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A SINC-HUNTER QUADRATURE RULE
FOR CAUCHY PRINCIPAL VALUE INTEGRALS

BERNARD BIALECKI

ABSTRACT. A Sinc function approach is used to derive a new Hunter type
quadrature rule for the evaluation of Cauchy principal value integrals of cer-
tain analytic functions. Integration over a general arc in the complex plane is
considered. Special treatment is given to integrals over the interval (—1, 1).

It is shown that the quadrature error is of order 0(e_c‘/ﬁ) , where N is the
number of nodes used, and where ¢ is a positive constant which is indepen-
dent of N . An application of the rule to the approximate solution of Cauchy
singular integral equations is also discussed. Numerical examples are included
to illustrate the performance of the rule.

1. INTRODUCTION AND SUMMARY

Let " be an arc in the complex plane, and let a and b denote the endpoints
of I'. It is assumed that neither a nor » belongs to I". Let D be a domain
containing I" such that a and b are boundary points of D. Suppose that a
function F, defined and integrable on I', has an analytic extension into D (F
may become unbounded at either a or b). For A in I', the Cauchy principal
value integral is defined by

_ [ F(2)

(1.1) HF: )= dz = tim [ £

rz—=4a e—0tJr Z—4
&

dz,

where T, is the part of I obtained by deleting from I' all those points which
are within a distance ¢ from 1.

In this paper a Sinc function approach is used to derive a new Hunter type
quadrature rule for the evaluation of (1.1). Several Sinc function methods of
computing (1.1) have been previously proposed in [12, 13, 6]. The quadrature
rule of this note is more accurate than those of [12, 13, 6], and, moreover, it
is well suited for direct methods of solving Cauchy singular integral equations
(see [6, 1, 3] for indirect methods based on a regularization process).

If the function F appearing in (1.1) has singularities at a or b, then it
is sometimes possible to rewrite F as wG, where the bad behavior of F is
incorporated into the weight function w, and where G is a smooth function.
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In such cases, Gauss type quadrature rules (see, e.g., [10, 4]) or rules based on
piecewise-polynomial approximation of G (see, e.g., [8]) can be used to evaluate
(1.1). However, these methods require a considerable amount of computational
work for nonclassical weight functions w . Moreover, if higher-order derivatives
of G are unbounded at a or b, then Gauss quadratures will, in general, exhibit
a slow rate of convergence. In comparison, the quadrature rule presented here

does not make use of the splitting F = wG . The rule is very easy to implement

. _cN? .
and its error converges to zero at the rate O(e N }, where N is the number

of nodes used, and where ¢ is a positive constant which is independent of N .

The Sinc-Hunter quadrature rule for a general arc I" is developed in §2. The
derivation of the rule and the corresponding error bound is based on the results
in [2]. In §3, the important special case of I" = (-1, 1) is discussed in more
detail. An application of the rule to the approximate solution of Cauchy singu-
lar integral equations is considered in §4. It is demonstrated that in some cases,
quadrature methods based on the present rule yield better accuracy than that
achieved by solving Cauchy singular integral equations via Gauss type quadra-
ture methods. Finally, the results of numerical tests are presented in §5.

2. QUADRATURE RULE OVER A GENERAL ARC

In this section a new Sinc quadrature rule is derived for the approximate
evaluation of Cauchy principal value integrals.

Throughout the paper, the letters Z, R, and C denote respectively the set
of all integers, the set of real numbers, and the set of complex numbers, i.e.,
Z={n:n=0,%1,...}, R=(-0,0),and C={z=x+1iy:x € R,
y €R}. For d >0, the domain D, is defined by

(2.1) D,={zeC:|Imz|<d}.
In this section the following conditions are assumed to be satisfied.

Assumption 2.1. Let D be a simply connected domain in the complex plane C,
and let a and b (a # b) be points on the boundary 8D of D (see Figure 1).

FIGURE 1. The domains D and D,
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Let D, be as in (2.1), and let ¢ be a conformal map of D onto D,, such that
#(a) = —o0, and ¢(b) = co. Let y denote the inverse map of ¢, and let
(2.2) I'={y(x):x €R},

where the direction along I" is that from a to b.
The following definition is fundamental for this paper.

Definition 2.1. Let B(D) denote the family of all functions F that are analytic
in D, such that

(2.3) / |F(z)dz| - 0 asx — o0,
w(L,)
and such that
(2.4) N(F, D) =liminf |F(z)dz| < oo,
y—=d~ Jy(L)

where for xeR and O <y <d,

(2.5) Lx={z=x+iv:—d<v<é'},
(2.6) L,={z=uxiy:ueR}.

The main result of this section is given in the following theorem.

Theorem 2.1. Assume F € B(D) and consider 7 (F ; 1) defined by (1.1). For
h>0,let z,=y(nh), n€Z, and let

F(z,) n
h Ze:z PR TR cot [W/)(,{)] F(3)

ifAi#z foralll €Z,
2.7) Z(F;A)=

[o o] hd),,(a) h ,
h§: FQA)+——F (4
neg <Z -A> C2A¢ DT ()+¢><A) @)
n#

if A=z, for somel € L.

Then
—2nd/h
(2.8) W(F;/l)—%;oo(F;l)lSN(F,DJ)::W’
where
(2.9) N(F, D, ) = liminf £z) 44|,
y—d~ Jyw,) 2 =4

and where L, in (2.9) is defined by (2.6).

Proof. First assume that 4 # z, for all / € Z. Choose a,, a, in D\I" so
that g, lies on the left-hand side of T' and a, is to the right of I'. Let
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F, and F, be two functions defined by F,(z) = F(z)/(z —a,;) and F,(z) =

F(z)/(z — a,), respectively. Note that F, and F, have first-order poles at g,
and a,, respectively, and that Res(F,; a,) = F(a,) and Res(F,; a,) = F(a,),
where Res(F ; a) denotes the re51due of F at a. Moreover, it is easy to sce
that F,, F, satisfy all hypotheses of Theorem 3.1 of [2]. Hence, (3.15) and
the estimate (3.18) of [2] give

F(z) z) 1 1
rz—aldz+/rz—a2d h';z {zn—a1+zn—a2}
m¢(a )/h e—imﬁ(az)/h
(210 - {F @) gty * @ Sl i }’
—2nd/h
<{N(F,, D) + N(F, D)}W'

Letting a,, a, — 4, (2.8) follows from (2.10) and the Plemelj formula (see,
e.g., (17.4) in [11]).

Now assume that A = z;, for some / € Z. This case can be reduced to the
one considered above. Let A € I be near 4, and A’ # A. Then (2.8) holds
true for A" in place of A and #° (F; A') given by the first expression in (2.7).
The second formula in (2.7), and (2.8) for A = z, are now obtained by taking
the limitas ' - 1. O

Using a new class of Sinc functions, Elliott and Stenger have derived a dif-
ferent quadrature rule for the approximate evaluation of #(F ; A). However,
their rule (see (2.25) in [6]) is less accurate than that in (2.7), since the cor-
responding error bound in [6], similar to that in (2.8), contains the expression
e ™" (1 — e7™/*) instead of e~ 2" /(1 — e~ ¥ /My

It is important to observe that N(F, D, i) appearing in the inequality (2.8),
and defined by (2.9), becomes, in general, unbounded as A — ¢, where ¢ =
a or b. This will occur, for instance, when ¢ is a finite complex number
and F(c) # 0 or |F(z)] —» o as z — c¢. However, in this case, typically
|#Z(F; A)| = oo as 4 — c. If, in addition, |#(F; A)| grows at the same rate
as N(F,D, 1), then it follows from (2.8) that for A4 near c the relative error
7 (F; ) - Z° (F; A)]/#(F; 4)| will remain small for sufficiently small 4.

Even though the quadrature rule (2.7) involves infinite series, it is interesting
to note its similarity to Hunter’s rule (see [10, 4]). Observe that #° °;’° (F; A) for
A#z,, | €Z, can be regarded as the Sinc quadrature rule (see (4.31) in [13])
applied to F(z)/(z—4), plus one extra term T(A) = 7w cot[nd(4)/h1F (A). Note
also that if A = y[(m + 1/2)h] for some m € Z, then T(A) = 0. This kind of
property of quadrature rules for approximating #(F ; A) has proved important
in applications to the numerical solution of singular integral equations by means
of quadrature methods (see [9] for references).

One major drawback of the quadrature rule (2.7) is that it requires summation
of an infinite series. However, as the next theorem shows, a finite number of
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terms in the series may be sufficient to obtain an approximation to #(F; )
within a required error tolerance.

Theorem 2.2. Let all assumptions of Theorem 2.1 be satisfied, and let T’ C R.
Let

(2.11) IF(2)| < Cle'(2)le™™*P zer), j=1,2,
where Cj and o i = 1, 2, are positive constants, and where
(212) T ={y(x):xe(-0,0}, T,={p(x):xe(0,x).

Assume A € (z,_,, z)] for some nonpositive | € Z or A € [z, z;,,) for some
nonnegative | € Z. Let N, and N, be positive integers such that —N, < | if
[<0and N,>1 if 1 >0, and let

F(z,) (4
h n;Nl ¢/_(Zn)—(z—n——/1) + mcot ['};(ﬁ(/l)] F(/l)

ifA#z,

(213) 2 (F;d)=

Nz F(Z ) h¢”(ﬂ,)
h W £
n;Nl ¢I(Z,.)(Z,, —4) 2[¢'(/1)]2 (4)

n#l
v EGy ifa=c
&) -
Then
—2nd/h
N.
ZEs ) = Z25 (s DI < NE, D, ) ——ay
(2.14) Cle—alNlh Cze“'zNzh

+ .
a(4- Z—N,—l) az(ZN2+1 —4)
Proof. 1t is easy to see that (2.7), (2.13), and (2.11) yield
Ch —a
o (F 3 ) =0 (F3 0l < g—— 3 ™"
(2.15) | T ANl N
. + _Gh > e
z -1
Ny+1 n>N,+1

Thus, (2.14) follows from the triangle inequality, (2.8), and (2.15), on summing
the series in (2.15) and on using the inequalities e — 1 >a jh ,j=1,2. 0O

Although T" in Theorem 2.2 is assumed to be a subset of R, a similar result
is easily obtained for a more general arc I' in the complex plane.
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In practice, for a given 4 € I', the parameters £, N,, and N, should be
selected so that all three terms in the sum on the right-hand side of (2.14)
are sufficiently small and approximately equal to one another. More detailed
analysis of how to pick 4, N,, N, in the case of I'=(—1, 1) is given in §3.

3. QUADRATURE RULES OVER (—1, 1)

The results of the previous section are used to obtain quadrature rules for
the approximate evaluation of Cauchy principal value integrals over the interval
(-1, 1).

Throughout this section, the arc I" is the interval (-1, 1) and the domain
D is defined by

(3.1 D={zeC:|arg((l +z)/(1 - 2))| <d}, O<d<m.

FIGURE 2. The domain D

Taking

1+z e’ -1
2 - _e -1
(32) o =10 (122). v =S
it is easy to see that Assumption 2.1 is satisfied. In what follows, for 4 > 0,
the points z, and z,_, /2 are given by
enh -1 e(n+1/2)h _1

Zpy12 = ROSVEI Y

(3.3) z = ,
+1

= —), neZz.
"™y

Note that z, and z,,, clusterat ¥1 as n — Foo. For example, if h=1/2,
then z, =0.7615..., z;, =0.9640..., z,,=0.9993....
The following result is readily obtained from Theorem 2.2.

Theorem 3.1. Let F € B(D), and let

C,(l+z)7",  ze(-1,0),

3.4
(3.4) 'F(z)ls{cz(l_z)‘“", 20, 1),

where C, and a;, j=1, 2, are positive constants. Assume A € (z,_,, z;] for
some nonpositive | €7Z or A€ [z;5 2;,0) for some nonnegative | € Z.. Let N,
and N, be positive integers such that —N, <[ if I <0 and N, >1 if [ >0,
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and let
N. 2
h < 1-2, (4 1+4
E,,=_N z, _AF(zn) + mcot [Elog (1—_7)] F(A)
l:f)’;ézla
(3.5) N (F;)= N, .
by Lohp,) - L)
2n=_N z,—A "2
n;éll
h 2 / .
+5(1—,1)F(A) ifi=z.

Then
—2nd/h

W/(F;)»)—%%I(F;A)I SN(F,DJ):_—ZM—/,,

(36) Clza]e—a]Nlh szaze—azNzh

o (4 - Z—Nl—l) a2(ZN2+l -4

Proof. Note that (3.4) and (3.2) imply (2.11) with C; and C, in (2.11) being
replaced with C, 2% and C22°‘2 , respectively. Thus (3.6) follows directly from
(2.14). O

Let us briefly outline how (3.5) can be used in practice to compute #(F ; 1)
when |A| is not “too close” to 1. It is clear from (3.6) that for fixed 4, the
positive integers N, and N, should be selected so that all three terms in the
sum on the right-hand side of (3.6) are approximately of the same order of
magnitude. This leads to e~ 2™/" = g7 @Mk — g=:Mh  Henge,

(3.7) N, =[27d/(a,h®)], N, =[2nd/(a,h’)],

where [x], for real x, denotes the smallest integer > x . It is important to note
that if A is close to a point z;, then #Z_ Nz] (F; A) is likely to produce erroneous
results in floating-point arithmetic, owing to loss of significance. Therefore, it
is recommended that Z~ ]}'3,1 (F; A) be only used when A is sufficiently far away
from the points z, .

The next theorem specifies conditions under which the bound on |Z(F ; A)—
. 1}13,] (F; A)| is independent of A. This is important for the purpose of solving

Cauchy singular integral equations by means of a quadrature method based on
the rule (3.5).

Theorem 3.2. Assume F is an analytic function in D such that
(3.8) |F(z)] € C|1 + z|™"|1 = 2|, zeD,

where C, o, and «, are positive constants. Let o = min(a,, a,), let N be a
positive integer, let h, N,, N, be selected by

(3.9) h=[21d/(aN)]'"*, N, =[aNjaj], j=1,2,
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andlet T" = [z_n,—1/25 Zn4172]U{=1, 1} Let the quadrature rule ;Zl}lf,l (F; A)
for the approximate evaluation of #(F ; 1), A €T", be defined by

(3.10)

h /4 1+2
3 ~ _/IF(zn)+7tcot [Zlog (1—_1)} F(A)

ifie (z_n 12> Znpe1p2] and

A#z foralll, —N, <I<N,,

N h i L= ZiF(z V= B Em+ R0 - A F )
ANE =92 =z =D 2
n;éll

ifie [Z—N,—l/z , ZN2+1/2] and

A=z, forsomel, —N, <I<N,,
2

h & 1-2 .
3 2 —3F(z) =71
n

Then for all 2€T™,
W (F 5 0) = 0% (F; 2)
G.11) ) C’{ N2~ (ndaN)'? fA€lz_y 1 Zn -
- e—(zndazv)'/2 ifh==l,
where C' is a positive constant which depends only on D, C, a,,and a,.

The proof of the theorem is based on the following two lemmas.

Lemma 3.1. Let o, and o, be positive constants. Then

A1 — |2
(3.12) M(D,al,az)zsup/ 1Lzl =27 ) < o
oD

ier |z -4
Proof. Lemma 5.4 of [1] could be used to establish (3.12). Here, a more direct
proof will be presented. Clearly, setting o = min(e,, a,), it will be enough to
verify that
(3.13) sup/ B=21 <o
' sl Jop |z — 4] '
Let I' = y~ uy', where yi ={AeTl:|AF1 £ 1/2}, and similarly let
oD =L UL", where L* = {z€dD:|zF1| <1/2} (see Figure 2). It will
be sufficient to show that (3.13) is satisfied with I' and 4D replaced by r
and 0D’ respectively. For definiteness replace I’ with y* and 4D with L
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(all other cases can be treated analogously). Let A € y",let ze L', and let

o be the angle between the line segments 14 and 1z. Inspecting the triangle

A1z (see Figure 2), it is easy to see that there exists an angle »*, 0 < 0" < w,

such that

|24 . 124

3.14 -1 <

(3.14) z-1] sin(w) ~ s1n(w*)

forall Ac y" and all z e L™ . Thus it follows from (3.14) that
[1—

2a
| / _ 2a—1
(3.15) As:yp /L+ EEN ldz| < (@ [1-2z7"""|dz| < o0,

which completes the proof of the lemma. O
Lemma 3.2. Let A€ I‘\(zn_l/2 , Zn+l/2)' Then

h 1 - 22 h/2

2 |z, — ;.I < 2e /

Proof. (3.16) follows easily from (3.3) (cf. also the proof of Lemma 2.11 in
[6]). O

Proof of Theorem 3.2. Clearly F € B(D), and hence all assumptions of The-
orem 2.1 are satisfied. First, consider the case when A €[z_, _,,,, Z .
Using (3.16) and (3.8), it is easy to see that [ o NZH/Z]

I o e T

n<—N,—1 n2>2N,+1

(3.16)

(3.17)
- C2a]+a2+leh/2 (e—alNlh N e—azNzh)
- h a a, )
urther, the triangle inequality, (2.8), (2.9), (3.8), (3.12), and (3.17) yie
Further, the triangle i lity, (2.8), (2.9), (3.8), (3.12), and (3.17) yield
N e—27rd/h
| Z(F;A) = Z 5 (F; )| <CMD, oy, az):?z—,,d/—h
(3'18) C2al+a2+leh/2 e—alNlh e—o‘zNzh
+ + .
h a a,

The inequality (3.11) for 1 € [Z_NI_I/2 , ZN2+1/2] follows now from (3.18) and
(3.9). If A =1 (the case of A = —1 is analogous), then in place of (3.18) one
gets

—2nd/h
N e
|%(F; /1) —%A}I(F', ﬂ,)l < CM(D, ) az)l—j?m
(319) ta e—(al+1)Nlh e—azNzh
+C2' + )
a, +1 a,

and (3.11) is obtained from (3.9). O
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The quadrature rule (3.10) can again be compared with the corresponding rule

in (2.50) of [6]. Since the error bound (3.11) contains the term g~ (mdeN "
—(ndaN)"?

whereas the similar error bound in [6] involves e instead, the quadra-
ture rule (3.10) is expected to be more accurate for A € I'" . It is also interesting
to note that if A = Zmi1)29 —N,—1< m < N,, then the quadrature rule (3.10)
coincides with that in (2.50) of [6], since in this case the term involving F(A)
drops out of the first formula in (3.10).

4. AN APPLICATION TO THE APPROXIMATE SOLUTION
OF CAUCHY SINGULAR INTEGRAL EQUATIONS

In this section the Sinc quadrature rule (3.10) is used to obtain an approxi-
mate solution to a Cauchy singular integral equation (CSIE). Quadrature meth-
ods for CSIE’s have been extensively studied by many authors (see [9] for ref-
erences). In the majority of these methods, nodes as well as collocation points
are zeros of corresponding orthogonal polynomials. Recently, in [14], an at-
tempt has been made to directly approximate CSIE by means of one of the
Sinc quadrature rules derived by Stenger in [12]. It is believed by this author
that the approach used here is more natural and straightforward than that of
[14]. Moreover, the convergence analysis presented here, although still incom-
plete from the theoretical point of view, shows better why the Sinc quadrature
method based on (3.10) works.

Consider the CSIE of the form

Uy 2172
(4.1) ][ 0=0) 00 4o py,  ce(-1,1),
-1 -
whose solution w is subject to the condition
1
(4.2) / (1 =) Pu(n)dr =c.
-1

In (4.1) and (4.2), f and c are a given function and constant, respectivély. To
describe a Sinc quadrature method of solving (4.1) and (4.2), assume that w
satisfies the following conditions.

Assumption 4.1. Let w be an analytic function in D (see (3.1)), and let there
exist positive constants C, «,, and o, such that

1-z 1+ 2z
w(z) — w(-1) — w(l
w3 (2) - —=w(-1) - 5=w(l)
< C|1+ z|' P — 2P zeD.

Rewriting the solution w in the form

44) w(®)=(1-1)"g(0)+ lz;rw(-l) .1 =

and substituting it back into (4.1) and (4.2) yields

'lU(l), TE[—I,I],

1
(4.5) —gw(—1)+][_lfi_’-);dwgwm:f(z), te(-1,1),
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and
1
(4.6) 5w(—l)+/_1g(r)arr+gw(1)=c.

Thus, the original problem has been reduced to finding w(-1), w(l), and
g which satisfy (4.5) and (4.6). Once w(-1), w(l), and g are known, the
solution w of (4.1) and (4.2) is obtained by (4.4).

It follows from Assumption 4.1 that g of (4.4) satisfies all hypotheses of
Theorem 3.2. Let N be a positive integer, and let 2, N,, and N, be selected

as in (3.9), where a = min(a,, a,). Let the points z,, n = —N,(1)N,, and
Zypipr W= N,(1)N, — 1, be given by (3.3). To simplify upcoming notation,
assume also that Z_y_1pTFoN-1 = —1, and that z, 12 = =Zy= 1. The

Sinc quadrature method of this section consists in carrying out the following
steps. First, replace the Cauchy principal value integral in (4.5) with the quadra-
ture rule (3.10), and then collocate (4.5) at ¢t = Zpy1p> M= —N, - I(1)N,.
Similarly, apply the quadrature rule of (4.32) in [13] to the integral in (4.6).
This procedure yields the equations

N

4 h -z n
—-zw(-1)+ = —r—g(z,) + sw(1)
(4.7) 2 2 ”;Nn Zn " Zmt1)2 2

=f(zm+l/2)+sm, m=-N - 1(1) -

N,

T h P
(43) FUED+3 Y (1= 2)8(z,) + gw(l) = ¢ +é,
n=—N,
/(4 h N, 1—22 T
- zw(-1)+ = —n gz )+ Zzw(l)
(4.9) 2 2n=Z_:N1 Zy = Zmorp "2
= f(Zporpp) + s m=11N,+1.

It follows from (3.11), and from (4.32) in [13], that the error tefms g, In
(4.7)-(4.9) satisfy

_ WN)2
(4.10) le, | = O(N'2e™ @My = —N, - 1(1)N, + 1.

Let Ay = (@, ) nev N = L()N,+1 be the square coefficient matrix of order
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N, + N, + 3 whose elements a, , are given by

n

—% if m=—N, —1(1) =1, I(1)N, + 1
andn=-N -1,
g ifm=0andn=-N, -1
orm=-N —-1(1)N,+landn=N, +1,
411) a, = 1-22
R - i ifm=-N,-1(1)-1and n = —N,(1)N,,
2Zn_Zm+l/2
LT if m=0and n=—N,(1)N,,
2 n 1 2
2
h 11—z .
s——2— ifm=1(1)N,+ 1 and n=-N,(1)N,.
2Zn_zm—l/z

Furthermore, let f,, be the vector defined by
(4.12)
fy = (f(-1), f(Z—Nl+l/2)’ e f(z_l/z), c, f(Zl/Z)’ e, f(zNz_l/z), f(l))T.

Dropping the error terms ¢,, in (4.7)—(4.9) gives rise to the system of linear
equations

(4.13) Aygy =1y,
where the vector g, is of the form
-
(414) gNz(g—Nl—l’g—Nl"“’gNz’ gN2+1) .
It is hoped, of course, that the components g, , n=—N, — I(1)N, + 1, of gy
will approximate w(-1), g(z,), n=—N,(1)N,, and w(l), respectively.
Using (3.16), it is easy to see that

(4.15) 4yl < 7 +2(N, + N, + )",

At present, proving nonsingularity of 4, and finding an upper bound on
||A;,1 l, appear to be challenging problems. Nevertheless, numerical tests indi-

cate that A;,' exists and, moreover, ||A;,1 |, seems to depend very weakly on
the order of A4, . For several values of d/a and N, with a;, = a, = a, the
results of the tests are given in Table 1.

TABLE 1
-1
Values of ||Ayll., and |4y |

d/a n/2 n 2n
N 8 16 32 8 16 32 8 16 32
4yl 148 | 19.2 | 249 | 17.8 | 23.7 | 31.7 | 22.1 | 30.3 | 41.5

4y'll, | 1 12 | 15 | 8 1 12 | 7 8 1
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Once (4.13) has been solved, corresponding approximations to w at the points

z,, h=—N —1(1)N, + 1, are obtained by
w, =(1- Zf')l/zgn + 1 —22,, E_N,-1
(4.16) 142
+ 2”gN2+l, n=-N—-1(1)N, +1.
To analyze the accuracy of these approximations, introduce the vector
(4.17)
ey =(W(-1)—w_y |, w(z_y)=w_y,...,w(zy)=wy , wl)—wy )’

It follows easily from (4.17), (4.4), (4.16), (4.7)-(4.9), (4.13), and (4.10) that

1/2
(4.18) lenlloe < 145 I ON2e=CreM™y
The estimate (4.18) is also obtained if instead of —1 and 1, the points z_ N—1/2
and Zy 4172 given by (3.3), are used as collocation points. The results re-
ported in Table 1 and (4.18) indicate a very rapid rate of convergence of the
Sinc quadrature method. Recall that if w' satisfies a Lipschitz condition on
[—1, 1] with exponent u, then the discrete error of the n-point Gauss quadra-
ture method for solving (4.1), (4.2) is of order O(n “logn) as n — oo (see
[5]). In comparison, the Sinc quadrature method yields (4.18) for w satisfying
Assumption 4.1. Note that this assumption allows w’ to be unbounded at the
endpoints of [-1, 1].

The Sinc quadrature method presented here can be easily extended to a gen-
eral CSIE of the first kind,

1 (1_12)—1/2,“)(1) 1 212 ~
(4.19) ][_. T—1 d”/_lK(”T)(l—f) w(t)dt = f(1),
te(~1,1),

where as before w is subject to (4.2). In this case, the integral involving K is
approximated, similarly as (4.2) before, by the quadrature rule (4.32) of [13].

It was demonstrated in §3 that the points z, and z, /2 cluster at +1
as n,m — xoo. Therefore, computing first z, and z, 2 by (3.3), and
then using these values to obtain the coefficients (4.11) of the matrix 4, may
lead to loss of significance in floating-point arithmetic. This difficulty is easily
remedied by substituting (3.3) into the formulas defining a,, , and simplifying
the resulting expressions. For instance, it is easy to see that

2 (mE1/2)h
(420) z l_ZZn = Tk 2(e (mtnl:21/2)h :
n mt12 (67 +1)(1—e )

The expression on the right-hand side in (4.20) provides a numerically stable
way of carrying out computations. Note, e.g., thatif d =n/2, a; =a, =1/2,
and N = 32, then, by (3.9), & = n/4. Thus, there will be practically no loss
of significant digits in subtracting ¢ """ from 1.
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5. NUMERICAL EXAMPLES

Examples presented in this section illustrate the superiority of the Sinc quad-
rature rule over Gauss type and piecewise-polynomial quadrature rules in the
case of badly behaved integrands.

Example 1. For several values of A € (-1, 1), the Sinc quadrature rule (3.5)
was used to evaluate

1 14, _\1/4

(5.1) Z(F; A) = ][ (1+2) - (; 2D dz=a(l+2) -0 V3.
_l -

Parameters d and «,, a, (see (3.1) and (3.4)) were selected as n/2 and 3/4,

5/4, respectively. For a given /4, integers N,, N, were determined by (3.7).

Numerical results of the tests are presented in Table 2 (integers in parentheses

denote decimal exponents).

TABLE 2
The error €(A) = |#(F; A) — Nz (F; A)| for (5.1)

h N, [ N, [ e ] g(—.8) &(—.3) £(0) (1) &(.6) £(.9)

1 14 8 5(—4) 2(=3) 4(—4) A(—=4) | 4(=5) | .6(—4) 3(-3)
12 | 53 | 32 | .3(-8) 2(=7) 6(—8) 3(=8) | .2(-8) | .3(-8) 2(=7)
13 | 119 | 72 | 1(=12) | a(=11) | 3(=12) | 2(=12) | 1(=12) | .1(=12) | .1(—11)

For all listed values of A, except A = 0, the first formula of (3.5) was used to
evaluate #Z(F; A). Since z, = 0 (see (3.3)), the second formula in (3.5) was
employed to compute #(F; 0). Analyzing the entries of Table 2, it is seen
that the errors remain within the error bound given by (3.6). Recently, a very
accurate, although somewhat involved, method was proposed in [7] to evaluate
H(F;2) for F(z) = (1+2)"(1-2)%, B,, B, > —1. Obviously, the Sinc
quadrature rule (3.5) can be applied to more general functions F such as

F(z)=(1+2) "1 - 27" 10g(1 - 2)

or
_ _ 13,1 _\1/4
F(z)=(1+2) 1/5(1 _2) 172, (142) (1=

Example 2. The following CSIE was solved in [15, 8]:

1 cos(n7/2)Q(T)w(T)
52 RO+ L f LT 4o g,

te(_la l)a

where

(5.3) Q) =e(1-)""Pa-0(1+07*, e=271828...



SINC-HUNTER QUADRATURE RULE FOR CAUCHY INTEGRALS 679

The solution w of (5.2) can be expressed in closed form,
_sin(nt/2)f(t) 1 [' cos(nt/2)f(7)
B Q(¢) ), Q)(t-1)

where ¢ is an arbitrary constant. Consider a particular solution w correspond-
ing to f(¢) =(1 - tz)l/2 and ¢ = 1/n. It follows from (5.4) and (5.3) that the
Cauchy principal value integral

(5.4) w(?)

dt+c,

1 (1 _ TZ)I/ZG(T)
(5.5) ][_ et O
where
(5.6) G(t) = cos(nt/2)(1 — )" T2 (1 4 )12,

needs to be evaluated. It can be shown that the function G of (5.6) is contin-
uously differentiable on [—1, 1] and that its second derivative has logarithmic
singularities at +1. For this reason, the integral (5.5) was evaluated in [8] by
means of a piecewise-linear quadrature rule, instead of a Gauss type quadra-
ture corresponding to the weight function (1 — . )1/ 2. The rule was based on
an n-point nonuniform mesh with nodes concentrated at the endpoints +1.
For ¢ = 1, Gerasoulis found approximations w, (1) to w(l) =.5185916...,
and then employed extrapolation to improve his results, which are reported in
Table 3.

TABLE 3
The piecewise-linear quadrature of [8] for (5.4)

n 10 20 40 80
w, (1) | .508712 | .515989 | .517931 | .518426
Extrap - 518414 | .518579 | .518592

On the other hand, it is easy to see that the function F(7) = (1 — . )1/ 2G(‘c) ,
with G given by (5.6), is analytic in the interior of the unit disc centered at the
origin. Moreover, F satisfies (3.8) with o, = a, = 3/2. The Sinc quadrature
rule of (3.10), with d = n/2, and the selection of N, and N, based on (3.19)
(cf. also (3.6) and (3.7)) was used to compute (5.5) for ¢ = 1. Table 4 presents
the approximations wl_vﬁvl(l) to w(l) obtained in this manner.

TABLE 4
The Sinc quadrature (3.10) for (5.4)

NI’NZ

2,3

4,7

8,12

16, 27

w’% (1)

.5182984

5185745

.5185908

5185916
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Recall that the Sinc quadrature rule (3.10) requires N, + N, +1 function eval-
uations to obtain wI_V;,I (1), whereas the piecewise-linear quadrature rule of [8]
uses n such evaluations to produce w,(1). In addition, certain integrals inde-
pendent of the function G must be computed in advance so that the piecewise-
linear quadrature can be applied. Comparing entries of Tables 3 and 4, it is
clear that the Sinc quadrature rule is more efficient than the piecewise-linear
quadrature rule.

Example 3. Consider the following CSIE (cf. (4.1), (4.2)):

2\—1/2
(5.7) ][l “"T) t"”(’)d1=2z+f(z), te(=1,1),
—1 -
(5.8) /1 (1 - Pwmde=c,
-1

where for given 0 < o, a, <1/2,

(5.9) f(t)=][_ll(l“)a'(l")azdr, c=/_ll(1+z)"'(1—z)"2dr.

T—1
The solution w of (5.7)-(5.9) is given by
(5.10) w(r)=212—1+(1+1)1/2+°"(1—1)'/2+"2,

Note, that although w satisfies a Lipschitz condition on [—1, 1], w’ becomes
unbounded at +1 if a;, a, < 1/2. On the other hand, it is easy to see that
w satisfies Assumption 4.1. The problem (5.7)-(5.9) was solved via the Sinc
quadrature method of §4. When setting up the right-hand side of (4.13), the val-
ues of f and ¢ were computed with high accuracy. The approximate solution
to w and the error vector e, were obtained by (4.16) and (4.17), respectively.
For d = n/2 and various values of a,, a,,and N, the corresponding values
of |leyll,, are presented in Table 5.

TABLE 5
Sinc quadrature method of §4 for (5.7)-(5.9)

a,a, 1/2,1/2 1/2,1/4 1/4,1/4
N 4 16 8 32 8 32
N,, N, 4, 4 |16, 16 4, 8 (16, 32 8, 8 |32, 32
lleyllo 9(-2) [ .5(-9) A(=1)].7(=5) A(=1) | .8(-5)

The above results seem to support the conclusions of §4 regarding || 4 Nl ., and
the rate of convergence of the Sinc quadrature method (see Table 1 and (4.18)).
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