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ON ESTIMATES FOR THE WEIGHTS IN GAUSSIAN 

QUADRATURE IN THE ULTRASPHERICAL CASE 

KLAUS-JURGEN FORSTER AND KNUT PETRAS 

ABSTRACT. In this paper the Christoffel numbers a(2)G for ultraspherical weight 

functions w,A, WA(X) = (1 - x2 1/2 , are investigated. Using only elementary 
functions, we state new inequalities, monotonicity properties and asymptotic 
approximations, which improve several known results. In particular, denoting 
by 0(i) the trigonometric representation of the Gaussian nodes, we obtain for 
A E [0, 11 the inequalities 

n v,fn 2(n + A)2 sin2 (A) 

(AG 7r 2A1 3.) 
- av,n 

< n + A sin v,n 

and similar results for A 0 (0, 1) . Furthermore, assuming that O(A) remains 
in a fixed closed interval, lying in the interior of (0, 7r) as n --oo , we show 
that, for every fixed A > - 1/2, 

a(A)G 7r 2A (A) __________ ~~~~~ sin 0 ~ ~ in()' v,n n + A /f 
n 

2(n + A)2sin 2 ) 
v,n 

A ( I - A) [3(A + I )(A - 2) + 4 sin 2 0(A)n (- 

8(n?+ A)4 sin 46~ +O(n ) 

1. INTRODUCTION 

For fixed real A > -1/2 let wA be the ultraspherical weight function 

( )W>(X) = 
2 

)--1/2 X e 

and let P,() be the corresponding orthogonal polynomial of degree n normal- 

Peby P(l) - n+2A- I) Furthermore, let x(A <x2( < .<x, be the 

zeros of P(i) in increasing order and let 0 < O(A) <6 (A) < < ol)n < z be theirtrigonometric representation =-cos(1n 2,n 

their trigonometric representation x (A -Cos ol 
V'n ~v,n 
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In this paper we consider quadrature formulae Qn of (algebraic) degree 

deg(Q,) = m > 0 which are linear functionals of the type 

n 

(0.2) Qn[f] := E_a v nf(xv, n) -1< xl n < X2, n < ..< Xn,n < 
v=1 

f f(x)w (x) dx = QnLf] + Rn[f] 
(1.3) J for,=O,...,m, 

RnLi]{s0 for,u=m+l, 

where the n nodes xv, n and the weights av n are real numbers, p,1 denotes 
the monomial p,, (x) = x1U, and Rn is the so-called 'error functional' of Qn. 
Of all quadrature rules that have received attention, Gaussian quadrature is the 
most investigated (cf. Gautschi [19] and the bibliography cited therein). The 
Gaussian quadrature formula Q(j)G, 

n 

( 1.4) Qn [) If] :E ao n) f(x, n )G 
V=1 

is determined uniquely by its having maximal degree deg(Q(j)G) = 2n - 1. The 
respective nodes xj()nG are the zeros of P(7) and the respective weights a(A)G 

the so-called 'Christoffel numbers', are given by 

( 1.5) a(A)G =22 7ri(n + 2)) [1 -(x(A)G)2] -I [P() (xG )n)]2 ) $ 0 

(cf. Szego [36, ? 15.3]). By the symmetry of the weight function wA the 
Gaussian formula Q5A)G is symmetric, i.e., X(A)G = -X(A)G and a(A)G = 

n ~~~~~v,n n+l-v,n v,n 

a (A)G-o V (= 1,..., n). Therefore, it suffices to consider v = 1, 2,..., n+ -, (v 
[(n + 1)/2]. In particular, we have that 

(1.6) () =0, a() -272 2(+)(~ . forodd n. 
(1.6) (n+1)/2 n = (n+1)/2, n 2J7(n + 1)F (n( -,R).I- 1) 

If A ? {0, 1}, for the other nodes x(,)G and weights a( )G, elementary rep- 
v,nl v',nf 

resentations as in (1.6) are not known, but the knowledge of their asymptotic 
behavior and of explicit upper and lower bounds may be important for various 
theoretical and practical investigations in quadrature; see, e.g., the monographs 
on quadrature of Bra13 [5] and Davis and Rabinowitz [10] as well as the remarks 
in ?5. 

For the nodes x (A)G several authors have obtained inequalities or asymptotic v,n 
approximations; see, e.g., Szego [36, pp. 116 f], Tricomi [37], Ahmed, Mul- 
doon, and Spigler [2] and, in particular, Gatteschi [17]. For Gaussian weights 
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a (A)G it is well known (cf. Szego [36, ?15.3] and Davis and Rabinowitz [10]) 
that 

(1.7) a(A)G 7- - 1 + tA n ) ' im 3 (A)G = 0 

provided that the nodes x (A)G remain in a fixed closed interval lying in the v,n 
interior of [-1, 1 ] and that A is fixed. Whitney [38] improved ( 1.7) by showing 
the asymptotic estimate (cf. also Ossicini [28]) 

(1.8) Ii7 ? < -1)1 (1+ v) lim j5)G =0,A > 0 
v,n 

valid under the same conditions on v and A as above. Recently, Gatteschi [ 18] 
obtained the following important asymptotic approximation, which is uniform 
with respect to the parameter v = 1, 2, ..., [qn] for fixed q E (0, 1) as 
n -x 00, 

a()G 2 sin2A o (A) 

(1.9) A-1/2 vJA+1/2 iA-1/2,v) 

{ A _)2 (sin op n - (v n) )+ Ov n 0(n)}X 

where j(a k is the k th positive zero of the Bessel function Ja . Shohat and 
Winston [31] proved 

(I. I0) a(in > sin2+ 0 )n [l - 2R2 2 v n n A+1 v 1 n n +2A 12 1 

while Winston [39], resp. Laden [26], have shown the monotonicity properties 

a()G < ()G 
a,n <a+l n 

( ) ~~a(A)G sin -4A 0(A) > a (A)G sin -4A 0(A) for A > 0, v < n/2, 

and the validity of the reversed inequalities for A < 0. Note that all the above 
inequalities in (1.10) and (1.11) are asymptotically not sharp in the sense of 
(1.7). Inequalities for the first weight a(A)G have been obtained by Bernstein I , n 
[4] and Gatteschi and Vinardi [15]. Further explicit upper or lower bounds 
for all Gaussian weights a (A)G, with the exception of crude bounds (see, e.g., 
Monegato [27]), do not seem to be known. 

The main purpose of this paper is to prove various simple but very accurate 
inequalities for the Gaussian weights a (A)G involving only elementary functions. 
The upper and lower bounds obtained are asymptotically sharp, provided that 
v increases as n increases and lim supn , v/n < 1. Note that it follows 
from (1.9) that for fixed v and increasing n, asymptotically sharp results are 
impossible without asymptotically sharp approximations of the zeros and values 
of Bessel functions. Furthermore, for nodes x (A)G remaining in a fixed closed v,n 
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interval in the interior of [-1, 1], we derive inequalities and asymptotic values 
which are much sharper than those mentioned above. 

2. STATEMENT OF THE RESULTS 

Our first result improves the monotonicity properties (1.1 1) and makes them 
asymptotically correct in the sense of (1.7). 

Theorem 1. Let v < n/2; then, for the Gaussian weights av, n, if A E [0, 1], 

(2.1) a(A)G sin-2A O(A) < a( 
G 

sin2A 0 (A) 
v,n v,n - vln v+l,n' 

where equality holds if and only if A E {0, 1}. If A ? (0, 1), then the above 
result is valid if the inequality sign in (2.1) is reversed. 

Remark 1. Complementing inequality (2.1), we state that, for A e [0, 1] and 
v2 < n/2 , 

(2.2) a (A)G sin-2A0 (A) > a(A)G sin 2 n(1 P,(A) 1/2, v,n v,n - vln 1n Vn 

where 

2 ~~ (1-).) Cos 2 oA 
- o2 o(A (i) A ( 1-A) cs n( )n-COS 

0V v+1, n 

. v>,n (n + A)2 sin2 O(A) + A(1 -A) sin2 0(A) V'n ~~~~~~v+1 ,n 

If A 0 (O, 1), then this result is valid if the inequality sign is reversed, where 
for A < -4/1 1 the inequality (2.2) for v = 1 only holds if (n + A)2 sin2 o(l) > 

A (A - 1) . Using (2.3), we see that the monotonicity property (2. 1) is improvable 
only by a factor of the order (I +v 30(l)) for n -+ oo and v < qn, q e (O, 1) 
fixed. 

Remark 2. Note that it may be more helpful to consider the expression 
M- 

k 0(1), where the O-estimate holds, as n -x 00, uniformly for v = 1, 

2,..., [qn], with q fixed, q E (0, 1), instead of 0(n k) as n -x00. If the 
nodes x(A)G remain in a fixed closed interval lying in the interior of [-1, 1], 

v'n 

then we have O(n k) = M 0(l), but under the only assumption that v in- 
creases, the term vk k0(1) additionally gives useful asymptotic results. Through- 
out this paper note that [(n +A) sin 0(i)n)l = v1 O(l) for every fixed A > -1/2 
and v < qn, q E (O, 1) fixed, as n - 0 0, which follows from the known 
asymptotic approximation of O(A) (see also (2.23)). 

For odd n, A e [0, 1] and all v, one obtains from (2.1) the inequal- 
ity a (A)G < a (?)G2 sin22 0(,) as well as the reversed inequality for A ? 

1). Replacing by it 
(O 1). Replacing a ()+G by its representation (1.6), we obtain a simple 
upper bound, which, as a special case, is contained in the next theorem. Using 
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the notations 

(2 4) (A) 1 r t (n2 + I) r(n2 + A) (2.4) n. 
n*2Fr(n2 + I)F(n2 +A+ 2) 

(2.5) )Gn c(A(1)(I - Al/((n +A)2 + A(1-_A))) for even n, 

we have the following inequalities, which are asymptotically sharp in the sense 
of (1.8). 

Theorem 2. For the Gaussian weights a(A)G we have, if A E [0, 1], 
v,n 

(2.6) a(A)G =C (A)Gsin 
2A (1 +e(A) 

where 

(2.7) < (1 -A) cos2 6 )n (< 0. 
(n + A)2sin 26o(A +2.(l-2) - n 

v,n 

Equality in (2.7) holds if and only if A E {0, I} or x(A)G = 0. For A (0, 1), 
the above results are also valid if the inequality signs in (2.7) are reversed, and 
where for A < -4/11 the upper bound in (2.7) for v = 1 or v = n only holds 
if (n + A)2 sij2 o(V)n > A(A - 1). 

Remark 3. For A > 1 the results of Theorem 2 can be improved as follows. 
Using 

cW") for odd n, 

n 

(2.8) g) Cn CnI I)( n )n2-1 - (n + 1)(nn+ 2A - 1 1)2 ) 

for even n, 

instead of cnA) in (2.6), we have that 

(A2- 1) cos G(A) 

v,n~~~~~~, 
(2.9) ~~(n + )2 sin 2 (A) - (A -1)(A -2) 

IJ,n -[(n + A)2 _ (A_-1)(A -2)] sin 2 o(A)n 

for A E [1, 2] and that the reversed inequalities hold for A > 2. In particular, 
for A = 2, the upper and lower bound in (2.9) are equal, which gives the 
following simple representation for the weights a (2)G of the Gaussian formula 

Q(2)G f 

(2.10) a(2)G 
7r 

Si4 ('2) T1+1 (2.10) av,n - -snO' n+ (+ 1(+3 i2 0(2) n2) 
_ 

2 sin46(n +3) s+ 
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For the nodes x(2), note that tan[(n + 2)0(2) = (n + 2) tan 0(2) 

The following inequalities yield an asymptotic approximation which is sharp- 
er than that given in (1.8). In particular, we have that for A e [0, 1], resp. 
A ? (0, 1), the geometric mean of the bounds (2.6) and (2.7) again is a lower, 
resp. upper, bound for the Gaussian weights. 

Theorem 3. For the Gaussian weights avAn we have, if A E [O, 1], 

( ~~~~ ~~~2 o(A 1/2 
l (i)G (i)G i 2A O() I ( 1 -)cos vn 

v,n 

(2.11) -'1 i ( -i [1 (-)n] -1 

4[(n + A)2 + A ( - _)]2 
%v, n 

where 

~. 1- ,) co2 (Aj)~ - o2 6OjA) 

(2.12) 0< _ E,(n<2[(n A +2 (I -vn)]' sin4 
] 

For A ? (0, 1), the representation (2.1 1) is valid with 

,8.(R- l)cosf9v)n6[4-COS 6csv,] 3 2 

(2.13) 2[(n1+?A)2 sin2 o(A) - (A- 1)]2 (n+ )2 sin2 (A) A(A- l) 

< 9P vn < ?' 

where for A < -4/1 1 the lower bound in (2.13) for v = 1 or v= n only holds 
if (n + A)2 sin2 o(A) > )() - 1) . Equality in (2.12) or (2.13) is valid if and only 

if A E {O, 1} or x(A)G = ? 

As a consequence of the above inequalities we have for fixed A and for 
n -x 00 

a (A G r-sin 6A ?1AI- + v O(1)4 
(2.14) v,"n =n + isnA ^n{ 2(n + )2 sin 2( + 0(1)} 

v,!n 

v<qn, qe(0,1) fixed. 

For nodes x(A) that remain in a fixed closed interval lying in the interior of v,n 
[-1, 1] as n x- 00, note that the asymptotic approximation (2.14) cannot be 
derived from (1.9). 

In the above theorems we have used the quantity c ()G in order to obtain 
equality of our lower and upper bounds when n is odd and v = (n + 1)/2. 
The following lemma'shows that further simplifications are possible. 
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Lemma 1. For fixed A > -1/2 we have 

c(A)= + 7{+ ( 1) [(n+A)2 - (A 1)2 

(2.15) +-(A-2)(A-3)] +O(n 6)}, 

n xo. 

Furthermore, for every n E N, there exists a E [0, '] such that 

(2.16) c ) = A{1 + ( 2)[(n + A)2 _ 2 +(A2)(A - 3)]-' 

In particular, we have, for all n E N, 

(A) 7t 2[(n+ Z +21 
(2.17) ( > Tf {1 + A for)E(O 1) 

and the reversed inequality (2.1 7) if A . [0, 1]. 

As a first consequence we obtain the following simple inequalities, which, in 
particular, show that for A E (0, 1) the asymptotic approximations (1.7), resp. 
(2.14), are indeed upper, resp. lower, bounds. 

Corollary 1. If A E [0, 1], then 

(2.18) nA sin (v) { 1- )() i 20() an < sin Ov2n(2) n+2 2(n +A)2 sin 2 6()nJv nfl+2/. 

For A2 (0, 1), 

n + A sin22 6v n 

(2.19) ~i 2 ()f .2.1 

(2.19) <a()G<n sin {6 
v 

1+ 2(n+ A)2 sin2 o(A)2A(A-1)} 

where for A < -4/11 the upper bound in (2.19) for v = 1 or v = n only holds 

if (n + A)2 sin2 20() > A(A - 1). Equality in (2.18) and (2.19) holds if and only 
if Ae{O, 1}. 

Using Theorems 1 and 2 and Lemma 1, various other simple inequalities 
can be obtained immediately. As an example, we state the following upper and 
lower bounds, which are both asymptotically sharp in the sense of (2.14). 

Corollary 2. If A e [O, 1], then 

(2G 7( 22 (21 -2)~ /2 

(2.20) a(A)G= n+2 sin 2(A) 1 ( (A) 

where 

(2.21) ? < 9(A) < 2A .(I -) - v,n -+fl 4oA 
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If A >? 1, the representation (2.20) holds with 

AA-1)A+ 1)3 

4[(n + A)2 sin2 0() _A(A _ 1)]2 

<-(A) < 3 A2(___ 1)2 
- 

' 
v n-2 [(n +A 2 sin2 -A) )-A(A 1)]2 

Remark 4. For the trigonometric representation (A)n of the node x (A)G the 
following asymptotic approximation is valid for every fixed A > - ' and v < 
qn, qe(0, 1) fixed, as n -oo: 

0(A) (A)+1(1A 6 + A (I 1-A) [9 -2 CoOSv?( n] 
(.v3 n = ?v,n + 2(n + A)2i 12(n + A)2 sin2 qA)n] 

+ v 0(l)} cot (A) 

where 

(2.24) ?,~~~(A) 2v - I + Anl (2.24) 2v-l, n 

(see Tricomi [37], Gatteschi [16], and Lemma 4 in ?3). In particular, for A E 
[0, 1] the following inequalities hold (Gatteschi [17]) for v < (n + 1)/2: 

(2.25) q(A)_ < (A)_ <gi) + 
A 

(I -,) cot o(,) 

Furthermore, if A e [0, 1] and 1 < v < (n + 1)/2 then, omitting the term 
v 40(l) in (2.23), the right-hand side of (2.23) also is a lower bound for 6(A)n 
[14]. Therefore, similar results as above, not requiring the explicit knowledge 
of the nodes x(A), resp. 0(A)n follow immediately. For the standard weight 
function w 1, i.e., A = 2 for example, we obtain that 

(2.26) av , /,)G 2n+l sin Ov n 1 12} (I 
+ev,n), 

where 

Cos2 1vn 
<C < 

(2.27) 12(n + )4sin4 v"n 2(n + ) 4sin4ka,n 

4v - I 
?v, nf 4n + 2 

Finally, we state asymptotic approximations for the Gaussian weights which 
are sharper than (2.14). 
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Theorem 4. Let A >- I then, for n oo and v < qn, q E (0, 1) fixed, 

(A)G = 7_ .2s { 1( - } 1/2 

v n= ,n ( + A2 sin 2 0(A) I-i( )[1 - (2 A (I ) co2A)] 

(2.28) 2(- n 

(2.29) A( )() := 9A (1 -A)+ 6 + 12(1-A)((1 + A-6A 2 cos 

+ 4(n + ))4 sin 4 + A' 

+t 4A (A) A)(3 -A1) cos Cot ,( 

where q$(A)n is defined in (2.24). Furthermore, 

n~~~~~~~( 

(2.31) A )n = 2-(x( - nX(I n)W)( )n) (A csc A)A (1 +v 0(1)). 

Note that (2.31) improves upon the trapezoidal theorem for Gaussian for- 
mulae of Davis and Rabinowitz [9, ?3, equations (16) and (18)]. 

Remark 5. Consider the Lobatto quadrature formula Qni)Lo, 

n-1 

v=2 

defined uniquely by its having degree 2n - 3 (see, e.g., BraB [5, p. 92]). Using 
the equations (cf. Krylov [24, pp. 160 if]) 

~~)Lo ~~~~+?l)G(l 

X -X v,n - 7v-I ,n-2 ' 

(.3 au =a n-2[I -2 ( ,n-2)J ] v = 2, ..., n-i , 

results similar to those above can be obtained immediately for the Lobatto 
formulae Q(A)Lo . The values of a(i)nLo, resp. a(i)"Loa well as thevleo 

a()L)2nfor odd n are known explicitly (see, e.g., Ghizzetti and Ossicini [20, 
?4.8]). Note in Theorems 2 and 3 that Cn+l - ()L0/ + for oddn. 

3. PROOF OF THE RESULTS 

First, we state some preliminary lemmas on the zeros x(i) of P(i), which 

v,n ~ ~ ~ ~ ~ ~ ~ ~ ~~~, 

will be helpful for investigations near the boundary of the interval [-1, 1]. For 
A. E (- 2, 0) we require simple bounds for x(i) following directly from results of Elbertn[ 11]. 

of Elbert [11]. ~ ~ n- 
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Lemma 2. Let A E (-2,0] and n > 2; then 

( ) 4 [I + I 
(A + 2)] (A + 2)< (n + A)2 sin 2 o(A) < 5 O1 + 3A) (A + 2) (3.1) 5 <5 (1+I)n 3 ) 

Proof. By results of Szego [35] and Buell [7] it is well known that 

JA- 1/2, 1 0(A) <JA- 1/2, 1 

(3.2)1l n {(n + A)' + A (I - A) [I - (2/7 ) 2]}1/2 (3.2)~~~~~~~~~~ 

for A 1 [0, 1], 

where as above, h,-1/2, 1 denotes the smallest positive zero of the Bessel func- 
tion J.-1/2 , and that the reversed inequalities hold if A E (0, 1). Furthermore, 
Elbert [ 11 ] has proved that 

(3.3) (i 2) (Ai+ 2 2)> UAi_1/2,) 

> (A& + 1 
) (A 

2 
+ 4) for A e (-2 ]. 

2 22 

Substituting (3.3) in (3.2) and using the standard inequalities 0 < x2 - sin2 x < 

x4/3, (3.1) follows for n > 5. For n = 3, 4, 5 a calculation of 1 - (A) 2 

using the explicit representation of the symmetric polynomials P(), proves 
(3P1). o 

For large A we need the following bound. 

Lemma 3. Let A > -2; then 

(3.4) [(n + A)i _ 4 sin2 0(in > 2+2). 

Note that for large A and small n (in the sense of n = o() as A oo), 
Lemma 3 gives sharper estimates than those using the first zero of the Bessel 
function as in (3.2); in particular, 

(3.5) lim x(A) = 0 for lim n/I=O and v = 1, 2, ...,n. 
A -oo i' A >+0 

Since j-1/2, = i- 2)( + 0(213)) as A -x oc (cf. Abramowitz and Stegun 
[1, equation 9.5.14]), the limit (3.5) cannot be derived from (3.2). 

Proof of Lemma 3. We first note that the function y(A) defined by 

(3.6) (A)(A) =- (sin60) 1/2p( (Cos0), 0 E (0, r), 

is a solution of the differential equation 

1)2~~~~~~~({ 
(3.7) y +(cotO)y' + {(n,+ A)2 _ 1 _ A- y =O 0 E(0 7). 

This can be shown by explicit calculation, substituting y() into (3.7) and 
using well-known identities for P(A) . Let a denote the first positive extremal n 

point of y(A) in (O, r); then, for A > 2, 

(a) (A ) 
(3.8) Y (a) >0, y () - 0, y, (a) <0. 
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Therefore, (3.7) yields the inequality 

2 1)~ 
2 

___()__C 

(3.9) (n + A)2 
2 

1_ ( t)=_Yn > 0. (3.9) 4 
~~~~~~~~~sin 2a 

- 

(A5)(a) 

Now, let ,B denote the smallest positive extremal point of (sin 6)A - 1/2(A) (0). 

For A > I we have a < ,B. By - cos fi = <(21 - - cos o (2A 1) (cf. Abramowitz 

and Stegun [1, 22.13.2]) and (3.9) we obtain [(n +A)2 -]sin2 012n1 > (A- ), 
for A > ,which proves the lemma. o 

Lemma 4. Let A > -2 Then, for n -oo and v < qn, q e (0, 1) fixed, 

(i) (A) A ( 1-A) [ 6 + A ( -A) [9-2 COS2 v(,n] 

(3.10) '/,fl 
v'n 2(n+A) 1 12(n A)2sinUXv ) 

+ io 0(1)} cot(A) 

where 
C) 2v -1I+A.m 

(3.11) nV, n n + A 27 

For nodes x(A)G remaining in a fixed closed interval in the interior of [-1, 1], 
the above asymptotic approximation follows immediately from results of Tri- 
comi [37] and Gatteschi [16]. 

Proof of Lemma 4. We first prove for every fixed A > - the much weaker ap- 
proximation O(A)n - q() + A (1 - A) [2(n + A)2]-f [1 + O(n- ' sin- (A)] 
by use of Sturm's comparison theorem applied to 

( 3. 1 2) (A)" (A) N(A) 
=, 

o (A) 
(0) = (n + A) 2+ sn 

(3.12) n nU nsin 26 

un () ( 0) = sinA OPn ) (cos 0 ) 

(cf. Szego [36, equation (4.7.1 1)]) and using symmetry of P(A) . Then a repeated 
application of the asymptotic approximation 

F(A)F(n + A + 1 ) sin A0 (Ai) (o 
2F(n +2A.) n~os 

_ _ 1 
(3.13) =E i cos [(n+A.+v)6-(A.+v)'] +Mb +l ll6 

_= 
in sinP+ 

IMI< 2s? Ai l bo -1 = v!2v n+A+u forv >0, 

proved by Szego [34] for p > A.- 1 and nonintegral A yields (3.10). For integral 
A one can use the representation given in Szego [36, equation (8.4.13)]. The 
calculations are lengthy but straightforward. o 
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Lemma 5. Let A > -2*. Then, for n -oo and 2 < v < qn, q E (0, 1) fixed, 

x X(A) (i) 27r [1 - (A) )2]1/2 

(3.14) * (A) ( 1(-A)2+ " +VOA(1) 
2(n + )2 24(n +A)4 

where 

(3.15) B(A )(x) = 3_ + g X 2 x 

(3.1) C (A) =X - + (27r - 12) i )+ 9( + )( -.9(2,) 
5 1 - x2 1-22 

Proof. Using Taylor's expansion in (3.10), we obtain 

0(A) _ 0(A) 
v+1,n v,n 

- {~I + v,j$ n H 
A A 

n+ li+ 2(n + A)3 sn3 o(A) -A0 -A) n(ov n(3) )+V 50(1) 

v,n 

(3.17) 7- | 7( r 
--)cos6T ) 

-f (-2r 2-(A) -1/2 

| (n + A)2 sin2A 12(n + A)2 sin2 a) J2j 
*__ (11~ +1 (V -6)(12cos, 

sin n6v,n 

where 

H(A)(0) := 1 (47r - 6)(1 + 2COS2 0)-9) (1-A) 
(3.18) n 2(n + A)2 sin 0 24(n + A) sin 0 

v,n :=(tn + t( )ln)/2 

The assertion follows by noting x = - cos 6,(A) and again applying Taylor's 
expansion. E 

Proof of Lemma 1. For fixed g and A we consider the sequence 

(3.19) d(A) *- +2.+2(2. 1)[n(n+2A)+ ]f j 

Using known asymptotic approximations for the gamma function (cf., e.g., 
Erdelyi and Tricomi [12]), we have (2.15) and the much weaker relation 

(3.20) lim d'= 1. 
n-+oo n 
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A somewhat lengthy but straightforward calculation using the recurrence for- 
mula of the gamma function shows that 

(3.21) d(A) > dn 

holds if and only if 

(3.22) A (A - 1) (44 _ A2 - 3A - 2)[n + 2(A + I)n] 

+2g2 +(2 +7A+8)-4A(A+ 1)(A+2)} > 0. 

If 4g := (A + 2) ( + 1), then the last inequality is equivalent to 

(3.23) (A + 2)(A + 1)A(A - 1)(A - 2)(A - 3) > 0. 

If g = 2A - 1, then (3.22) is equivalent to 

(3.24) A(A - 1)(A - 2)(A - 3)[n2 + 2(A + 1)(n + 1) - 1] < 0. 

Substituting these two special values for g in (3.19) and using (3.20) and (3.21), 
the assertion (2.16) follows. Using the same method for g =5 ), we obtain 
(2.17). c 

Proof of Theorems 1-4. We consider the following representation of the Gauss- 
ian weights a (A)G which follows from (1.5): 

v,n~~~~~~~~~~, 
(3.25) a (A)G = c (A)G sin 2A 0(A)nV n(A) (A) 

v,n 2n n1Snnn)} 

with C(i)G defined in (2.5) and n 

vV n(o) = ynA) sin o{ [sin P7 (cos)1 -2 (cosC) 

(3.27) +((n+ ))2 + (A1 I) + t cot )[P )(cosA)]} 
(3.27) ~~~~~~~~~~~~~~~~ + (O, I T) 

(3.28)~~~~~~~~~~~~~ (COS n 0 I 0 l ( )2Sn 0+i(lA 
Ge (0, 7r), 

C~~~) )~~~~~(1-~) )Cos 6 v2 (A)= (A)(60)1I- 2 
(3.28) 2n) 1n(n + )2 sin2 6+ A(I_ A) 

6e6,7r-6) 

where 

(A) _C()G [F(A)]2 F(n + 1) 
Yn n 2-2) + 

(3.29) 2 7rF,(n+ 2 2) 

sin l~~~~n A2 fL02]. 
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Using Lemmas 2 and 3, it follows that 

0 > for n > 2 and A > (29- v )/2= -0.37447.... 1 ,n 

while 

O(A) <60 forn>2andA.<( 1441-41)/8=-0.37993.... 1 ,n 

For n = 2, we have by explicit calculation of x( that > 6 if and only 1,2 1, 2- no 
if A > (v/T - 7)/9 = -0.37716.... Note that from the inequalities obtained 
by Buell [7, p. 311] one has O A)n > 6 for all A > -2 . Furthermore, standard 2, n2 

identities for P(A) (cf. Szego [36, ?4.7] ) yield 

(3.30) P() (A+?1) _ 2A. sin 2 0(A+ 1) p(A -?1)' (A+ 1) 
n (CoSv, n- 1) - 

n(n + 2) v,n-n-i (CoSv 

and hence, for A > - 1 

v,n-I n-I v,sn- [(n + A)2 +i ( 1-i)] sin 2n +n) 

(3.31) * (()n ( (n1 ) )1 

(n-i sin v, n_I-v1 + (n +A.)2sinA 6(AjQi +A (1 -A.)J) 

(3.32) (VIn(0vn n-1)) 

with 3n +1) defined in (2.8). An explicit calculation gives 

Vl A n I()G 2A2 (n (2) CsU,n 

(3.33) = Y o sino{[(n) +[P, (0)I2} 

= 1. 

Therefore, to prove Theorem 2 as well as Remark 3, it suffices to show that 

(3.32) (vl n(A) (A+ /9 E 

(3 35) v(A) 2, n -v, n(-1)friE[tl] 0,f-) 

(3.35) f 
?vljn(7r/2) forA.e[0, 1], 

and that equality in (3.34) and (3.35) holds if and only if A. E {0, l} or 6 = 
tr/2. To verify this, we apply standard methods introduced by Szego [36, ?7.3] 
and Bernstein [4]. First note that an explicit calculation yields, in the notation 
Of (3.12), 

(3.36) V (^ ) sin= 7A jg()[unA)2 + A (6 +[p(6)1 
2 
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It follows that 

(3.37) v( )n (f3)= Yv ( ) [u) - 

The function g) is monotonic in (0, 7r/2), resp. (7r/2, 7r), and therefore 
(3.34) holds. Similarly, we have 

(3.38) V2n(9) = (n(+ ) A)n(l0)- 2 E (0( 7 )-0), 

and (cf. Szego [36, ?7.31]) 
F (Q) (42 

(3.39) v2(6)=-Yn [(n + ) + A (I A)] Un (3) (A), 
(3.39) ~ ~~~~~~~~~~~~~ n (A)Z- ) g~ (6)1j 

This gives (3.35). 
By (3.37) and (3.39) the functions v(A) and vA)n are monotonic in (0, 7r/2). 

Therefore, Theorem 1 is a direct consequence of the representations (3.25), resp. 
(3.26). 

To prove Theorem 3, we consider the following representation of the weights 

(A)G _()G sin 0v n (n + A)2 +A(1 1/2 

v 3, n(>v,n 

where the function v3(A) is defined by 

(3) (0 (A) { (n + ?)+(-2) }I/ 

(3.41) 
* 

g (,n 

(0) 4 

A)(6) 

+()" 

_[(_)' 

2 
() (0) 

2 {for- ______g (_ _ 
gn - U ( (3.41) g 

, 
(0)4 ~ (6)+ --[u () 

V3 )= -y [n + + A (1(_A) (3)|2_n 
4 4 u(0 (68 g 6 <6 u& 

(3.42)~~~~~~~~~~~~~~~~A 2gA g (A),(A)) (A) (A) 

for 6 E (67r - 6.Using (3.12), we obtain 

(AYn [(n 
+ 

A)2+ 
+ (I _ 

)]1/2 [un 

(6)]2gn (6) 
4 A(0))2 9gn 

-(62)1/ (3.43) . {[~~~~(A)1 2 
+- 9 I -A()]g1/ (6 gn6 + 5 g0) )] 

gn (0)gI (6) 4 
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Furthermore, we have 

V(A) (o) - V(_ (7r2) - j)v( )n(t)dt 

4 ( n 3 + A) 2 +7AlA)2[u (7 / 2) Ig 3( 7r/t2)- 

(3.44)=-1 4[(1-A)[1 +(A-))"] A) 

1- 4[(n+)A)+)A (1 -n( A)]A 

where 

8A) n V(i) n(t) dt 

(3.45) (A) /1 A t 

-y [(n +A)2 + A(I -A)]'/21 [u (A) t)]2 (gn dt)) 

First let A E (0, 1). The term is curly brackets in (3.43) is positive if 

(,~) 9gn~ ( ')g' (6) 9_ 9)(I -,) 1 + 2cos2 6 
(3.46) gI \in//+cs 

(3.4) () > 9= 4 i 2 0 2 + COS2 

and therefore if 

(3.47) (n + A)2 > 4 i 2Ii 
sinG 

For 0 =6 O 
, 

this inequality follows from Lemma 3, so that the lower bound 

in (2.12) is proved. Since the integrand of the last integral in (3.45) is negative, 

we estimate [u() (t)]2 by (7()[(n + A)2 +A(1 _ 1)]) (cf. (3.35), (3.36), and 

(3.38)). Now, an explicit calculation of the resulting integral yields 

(iA2 i 
( A) A (1-A) ( +2cos 2 

C2 
-3h(A) 1 - h(AP )3/2 _ sin4 o(A) a~~~~~~~~~~~~ nQ vv V,n , 

_.48)J v, n 2 [(n + A)2 + A (1-A)]2 sin4 0(A) 

U v,nv, 

(n + )sin AV )n + A ( -A) 

A further estimation proves the upper bound in (2.12). For A 0 [0, 1] and 

0(A) E (6, ir/2], the upper bound in (2.13) follows from the positivity of each 

summand in the curly brackets in (3.43). To prove the lower bound in (2.13), 

we notice that [u l(t)]2 can be estimated from above by [yg(A)(t) I (cf. 
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(3.34) and (3.36)). Therefore, we have for A ? [0, 1] and 19 e (A , ,t -Th 

v,n- 4 

7t/2 __ 9g(5 ) (t)gn (t) ( 5[g) (t)] 3 

4 

(3.51)r 32 g~()]1 - 16 2+cos2 t 
(3.51) L352(2- 1) [gi)(t)] lO - S0 sin2 [n)t]/ 

33 gn (t) 15 [gn)(t)]2 I f/2 

355[g 2(t)]5/ l4t[g,24(t)(192 

By explicit calculation we now obtain a lower bound for n which is larger 
than the left-hand side of (2.13). 

For the proof of Theorem 4 we use the auxiliary function 

V( ) (0) = V(i)n (0) +[(n + A)2 +A (1_ 2 

(3.52) - Q(n))2+(1 i1/ ([ g~(6) ")] 2 n(6)u( ) (6) 

+26 g (16) 2[g/ (6)]32 )j 

Its derivative is 

4,n( ~ 1/1 1 igX ( 9)(gA()3/)}[n() 

(3.53)) -( 8 g )]1/2 (6) 2 g(A)(t)]3/2)[n ( 

6 7~~~~~~+ g 

= O(n sin 6 ). 

Therefore, the function vTheor(6) differs from Vai(ir/2) only by a term of order 
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6 6 O(n 6 sin 60), so that 

(A)G (A)G sin V2 {(A) (n + A)2 + A (1 A) } 1/2 
a~~~~~v n( v,n) n)0 n 

v(n 54) A(l -A)1 (+cos2A (A)) 3(2(1 -)2cos26 AA) 

(3.54) { i + ~~~~{' 761,) si Aj v ()n 4[g()(o&(A) ]3 sin66 H( ) 

(AGSn () (n +A2 
1 

1A /2 C nV4 V(/2) gn v,n 

(3.55) 2.41 -A)(1+cos26vjn) 
-6 

{ + 4[g(~~)(QC O)]2 5Ofl4 3 + 2- 0(I1_) 2C A 

+ )n vI- n 
4 Ag(1A) (1 + 2 csi4 0(i) 4+ (Al)n (()sin4 0(A O) _ 

nlV,f 1/2n ~ v, ' 

=cA)G sin 2AO ()) -n 2 }/ 

v vn n 
* 1+ - + v 00)t 

Applying (2.15) to this equation, we obtain (2.28). For the proof of (2.29) and 
(2.30) we only have to substitute the estimates (3.10) for Q1(j) into (2.28). The 
last relation (2.31) in Theorem 4 follows from (2.28) using Lemma 5. n 

The corollaries can be shown by subsi ting the estimates of Lemma 1 for 
c(i into the respective estimates of Theorems 2 and 3. The bounds (2.26) in 
Remark 4 are obtained using, in addition, the bounds for the zeros of p(A) in 
(2.25). The calculations are lengthy but elementary. By (3.42 if) the function 

is monotonic in (0, nr/2). Therefore, Remark 1 follows directly from the 
representation (3.40). 

4. NUMERICAL EXAMPLES 

Using Lemmas 2 and 3, all estimates stated in the above theorems and corol- 
laries remain bounded for all i, n E N and fixed A> - . By results of Buell 
[7] it follows that this is also valid for)A < --i- if v $1 and v$n. Forthe 
standard weight function w , 1, i.e., A2 = 28 Table 1 indicates the precision 
of the bounds obtained, even for small v and n. A further estimation using 
inequalities for the first nodes given by Szego [35] and Gatteschi and Vinardi 
[15] shows that for this weight function the absolute value of the relative error 
of the lower bounds stated in Corrollary 1 is smaller than 0.5% for all n and Is 
and at most 0.05% and 0.005% for 1 <sIJ < n and 2 < vi n- 1, respectively, 
while for the value e(s1/2) in Corollary 2 we have by (2.21) that 6(1/2) < 3for n < v (+) 

fopresetaton(3n+ 0)/. 
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5. APPLICATIONS 

For brevity, we restrict consideration to the standard weight function w 
1, i.e., A =2. Most of the proofs of the results below require additional 
investigations. Much more precise results, also for other values of A, as well as 
the respective proofs will be given elsewhere. 

1. Applying the above results, and modifying methods used in [ 13], it can be 
shown that the weights av,n of every positive quadrature formula Qn of the 
type (1.2) (i.e., av,n > 0 for all v) having degree deg(Qn) > 2m - 1 satisfy 
the inequality 

(5.1) a {[ - 1~ I/2 + 7 
(5.1) a~~v, n < m7 {1Xv, n] +mlxv,nl} 

This improves asymptotic results previously obtained for special positive inter- 
polatory quadrature formulae (see Kutz [25]). 

2. In order to investigate the numerical stability of quadrature formulae, one 
possible measure is the sum of the squares of the weights of Qn , the so-called 
'variance' of Qn (see, e.g., Chebyshev [8], Ostrowski [29], Allasia [3], and Katz 
[23]). Applying Corollary 2, it can be shown that 

(5.2) 2 + < J:(aG )2 < 2 n n > 1 
L9=1 

This improves an asymptotic result of Kah-aner [22]. Note that for every quadra- 
ture formula Qn the above sum has at least the value 4/n if deg(Qn) > 0. The 
inequalities (5.2) show that the variance of the Gaussian formulae differs from 
the variance of such 'Chebyshev-type formulae' at most by a factor 1.24. 

3. To estimate the error RG of the Gaussian formula QG for integrands 
with low continuity, Stroud [32] proposed to investigate the so-called 'error co- 
efficients' of low order of the Gaussian formulae (see also Davis and Rabinowitz 
[10, p. 292]). Numerical examples given in Stroud and Secrest [33] for small 
n indicate that these are not much greater than those of the respective optimal 
formulae. This is confirmed by applying Theorem 2 to Peano kernels of small 
order. We obtain, e.g., 

2 

(5.3) iRG[]l < 2 Var f, JR G[f]I< 8 max If(x)I 
nI]-2n + 1 - 8xE[-1, If'] 

X 

where Var f is the variation of f . These error coefficients cannot be improved 
asymptotically as n -+ ox (see [30]). Note that for the respective optimal 
formulae using n nodes we have the error coefficient 1/n instead of 7r/(2n+ 1) 

of2 for the first class {f/ Var f < 1} of functions, and also 1/n instead of or /(8n) 
for the second class {flf -E Cl [-1, 1], maxXE[1l 1] If'(x) I < I } of functions 
considered in (5.3); see, e.g., BraB [5]. 

4. In Hammerlin [21, Problem 2], Professor H. BraB conjectured that R G[f] 
2~~~~~~~~~~~~~~~~~~~~~~~ 

= O(n 2) for every bounded convex function f as n -+ oc. Applying Theorem 
4, we can prove the validity of this conjecture and thus show that the Gaussian 



262 K.-J. FORSTER AND KNUT PETRAS 

c- CS es dX tz ez ui c- "4 0; 0P " t6 4 C; C4 e ee4e 

1-a g g i l I-- g g g g g ggol, ll l l l l l l l l l l 

CS eo V V L o V V LO LO LO to t- V LO LO LO LO LO LO to to to to to to t- t- co 

_ C-12 t- 4 t0 o 4 _1 4 _e -4 0> 
<1 

" to 0 to 
e 

C4 C4 _e -4 
_e 

to V e 

t0 .~~~~~ Lo LO VLto to tsow tsa s o to to LO to to t-x t- t- t- t- i0 a0 00 c0 e0 00 e 

I I aLiI li ii 11R1O Li Li 11_ lI l I 0 C iLi LiIg!tl gill '17 I 

_C4 L 00 ,-g,-g e40 t- ,-4 C b t o Ht t- C* C4 H H C0 to LO C 4 ._.._ ._.._ 

- 10 t-C~~~~4 ,-l01,-4~~~~ 017 t7t7 
t 

C4 10 C i_ iR RC R C!I" i t R10 ! C ~v Ci 4q O IR L ~CZ 

n~~~~L LO %0 t- LO to to t- t- 00 ob LO t o t- t- t- e0 u0 00 0 00 b b ob o b r 

~~ ~~10 ~~10 1010010101 10 ~ ~ ~ ~ ~ ~ ~ I - 

4 tC14 10 - V 0 0 C14 ( 4 C4 01 1 o 0 0 (L () 0 C S *4 10 L 00 tL C C X 

- .W co - 01 0 t 10 0,t - LO4 10 to 0 1 ,- 01 t- -4 b L 0 0 Z O 

Ci IR I"! C! I! Li Io oq I" 
a Il 

t7 I! 1. Li tR ! ti t' X 
C! 

L 
co ao ) C) t- Lo 

oo C q C1 to t- V4 to V- C14 LO C1 V.. "4 V LO V- v V.. t6 es 1; 1 t6 4 e4 r4 1; V 

CD ~ ~ W 
m LO to t- LO to t- 00 00 b cb c7 ob LO t- <>o <> c7b c7b> nO<O<O n 

Oi 00 04 CS tO t- - tO - C% IW 4 LO e% -4 4 LO. 4 to C* C to . C0. .X b_ 

LO Lto CS LOx LO to to t- t- 00 c7 U to t- - t- 0 00 C0 co 00 c7 cb C7 

co L? 
LO 'aW VO' to t ? tst t- L O to t-O t-W 00 < <10 <n0 <n0 ?0 ?0 ?7 ?7 c 7 H S 

! _~~~~~~ to V- V to v c7 V- to V C1 C1 o- V- 0 t-t 

C1 V V LO? LOe to v t- to> to t- <>o <>o tnO Ln O toW t- o- <O <O ?0 ?0 ?0 0 00 00 00 cx c7 

C1 L O 4= c7 V o - V- to LO = LO Cb v V 0 c7 V- to V V- C1 t LO ___ __ X 

C1 LO LO t o LO to to t- - t- - LO to t- - t - co 0 0 co co 0 co Cb .b . O 

0 ._,a i liii 11_11111 _ l _l l C- 
t- V LO V V V LO LO LO to t o LO LO LO LO LO LO to to to to tno to t t- co _ 

10 a-lCH4 Hl~l- l- o La >o * It e C* e#t) co '4 co 'to IeI cm ,)C CC*'Lc4 o * 

10 tl t 0 0 o-I e1 o C C 4 4 t r r t 4 b 4 r r40 C; i - o o e 

C)- 4cb L 7 cbt 0VC OC t-t c7b C)10 LO ,-4001400 CD -V4 ( L 

C) " LO " o LO Z c-i t- a-l a -la- ci tob L o " o b o c t- 

C) oo V LOC to t- vOL ob o LO to to "C) co c o C) C) C t- co c7b CD co " t- CD 

4=> LO Vt C1 00 00LO ull C14 cbLOF 4= LO V- t c - cb 00 "v CbV-4 O t-SC 

C) o o V- CS " t- to V- C1 V- to LO to CD CS 4 CS 00 c7b to 0 " " C to H to L 

C! V~ Il Cl 10C !_ !_!_ !C !C !C!C !C CD CDC DC C DC D DC DC 

ol -w X t0 to uzoobbbb a )a 4a X~~~~~~~- ' V*X'''''''' 



ESTIMATES FOR THE WEIGHTS IN GAUSSIAN QUADRATURE 263 

rule has asymptotically the best possible (see BraB [6]) order of convergence, 
even in this wide class of functions. 
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