) we have

L() = k(@) =k,(u) if t=[u], € DAIT,.
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Inserting this into (2.31), we get y,(¢) = y,(¢) and z,(u) = y,(7), where f =
[#], € DAIT , . Theorem 2.3 is proved. O

In Figure 2 we give the order condition related to the trees up to order 4.

p(t)

Zb;d{jc.? =1
ij

W

Z b;C? =

2
Zbicidi50§ =3

ij

4
z b;d.-jcfdgkci = -
15k 3

1
izjb,'a;jci = 6

Zb;d,’jc? =1
U]

Z b;d;jCJajkck =

i3k

Nl R

Lo o o e |

1
E 3=
ib,c, 1
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1

o(2) t *() = o

1
bictdi;c? = =
izj cl JCJ 2

Z b;c;d;,-c?d;kczé 1

ijk ¢

4 Z b.-d;jc}d.-kcidac? =2
ijkl
1
4 Z b;c,-a;,-c,- = -8—
ij
3 3
4 Zbicidij?j = Z

ij

3
Eb;c.-d.-jcjajkck = g
ijk

4 > biasjcidiket = H
ik 4

4 E b.-d.-_,-c?d.-kcz = g—
ijk

3
E b;d.‘jc?d.-kckakzcz = -
311 4
17

GGG e g
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o(t) t *() =

1
2 _
s Y %:b,-a;jcj = E
2 1
4 Zb;a;jc,-djkck = -
ik 6
2 2 1
4 Zbiaijdjkckdjlcl = 3
17kl
4 " biasjageck =
o DA o
ij
4 Y bidijct =1
ij
2 1
4 Eb;d.-,-cja,-kck =<
i3k 2
, 1
4 Z b;d;jcjaj‘.ck = =
ijk 3
2 2
4 Eb;d,-jcjajkckduc, = 3
ijkl
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1
t 14 d(t) = —
ot (0=
2, 2 _ 4
4 Z b;d,-,-cja,-kdk,c, dkmc,,, ==
ijklm 3
1
4 > bidijciaikanc =~
ikl 6
1
4 Y bidijajkckanc = ~
ikl 4

FIGURE 2. Order conditions related to trees.

3. CONVERGENCE RESULTS

This section deals with the convergence of a Runge-Kutta method applied to
the differential-algebraic equation (1.6). The system is assumed to be a uniform
index-1 problem. We first give some preliminary results about the existence of
a solution of the Runge-Kutta equations, and the influence of perturbations to
the solution of these equations. The convergence results are given in §3.2.

3.1. Preliminary results. The results of the next two theorems are essentially
the same as those given by Hairer et al. [7] for the index-1 component of a
Hessenberg form DAE of size 2.

3.1.1. The existence of a Runge-Kutta solution.

Theorem 3.1. Let (v, {) satisfy
fw.0)=0mh, gw)=0H).
Let the coefficients of the method satisfy

(3.1) f@,0=0h), gw)=0h), .i=1,..,s,
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where b, = v +ch{ and ¢; ="

e
H
in an h-independent neighborhood of (v, {). If the coefficient matrix & of the

method is invertible, then there exists a solution of (1.2), (1.4) which satisfies

(3.2) Vi=C(+0h), Vi=v+O(h).
Proof. Consider the homotopy

f(whi‘,a,,%z V,) (1= 0/, 0),

i1 . Suppose that

<M, and |f, | <M,

(3.3) g(v+k2a,~jVj/) =(1-1g#),

For 7 = 0, this system has the solution V!=¢,V.=p. For =1 itis
l l l

equivalent to (1.2), (1.4). We consider Vi' as functions of 7, and differentiate
(3.3) with respect to this parameter:

fy WL VOV + £, hZa,, = —f5,, 0),

Dividing the second equation by %, the system can be written in matrix form
as follows:

{(fY+h{fY & &1L o _ [-Fv, 0
G4 Preny ™V =]
Here, {f}, {/,},and {g,} are block-diagonal matrices:
{f,/} = blockdiag[f,,(V,, V}), ..., f,,(V., V]I,
etc. Furthermore, V' = [V, ..., %", I

and f(v,{) and g(v, () are
T

. T, . N .
5,0,y ST, 01 and g7 (%), ..., 8" (3],

resp. We have g (V))a;; = a,;8,(V;) + @(d), provided that [V, - V|| <d, d

independent of 4. Then the coefficient matrix of (3.4) can be written as

S+ (h)
(& ®1I,){g,}+0(d)

is the m x m identity matrix,
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and (3.4) becomes
{f;),}+ﬁ(h) o1 —f(V ¢)
(3.5) [{gv}_{_ﬁ(d)] V= [—;‘;(.9/ ®l,) 'gw)]"

The matrix here has a bounded inverse, provided that d and # are sufficiently
small. Using the assumption (3.1), we have V' = @(h) and

(3.6) V=4 fo V' (tydt=C+Oh).

This shows that all Vi'(t) remain in a small, A-independent neighborhood of ¢
forall |7| < 1 and for sufficiently small /4. Hence, the differential equation (3.4)
with initial values V'(O) =&, ® { possesses a solution at least for 0 <7< 1.
This proves the existence of a solution VI.' of (1.2) and also the first estimate
of (3.2). The estimate for V; follows directly from (1.4). O

3.1.2. The influence of perturbations.

Theorem 3.2. Let V}’, V, be given by (1.2), (1.4) and consider perturbed values
V!, V. satisfying

fV, V) +6,=0,
V)+6.=0,
3.7) s(¥) i i=1,....s
Vi=bp+h)Y a,V,
j=t

In addition to the hypotheses of Theorem 3.1, assume that
(3.8) p-v=0h), =00, 6,=0H).
Then, for h < hy, we have the estimate
17 =Vl < CGlE, (1) - @ = )l + 1, (7, ) - (2 = 1),
(3.9) 17 = Vg + 101l + %116l00) s
where 5 =6 ,...,6]1" and 6=16],..., 071" .
Proof. Consider the homotopy

SV, V) +(1-18,=0,

(3.10) 8 ’) (1-26;=0, i=1,...,s.

hZaU +(1-7)@»-v),

For 7 = 1, this system is equivalent to (1.2), (1.4); for T = 0, it is equivalent to
the perturbed system (3.7). As before, V; and V;’ are considered as functions
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of 7, and (3.10) is differentiated with respect to this parameter. We then obtain

N I\ ¥
Sy Wy VIV, + 0, V)3V, = 6,= 0,
g,(V)V, - 6,=0,

N

Vi=hY a,Vi-(0-v),

i=1,...,s.

Jj=1

Inserting the last equation into the other two and using as before
gy(V;')ajj = a,‘jgv(V}') +é’(d) s

we have

{fLy+ah)] , _ {fYe@ (@ —v)+d
31D [{g,,}+@’(d)] V= [%(y ®I) '({g,}e,®@—-v)+0)]

As in the proof of Theorem 3.1, the matrix is nonsingular for # and d suffi-
ciently small, and we have

17 lloo < CLUS 0 = )l oo + 16l + AU = ¥)ll)
(3.12) c, )
+ 518, = V)l +110lle + 2N @ = v)g,) -

The term h||(¥ — v)||,, comes from the &(h) term in the matrix of (3.11).
Now, by (3.6), the assertion of the theorem is proved. O

For the special case where 6 =6 =0 and 7 — v =& (h) we have
(3.13) 17/ =Vl < C;.

3.2. The convergence of the methods. We now give a result concerning the
growth of a perturbation in the solution computed in a single step of the method.

Lemma 3.1. Let the assumptions of Theorem 3.1 be satisfied. Suppose that

v, =v(x,) +e,, where ||e,| = G(h*). Let v,,, be the solution of

N
(3.14) g (vn+h2aijﬁj') =0,

Then
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where

oty ifk;>2,
=4 @(h*th ifk;=1and f is linear inv',

o (h) if kg =1 and f is nonlinear in v',
and d, , is the local truncation error.

Proof. Let V! = V/ + AV, where ¥/ is the solution of (3.14) if v, = v(x,).
The equation (3.14) can be written as

=

where V, = v(x,) + th‘:] aijVj' . Theorem 3.1 shows that V; = v(x,) + &(h)
and V/ = v'(x,) + @(h). We assume that (3.14) is solved exactly. From
Theorem 3.2 with © — v = e, we have that ||AV/|| < Ch for k; > 2, while
lav/|| < C, if k; =1 (see (3.13)). Let ||[AV/|| < J and |le,| < e. In the
following, if nothing else is said, all functions and their derivatives are evaluated
n (x,, v(x,)). By expanding (3.15) in a Taylor series around (V}, V') we have

1
(3.16) S V) + £V, VAV 41, =0,
where 7 f is the sum of higher-order terms, composed of terms of the form

£ (en+hZaijAVj) s

j=1
d ! /
fow - | €+ 1D a AV AV ],
j=1
for - AV, AV).
Thus, we find that
n,=0Oe+hd)+0(ed +hd’) +9(67).

Using that f.(V,, V/) = f,, + @(h), we have from (3.16)
(3.17) [ AV =@+ hd +e6 +hs” +5°).

Similarly,

j=1

gV + (g, +@(h)) (en + th:aUAVj) +1,=0,
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where the higher-order term 7 B is composed of terms of the form

2
N
g, (en +h Za,.jAVj’) ,

j=1
so that

=@ (" + hoe + h’8%).
Thus, we find that

(3.18) g, AV, =

=

2
(Zd,j) gven+é’<e+h6+7+és+h5 )

Jj=1

Equations (3.17) and (3.18) can be solved for AV :
(3.19)

-1 2
AV’=[fv'] [ ]e +Oe+hs+es+hs*+ 5 +6%).
! gv hzjl ij v " h

To find a lower bound for AVI. , we use the same strategy as in [1 and 10]. We
have

2
||AV,.'||SK(%+s+h6+a(5+h62+fh—+62).

Let 6 be the solution of the equation

2
(3.20) 5=K(%+a+h5+sa+h52+fh—+52).

lete=0¢ (th) , where k; > 2, and solve (3.7) by functional iteration J = G(J)
with the initial value 6 = k,#*~". Then 6" = G(6'¥) = #(h*™") and
|0G/86| = @(h) < 1 for h sufﬁc1ently small. We can now use the Banach
Fixed Point Theorem to conclude that the iteration converges to a solution
satisfying

o=@ h
for k; > 2. Inserting this into (3.19), we have
Sy -t 0 k
(3.21) AV = [ e +@h°) fork,>2.
! 8y 71'2] 1 %ij 8y " ¢
If k;=1,then d =&(1), so that
f _1
3.22 AV—[ ] [ ]e +2(1) fork;=1
( ) 8y ;;Ej 1 %ij &1 " ) ¢

The term & (1) comes from terms of the form

for AV, AVY).
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These terms do not appear in problems linear in v'. We conclude that (3.21)
is valid for such problems, even for k, = 1. Inserting (3.21) or (3.22) into
(3.14), we have

N
vn+1 =vn+h2bi(V;‘,+AVil)
i=1
z / d f/ -1 O
=v(xn)+th,.Vi +e, - Z b,.dij[ v ] [ ]en+r7,
i=1 i,j=1 8y 8y
where 7 = @(h**") for k, > 2, or if kg =1 and f islinearin v'. If k; =1
and f is nonlinear in v, then # =& (h). From

-1
Vo =V, +h) +d,, + (Im (") [J;] [; ]) e, + 1

we thus have

T ,—1 £ 1o
e, =\1,-0b ¥ 85)[g1;] [gv] e, +fi+d, . O

We now consider the global error resulting from repeated use of the method.

Theorem 3.3. Suppose the index 1 problem (1.6) is solved numerically by an
s-stage Runge-Kutta method. Assume that
1. f, g are sufficiently differentiable.
2. The initial values satisfy v, —v(x,)| < @ (h*e) and fvy, vp) =@(h).
3. (a) k; > 2 for problems nonlinear in v';
(b) kg > 1 for problems linear in v', provided that f(v,,v.) = @(h)
and g(v,) = ﬁ(hz).
4. The local truncation error satisfies
(@) Pd,, =0h), Sd  =0H) if 1-b"w e <1;

n"n+l n"n+l
(b}: Pd,. =0oWs", sd =W if [1-bTa e =1,
wnere
S =[fv'(”n’”:z)]-l[ 0 ] P=I -S.
" e, g, T

Then the global error is at least of order k.

Before we prove this theorem, we comment on assumptions 2 and 3(b). The
relations

(3.23) f,,v))=E(h) and g(v,) =K

have to be satisfied to ensure a solution of the system (1.2). The relations (3.23)
hold for the initial step by assumption 2. For k; > 2, (3.23) is satisfied if
v, = v'(x) + @ (h), which is easily obtained, for example by using v, = V/ .
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For k; = 1 we have to make these assumptions explicitly. All Runge-Kutta
methods with b, = a; satisfy assumption (3.23).

Proof of Theorem 3.3. The interval of integration, [x,, x,,4], can be split in N
subintervals, H, =[X,, X, ], k=0,...,N-1, X;=Xx,,and Xy =x_,.
We assume each X, to coincide with some x,. In each subinterval, there

exists a constant permutation matrix Q(x), Q(x)v = [yT , zT]T ensuring g,
to be nonsingular over each subinterval. The subintervals are chosen so that
Q(x) has to be changed over two adjacent subintervals. First, we will prove
the theorem over the first subinterval, H;, and we assume the variables to be
numbered such that Q(x) =1, in H,. Thus, we have

B -1 5

_ [ Uy —fz/g;‘gp]“ ~(fy —ﬁ,g%‘gy);‘fz,ggl' 1]
= - - -1 -1 , - - - -1
-8, §,(f,—1.8 8) & &y —-18 8) f.8 +¢&
Inserting this into the expression for the global error in Lemma 3.1, we have
T -1 N
(3.24) e, =U,— (b e)S©y, z))e,+ ., +d,.>
where
~F.f. g7} —F,f.
S, 2)= [ e ]
&; gyFsz'gz &, +8, gy &, gyFsz' +Im—r
and F, = (fy — f,g,'g,)”" . Thus, (3.24) can be written as
(3.25) e,.,=Pe,+rSe, +d, .,

where P=1_-S5,S,=S(,,z,), P,=P(y,,z2,),d,,,=4d,,,+1,, ,and
r=1-b"w 'lss . For each subinterval, S, and P, are projection operators
satisfying Sﬁ =S, and Pf =P . Infact, P(y, z) represents a projection into
the tangent space of the surface given by g(y, z) =0, because [gy , 8,1P=0.
The components of P and S are smooth, so that

Sn+1Sn=Sn+ﬁ(h)’ Pn+1Pn=Pn+ﬁ(h)’
S, P, =0h), P, S ,=0h).

Multiplying (3.25) once by P, and once by S, , we obtain

+10

1P, €0, 1+&(h)  Oh) I12,e17 . [Py 1yl
(3.26) [us,,iie,,Jn] S[ & (h) |r|(1+m))] [us,,e,,u]*[lls,,+:ci,,+i||]‘

Suppose that ||P,,,d,, | < D, and ||S,,d,, || < D,. Then (3.26) can be
written as

(3.27) [”g;’,”] < A"(h) [Hggjg{” e [gp] ,

i=1 " $
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where 1+@h) O
ZOR A |
The matrix A(h) can be diagonalized by a matrix 7'(k) such that
L (1460 0
rant™® =T )

Where L+@(h) )
T(’”=[m> 1+ﬁ<h>]'

The inequality (3.27) can be written as

1Pe, ] _ et [(14 KR 0 1Pl
[us,.e,,u]g (’"[ 0 |r|"<1+1<2h>"]T(”)[nsoeon]
= [+ K )" 0 D
T @[ 0 |r|""'<1+K2h>"""]T""[D’i]'

By direct computation we have for |r| < 1

[||Pnen||] < [ C,lIPyell +é’(hn)||SOe0|| ] + [;‘;C3Dp + C4DS]

IS,e,ll ] = LEh)|IPyeyll + Cy(Ir]" + h)[1Sye,ll CsD, + C¢D,
and for |r| =1
[IIP,,e,,II] < [ClllPoeoll +ﬁ(h)llSoeoll] [%Cst + C4Ds] _
IS,e,ll] = L& h)|IPyell + CylISye,ll ,l,CSDp + C(D,

By using the fact that |le, || < [|Pe,|l + IS,e,l| we obtain
C|Pyesll + (Irl" + m)ISpeqll + D, + D) for |r| < 1,
C(lleoll + #(D, + Dy)) for |r|=1.
Thus, if ¢, = #(h*%), D, = #(h**'), and D, = @(h*) for |r| < 1, or

D =0 (th“) for |r| = 1, we have that the global error at the end of the first
subinterval is given by

(3.29) E =e, =O(h).
In that case, the global error after k + 1 subintervals is bounded by
k
|E, il < GIE |l + Dh™,
and the error at the end of the interval of integration is bounded by
N .
1l < CVlegl + (Z cN-'D) W o

i=1

(3.28)  le,ll < {

Theorem 3.4. Let assumptions 1, 2, and 3 of Theorem 3.3 be satisfied. Then,
if 11— bTJZ—lssl <1, and

DAIT,,, () <k,

D(f) = — Vze{ __»
DAIT,,, p(t)<kg—1,

1
(8

the order of the global error is k.
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Proof. We first prove this theorem for the model equation (2.1). The local
truncation error for a method with local order k, applied to this problem is
given by

- hp(t) -
te]%TV(Y(l)q)(t) - Da(t)F (t)W)!
d = plt)=k, o0 + ﬁ(hkL_"l) .
2 (20 = DG oy
L pu)=k, .

The first term in this expression is called the principal error term. The principal
error term can also be written as

(—frg,)"" —(-fy8)"' f

1

g,(-f.8)" -g(-fs8) fu+],_,
- - hP(t) 1
temzn (1) = Dal)F (1) S5
p(t)=kLyy w
A I
ue§T”(Y(u)<D(u) - l)a(u)G(u)m
L p(u):kL"

where F(1) = fi, (F(t)), ..., F(1,), Gw,), ..., Gw)) for telt,, ..., 1,
Uy, ooos gl and F(t) and G(u) are given by Definition 2.8. For the model
problem, S(y, z) and P(y, z) are given by

5 llr ~(~f.8)"' 1y } b [o (~fy8)"' f }
= -1 ) - -1 °
0 I, ,-g/(-f8) [ 0 g(-rr8) 1
Multiplying d, by P,, we obtain

[ 0
Y (0@ - DaF@ L ]

I o (€DAIT,, p(t)!

Pd =|"r pt)=k,

" 0 (u)

(3.30) [gy ] Z (9(w) D) — Da(u)G() h’ '
u€DAIT.__ p(u)!
L plu)y=k, |

+om.

Let () = 1/y(¢) for all t € DAIT,,, p(t) = k;, and ®(¢) # 1/y(z) for at
least one ¢t € DAIT,,, p(f) = k, . By (3.30) we have that P, d, = g’(hkwl) ’

while S, d, =& (hkL) . From Theorem 3.3 we then know that the global order
of the method is k; . Now, the assertion of the theorem follows directly from



618 ANNE KVAERNG

the fact that the set of simplified trees associated to DAIT, , resp. DAIT,,,
is DAIT, , resp. _D—Kl_Ty_z_

This result can be extended also to include the more general equation (1.6).
For this equation, the principal error is composed of terms of the form

f:vl fz' ! fkylzfcy'iz’(y(p') 9 sy y(pk#() ) Z(ql) 9 ey z(ql+i)) hkL
g g (17|) (pk) (ql) (qk) >
y & gky,z(y e, YRV 2K

where »? and z'9 are derivatives of y and z of order less than k, . We can
show that

R |

8 & -8, g(f, 18 8) O

The projection operator P suppresses all the contributions to the local trunca-
tion error coming from derivatives of the algebraic equation. Since the algebraic
equation in (1.6) and the model problem are equivalent, assuming g, nonsin-

gular in (1.6), the conclusion for the model equation is also valid for the general
problem. 0O

4. NUMERICAL EXPERIMENTS

In this section we present the results of some numerical experiments on var-
ious index 1 systems. The experiments confirm that the local order predicted
in §2 occurs in practice, and in no case is the observed global order less than
the lower bound given in Theorems 3.3 and 3.4. The experiments below were
performed in single precision on a Cray X-MP computer. The test problems
are:

P1: A linear constant-coefficient system of the form Av’ + Bv = g(x).
P2: A linear system with time-dependent coefficients, A(x)v' +B(x)v =
8(x).
P3: A nonlinear system, linear in v', A(v, x)v' = f(v, x).
P4: A system nonlinear also in v', f(v, v, x)=0.
The problems are described in Appendix A. The test problems were solved by
the following Runge-Kutta methods:

MI1: 2-stage, 3rd-order, A-stable SDIRK method (Nersett [11]).

M2: 3-stage, 3rd-order, B-stable SDIRK method (Nersett and Thomsen
[12)).

M3: S-stage, 4th-order, strongly S-stable SDIRK method (Cash [4]).
M4: 7-stage, 3rd-order, extrapolation method, based on fully implicit
backward Euler, written as a DIRK method.

MS: 2-stage, 2nd-order, Lobatto IIIC method (Chipman [5]).

M6: 3-stage, 4th-order, Lobatto IIIC method (Chipman [5]).

M7: 3-stage, Sth-order, Radau IA method (Butcher [3, p. 228]).

MS8: 2-stage, 4th-order, Kuntzmann-Butcher method (Butcher [3, p.
219)).
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M9: 3-stage, 6th-order, Kuntzmann-Butcher method (Butcher [3, p.
220)).
The results of the experiments are given in Tables 4.1-4.4. The following nota-
tions have been used:

k,: The order of the method when applied to an ODE.

kp: The order of the global error, predicted by Burrage and Petzold in
[2, Theorem 1].

k, : Predicted order of the local error.

k, : Observed order of the local error.

k. : Predicted order of the global error.

k - Observed order of the global error.

TABLE 4.1. Predicted/Observed Orders for P1.

Method | k, | kp | k. | K | ko | &
M1 3221222
M2 322102212
M3 4 | 2|3 |s5|2]4
M4 3| 2] 44|33
Ms 2|23 [|3]2]|2
M6 4 | 3| s | 5|44
M7 s 13| 33313
M3 4| 203 |3]2]|2
MO | 6 | 4| 4 |la| 3|4

TABLE 4.2. Predicted/Observed Orders for P2.

Method | k;, | kp | k. | k | kg kg
Ml 3 2 2 2 2 2
M2 3 2 2 2 2 2
M3 4 2 3 5 2 4
M4 3 2 4 4 3 3
M5 2 2 3 3 2 2
M6 4 3 5 5 4 4
M7 5 3 3 3 3 3
M8 4 2 3 3 2 2
M9 6 4 4 4 3 4

TABLE 4.3. Predicted/Observed Orders for P3.

Method | k, | kp | k. | & | k5 | k,
M 32221212
M2 322222
M3 4 2|3 (3]2]:2
M4 3| 2] 44|33
M5 22| 33|22
M6 4 13| s |s5| 4|4
M7 s | 3| 33|33
M8 4 |23 |3]2]:2
M9 6 | 4 | 4| 4] 3|4
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TABLE 4.4. Predicted/Observed Orders for P4.

Method | k, | k. | k. | K | kg | &,
Mi [ 3] - [2]2]2]2
M2 | 3| - [ 2]2]|2]2
M3 | 4| - [ 3]3|2]2
M4 3 - 4 4 3 3
Ms | 2| - | 3]3|2]2
M6 4 - 5 5 4 4
M7 [ 5| - |3]3]|3]3
M8 |4 | - [3]3]|2]2
MO | 6| - | 4|4a]|3]4

® Theorem 1 in [2] gives no lower bound for problems nonlinear in v’ .

In no case is the observed local and global order lower than the predicted
one. However, for P1, the order observed is higher than expected for several
methods. The reason is the simplicity of the problem. For linear, constant-
coefficients systems, the only order conditions which have to be satisfied, in
addition to the classical ODE-conditions, are

V™' =1, j=1,...,q,

where q¢ = k; — 1 if |r| < 1, 0or ¢ = k; if |r| = 1. The Cash method M3
solves problem P2 with a higher than expected order for similar reasons. The
elementary differentials causing the method to be reduced to an order-2 method
are not present in this problem.

For the rest of the problems, there is agreement between the observed and
predicted local order. There is also agreement between the observed and pre-
dicted global order, with one exception, the Kuntzmann-Butcher method M9. In
this case, the stability constant r = 1 by _las = —1. The contribution to the

global error from the local error of two adjacent stepsis d,, +rd, =& (hkL+l) ,
that is, the local errors from two adjacent steps cancel each other. See [2] for
a better explanation of this phenomenon. M9 is also the only method where
the order predicted by Burrage and Petzold is better than the order predicted
by our theory.

5. DIscuUSSION

In this paper we have derived a set of necessary and sufficient order conditions
for the local truncation error when a Runge-Kutta method is applied to a fully
implicit differential-algebraic equation of index-1. The numerical experiments,
described in §4, confirm our results.

In Appendix B, the results given in this paper are compared with the re-
sults given by Burrage and Petzold [2, 13]. We observe that there is no con-
flict between the two theories. Let Q(x) be a permutation matrix, ensuring
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g, to be nonsingular. The algebraic part of the equation is g(v) = 0, and

v = Q'l(x)[yT , zT]T. The order conditions derived in §2 are only valid if
Q(x) does not change over the step. The theory of Petzold does not have this
restriction.

If Q(x) does not vary too frequently, it is possible to use embedding for
the control of the local error. In practice, one should be careful when choosing
a method for solving general classes of index-1 equations. Some methods will
attain a higher order for some classes of equations, like semiexplicit equations
and linear constant-coefficient equations. This is observed in §4, Table 4.1.
For the linear constant-coefficient problem, the two variables were solved with
different accuracy. For the methods with r =0, v, was solved with order k,,
while v, was solved exactly. When choosing a method for solving DAE’s, such
aspects have to be considered.
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APPENDIX A. TEST PROBLEMS

P1: Linear constant-coefficient problem.

BRI P L
2 4 2 5 sin x
with x € [0, 1] and initial values
v(0) = [(1)] and ©'(0) = ['13]
The exact solution is
v,(x)=e " —2sinx,  v,(x)=sinx.
The local order was derived at x =0.5.

P2: Linear problem with time-dependent coefficients.

P

(x + D] + (x + 1)v, +xv, -0.5v,=e ",
(x* = 1.3%v, + (x* = 0.3%)v, = (x* - 1.3%)xe ™" + (x* = 0.3 )Vx + 1
with x € [0, 1] and initial values
0 / 1
v(0) = [1] and v (0) = [0.5} .
The exact solution is

v, (x) =xe ", v,(x) =vVx+1.

The local order was derived at x = 0.28.
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P3: Nonlinear problem, linear in v'.
vi +v3v; — (v, + l)v; =-v, + 1 +sinx,
(vs+ 1)v] + 0,0y = —€ ",
—x .
0=v,v,v;—0.5¢ " sin(2x)

with x € [0, 1] and initial values

1 -1
v(0) = [0} and v'(0) = [ 1 }
1 0

The exact solution is
v(x)=e ", v,(x) = sinx, v;(x) = cosx.
The local order was derived at x = 0.5.
P4: Problem nonlinear in v'.
(sin’ v] + cos’ v,)(v3)" = (x — 6)*(x — 2)’v,e” " =0,
(4 —x)(v,y + vl)3 - 64x2€_xvlv2 =0

with x € [0.5, 1]. The exact solution is

4 —x 3 —x
v,=xe ", v,=xe (4-x).

The local order was derived at x = 0.75.

APPENDIX B. COMPARISON BETWEEN OUR RESULTS
AND THE ORDER RESULTS GIVEN BY PETZOLD

Here we want to explain why there is no contradiction between the order
results given by Petzold et al. [2, 13] and the results given in this paper. In
fact, we can prove that k; > k,, k, is the order predicted by Petzold in the
theorem cited below, for all methods with r # —1. The following relations are

defined in [2]:

A(w): Zbidijcf=1, p=1,...,w,

i,j=1

B(w):Zbﬁ”:%, p=1,...,w,
i=1

Cwy: Yad™ =%,
J=1 p

Theorem 1 in [2] is as follows.
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Theorem 1. Suppose that (1.1) is uniform index 1 and linear in v', the Runge-
Kutta method satisfies the stability condition |r| < 1, the errors in the initial

conditions are @ (hk") , and the errors in terminating the Newton iterations are
@’(hk””) where 6 =1 if |r| =1 and 6 = 0 otherwise, and k, > 2. Then the
global errors satisfy lle,|| =& (h*7), where

q if C(q) and B(q),
kp=4 q+1 ifC(q),B(g+1),and —1<r<1,
g+1 ifC(q),B(g+1),A(g+1), andr=1.

This, together with the following lemma and Theorem 3.3 or Theorem 3.4
shows that k; > k,, for all methods with r # —1.

Lemma B.1. If C(q), B(q), then
1 -
d(1) = 70 vt e DAIT,, p(1) < q.
If C(q), B(qg+1), then

7(8)

If C(q), B(g+1), A(g+1), then

1

(1) = —

=30

Proof. In the following, we use the notation 7 € DAlTy for the bushy trees,

that is, the trees where all the vertices are directly connected to the root. For
such trees we have

(B.1) L) =pi’"™", i=1,..,s.

Also, T, is a bushy tree. Similarly, we use the notation # for trees composed
by only bushy trees, that is,

o L {VzeDAlTyy,p(t)SCI+l,
vt e DAIT,, p(1) < q.

vt € DAIT,, p(1) < q+1.

a=[t,..., 4], .
Now from (2.34) and (B.1) we have

N N
N 2 p(i))—1 2 pi)—1
k(%) = E a'l.j E p(tl)ajnlcnl‘ -o-p(tk)ajnkcnkk .
J=1

Ry, =1

If C(q), where g+ 1 > p(i1), this equation can be written as
K N N S N
(B.2) k(i)=Y dc/ W 2 =5d, 0
j=1 j=1
where the fact has been used that p(&t) = p(f,) +--- + p(,) . If ¢ > p(i), then

(B.3) K (it) = p(a)c" ™"

1 1
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Nowlet ¢t =[f,,..., f,#,,..., %], € DAIT, . Then, from (2.33) and (B.3),
we have

s
2 p()—1 2 pli)—1 pli))—1 (&)1
L) =pt) Y. pE)a, e, e p(E)ay, ¢ e SR A

n,, =1
If C(q), where g+ 1> p(t), then
(B.4) li(t) — p(t)Cf(i') . -c}o(i")cf(ﬁ')_l . .cf(fh)—l — p(t)cf(t)—l ’

since p(t) = p(f,)+---+p(f)+p(it,)+- - -+p(@,)—1+1. By repeated use of (B.2)
and (B.4) we know that if C(g), then for all t € DAIT,, with p(t) < g +1
we have 1,(¢) = 1(f), where 7 is a bushy tree, and p(¢) = p(7). Inserting this
into (2.31), we have

s s
V(0 =Y_b10)=p(t) > bl vteDAIT,, p(t) <q+1.
i-1 i=1
Similarly, for all # € DAIT ,, p(t) < g+ 1, there exists a # such that 1,(¢) =
k;(#) and p(t) = p(@t). From (B.2), (B.3), and (2.31) we have

171y

S s
yi(0) = bk(@) =Y bd;c"" vieDAIT, , p(t)<q+1,
i=1 i=1

and S
Vi(t)=p(0)Y b vteDAIT, , p(t)<q+1.

i=1
If C(q), all the order conditions up to order g + 1 are reduced to A(q + 1)
and B(q + 1). Thus, the lemma is proved. O
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