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ON ESTIMATES FOR THE WEIGHTS IN GAUSSIAN
QUADRATURE IN THE ULTRASPHERICAL CASE

KLAUS-JURGEN FORSTER AND KNUT PETRAS

(G

ABSTRACT. In this paper the Christoffel numbers a;”’;

i—1/2

for ultraspherical weight
functions w, , w;(x)=(1- xz) , are investigated. Using only elementary
functions, we state new inequalities, monotonicity properties and asymptotic
approximations, which improve several known results. In particular, denoting
by 6,(,'{‘)" the trigonometric representation of the Gaussian nodes, we obtain for
A€ [0, 1] the inequalities

T .24 ,(A) A(l=2)
——sin™ 9 -
n+a ven { 2(n + 4)* sin’ 0,(,’1,)"

< awG < T sinu 0,(,1‘),,

-Vt T n4 A

and similar results for 4 ¢ (0, 1). Furthermore, assuming that Of,{)n remains
in a fixed closed interval, lying in the interior of (0, #) as n — oo, we show

that, for every fixed 4 > —1/2,

G n . 24 5(4) A(l-4)
=" 6 l -
a,’, PR sin ,,,,,{ 2(n +/1)2 sin2 gl(jl)n
A= DB+ 1A~ 2) +4sin? 67, ]

-7
- . +0(n ).
8(n + A)*sin? 0,(,’1‘)” }

1. INTRODUCTION
For fixed real 4 > —1/2 let w, be the ultraspherical weight function

(1.1) w,(x):=1-xY"" xe(-1,1),

and let P,El) be the corresponding orthogonal polynomial of degree » normal-
ized by P"(1) = ("*%=!). Furthermore, let x| < x{” <. < x? be the
zeros of P,(f) in increasing order and let 0 < ()YE)" < Ggl,)n << Bﬁf’)n <m be

their trigonometric representation xﬁ“,, = —cos 6,(,“" .
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In this paper we consider quadrature formulae Q, of (algebraic) degree
deg(Q,) = m > 0 which are linear functionals of the type

14
(12) QU= a, f(x, ), —1<x ,<x < <x,,<1,

1
/_ 0w, () dx = 0,11+ R[],

=0 foru=0,...,m,
#0 foru=m+1,

(1.3) R,,[p,,]{

where the n nodes X, , and the weights a, , are real numbers, p, denotes
the monomial p, (x) = x*, and R, is the so-called ‘error functional’ of Q,.
Of all quadrature rules that have received attention, Gaussian quadrature is the
most investigated (cf. Gautschi [19] and the bibliography cited therein). The

Gaussian quadrature formula fo)G

(1.4) 0011:= Y a0,

v=1

is determined uniquely by its having maximal degree deg(Q, A)G) 2n—1. The

respective nodes xmf are the zeros of P( ', and the respective weights aff)f ,

the so-called ‘Christoffel numbers’, are given by

2 24
(9 = [r(A)TF(?nizf))[ NI LA

(cf. Szegd [36, §15.3]). By the symmetry of the weight function w, the
Gaussian formula fo)G is symmetric, i.e., xff,)f = —xfi)f_y,n
ﬁﬂlG_y . (v =1,...,n). Therefore, it suffices to consider v = 1,2, ...,

[(n+ 1)/2]. In particular, we have that

NG _
and a, , =

we we  _=n T'(5
(1.6) x(n+l)/2,n_0’ a(n+|)/2,n—§r(%+ for odd n.

If 2 ¢ {0, 1}, for the other nodes x'l)G and weights a , elementary rep-
resentations as in (1.6) are not known but the knowledge of their asymptotic
behavior and of explicit upper and lower bounds may be important for various
theoretical and practical investigations in quadrature; see, e.g., the monographs
on quadrature of BraB [5] and Davis and Rabinowitz [10] as well as the remarks
in §5.

For the nodes xu’l)f several authors have obtained inequalities or asymptotic
approximations; see, e.g., Szego [36, pp. 116 ff], Tricomi [37], Ahmed, Mul-
doon, and Spigler [2] and, in particular, Gatteschi [17]. For Gaussian weights
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a’’¢ it is well known (cf. Szegd [36, §15.3] and Davis and Rabinowitz [10])
that

WG T . 24 () (MG (MG
(1.7) a,’, —n+/lsm 6, ,(1+4,7), ,,11{{.2,5 =0,

provided that the nodes x( )G remain in a fixed closed interval lying in the

interior of [—-1, 1] and that /1 is fixed. Whitney [38] improved (1.7) by showing
the asymptotic estimate (cf. also Ossicini [28])

Ah~ 1 <
(1) o9 < AU, 500)

< lim 679 =0, i>0,
(n + 2)?sin’ 0,(,'1,),,

n—oo V.M
valid under the same conditions on v and A as above. Recently, Gatteschi [18]
obtained the following important asymptotic approximation, which is uniform
with respect to the parameter v = 1,2, ..., [gn] for fixed ¢ € (0, 1) as
n— oo,

. 24 p(A
we 2 sin 0,(, ,)

v,n . 2 .
n +/111—1/2,VJA+1/2(JA—1/2,V)

A(l1=2) ( . =2 () ) —2> ) -3
{l————=(sin 67 —(0 +6" O(n ,
{ 2(n+/1)2 v,n ( V,n) v,n ( )

where j_ , is the kth positive zero of the Bessel function J . Shohat and
Winston [31] proved

a

(1.9)

2
(NG 1 . 22+1 p(A) A+2 1
(1.10) a"’">n+i+%sm V'n[ n+2/1+2] , A> >
while Winston [39], resp. Laden [26], have shown the monotonicity properties
NG _ (NG
(1 ll) v,n <au+l,n’
: NG . —41 o(A) we o *)
a, ,sin "0 >a | s 01/+1 ., fori>0, v<n/2,

and the validity of the reversed inequalities for 4 < 0. Note that all the above
inequalities in (1.10) and (1.11) are asymptotically not sharp in the sense of
(1.7). Inequalities for the first weight a(’1 have been obtained by Bernstein
[4] and Gatteschi and Vinardi [15]. Further explicit upper or lower bounds
for all Gaussian weights au) , with the exception of crude bounds (see, e.g.,
Monegato [27]), do not seem to be known.

The main purpose of this paper is to prove various simple but very accurate
inequalities for the Gaussian weights a f involving only elementary functions.
The upper and lower bounds obtalned are asymptotically sharp, provided that
v increases as n increases and limsup, , v/n < 1. Note that it follows
from (1.9) that for fixed v and increasing n, asymptotically sharp results are
impossible without asymptotically sharp approximations of the zeros and values

of Bessel functions. Furthermore, for nodes x,(f)f remaining in a fixed closed
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interval in the interior of [—1, 1], we derive inequalities and asymptotic values
which are much sharper than those mentioned above.

2. STATEMENT OF THE RESULTS
Our first result improves the monotonicity properties (1.11) and makes them

asymptotically correct in the sense of (1.7).

Theorem 1. Let v < n/2; then, for the Gaussian weights aMe if A€[0, 1],

v,n’

NG . =24 p(d) NG . =2k 4(A)
(2.1) a, ,sin 707 <a,,  sin "6, .,

where equality holds if and only if A € {0, 1}. If A ¢ (0, 1), then the above
result is valid if the inequality sign in (2.1) is reversed.

Remark 1. Complementing inequality (2.1), we state that, for 4 € [0, 1] and
v<n/2,

NG . =24 ,(4) NG . =21 4(A) (A) \1/2
(2-2) au,n sin Bu,n Zau+1,n51n 0u+1,n(1_ u,n) ’
where
2 n(2) 2 n(d)
(2 3) p(}») — 2’(1 - }’) €os el/,n — Cos 6V+l ,n
YT (n4A) sin? 6+ A(1-A) SUR

If 2 ¢ (0, 1), then this result is valid if the inequality sign is reversed, where
for A < —4/11, the inequality (2.2) for v = 1 only holds if (n +/I)2 sin’ Hﬁ)n >
A(A—1). Using (2.3), we see that the monotonicity property (2.1) is improvable
only by a factor of the order (1 +u'30(1)) for n - 00 and v < gn, qg€(0, 1)
fixed.

Remark 2. Note that it may be more helpful to consider the expression

u_kO(l), where the O-estimate holds, as n» — oo, uniformly for v = 1,
k

2,...,[gn], with g fixed, g € (0, 1), instead of O(n" ") as n — oco. If the
nodes x”¢ remain in a fixed closed interval lying in the interior of [-1, 1],

v,n
then we have O(n’k) =7k O(1), but under the only assumption that v in-
creases, the term vk O(1) additionally gives useful asymptotic results. Through-
out this paper note that [(n+A) sin 0,(,’1,),1]_l = u"O(l) for every fixed 4 > —1/2
and v < gn, g € (0, 1) fixed, as n — oo, which follows from the known
asymptotic approximation of Hi’l‘)n (see also (2.23)).

For odd n, A € [0, 1] and all v, one obtains from (2.1) the inequal-

ity aff‘)g < a((fl)fl) P nsinn 0,(,'{)" as well as the reversed inequality for A ¢
(0, 1). Replacing aéﬁ)fl) S2.n by its representation (1.6), we obtain a simple

upper bound, which, as a special case, is contained in the next theorem. Using
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the notations

n
2.4 W=z 2
24 T IT(gy

4) _ (MG
G _ { € = Ant1y/2,n for odd n,

" DA/ (n+A)?+4(1=2)) forevenn,

n—1

2.5) ¢

we have the following inequalities, which are asymptotically sharp in the sense
of (1.8).

Theorem 2. For the Gaussian weights a®% we have, if A€[0, 1],

v,n
(2.6) a®? = Psin™ g% (146",
where
A(1=2)cos* g%
(2.7) - (-4 v,n <e? <o.

(n+4)7°sin® 0P +A(1-4) = "7

Equality in (2.7) holds if and only if A€ {0, 1} or x,(f’)f =0. For 2 ¢ (0,1),
the above results are also valid if the inequality signs in (2.7) are reversed, and
where for A < —4/11 the upper bound in (2.7) for v =1 or v = n only holds

if (n+A)*sin’ 0 > A(A-1).

Remark 3. For A > 1 the results of Theorem 2 can be improved as follows.
Using

cff) for odd n,

~NG (A+1)
(2.8) ¢, = cn:'l (1 T mED

A . (2A-D@A-1 )
(n+24-1) (n+1)%(n+24-1)?
for even n,

instead of cff)G in (2.6), we have that
(A - 1)2 cos’ 0,(,{)”
(n+2)*sin* 6% — (A—1)(A-2)

A
< WO (4= Dcos 9,(, Y)n
=%y p = [(n +,1)2 —(A=-1)(A=-2)] Sinz 91(/1,)n

(2.9)

for A €[1, 2] and that the reversed inequalities hold for A4 > 2. In particular,
for A = 2, the upper and lower bound in (2.9) are equal, which gives the
following simple representation for the weights aflzy)f of the Gaussian formula
QL2)G .

1
2100 a®?%=-"_sin*6? {1+ '
( ) v.n n+2 v.n (n+ l)(n+3)5in2 91(/2,)n
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For the nodes x,(jz,)n , note that tan[(n + 2)0‘(,2,)"] = (n+ 2)tan 0,(,2,),, .

The following inequalities yield an asymptotic approximation which is sharp-
er than that given in (1.8). In particular, we have that for 4 € [0, 1], resp.
A ¢ (0, 1), the geometric mean of the bounds (2.6) and (2.7) again is a lower,
resp. upper, bound for the Gaussian weights.

Theorem 3. For the Gaussian weights a,(f’)f we have, if A€[0, 1],

172
G G A(1 = 2)cos” 6W
MG = (NG 5in* 9,(,{)" {1 - ( ) YL )

v,n n 2 .2 u)
(2.11) (n+4)*sin” 6 +A(1
-1
d1- A=D1+ (-1)"] e
An+A)*+1(1 -1 " ’
where
(2.12) 0<s® <2 (1-4)cos 6,14 - cos’ 61", ]

YT 2(n+ )+ A(1 - )P sint 0

For 2 ¢ (0, 1), the representation (2.11) is valid with

AA=1)cos” 014 — cos’ 0] {1 - 1) }2
. .2 pnld
(2.13)  2[(n+4)’sin® 0¥, — A2 - 1)) (n+4)*sin’ 0, — (A - 1)
<8, <o,

where for A < —4/11 the lower bound in (2.13) for v =1 or v = n only holds
if (n+A)*sin’ 0" > A2 —1). Equality in (2.12) or (2.13) is valid if and only
if {0, 1} or xl(,'l’)f =0.

As a consequence of the above inequalities we have for fixed A and for
n— oo

(HG T . 223 A(l=2) _4
=_———=sin" 6, {1~ +vO(1)
@14 o Thez™" ”’"{ 2(n+4)*sin* 6, v o

v<gn, qe€(0,1) fixed.
For nodes x,(f)n that remain in a fixed closed interval lying in the interior of
[-1,1] as n = 00 , note that the asymptotic approximation (2.14) cannot be
derived from (1.9).
In the above theorems we have used the quantity cff)G in order to obtain
equality of our lower and upper bounds when 7 is odd and v = (n + 1)/2.
The following lemma shows that further simplifications are possible.
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Lemma 1. For fixed A > —1/2 we have

M = n—_’i—z{l + ’1(’12_ D [(nu)2 —(A-1)

1

-1
(2.15) + (,1—2)(/1—3)] +0(n‘6)},

|

Furthermore, for every n € N, there exists a éff) € [0, %] such that

Ww_ = A(A =
(2.16) ¢, _n+/1{l+ >

In particular, we have, for all n € N,

217 P> T i+ 2/1(/1—1) forie (0, 1),
n+a 2(n+ )2 +A(1 = A) +4/4]

and the reversed inequality (2.17) if 1 ¢ [0, 1].

As a first consequence we obtain the following simple inequalities, which, in
particular, show that for 1 € (0, 1) the asymptotic approximations (1.7), resp.
(2.14), are indeed upper, resp. lower, bounds.

Corollary 1. If A €[0, 1], then

(218 = ;sinﬂoyfn{l— Ad-4 }ga({’cs T_sin” o .

D+ = (=17 +e9 -2 - 3)]“}.

+4 2(n+ A)*sin® 6 S
For 4 ¢ (0,1),
b4 .24 ()
P sin 0,,’,1
(2.19) _ ‘
< a,(,l)f <= _sin* 0,(/’1)" 1+ 5 ,}“(2)“ (A)l)
T n+A 2(n+A)*sin® 0, —24(2-1)

where for A < —4/11 the upper bound in (2.19) for v =1 or v = n only holds
if (n+2)*sin’ 0" > A(A - 1). Equality in (2.18) and (2.19) holds if and only
if e {0, 1}.

Using Theorems 1 and 2 and Lemma 1, various other simple inequalities
can be obtained immediately. As an example, we state the following upper and
lower bounds, which are both asymptotically sharp in the sense of (2.14).

Corollary 2. If A€ [0, 1], then

Y
) A(l=12) =(4)
2.2 (A)G _ _7t__ 24 5(4) 1— 1 ,
( 0) au,n P sin 9,,," (n +l)2 sin2 91(/;_’)" ( +3t/,n)

where

= 24(1—2)
2.21 o<z < .
(221 =T (n 4 2)*sin® g4

v,n
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If 2> 1, the representation (2.20) holds with

~ AA-D@A+1)°
4(n+A)?sin® 6P — 44— 1))

<z® 3 Az(l— 1)2
Sé S5 T 2900 2
[(n+4)"sin” 6" —A(A—1)]

(2.22)

Remark 4. For the trigonometric representation 01(,'1)" of the node x l)G the

following asymptotic approximation is valid for every fixed 4 > —l and v <
gn, g€ (0,1) fixed,as n — oo:

(4) (4)
au,n = ¢u n +

A(1—2) {1 _6+A(1-A)[9—2cos 4]

12(n + 4)*sin® ¢, ]
+ u“‘O(l)} cotdl)

where
2v—1+14 n
n+i 2
(see Tricomi [37], Gatteschi [16], and Lemma 4 in §3). In particular, for A €
[0, 1] the following inequalities hold (Gatteschi [17]) for v < (n+1)/2:

4 .
(2.24) ¢ =

A) @

225 W L g o 4 (____

( ) ¢I/n Vn—¢un 2("'{'},) ¢I/n

Furthermore, if 4 € [0, 1] and 1 < v < (n + 1)/2 then, omitting the term
V"4O( 1) in (2.23), the right-hand side of (2.23) also is a lower bound for (9(’1
[14]. Therefore, similar results as above, not requiring the explicit knowledge
of the nodes xlﬁ’l’)n resp. Bu,n’ follow immediately. For the standard weight

function w =1, i.e,, A=, for example, we obtain that

2n 1
2.26 me _ 2% -—— g ,
(2.26) Yo = a1 22n+ 1) (+en

where
cos’, , 1
- l4~’4 <8v,n< 1\4 - 4
(2.27) 12(n+ 3)"sin" ¢, 2(n+3)"sin" g, ,
41/—1
¢”"'A_ 4n+2

Finally, we state asymptotic approximations for the Gaussian weights which
are sharper than (2.14).



ESTIMATES FOR THE WEIGHTS IN GAUSSIAN QUADRATURE 251

Theorem 4. Let 2 > —1 then, for n — 0o and v < gn, q€(0, 1) fixed,

: 1/2
()G T2 ,(A) A(l=24)
a, , =-———/1s1n ey,n 1 - T
(2.28) n+ (n+4)"sin” 6, +i(1-4)
' A1=2)(1+2c0s0P) ¢
A1+ s v 0(1)
4(n+A4)"sin" 6,7,
_on am [, Ad=4) 2,
= o7 8in ¢V’n{1 2(n+ e 51— (24-1)cot" ¢, ]
A o},
24(n+/1) sin* ¢V,
(2.30) AP(0) =94 (1 =) + 6+ 12(1 = A)(1 + 4 — 34%) cos” 6
+42%(1 = )34+ 1)cos’ 0,
where ¢y ', is defined in (2.24). Furthermore,

(2.31) aP9=Lpw W )wi(x’l))<

v,n 2( v+l,n v—1,n

g ose +/1> (1+v°0(1)).

Note that (2.31) improves upon the trapezoidal theorem for Gaussian for-
mulae of Davis and Rabinowitz [9, §3, equations (16) and (18)].

Remark 5. Consider the Lobatto quadrature formula fo)Lo s

(2.32) o f1=al f(~ 1>+Za“ o r(x PR +aPE p(1),
v=2

defined uniquely by its having degree 2n — 3 (see, e.g., BraB} [5, p. 92]). Using
the equations (cf. Krylov [24, pp. 160 ff])

(WLo _ _(A+1)G
233 xu,n —xu—l ,n—2"?
(2.33) WLo _ 416G [ (+n6 (277! P 1

al/,n —“%—1,n-2 _(Vl,n—Z) ) v = ,h—1,
results similar to those above can be obtained immediately for the Lobatto
formulae Q( Lo The values of aIA)Lo resp. am ?, as well as the value of
a((ﬁ +L 10 /2. for odd » are known explicitly (see, e.g., Ghizzetti and Ossicini [20,
§4.8]). Note in Theorems 2 and 3 that c “' affl)fl"/z a4 forodd n.

3. PROOF OF THE RESULTS

First, we state some preliminary lemmas on the zeros x n of P(l) which
will be helpful for investigations near the boundary of the 1nterval [ 1 1] For
A€ (——— 0) we require simple bounds for xl n following directly from results
of Elbert [11].
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Lemma 2. Let A€ (—1,0] and n>2; then
B1) 40+ +H](A+1) <(m+)’sin® 6] <5(1+12) (2+1).
Proof. By results of Szegd [35] and Buell [7] it is well known that

Jici21 W Jicip21
G2y "TE T e+ 2= - @/ P

for 1 ¢ [0, 1],

where as above, j,_, 2.1 denotes the smallest positive zero of the Bessel func-
tion J,_, /2 » and that the reversed inequalities hold if 4 € (0, 1). Furthermore,
Elbert [11] has proved that

. 2
200+ 3) A+3+2) 2 (Uiyp0)

>(A+3(A+1+4) forie(-4,0]
Substituting (3.3) in (3.2) and using the standard inequalities 0 < x?—sin*x <

x4/3, (3.1) follows for n > 5. For n =3, 4, 5 a calculation of 1 — (x('l) )2

v,n ’
using the explicit representation of the symmetric polynomials P,ﬁl) , proves
(3.1). O

For large 4 we need the following bound.

(3.3)

Lemma 3. Let A> —1; then
(3.4) [(n 4+ 2)" = §] sin’ 07, > (2 + )",

Note that for large 4 and small » (in the sense of n = o(A) as A - 00),
Lemma 3 gives sharper estimates than those using the first zero of the Bessel
function as in (3. 2)' in particular,

(3.5) hm x =0 for hm n/A=0andv=1,2,

Since Jicip1 = (A— 5)(1 + 0(1_2/3)) as A — oo (cf. Abramowitz and Stegun
[1, equation 9.5.14]), the limit (3.5) cannot be derived from (3.2).

Proof of Lemma 3. We first note that the function yff) defined by

(3.6) y7(6) := sin0)"*PP(cosh),  6€(0, n),
is a solution of the differential equation
_1)?
3.7) Y+ (cot®)y +{(n+1)’ - 1_ ﬁ—-z—) y=0, 6€(0,n).
4 sin” 6

This can be shown by explicit calculation, substituting y(’l) into (3.7) and
using well-known identities for P(A Let o denote the first positive extremal
point of yff) in (0, n); then, for 1> } 5,

(3.8) Wy >0, yWw=0, y(@<o.
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Therefore, (3.7) yields the inequality

_ 1)? "
(3.9) -t 0 22) _h (@ _ o,
4 sina P (a)

Now, let B denote the smallest positive extremal point of (sin 0)’1_1/ 2yf,'l)(ﬁ).

For 4 > % wehave a < . By —cos 8 = xiA;i)l — oS 491’1 ni’, (cf. Abramowitz

and Stegun [1, 22.13.2]) and (3.9) we obtain [(n+4)° - 1]sin’ 6"}, > (- 1)?
for A > 1, which proves the lemma. O

Lemma 4. LetA>—— Then, for n — oo and v < qn, q€ (0, 1) fixed,

W w A=A 6+A(1—2)[9 - 2cos’ ¢\ ]
0, =%, 5 11— 2.2 (A
(3100 v 2ntd) 12(n+2)7sin" 4,7,
+ u“‘O(l)} cotl’
where
. 21/—1+A£
(3.11) ¢, = T2
For nodes x“’G remaining in a fixed closed interval in the interior of [-1, 1],

the above asymptotlc approximation follows immediately from results of Tri-
comi [37] and Gatteschi [16].

Proof of Lemma 4. We first prove for every fixed 4 > —% the much weaker ap-
proximation 6 = ¢ +A(1-2)[2(n+1)’1"'[1+0(n"'sin”"' 6", ]cot 4,
by use of Sturm’s comparison theorem applied to

@" @A) @ 2, A(1=4)
u’' +g u =0, 0)=(n+1)+ ,
(3.12) o T8t & (6)=( ) sin® 6

uif)(ﬂ) = sin ()P,(f)(cos 0)

(cf. Szegb [36, equation (4.7.11)]) and using symmetry of P,E’U . Then a repeated
application of the asymptotic approximation

T(A(n+ 4+ 1)sin* 6

(4)
(n + 2,1) P, (cos )
1
(3.13) _ZSI cos[(n+,1+u) - (A+)5] +Mb,, Wy
2! I fru=Au+i-1)
|M|Ssin/17t’ bO_l’ bV_VI2VH n+).+'u fOI'I/>O,

proved by Szegd [34] for p > A—1 and nonintegral 4, yields (3.10). For intégral
A one can use the representation given in Szegd [36, equation (8.4.13)]. The
calculations are lengthy but straightforward. O
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Lemma 5. Leti>—— Thenfor n—oo and 2<v<gn, qe€(0,1) fixed,

A
x = = 2
(3.14) BH (™ CH (™
) A ""’2)+ ( "’"i+u_50(1) ,
2(n+4) 24(n+ 1)
where
2
@y A4
(3.15) B (x):= 3 -
4
A(l=2) (I+AA(1=-2)(2-4)
3.16) CP(x):=" 4 (227 - 12 +9 :
(3.16) C(x):= T+ ( e T
Proof. Using Taylor’s expansion in (3.10), we obtain
(4) (4)
01/+1 n _Hu,n

=——<1+
n+a 2(n + 4)*sin® 6%

v,n

A(1 =) mcos 6P _
r {1 {4 Lt A1 - HP O )+ 50(1)}

(3.17) = {l_l(l—l)ncosa @

— (4) -5
2(n+4) sin® 6P — (1= HI6]), ) +v 0(1)}

v+l,n

2 —(4) —-1/2
4 A(l - ) (m” —6)(1 + 2cos’ 0,, )
= 7l 1+ u) 1+ )
nta (n+4)*sin’ 6, 12(n+ 4)*sin® 8,

(1+v7’0(1)),

where
B 1 (47% — 6)(1 + 2 cos”6) — 94 (1 — A)
Hn (0) = 7 . 2 + 7 . 4 s
(3.18) 2(n+A)"sin” 6 24(n+4)"sin" 6
S(4)
ou,n: (0(1 +0u+1 n)/2

The assertion follows by noting x, ’)

expansion. 0O

—cos 0,, and again applying Taylor’s

,h

Proof of Lemma 1. For fixed ¢ and A we consider the sequence

-1
wn+4 {1 +“’12_ 1)[n(n+2/1)+§]_1} .

Using known asymptotic approximations for the gamma function (cf., e.g.,
Erdélyi and Tricomi [12]), we have (2.15) and the much weaker relation

(3.20) lim 4\, = 1.

h—00

(3.19) d?, = c! .
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A somewhat lengthy but straightforward calculation using the recurrence for-
mula of the gamma function shows that
(3.21) dn e d?
holds if and only if
A(A—=1){(4& - Ry 2)[n2 +2(A+ 1)n]

$2E 4 EAT+TA+8) — 4A(A + 1)(A+2)} > 0.
If 4¢:=(A+2)(A+ 1), then the last inequality is equivalent to

n+2,¢&

(3.22)

(3.23) A+2)A+DAA-1)(A=-2)(A-3)>0.
If £ =24-1, then (3.22) is equivalent to
(3.24) AMA=1)(A=2)A - 3)[n2 +2A+D(n+1)-1]1<0.

Substituting these two special values for & in (3.19) and using (3.20) and (3.21),
the assertion (2.16) follows. Using the same method for ¢ = %l, we obtain
(2.17). O

Proof of Theorems 1-4. We consider the following representation of the Gauss-

ian weights al(f,)f which follows from (1.5):
NG NG . 24 (A D) aA) (=1
325) a7 =c%sin* 0% (vl (6))
WG . 2 () A(1=2)cos* 6%
=c¢, sin Hy,n 1- S0 :
(3.26) (n+4)"sin”6,”, +A(1-4)

A o) (-1
{0y,(6,,))
with cif)G defined in (2.5) and

’ 2 ’
uﬁ‘)n(e) = yff) sin** 0{ [sin HP,E'” (cos 0)] — 2Acos OP,E'D(cos O)Pf) (cos 6)

(3.27) F((m+ A +2(1=2)+Acot’ 6) [P,ﬁ‘)(cos 0)] ’ } ,
9ec(0,n),
) _ A(l=24) cos’ §
(3.28) n(8) =} "(0){1 (n+/1)2sin20+l(1—l)}’
0c@, n-0),
where
@ _ w6 [TAFT(n+1)
I Ty
(3.29)

sin’ @ := max{O, (- 2)}
(n+4)
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Using Lemmas 2 and 3, it follows that
6" >8 forn>2andA> (29— V885)/2=-0.37447...,
while
6\ <8 forn>2and i< (V1441 - 41)/8 = —-0.37993....
For n = 2, we have by explicit calculation of xﬁ)z that 05{’2 > @ if and only

if A> (V13 =7)/9 = —0.37716.... Note that from the inequalities obtained
by Buell [7, p. 311] one has 0&’1’)” > @ forall A> —% . Furthermore, standard

identities for P") (cf. Szegd [36, §4.7] ) yield

2 1 2 . 2 (A1 A1) A+1
(3.30) PP (cosi ™) ) = sz 0% P (cos 6] )
and hence, for 1> -1, »
2 n(d
GA+1)G  ~(A+1)G . 2442 (A+1) Acos 01(/,-’;11—)1
a, y 2y =Cpy sin” 677 {1 3 2 o+ 1)
’ ' [(n +A)* + A(1 - A)]sin® 641
A A+1 -1
(3.31) @0 )
2 2 A(A+1
~A+DG . 2242 p(A+1) A" cos 0,(/,+n—)1
=C,_y sinTUO L a1+ T2 aGED)
’ (n+A)"sin" 6, 2 +A(1-1)
A A+1 -1
(3.32) CIMCIANN)
with ¢4 defined in (2.8). An explicit calculation gives
) (T A (T
o (3) =00 (3)
(3.33) =W sin™ 6 {[(n +2) 421 =PY O + P (0)]2}

= 1.
Therefore, to prove Theorem 2 as well as Remark 3, it suffices to show that

Y (z/2) forAe]o0, 1],
(3.34) vil)n(o){ 21};/{)”(7[/ ) foriel0,1] 60, m)
’ <v (n/2) for1¢[0, 1],
W (r/2) for A €0, 1], _ _
(335) 'Uél)n(e){ < 'U?}:)n(n/ ) or e[ ] c (0’ - 0)’
’ > v, (n/2) forAg[0, 1],

and that equality in (3.34) and (3.35) holds if and only if 1 € {0, 1} or 8 =
n/2. To verify this, we apply standard methods introduced by Szegd [36, §7.3]
and Bernstein [4]. First note that an explicit calculation yields, in the notation
of (3.12),

(3.36) o™ (6) = 7% {g,‘,“(e)[u(n“w)f N [ui,“'(mf} .
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It follows that
A A (4 2
(3.37) v, (0) =7, 1w, (0) g, ().
The function g,(f) is monotonic in (0, n/2), resp. (n/2, m), and therefore
(3.34) holds. Similarly, we have

2
) +AA-2 0 9),  6e@ n-1),
g, (0) ’

(3.38) v (6) =
and (cf. Szego [36, §7.31])

! 2
' )
(3.39) 'Uél,)n(o) = —J’f,l)[(n +/1)2 +4(1=2)] [“n ( )} g’(lA,) ).

0ec(@,n-0).
This gives (3.395).

By (3.37) and (3.39) the functions v{", and v}, are monotonicin (0, 7/2).
Therefore, Theorem 1 is a direct consequence of the representations (3.25), resp.
(3.26).

To prove Theorem 3, we consider the following representation of the weights

. 24 (4 12
06 _ 0 S0 0%, {(n+/1)2+l(1 —A)}

(3.40) W
AR SRR

where the function vg’”n is defined by

172
n+ A +a(1=2
vga‘)n(g):y’(’»{( )w< )}
g9(0)

RICE

n

@" @' g2
) Doy _ En (6) 3lg, (0)]
o {(g MU 8[g,9’<0>12>

, @’ /
Hul(O)F + SOl gy (0>}

g'(lﬂ.)(g) n n

for 6 € (0, n —0). Using (3.12), we obtain
v (0) = —yPl(n+ 1)+ A(1 - 1))

3.42 7 "
(342 - {g,‘,” (0>[g,‘,"(0>1‘3”}

2 [P (0))
4

PO e (6)
4181 (0))""

(3-43) 1" 1 ’
‘{[g,(f)(e)lz— 98" 0)g," (6) ing) , 1518, (0)]3}.

117 ( T
A h A
2 g% 4 g9

= =W+ 27 +2(1-2)
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Furthermore, we have

n/2
o () = v (z/2) - /0 o (1)t

(A
7 (/1) 2 (/1) ~4)
44 =1- n n/2 -
(344) 4[(n+,1)2+,1(1-/1)] (@/2V e, (m/2) =&,

A=A+ (=D"] g
A(n+A)r+a(1=-A)}F "

where

n/2 P
o= [ el war
, 0 ,

(3.45) (A) 2 (1), n

Y 2 2 ™ 3y, .2 g, (1)
=—"2[(n+1)"+A(1=2)] / [u, O - | —2—%= dt

4 0 [ ()1

First let A € (0, 1). The term is curly brackets in (3.43) is posiﬁve if

9" (0)g¥ (6) 9A(1-2)1+2cos’6
3.46 Hgy> 2 Jon =2 :
G40 & O > 3 T T4 a0 2+cos0
and therefore if
5A(1—4A)
3.47 n+ s> .
(3-47) ( ) 4 sin’@

For 6 = @, l) , this inequality follows from Lemma 3, so that the lower bound
in (2.12) 1s proved Since the 1ntegrand of the last integral in (3.45) is negative,
we estimate [u(0]" by (W(n+ )2 +2(1 =AD" (cf. (3.35), (3.36), and
(3.38)). Now, an explicit calculation of the resulting integral yields

3/2 .
(3.48) N A(1=2) (1 + 2cos’ 0,(,’1’),, - 3h,(,’l,)n)(1 - hff’)n) /2 _ sin* Off’)n
frn="T3 [(n+4)°+4(1-2) sin* 0P,

_ 2 p(4)
(3.49) hl(/}.) - A(Zl 2/1)0;05 0, .
M (n+ ) sin® 0, +4(1-2)

A further estimation proves the upper bound in (2.12). For 4 ¢ [0, 1] and

(’l)n € (6, n/2], the upper bound in (2.13) follows from the positivity of each
summand in the curly brackets in (3.43). To prove the lower bound in (2.13),
we notice that [u(“( )] can be estimated from above by [y“) ) (t)]_l (cf.
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(3.34) and (3.36)). Therefore, we have for A ¢ [0, 1] and 6\, € (6, 7 -9)

[(n+A)2+4(1=]"?

~(4)
& on 2 - 4
2 oW ' " 1 A 193
(3.50) / g('i) (t5)/2 - % ((;))gn 7/2(t) 5[%1) (1332
o [g, (D] 2[g, (D] 4[g,” ()]

[(n+A)*+i(1=1)]"2
4
32 1 16 2+cos2t

== &1 103 sin’ (gl (1))

33 g 158 0P
BB 141gW(n)2 e

(3.51)

By explicit calculation we now obtain a lower bound for Eff,)n which is larger
than the left-hand side of (2.13).

For the proof of Theorem 4 we use the auxiliary function

@' '
W 0y = oD (g 1 8, (9) @
O = O o (o)
) 2 1/2 ay "
Yy [(n+24)"+ (1 —4)] g, (0) ), oy, (3
S 8¢ ([gf,"w)l’”) O
) 2 12 @y "Y'
Ve [(n+2A)"+A(1-2)] 1 g, (6) A pyi2

Its derivative is

n

: DOln+4)* +4(1 =)' @) \"
o o) = it L2020 { @ ( L ) } 1 (O)F

W) \ g or”?
%) 2 12 @’ !
ve [(n+A)" +A(1=-A)]"" g, (0) g, (0) A, ona2
A 8 [(O)F ([g,‘,“(a>13/2) o (01
=0(n %sin”" 6).

Therefore, the function vff,’n(e) differs from vff‘)n(n /2) only by a term of order
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O(n_6 sin ¢ 0), so that

R e SR
.54 vy n(6,7,) g,,2 (6, )
A1=2)(1+cos’ 6y  32%(1 - 2)* cos” 8%,
{ a[gP (6P )Psin' 6 41gP (6% P sin oy},,}

_ oS0, { (n+ 2 +4(1=4) }” ’
Uy o(7/2) g,(f)(é’,(,{)n)

(3:53) A(1=2)(1+cos’ %))

' { a1gP (6P )P sin* 6P

v,hn

+u‘60(1)}

A(l=2) cos* 6% v
= cf,A)G sin”* 6% {1 - ( e /1)}

(3.56) v n +;.)2 Sil’l2 0,(,’1’)" + (1

A(1=2)(1+2cos’ 8% +(-1)"sin* 0% )
A1+ L 1 1y %0(1) ).
4(n+ )" sin 01(/’)”

Applying (2.15) to this equation, we obtain (2.28). For the proof of (2.29) and
(2.30) we only have to substitute the estimates (3.10) for 6" into (2.28). The

v,n

last relation (2.31) in Theorem 4 follows from (2.28) using Lemma 5. O

The corollaries can be shown by substituting the estimates of Lemma 1 for

ff) into the respective estimates of Theorems 2 and 3. The bounds (2.26) in

Remark 4 are obtained using, in addition, the bounds for the zeros of P,S“ in
(2.25). The calculations are lengthy but elementary. By (3.42 ff) the function
vg'f)n is monotonic in (0, n/2). Therefore, Remark 1 follows directly from the

representation (3.40).

c

4. NUMERICAL EXAMPLES

Using Lemmas 2 and 3, all estimates stated in the above theorems and corol-
laries remain bounded for all v, n € N and fixed A > —ﬁ . By results of Buell
[7] it follows that this is also valid for A < —& if v # 1 and v # n. For the
standard weight function w =1, i.e., A = %, Table 1 indicates the precision
of the bounds obtained, even for small v and n. A further estimation using
inequalities for the first nodes given by Szeg6 [35] and Gatteschi and Vinardi
[15] shows that for this weight function the absolute value of the relative error
of the lower bounds stated in Corollary 1 is smaller than 0.5% for all n and v
and at most 0.05% and 0.005% for 1 < v <n and 2<v < n-—1, respectively,
while for the value Ef}l/ 2 in Corollary 2 we have by (2.21) that Ef,'/ j) < 315,71“

. h

for 1<v<(n+1)/2.
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5. APPLICATIONS

For brevity, we restrict consideration to the standard weight function w =
1, 1e, A= % Most of the proofs of the results below require additional
investigations. Much more precise results, also for other values of A, as well as
the respective proofs will be given elsewhere.

1. Applying the above results, and modifying methods used in [13], it can be
shown that the weights a, n of every positive quadrature formula Q, of the
type (1.2) (i.e., a, , >0 for all v) having degree deg(Q,) > 2m — 1 satisfy
the inequality

2 1/2
(5.1) a, ,<&{t-x 17+zk, I}

This improves asymptotic results previously obtained for special positive inter-
polatory quadrature formulae (see Kiitz [25]).

2. In order to investigate the numerical stability of quadrature formulae, one
possible measure is the sum of the squares of the weights of Q, , the so-called
‘variance’ of Q, (see, e.g., Chebyshev [8], Ostrowski [29], Allasia [3], and Katz
[23]). Applying Corollary 2, it can be shown that

2
(5.2) 1 3@l ) < r! n> 1.
1

This improves an asymptotic result of Kahaner [22]. Note that for every quadra-
ture formula Q, the above sum has at least the value 4/n if deg(Q,) > 0. The
inequalities (5.2) show that the variance of the Gaussian formulae differs from
the variance of such ‘Chebyshev-type formulae’ at most by a factor 1.24.

3. To estimate the error Rg of the Gaussian formula Qf for integrands
with low continuity, Stroud [32] proposed to investigate the so-called ‘error co-
efficients’ of low order of the Gaussian formulae (see also Davis and Rabinowitz
[10, p. 292]). Numerical examples given in Stroud and Secrest [33] for small
n indicate that these are not much greater than those of the respective optimal
formulae. This is confirmed by applying Theorem 2 to Peano kernels of small
order. We obtain, e.g.,

2
(53) RIS g VarS, RIS g max [£(x)

- 8n x€[—

where Var f is the variation of f. These error coeﬁiments cannot be improved
asymptotically as n — oo (see [30]). Note that for the respective optimal
formulae using n nodes we have the error coefficient 1/n instead of n/(2n+1)
for the first class {f| Var f < 1} of functions, and also 1/n instead of n’ /(8n)
for the second class {f|f € Cc'-1, 11, max, .. |f(x)| < 1} of functions
considered in (5.3); see, e.g., BraB [5].

4. In Hammerlin [21, Problem 2], Professor H. Bral} conjectured that Rf[ f1
= O(n_z) for every bounded convex function f as n — oco. Applying Theorem
4, we can prove the validity of this conjecture and thus show that the Gaussian
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rule has asymptotically the best possible (see BraB [6]) order of convergence,

cven

in this wide class of functions.
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