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VISCOUS SPLITTING FOR THE UNBOUNDED PROBLEM
OF THE NAVIER-STOKES EQUATIONS

LUNG-AN YING

ABSTRACT. The viscous splitting for the exterior initial-boundary value prob-
lems of the Navier-Stokes equations is considered. It is proved that the ap-

proximate solutions are uniformly bounded in the space L>°(0, T'; HH! Q),
s < % , and converge with a rate of O(k) in the space L™(0, T; H l(Q)) ,
where k is the length of the time steps.

1. INTRODUCTION

Let Q be a domain in the space R?. An initial-boundary value problem of
the Navier-Stokes equation is given as

(1.1) %+(u-V)u+%Vp=uAu+f, xeQ, t>0,
(1.2) V.-u=0, xeQ, t>0,

(1.3) Uy oo =0,

(1.4) ul,_o = Up(X)-

If Q=R , then the boundary condition (1.3) disappears and the problem
reduces to a pure initial value problem.

Beale and Majda [4] proved the convergence of a viscous splitting scheme
for the initial value problem, where equation (1.1) was split in each time step
into an Euler equation and a linear Stokes equation. This scheme was related to
the vortex method [6], a numerical approach for high Reynold’s number flow.
Therefore, it is interesting to consider not only pure initial value problems,
but also initial-boundary value problems. It is known that there is a boundary
layer near the boundary, and that vortices are created and turbulence may de-
velop. From the point of view of numerical analysis, the boundary condition
for the Euler equation is different from that of the Navier-Stokes equation; the
changing of the boundary condition in each time step creates singularities of
the approximate solutions.

Alessandrini, Douglis, and Fabes considered the viscous splitting of the ini-
tial-boundary value problem in bounded domains [3], where the solutions of
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the Euler equation were replaced by polynomials. Convergence was proved, but
it is not known whether this scheme is numerically realizable. Benfatto and
Pulvirenti proved the convergence of a scheme for the initial-boundary value
problem in the half plane [5]. A distribution vortex sheet, whose support is just
the boundary, was inserted as in the vortex method, and a Neumann condition
for the vorticity was introduced to replace the velocity boundary condition. The
combination of those two steps generated an approximate no-slip condition at
the boundary.

The author of this paper considered this problem in bounded domains [13]-
[17]; a correction step was applied to maintain the no-slip condition too, but this
operator was bounded in H! , § >0, the velocity boundary condition for the
diffusion step was exact, and a nonhomogeneous term was added to the Stokes
equation to neutralize the error of the above correction step. Convergence was
proved. Numerical results have been obtained which will appear in a separate
paper.

The purpose of this paper is to study this problem for unbounded domains.
For simplicity we assume that the boundary 9Q of Q is sufficiently smooth,
simply closed, and Q is its exterior. We also assume that flows tend to zero at
infinity. The problem of the physically interesting case of flows having uniform
velocity at infinity is still open. A simplification of the proof would suffice for
the bounded case.

We now briefly summarize our main results. Denote by x = (x,, x,) or
¥ = (»,,y,) apoint in R*>. The usual notations H*(Q) and W™ ?(Q) for
Sobolev spaces, and ||-[|; and |-, , for norms, are used throughout this pa-
per. For the problems (1.1)-(1.4), we assume that V-u, =0, u, € (H(; (Q))2 N
(H*Q)?, fe L™, T; (HQ))nw">0, T; (H(Q))?), and the solu-
tion u € L=(0, T; (H*Q)*) nw" =0, T; (H'*(Q))?), where T is a posi-
tive constant.

We construct a projection operator

©: {ue(H'(Q)*;V-u=0, (u-n, 1))y =0} - {ue (Hy(Q)*; V-u=0},
such that

(Ls) ©ull,,, < Cllu|

s+1 =

Vs >0,

s+1
where n is the unit outward normal vector, (-, ),o is the inner product of
L? (0Q), and C is a constant depending on s. We will give an example of ©
in §2.

The following scheme is considered: We divide the interval [0, T'] into equal

subintervals with length k. Then we construct @,(t), p,(t), u,(t), p,(t) on
each interval [ik, (i+1)k), i=0, 1, ..., according to the following procedure.
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In the first step, we solve the following problem on the interval [ik, (i+1)k):

ou, . R P
(1.6) —é-t’i + (it - V)it + ;Vpk =f,
(1.7) V., =0,

(1.8) U nlcoq =0,

(1.9) i, (ik) = u, (ik - 0),

where u, (—0) = u, .
In the second step—the projection—we construct i, ((i + 1)k —0).
In the third step, we solve the following problem on the interval [ik, (i+1)k):

ou, 1 1 " .
(1.10) —&—-k;Vpk—uAuk+E(I—@)uk((z+l)k—0),
(1.11) V.u,=0,
(1.13) u (ik) = 0w, ((i+ 1)k -0),

where I is the identity operator. In these formulas the spacial variable x is
suppressed for simplicity.
Our main result is the following:

Theorem. If u is the solution of problem (1.1)-(1.4), i, , u, the solutions of
problems (1.6)-(1.13), and if 0 < s < 3, then there is a constant k, > 0 such
that

(1.14) sup (lu, (Ol i, (D)]l,,,) < M,
0<t<T
(1.15) sup (|[u(t) —u, (O, » lu(t) — @, (1)) < M'k
0<t<T

for 0 < k <k, where the constants k,, M, M’ depend only on the domain Q,
the constants v, s, T, the operator ©, the functions f, u,, and the solution
u of (1.1)-(1.4).

The existence and uniqueness of the solution u, is known [9, Chapter 4,
Theorem 1 and §2], and using an argument similar to [12], we can get the
existence and uniqueness of i, ; the regularity of u,, &, is also obtained.
Although the existence in [12] is merely local, we will show that the step length
is independent of i.

2. PRELIMINARIES

In this paper we always denote by C a generic constant which depends only
on the domain Q, the operator ©, and the constants v, s, T; by C, a
generic constant which depends only on the domain €, the operator ©, the
constants v, s, T, the known functions f, U, , and the solution u of (1.1)-
(1.4);by C,, C,, ..., My, M, ... some other constants which are determined
according to special requirements.
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Let EO(Q) be a subset of LZ(Q) such that w € EO(Q) if and only if w €
LZ(Q) and there is a u € (LZ(Q))2 such that w = —VAu, where VA =
(0,,=0,), 0, =0/0x;. We define a norm

to1,= ([ wolax)

in C;°(Q). Let E '(Q) be the closure of C;°(Q) with respect to the norm [],,

and let E(I)(Q) correspond to C;°(Q). Letting w € EO(Q) , we consider the
boundary value problem

-Ap =w,
2.1) { =9
Plyq = 0.
The weak statement of (2.1) is: find ¢ € Eé(Q) such that
(2.2) (VAp, VAY) = (@, y) = (u, VAY) Yy € Ey(Q),

where w = —VAu. It is easy to see that
2
(VAp, VAp) = [o]; .
By the Lax-Milgram theorem, (2.2) possesses a unique solution. Setting ¥ = ¢
in (2.2), we get [g]] < [|ullyle], , hence
(2.3) [l < llull,-

If we EO(Q) and ¢ is the solution of (2.2), we define a norm
2 2.1/2
@]y = (lollg+ o1}

in E%Q). It is easy to see that E°(Q) is a Hilbert space. o

Let D™ be a differential operator of mth order, m >0, D™ =9"/9x,0x; ,
i+ j=m. We assume that w € EO(Q) N H™(Q); then by the regularity of
the solutipns of elliptic equations [2], we have for the solution ¢ of (2.2) that
¢ € Ho'*(Q) . From (2.2) we get

(VAp, VAD"0,y) = (w, D"8.y) Yy € Cy (Q).

Integrating by parts, we obtain
(2.4) (VAD™ 9,9, VAY) = —(D"w, 8,y).

We first assume w € Cg° (Q); then ¢ is the solution of the Laplace equa-
tion near infinity. From the expansion of ¢ at infinity it is easy to see that
VAD™9,9 € L*(Q), hence (2.4) also holds for v € E(;(Q) .

Let trace b = D"9,¢|,q ; then [1, Theorem 7.53]

“b”[/2,aﬂ S C“¢”m+2’g' s

where Q' is a neighborhood of 8Q. By the Poincaré inequality and the local
estimate of the solution ¢,

”¢“)n+2’Q' S C(”w“m + [¢]]) .
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Let D"9,p = ¢, + ¢,, where ¢, € E,(Q) is the solution of
(VAp,, VAY) = —(D"w, d,w) Vy € E(Q),
and ¢, € E 1(Q) is the solution of
(VAg,, VAY) =0 Vy € E,(Q),
Paloa=0b-

¢, is a bounded harmonic function, hence ||Vg,||, < C“b“uz,an- By (2.3),
[¢,], < |D"wl[,. We have

(2.5) [D"9,9], < C(l|oll,, + [0],) < Cl]l,, + [@]) -

C(Q) is dense in E°(Q) ; therefore (2.5) holds for all € E°(Q) N H™(Q).
We define [¢],, = [Vo|,,_, for m > 1; then

[Vl < Cllall,, + [@])) -
By the interpolation theorem [10, Chapter 1, Theorem 5.1], we have
(2.6) [Vl < Cllol; + [w]) Vs=0.

We denote by E;'(Q) the closure of C;°(Q) with respect to the norm [-],, .
Now we give an example of an operator © which satisfies inequality (1.5).
Construct y € C§° (Q) such that y = 1 near the boundary Q. Let Q' be a
bounded domain whose boundary consists of simply closed curves I" and 6Q2,
where I' is outside of 9Q, sufficiently smooth, and supp y C Q. Let ¢ bea
stream function of u in Q' . We consider the following biharmonic problem:

AND=0,
od o9
PDlyo = —0lyq> ;9739——5’; oa

. =0, AD.=0.

Let u' = VA(y®); then ©u = u + ' is the desired operator. In fact, if
Ul,o =0, then ¢|,q = 32|, =0, and Ou = u, so © is a projection. By the
estimate of the elliptic problem and the trace theorem,

o9
Pllyy2 < CIRllsr32,00 || 5 < Cllollgys £ Cllull,,
Onllsr1/2,00
hence
/
”u ||s+[ S C“u“s+] >

which proves (1.5).
® can be obtained by the Galerkin scheme. To show that, we give a weak
formulation of the above biharmonic problem. Let —A® = y ; then —Ay =0.
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We take a test function v € HI(Q'), vl = 0; then ® € HI(Q’), D,q =
—9lyq> Pl =0, and
oo
(V(p, V'U)Q/ - (8_ . ’U> = (l//, ’U)Ql .
h oQ

Let w = —VAu; then —Ap = w, and

d¢
(Vo, Vv) /—(—,v) =(w, V)y .
Q on 00 Q

Adding up these relations and noting the boundary condition, we have
2.7) (V®+Ve,Vv)y =(W+0,v)y YweH (Q), v.=0.
We take another test function v, € Hy (') ; then we have y € H'(Q), y|. =
0, and
(2.8) (Vy,Vu,) =0 Vo, € Hy(Q).
(2.7), (2.8) is the desired weak formulation.

Finally, we list the definitions and some properties of the Helmholtz operator
P and Stokes operator A4. It is known that (LZ(Q))2 = X® G, where X =
closure in (LZ(Q))2 of {ue (C§°(Q))2; V.u=0} and G={Vp;p e EI(Q)} .
P is the orthogonal projection P: (LZ(Q))2 — X ; consequently,

(2.9) 1Puly < llully v € (L2(Q))°.

If ue (H'(Q))?, s> 1, then [9, Chapter 1, §2.4]
u=Veo+uv, V-v=0, Venlyg=0,

and ¢ is the solution of
—Ap=-V-.u,

o9

=uU-nlyq.
Onlaq

Like (2.6), we can obtain
(2.10) [Vol, < Cllull, ¥s>0,

therefore P: (H'(Q))’ — (H'(Q))”.
We consider the Stokes equation

ou 1
(2.11) E+;Vp—uAu+f
and conditions (1.2)—(1.4). Let u = e”'v, p = ”'q; then
ov 1

ot
The Stokes operator is defined as [7]: 4 = —PA + I, with domain D(4) =
Xn{ue (Hz(Q))Z; U|,o = 0} . The solution v can be expressed as

—+;Vq=v(Av—v)+e_"'f.

t 5
v = e_"'AuO +/ e VTP f(1) d,
0



VISCOUS SPLITTING OF THE NAVIER-STOKES EQUATIONS 95

hence

(2.12) u=e "Ny 4 /Ot e VT Dp ry dr

We have [7]

(2.13) [4% < Cct™™, a>0, t>0,

(214)  C7lully, < 14°ully < Cllully, VYu€D(A"), a>0.

Andif 0 <s <L, ue XNn(H(Q), then u e DA?);if 1 <5< 3,
ue D(A) N (H(Q))?, then u e D(4°V?) [15].
3. SOLUTIONS OF THE STOKES EQUATION

In this section we consider problems (2.11), (1.2), (1.3), (1.4) and give some
estimates. It is assumed that all functions appearing below belong to Lz(Q) .

Lemma 1. If u is the solution of (2.11), (1.2), (1.3), (1.4), then

t
2 2 2
(3.1) (s < €' (Iluollo +/0 IIf(f)IlodT) :
Proof. Taking the inner product of (2.11) with u,weget (u, a_) =v(Au, u)+
f, ) Integrating by parts, we obtain 1 ||u||0 +v(Vu, Vu) = (f, u). Thus,
;1—||u||0 ||u||0 + ||f||0 By the Gronwall lemma this gives (3.1). O

Lemma 2. Let w = —VAu, and let u be the solution of (2.11), (1.2), (1.3),
(1.4); then

d 2 1 2
(32) el < 5-1/1lg-
Proof. We apply the operator —VA to equation (2.11) and obtain
(3.3) %-t — VAW —VAS.

The stream function y is the solution of (2.1). Thus, the weak formulation is:
find @ € E'(Q) and y € E;(Q) such that

jt(w v) +v(V, Vo) = —(VAS, v) = (f, VAV) Vv € Ey(Q),

(3.5) (Yo, V) =(w,x) Vx€E (Q).
We take y € E(;(Q) ; then by (3.4) and (3.5),

(3.4)

(V%_Vt/ VX) jt(w’ V) = t(w,x)=(f,VAx)—u(Vw,vx),

Let x=—5{i;then

b0 ()= (1) o s
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(3.5) also yields
6&// ow 1
oy dw
(757 v0) = (5% )
Substitute this into (3.6) to obtain

2
ow _ ow W
0+v<3t,w)—<f,VAat)_4||fllo H oy

Set ¥ = w; then

ov
ot

Therefore,
Z ol < 11715
2dt |ollo < 4"/ 10>
which is (3.2). O
Lemma 3. If u, € D(4)n(H*'(Q))*, 0<s <3, feL®0,T;H Q).
and u is the solution of (2.11), (1.2), (1.3), (1.4), then
(3.7) (001 < € (bl + é‘:&“f(”"l) .

Proof. We estimate the terms of (2.12). According to the statement at the end
of §2, u, € D(A“"?). By (2.13), (2.14),

”e—ut(A—I) < C”A(s+l)/2 —vtA ut 0”0 _ C” —VIAA(S+1)/2 Vtuollo

(s+1)/2 ut
< CJ4' < Cllug|l

olls+1

e"uglly < Cle” gl

s+1 s+1°

Take a positive constant r such that s — 1 < r < 1; then Pf(1) € D(A"?
vt €[0, T], and

t
/ e—u(t—r)(A—I)Pf(T) dr
s+1

0

t

< C/ ”A(s+1)/Ze—u(t—r)(A—I)Pf(T)”OdT
0
t

_ C/ "A(s+1—r)/2e—V(t—r)(A—I)Ar/ZPf(T)"0 dt

<C/ (w1 —(s+1— r)/2” v(t— 'rAr/ZPf (0)ll,

<c / w(t-1)" ”"’)/lef(r)llrdr
0

<C sup [f(7)l,. O
0<t<T

Now we apply scheme (1.6)-(1.13) to problem (2.11), (1.2), (1.3), (1.4).
Equation (1.6) reduces to

dil
(3.8) &

1
k —_ p, =
” +prk f.
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Applying the operator P to (3.8), we obtain 9, /0t = Pf, thus
t
(3.9) ﬁk(t)=uk(ik—0)+/ Pf(r)dr, ik <t<(i+1)k.
ik

By induction and (2.12), it can be proved that

—vt(A=T) Le/k) —vit—ikya—1) [UFDE
u(t)=e u0+2e / OPf(1)dt

i=0 ik
L/k-1 (ivn)k (DK
(3.10) + Z /k e—u(t—r)(A—l)%/k (I-©)Pf({)dldr
i—0 Vi i
! ([t/k1+ 1)k
i /[t/k]k e—y(t_r)(A—I)% /KK (I-©)Pf(c)dtdr,

where [ ] denotes the integral part of a number.

Lemma 4. If u, € D(4A)n (H*7'(Q))?, 0<s< 3, feLl™0,T;H (Q),
then

llu, Gk = O0)l;,y <C (Iluoll;+1 + sup Ilf(f)lll) :
0<t<jk

Proof. We estimate the second term of (3.10); the estimate of other terms is
similar. Let r be a positive constant such that s — 1 <r < % ; then

Jj=1 (i+k

Ze“"(j_i)k(A_l)/ OPf(1)dt
i=0 ik s+1
Jj—1 o (i+1)k
C ZA(S+1)/28—VU—1)k(A—1)/ oPf(t)dt
i=0 ik 0
j=1 o (i+1)k
-C ZA(s+1—r)/2e—u(j—1)k(A—1)Ar/2/ oPf(1)dr
i=0 ik 0
Jj—1 (i+1)k o
<CXwU- k™ [k PP ) d
pars ik
<C swp /@, Z v(j - i)k)" Tk
<t<jk i= 0
<C swp I/, / (w(ik - )
T<j
<C sup [|f(D)ll,- O
0<1<jk

Lemma 5. If u, € D(A)n(H7'(Q))*, 0<s< 3, feL®0, T; (H Q)N
w0, T; (H(Q))?), u is the solution of problem (2.11), (1.2), (1.3), (1.4),
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‘?,—t e L0, T; (H HI(Q))Z), and u,, i, are the solutions of problems (3.8),
(1.7)-(1.1 ) then
(3.11) 390 (1(0) = D)l lt) = D)) < e
Proof. By (2.12), (3.10) we have
Wt pl+nk —v(t=1)A=1)  —v(t—ik)(A=T)
u(t) —u ()= 3 / (e —e YOPf(1)dt
t
+/ (e—u(t—r)(A—I)_e—u(t—[t/k]k)(A—I))ePf(T) dt
[t/klk
([t/k1+ Dk
(3.12) - / ¢V UKDUA=D G p ) g
t
[/kl-1 vk
—v(t-t)(4-n 1
+ Z /ik e T
i=0 (i+1)k
[ a-eP(in - fe)drde
t _ _ ([t/k+ 1)k
L (I - ©)P(f(x) - f()dedx.
[t/k)k [t/k1k

We estimate the terms in (3.12). With regard to the first term,

(+hk o
I = / (e v—t)d=D) _ vt ik)(A 1))8Pf(‘t)dr
ik

i s+1
(l+ )k

< C ” A(s+l)/2e—u(t-—t)(A—1) (I _ e—u(‘t—ik)(A—I))ePf(T) dt

0
(l+1)k
— CHZ | A(s+1)/2y(A _I)e—u(t—r)(A—I)

T—ik
/ e U D gr.ePf(v)dt
0

0
Taking a constant s,, s <s, < 3, we get

(i+1)k
Z/ L6502 (4 I) V=04 4 (5+1)/2 p(t=7)
1

I<C
ik
: / “ D g P f(a) de
0

i

0
(i+1)k 1—ik
<cy [ -7 4T PeP s ()], d d
T Jik 0

t
<C sup [OPS(@l, ik [ (1= dr
0<t<T ! 0

”s,+l ‘

< Ck sup | f(7)
0<t<T
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With regard to the fourth term, we take a positive constant r, s— 1 <r < % ;
then applying (2.13), (2.14), we get

Dk Dk
Lo, [ a-eru - syt
1 s+1
(i+1)k (i+Dk rz
“ e—u(t—r)(A—I)%/ /(I_g)pf’(g)dfdgd‘c
ik
s+1
(,+1)k (i+1)k
<C|' PR 1>1/ /(1 ©)Pf(&)dédLdr

0

(i+1)k
< CZ/k 1 (i - T))—(s+l-—r)/2%
o (i+Dk  p(i+Dk
S [ - epr @, dea ar
ik ik

t —(s+1=1))2 (i+1)k

<C|[ (t-1) dt - max (I - ©)Pf (&), d¢
0 ! ik

< Ck sup [f'©@),-
0T

The rest of the terms can be estimated in a similar way, and therefore we get
the desired estimate of |[u(¢) — u, (?)],,, -
Now we estimate ||u(t) — i1, (¢)|,,, - Since [|%%||,,, is bounded, we have

lu(t) — u(ik)ll,,, < Cok,  t€lik, (i+1k).
By (3.9),

k<1<t

(1) — u (ik = 0)||s,, < Ck sup [If(7)ll,,,; -

Therefore,

() — i (Dllyyy < Cok + llulik) — uy (ik = 0)| GCok. O

s+l

4. SOLUTIONS OF THE EULER EQUATION

We consider

ou 1
(4.1) E+(u-V)u+;Vp—f,
(4.2) V-u=0,
(4.3) u-nl,c90=0,
(4.4) Ul,_o = uy(x).

The existence and uniqueness theorem has been proved by several authors. We
apply the result of [12] here. Although only bounded domains were considered
in [12], a slight modification of the proof will yield the result for unbounded
domains. In brief, if u, € (H"(Q))*, f€L'(0, T; (H™(Q))"), m >3, then
the local solution u € L®(0, T; (H™(Q))%).
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Lemma 6. If the integer m > max(3,s+1), s > -1, |, < M,, u, € X,
then there exists a constant C > 0 such that if

1
C(M, +supyc,< 7 I/ D, + 1)
and 0 <t < k,, then the solution u of (4.1)-(4.4) satisfies
(4.6) lulls,y < Cilllngllgyy + 1),
where the constant C, depends only on the constant T and suPy <7 1L/ (DIl,, -
Proof. From (4.1), (4.2) we get [12]

%Ap:V-f——V-((wV)u),

op
a. =pf'n+z¢,'ju,'uj,
i,J

On|ycoq

(4.5) ky =

where ¢, ; are bounded functions. Analogously to the proof in [12], it can be
proved that p € E™(Q), and

2
(4.7) IVell,, < CULSON,, + lu@l,} -
By (4.1), (4.7) we get
d 2
7714l < CUully, + 1A1L,) -
Therefore, ||u(t)|| < y(t), where y(t) is the solution of the initial value prob-
m

lem y' = Cy> + C|If (D), » »(0) = |lull,, . We take

M =3 (gl + sup_ 110,

and impose the restriction |y| < M. Then

0<y(t) < llull,, + C /0 If(ll,, dt+ CM /0 y(1)de.

By the Gronwall lemma,

t
(4.38) »(t) < e (uuonm +c [1re, dr) .

We take ¢t >0 such that t < 1/(CM+ C);then CMt<1 and Ct< 1. (4.8)
yields y(t) < M. Comparing the upper bound of ¢ with (4.5), it will suffice
that ¢ < k, for a suitable constant C.
We consider the auxiliary linear problem
(49) %‘tf+(u-V)a+v7~z=f, V-u=0,
i-nl oo =0, i,_g = to(x).
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When i, = u,, f = f, then by uniqueness # = #. In a manner similar to
[12], we get

IV&(O]l,, < CUSD,e + M@l A,
then we can prove

2dtll (D)l < CUFOly + MOl @1,

But |lu(?)||,, < M, and by Gronwall’s lemma
~ CM ~ ~
lao)),, < e (nuon,,, + Ck, sup ||f(T)||m) .
0<1<t
y (4.5),
(4.10) N, <e (uaonm + sup uimn,,,)
0<t<t

under the restrlctlon t < k,. Taking the inner product of # with equation
(4.9), we get (a, , %)= (f, ), hence

&y < llgll, + /0 17 @)l d.

The mapping (%, f) — @ is linear, and by the interpolation theorem and
(4.10),

N, < C (naonm - sup IIf(r)IIm) .

Letting @, = u,, f = f, one obtains (4.6). O

Now, u is assumed to be an arbitrary vector function which belongs to
*0, T; (W>™(Q))"), and with u(-, 1) € X, u, € (H'(Q)*n X we let
w be the solution of

(4.11) %—t+u Vo=-VAf=F, w|,=0=—VAuOEw0.

We denote by &(y, ¢; t) the characteristic which satisfies
0]
500, 0 =uely, 50,0, S T =Y.

Let v € Eg (€2) be the stream function corresponding to u,, and

Y)=v(y,051), 0=-AY.
Then we have the following lemma.

Lemma 7. If u, € D(A), then

(4.12) 16(t) - w(®)lly < Cytlltgll, + / IF (D)l
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where the constant C, depends only on the domain Q and the function u.
Proof. We have
A¥ = 0]y - [VE [} +20,0,0 - (9., 0,8, + 0,8, - 0,8,) + B3y - |V&,[*
+0,v-A¢, + 0,y - AL,
94, =9,,+0(1), AE=0(1),

hence

(4.13) -AY = 0y (¢(y, 0; 1)) + R,
where

(4.14) IRl = O()[¥], .

Integrating equation (4.11) along characteristics, we obtain

t
(x, 1) =wy(c(x, 05 )+ | F(E(x, {51, )dC.
0

Since the mapping x — &(x, T; ) is measure-preserving, we get

leo(t) = @y (€, 05 D), = H [ Fee s, 0a

0

t t
< /0 IFEC, C: 1), Ollydl = /0 IFOll, d¢ .-
By (4.13), 6(1) = w(t) + R, + R, , and

t
(4.15) IR, lly < /0 IF )l dC.
Then (4.14), (4.15) give (4.12). O

5. SOME ESTIMATES FOR THE VISCOUS SPLITTING SCHEME

In this section we give some estimates for the solutions of the scheme (1.6)-
(1.13). We always denote by u, w the solution of problem (1.1)-(1.4), and
by w,, @, the vorticity corresponding to u, , i, . We recall that we assume

uy € D(A)NH(Q))*, fe L™, T; (HQ))nw" >0, T; (H'(Q))*) and
we L0, T; (H' (@) nwh =0, T; (H(@Q)).

Lemma 8. If 1 <s< % and if there is a constant M|, such that

(5.1) @, (O, < M, 0<:¢<T,

and constants C,, ky, >0 such that

(5.2) i, (DOlls,, < Cillli (i), + 1), ik <t<(i+ 1)k,

for 0< k <k,, then

5.3 i, (t <M
(5.3) oi‘fgr””"( eyt S M,
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for 0 < k < k,, where the constant M, depends only on the domain Q, the
operator ©, the constants C,, My, T, s, v, and the functions f, u,.

Proof. We denote by C; a generic constant depending only on the domain €,
the operator ©, the constants C,, T, s, v, and the functions f, U, . Set
fi(v) = f(z) = (&, - V)it ; then by Lemma 4,

lu, Gk = 0)lls,, <.C (Iluollm + sup Ilfl(f)lll) .
0<1<jk
The norm of the nonlinear term has an upper bound

. . o 2 ~ ~
(@ - V)i lly < CUIlly 4+ o, ollEll) -

We take a constant ¢, 1 < ¢ < s. Then using the imbedding theorem [1,
Theorem 7.57],

I4@N, < /@I + C(”uk||3/2 + i ll el
and by the interpolation inequality [10, Chapter 1, Remark 9.1],

2-1/s 1/
1A, < I+ Clelly™ a4y
1—(g—1)/s (g—1)/2 1-1/s l/s
+||uk|| [|é k”s+l [|é k” [|& k”
2—1/s 1/s 2—q/s q/s
= I/ON, + Clally gl + gl ™ gl

s+1 s+1°

Hence,

. 2—1 1 2—gq/ /
4 N Uk = Oy < G+ C sup (liel a1+ a1 i 10 -

s+1 s+l

By (5.2) and initial condition (1.9) we obtain

/s

2—q/s q/s
s+1 " k”

~ ~ 2=1/s~
(Dl < C3+ G oé‘gr(”uk”' I si1)

+ ”uk”

Taking the supremum of the left-hand side and applying (5.1), we get

2 1/s

~ l/s 2—q/s
sup ||u <G+ G ( sup ||é + M, sup ot )+C.
0< k”s+l OSIST” k”s+l 0<1< " k”s+1 1

Then (5.3) follows. O

If we replace (i, - V)i, in equation (1.6) by (u-V)u, then it becomes a
linear equation

(5.5)

ok * *

The solutions of problem (5.5), (1.7)-(1.13) are denoted by i, pr, u , D .
Let @, " be the associated vorticities. By Lemma 5, for any 0 < s< 3,

(5.6) sup ([lu(t) —u" (O)lly, > Nu(t) =" (@)lly,,) < Cok -
0<i<T
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Lemma 9. If 1 <s< 3, |l l,,, < M,, then

s+1

ik<t<(i+1)k

(5.7) N(I-©)(@" ~it, )((i+1)k=0)||, < C4k( sup |(&" — )], +k) ;

where the constant C, depends only on the domain Q, the operator ©, the
constants s, v, T, My, the functions f, u,, and the solution u of (1.1)-
(1.4).

Proof. We denote by C, a generic constant which possesses the above property.
By (5.5) and (1.6),

90" o,
EY; +u-Vw—F, -5-[-

On subtracting the two equations, we obtain

+ﬂk'va)k=F.

(5.8) 3—(°—Z’—B;L’<)+u-wcb* —@)=u-V(@ - ) - (u-i) Va,.
By Lemma 7,
16 — (@ — @, )((i + Dk = 0)]|,

(i+1)k .
+/ lu- V(" — @) — (u— i) - Vo, ||y d7,
ik
where 6 = -AY, ¥Y(y) = w(&(y, ik; (i+ 1)k)), and w is the stream function
corresponding to (&t" — i, )(ik) .

We estimate the integrand. By (5.6),

lu- V(@' — w)lly < Cll" —ull, < Cjk.
Let p=2/(2—5) and g =2/(s —1); then

12
(= 1) - Vol = (/Q (4= 1,) - Vcbklzdx)

1/p 1/q
< (/ \Vé, |” dx> (/ lu—a,|* dx)
Q Q

S ”Cbkul ,p"u - ak”o,q .
Using the imbedding theorem and (5.6),
lu =t lly., < Cliu = lly, < Colllir™ — i ll, + k).
Therefore,
(5.10) lu- V(@ —w)—(u—a,) Vi, < C,(la" -l +k).
Substituting (5.10) into (5.9), we obtain
(5.11) |6—(@"—@,)((i+1)k=0)|l, < C,k ( sup ||’ (7) — g, (D, + k) )

k<t<(i+1)k



VISCOUS SPLITTING OF THE NAVIER-STOKES EQUATIONS 105

On subtracting equations (5.5) and (1.6), we have
o — i) 1

(5.12) T +;V(ﬁ*—ﬁk)=(ﬂkoV)ﬁk—(u-V)uE9’,
hence
(" = @) (1) = (& — ,)(ik)
| L !
=—— | V( -p)dt+ | Fdr,
(5.13) P/ik k /ik

(@& — ,)(6) = (@ = ) (k)

1 t
<1 [196" -polydr+ [ 157, dx.

Similarly as in the proof of Lemma 6, it can be shown that p* — P, is the
solution of

—A( 5)=V-F,
a(p” -p )

_Z¢,] (uk"u) —(u— k),'uj)-

In weak formulation, p* — p, € E'(Q), and

(V" - B), Vo)g (Z¢,, )iy —u); - (—ak)iu,.),v)

o0
= (pF , V), v eE'(Q).
We may assume that (5° —p, , 1),q = 0; then
”15* _ﬁk”o,ag < C[ﬁ* "ﬁk]l .
Taking v = p* — j, we get
[I3 _pkll < Z¢,j( (uk - u) —(u— flk)iuj) “ﬁ* _ﬁkllo,ag
0,0Q
+ ||P=7||o =B,
thus
[ﬁ* “ﬁk]l S C E¢ij((ak)i(ak - u)j - (u - ak)[uj) + "p'g-llo
i 0,00
By (5.6),
(5.14) I Ml < (- V) (i, — w)llg + I1((3, —u) - V)il

< Clliy, —ull, < CIE" — @, ll, + k),
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and
Z¢ij((ak)i(ﬁk - u)j - (u - ﬁk)iuj)
i 0,00
< Gyl - u"o,ag < Cyllay, - ““1,9 < C4(||f‘* - ﬁk”] + k).
Therefore,
(5.15) " =51, < Cla" —a,ll, +k).

Substituting (5.14), (5.15) into (5.13), we obtain
(5.16) (@ — i, )(2) — (@ — @, )(ik)lly < Cjk ( Csup i - il + k) .
[ik , (i+1)k)
Let U = VAY. By definition of the function ¥ we have
(i+Dk ' d .
YO - w0 == [ S OuEw. (i DR 13 i+ Dkde
1 .
J
(i+1)k
== [ T 0w G+ DD 5+ D).
; -
J
Since u, O,u, d,u, 0,¢, 8,¢ are bounded, we get
IVAY = w)lly < Coklvl,,
that is
(5.17) U = (@™ = @) (ik)lly < Cokll@ — i) (k) -
By (5.16), (5.17) we have
(5.18) ||lU— (@ —a,)((i + )k = 0)|l, < Cuk ( sup i@ —a, |, + k) :
[ik , (i+1)k)
Since 8 = —VAU, by (5.11), (5.18), and (2.6) we have
(U= @ —i,)((i + 1)k = 0)||, < C,k ( sup la*(7) — g, (o)l + k) .
ik<t<(i+1)k
But we know that U € (HOI(Q))z, V.U=0,hence (/-0O)U=0. © isa
bounded operator, thus
I = ©) (" — i,)((i + Dk = O)]
= (I =©)(U — (& — i)((i + Dk = 0))l,

< Ck ( sup ||a" () — i, (D, + k) . O
ik<t<(i+1)k

Lemma10. If 1<s< 3, k<1, |a,(0)ll,,, <M, for ik <t < (i+ 1)k, then

(5.19) lu, (D5 < Cs(t — ik)*>!
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on the same interval, where the constant C depends only on the domain ), the
operator ©, the constants s, v, T, M,, the functions f, u,, and the solution
u of (1.1)-(1.4).

Proof. Let w =0u,/0t, n = dp,/0t. Differentiating equations (1.10)-(1.12)
formally with respect to ¢, we obtain

ow 1 '
—<9_t—+;V7c=qu, Vew=0, wlgg=0,
. auk ~ ’
w(ik) = £ = —v(4-NO((i+ 1)k - 0)
ot t=ik

+ %P(I — )it ((i + 1)k - 0).

It was proved in [9, Chapter 4, §2, Corollary 1] that du, /3¢ is the weak solution
of it. But the above problem possesses a strong solution

w(t) = e "D Gy

therefore,
ou =ik (A=
X v(t—ik)(A=I) .
—K =¢ w(ik).
51 (ik)

By (2.13), (2.14),
Oou,,
B |,
1=s/2 —v(t—ik)(A=1) ,(s=1)/2, .
(5.20) = CllA"™ eI 4T P ik |
< C(t— l.k)s/Z—l”A(s—I)/Zeu(t—tk)w(l-k)llo
L s/2—1 .
< C(t— k)" w(ik)ll,_, -

< C”Al/Ze—I/(l—ik)(A—I)w(l.k)llo

Applying the operator P to equation (1.10), we obtain

Quy

Sk = —v(4-Duy + %P(I —©)it, ((i + )k —0).

Consequently,

g lls < CllAull,

1 . 1 0u,
=C uk—l--k—VP(I—B)uk((l+l)k—O)—;a—t l
. "ou, 1 L 1 0u,
=C uk(zk)+/ikﬁdr+k—VP(I—G)uk((l+ I)k—O)—;-a—tnl .
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Then by (5.20),

”“k”3 <C k

+C(t— ik w k)|, _,

(1K) + 7 P(I = ©)i (i + 1)k - 0)“l

(5.21) < Cllu (i)l + %IlP(l - ©)it, ((i + Dk - 0)||,

+C(t — k) “ —v(A - DO, ((i + 1)k — 0)

+2P(I =~ ©)a, (i + 1k ~0)

s—1

By Lemma 9 and (5.6),
-]1€||P(I — )i, (i + Dk - O)],
< 71(.||P(1 —©)(@" —i)((i + Dk = 0],
1

+ 2 IIPU — ©)(u~i")((i + 1k~ O)]

ik<t<(i+1)k ik<t<(i+1)k

SCs( sup [[@ (7)]l, + sup Iiﬂk(t)||1+C0)5C5.

Substituting this into (5.21), we obtain (5.19). O

Lemma 11. If 1<s< 3, |lal,,, < M,, then
(5.22) sup ([|lu(t) —w, (DIl , lu(?) — i, (DIl,) < Cgk,
0<1<T

where the constant C, depends only on the domain Q, the operator ©, the
constants s, v, T, M,, the functions f, u,, and the solution u of (1.1)-
(1.4).

Proof. We denote by C, ageneric constant which possesses the above property.
Taking the inner product of (5.8) with @" — @, and noting that

u-v@ —a,),d —a,)=0,

we obtain
1 d ~ K - 2 K ~ ~ ~ ¥ ~
510" = Bl <l V(@ - 0) = (4= ) - Vool - @,y
By (5.10), the right-hand side is bounded by
C o N 2 2 1 o~k ~ 2
S = w1} + k) + 516" - o,

By (5.12), (5.14) we get
ld .« . 2 1 2 ek o 2
gl = #llo < 5UF o + Nl =ty o)

o ~ 2 2 1« ~ 12
Scs(”u "uk“1+k )+§”u "uk”o-
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Thus we have

Do — it < Clo" — i T+ k).

t
By the Gronwall lemma,
(5.23) (@ — &) < e“ (@ — @) (IR + Ck).

Using the triangle inequality,
[(@" — @, )(ik)]y S [(@" — @) ((i + 1)k = 0)],
+l(@ - @)((i + Dk = 0) — (0" — w,)(ik)],
<[(@" = @) ((i + Dk = 0)],
+ (I - ©)(&" - #,)((i + Dk = 0)],,
hence, by Lemma 9,
(0" - w)(ik)]y < [(@" - @,)((i + Dk - 0)],
+ C4k ( sup @" - ), + k) .
ik<t<(i+1)k
By (5.23),
(@ — w,)(ik)]ly < [(@" = @,)((i + 1)k — 0)], + Csk([(@" — @, )(ik)], + k).

Taking the square of both sides of the above inequality and applying (5.23)
again, we get

[(@" = @) (i)l
<[(@" = @)((i + Dk = 0)g + 2[(@" = @,)((i + Dk = 0)],
L Cek([(@" — @, )(ih)]y + k) + Cek* (@ — @, ) (1)) + k)
<@ = @) (i + Dk = O)Ip + Cek([(@" - @, )(i)]g + k7).
By (1.10)=(1.13), u" —u, , p* — p, is the solution of

o —u)
ot

(5.24)

1 *
+-V{@ -p
> ( )

=vA@u —u)+ %(1 —O)(@" — i, )((i + 1)k - 0),
V- —u)=0,
(" - U)leeoq =0,
(" —uy)(ik) = O — i1, )((i + 1)k — 0).
By Lemmas 1 and 2,

(5.25)

I = w )@ < € (u(u* —u) (k)|

t
),
ik

£ (= O) = (i + 1)k —0)

2
dr) ,
0
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l(@" = 0 ) < (@ — )]

L
2v ik

—(I —©)(@" — i) ((i + 1)k - 0)
(@0 — )] < & ([(w* - ,)(ik)];

2

dt.
0

k
Using Lemma 9,

ik<t<(i+1)k

+Cik ( sup ||(i" -ak)(r)||f+k2)) .

By (5.23),
(5.26) [(@° - 0 )(1)] < & ([(@" — 0 )(iKk)]y + Cek([(@" — @, )(ik)]p + k7).
By (5.26), (5.24), (5.23) we obtain
(0" — @ )((i + Dk - 0)](2, < (1+Ck)[(@" - cbk)(ik)]é + C6k3.
Using the initial condition (1.9),
(0" - @)((i + Dk = 0)]2 < (1 + Coh)[(@" — w,)(ik — 0)] + Cek™.
Therefore, by induction,
[(@" = @) (i + Dk - 0)]g < Ceke"
hence , ,
l(" —u,)((i+ 1)k = 0)|I] < Cek™.
Applying (5.23), (5.24), (5.26), and (5.6), we obtain (5.22). O
Lemma 12. If i >0, 0<s< 3, and |, (0)|l,,, < M, for ik <t < (i+ 1)k,
then ||lu, (t)|l;,, < M, on the same interval, where the constant M, depends only

on the domain Q, the operator ©, the constants v, s, T, M,, the functions
f. uy, and the solution u of problem (1.1)-(1.4).

Proof. We apply Lemma 3 to the initial-boundary value problem (5.25) and
obtain

I — )0, < C (ue(a* —a)((i+ Dk -0,
+I0 =)@ — )i+ Dk =0l )

It is known that ||it"|| 41 is bounded, and by Lemma 9 we can estimate the
right-hand side. The upper bound of ||(u" —u,)(?)|,,, isgiven, and |ju”| ,, is
also bounded; thus the desired upper bound of ||u,(¢)||,,, follows. O

6. PROOF OF THE THEOREM

We assume that 1 < s < % . Let M, =2max,_,,[l(u(?)||,. We take m=3
and determine the constant C; in Lemma 6; then we determine the constant
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M, in Lemma 8 and the constant C; in Lemma 10. By Lemma 6, we take
k, € (0, 1] such that

(6.1) k, < !

C(Cskd* ™" +suppe e IO, + 1)

that iS,
C Cks/2+k u t +k)<1,
( 570 Ooith”f( )”3 o) =

which always holds if k, is small enough. By (5.4) we set

(6.2) M,=C,+CM; "M + M M
where 1 < g <s. By Lemma 6 we set
(6.3) M; = max(C,\M; + C,, M,).

We determine the constant C, according to Lemma 11, and the constant M,
according to Lemma 12, and reduce k,, if necessary, such that
2-1

(6.4) luglly < Csk*™",
(6.5) Ceko < My/2.

With the constants so determined, we prove by induction that if 0 < k < k,,
then

N, < My, Ol < My, Nl (g, <M,
lu(t) —u, (DI, < Gk, lu(®) =, (O, < Cek .

Two cases are considered simultaneously: (a) j =0; (b) j > 0 and the above
assertion is valid for 0 < ¢ < jk. If j > 0, then by (5.4) and (6.2),

(6.6) it (ke = O)l,y < M.
(6.6) also holds for j =0. If j > 0, then by Lemma 10,
luy (K = O)ll; < k™27

by (6.4) this also holds for j = 0. Using Lemma 6 and (6.1), (6.3), ||it, (?)]|
M, for jk <t<(j+1)k. By Lemma 11,

[l H—u O, llu@) -0l < C k

always holds for 0 <t < (j+ 1)k; by (6.5), |lit ()], < M, |l ()|l < M, on
the same interval. By Lemmas 6 and 8, ||i,(¢) < M, for 0<t<(j+ k.
Thus the induction is complete.

Applying Lemma 12, we obtain the upper bound of ||u, (¢)||

S+l

IIs+l

s+1° o

7. REMARK

If the Euler equation possesses global solutions, then the conclusion of the
theorem is also true for k > Kk ; since there are at most 1+ [T /k;] steps, the
upper bounds in (1.14) and (1.15) are easily obtained.
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A sufficient condition for global existence was given in [8, 11], namely the
initial value u, and body force f should satisfy, in addition, VAu, € L' (Q),
VAfe L' (2% (0, T)). Under that restriction we can prove by induction global
existence for problem (1.6)-(1.9), for any i. In fact, if w,(ik —0) € L', then
@, (1) € LY(Q) for t € [ik, (i+ 1)k) (see [11]). For the operator © given in §2,
(I-O)i, ((i+1)k—0) has compact support, so w, (ik) = —VA®i, ((i+1)k-0) €
L'(Q), and w, satisfies

ow, o
T vAw, — VA(I - 0)i, ((i+ 1)k - 0),
@|,_y = 0, (ik).
Using the fundamental solution of the heat equation, it is easy to prove that
w,(t) € L'(Q) for t € [ik, (i + 1)k).
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