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ON BASE AND TURYN SEQUENCES 

C. KOUKOUVINOS, S. KOUNIAS, AND K. SOTIRAKOGLOU 

ABSTRACT. Base sequences of lengths n + 1, n + 1, n, n are constructed 
for all decompositions of 4n + 2 into four squares for n = 19, ..., 24. 
The construction is achieved through an algorithm which is also presented. It 
is proved through an exhaustive search that Turyn sequences do not exist for 
n = 18, ..., 27; since Turyn sequences cannot exist for n = 28 or 29, the 
first unsettled case is n = 30. 

1. INTRODUCTION 

Given the sequence A = {a,, ... , a,} of length n, the nonperiodic auto- 
correlation function NA(s) is defined as 

n-s 

( 1) NA(s) - aiai+5, s = O1,.. ., n - 1. 
i= 1 

If A(z) = a +a2z+ -.+a zn1 is the polynomial associated with the sequence 
A, then 

n n n-1 

(2) A(z)A(z' ) =Z aiaJz'Ei i=NA(O)+aNA(s)(z+z), z ? O. 
i=d j=1 s=1 

If A* = {an, .. a, al } is the reversed sequence, then 
n-i - 

(3) A* (z) = z A(z ) 

Base and Turyn sequences are finite sequences, with zero autocorrelation func- 
tion, useful in constructing orthogonal designs and Hadamard matrices [3], in 
communications engineering [5], etc. 

Definition 1. The four sequences X, Y, Z, W of length n, with entries 0, 
1, -1, are called T-sequences if 

(4) (i) Nxis)+N s+Nz )+ w {= 1, ... n- 
() (ii) NX (s) + Ny (s) + Nz (s) + Nw (s) ={ _ 
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Yang [6] gives another name for T-sequences and calls them four-symbol 
(-codes; he also calls the quadruple Q = X + Y, R = X - Y, S = Z + W, 
T = Z - W a regular (-code of length n, where X, Y, Z, W are T- 
sequences of length n. 

If Williamson type matrices of size w exist, and T-sequences of length n 
exist, then Hadamard matrices of size 4nw can be constructed (Cooper and 
(Seberry) Wallis [2]). 

If X(z), Y(z), Z(z), W(z) are the associated polynomials, then from 
Definition 1 and (2) we see that (ii) in (4) can be replaced by 

(5) X(z)X(z 1) + Y(z)Y(z )+Z(z)Z'(z1) + W(z)W(z 1) )=n, z $ 0. 

In ?2 we develop an algorithm and we construct base sequences of lengths n + 1, 
n + 1, n, n for n = 19, ..., 24 for all decompositions of 4n +2 into four 
squares. These are given in Table 1. In ?3 we use an exhaustive search to 
prove that Turyn sequences of lengths n + 1, n + 1, n, n, do not exist for 
n='18, ...,27. 

2. BASE SEQUENCES 

Definition 2. The four sequences A, B, C, D of lengths n +p, n +p, n, 
n, with entries + 1, -1, are called base sequences if 

(6) NA(s)+NB(s)+NC(S)+ND(S) ={4n+2p s=O, 
NA(s) +NB(s)=, s=n, ..., n+p-1. 

Equivalently, (6) can be replaced by (see (2)) 

(7) A(z)A(z I) + B(z)B(z _) + C(z)C(z -) + D(z)D(z _) = 4n + 2p, 

where A(z), B(z), C(z), D(z) are the associated polynomials. Base se- 
quences of lengths n + p, n + p, n, n, whenever p = 1, are denoted by 
BS(2n + 1). 

From (7), and for p = 1, if we set z = 1, we obtain 

(8) a2 +b +c +d2 =4n+2, 

where a, b, c, d are the sum of the elements of A, B, C, D, respectively. 
BS(2n+ 1) for all decompositions of 4n+2 into four squares for n = 1, ... ., 18 
are given in [1, 4]. Also, BS(2n + 1) for n = 19, 20, ... ,23, 25, 26, 29 and 
n = 2alOb26c (Golay numbers), a, b, c nonnegative integers, are given in 
Yang [7]. 

In Table 1 we give BS(2n + 1) for all decompositions of 4n + 2 into four 
squares for n = 19,..., 24. 
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Theorem 1. If A {a, ..., an+}, B = {bI, ,bn+l}, C = {c, ,cn}, 
D={d, .., dn} are BS(2n + 1), then 

b 2mod4, s= 1, 
(9) SS+a+2-S n+2-s mod4 s = 2, ...,[(n + 1)/2], 

cs+ds+cn+lis+dn+lis Omod4, s=1,...,[n/2]. 

Proof. We have 

n+1-s 

NA(S) + NB(S) = (aiai+s + bibij 5 s 1 5..n 

i=1 
n-s 

NC(S) + ND(s) = E(cici+s + didi+s), s = 1, ..., n- 1. 
i=l 

Then 
n-s 

NA(S) + NB(S) + Nc(S) + ND(S) = Z(aiai+5 + bibi+5 + cici+s + didi+5) 
(10) i=1 

+ an+lan+l- s+ bn+lbn+l-s = 0 

s= 1,..., n - 1, 

and since xy (x + y - 1) mod 4 whenever x, y = ?1, we have from (10) 

n-s 

F(s) Z(ai + ai+s +bi + bi+ +ci+ Ci+ 5+di + di+) 
i=1 

+ an+ +ans + bn+ +bn+s-2mod4, S = 1, ..., n-1, 

or 
n-s n 

F(s)= (ai+bi+ci+di)+ E (ai+bi+ci+di) 
(1 1) i=1 i=s+l 

+an+1 + bn+l + an+ls + bn+i-s 

_2 mod 4, s = 1, ... ., n - 1. 
Now 

(12) F(s-1)-F(s) = aS + bs + cs + ds + an+2-s + bn+2-s + Cn+I-s + dn+I-s 
_ Omod4, s = 25 ... , n - 1,5 

and for s = n- I we have from (11) 

(13) a, + b1 + cl + d1 + an+ bn + cn + dn+ an+l + bn+l + a2+ b2- 2mod4. 

Also, from 
NA(n) + NB(n) = alan+l + bibn+l = 0 

we have 

(14) a +b +b a ++bn+b _2mod4. 



828 C. KOUKOUVINOS, S. KOUNIAS, AND K. SOTIRAKOGLOU 

From (12)-(14) we obtain 

(15) (aS + b5 + an+2-s + bn+2-5) + (c5 +ds + Cn+l-s+ dn+l-s) 
(_ Omod 4, s = 2, ..., n. 

If we set n + 2 - s instead of s in (15), then 

(16) (an+2-s + bn+2-s + as + bs) + (Cn+2-s +dn+2-s + cs- + ds-1) 
_Omod4, s=2,...,n. 

From (15) and (16) we have 

(17) 51I + 5 + 
1ds+ds 

+ Cn+ -s + Cn+2-s +dn+I-s +dn+2-s 
( Omod4, s=2, ...,n. 

For n odd, (17) becomes 

(18) Cs + Cn+ I5 + ds + dn+I -s_ Omod4, s = 2,..., n, 

because with s = (n + 1)/2, (17) gives 

C(n-1)/2 + C(n+3)/2 + d(n- )/2 + d(n+3)12_Omod4; 
then set s = (n + 1)/2 - 1 , etc. 

From (15) and (18) we have 

(19) a + +a +b Omod4, s = 2, ..., n. 

If we set n + 1 - s instead of s in ( 15), then we have similarly 

(20) aS + as+1 + b5 +b an+l-s + bn+1-s + an+2-s + bn+2-s 
_ Omod4, s = 2, ... , n - 1. 

For n even, using the same argument as before, (20) becomes 

(21) aS+bs+an+2-s+bn+2-s=Omod4, s=2,...,n-1, 

and from (15) 

(22) Cs + d5 + Cn+s=25 + dn+1s Omod4 , s 2 , . . . , n-1 . 

Therefore, (14), (18), (19), (21), and (22) give the required result. o 

In (19) and (21) it is enough to take s = 2, ... , [(n + 1)/2], and in (18) and 
(22), s= I, ..., [n/2]. 

Before describing the algorithm, we need the following: 
Given the sequence E = {el, ... , en}, we define the m subsequences, for 

some m=2,3,...,n 

El = {el, el+m, ..., el+s,.m} with1 = [nm1] 

E2 = {e2, e2+m, ..., e2+s.m} with s2 =[m]' 

Em = {em, e2m, *9. , em+s.m} with sm = nm -rn 
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or 

Ei = {ej, ei+m, ...,ei+s.M} with s= [ m ], i =1,.. ,m, 

with associated polynomials 

Si 

Ei(z)=Z ei+j. , i=1 ...,m. 
j=O 

Then 
E(z) = E (zm) + zE2 (Zm) + + zm-lE (zm) 

or 
m 

(23) E(z) -ZE1 (z m) 
i=l1 

Theorem 2. If A = {a1, , an+1}, B = {b1, ., bn+l}, C = {c1, * c 0, 
D = {dI, ... , dn} are (1, -1)-sequences of lengths n + 1, n + 1, n, n, then 
they are BS(2n + 1) if and only iffor some m = 2, ... , n + 1 

m 

Z(Ai(zm)Ai(z r) + Bi(zm)Bi(zm) 
i=l1 

+ Ci(zm)Ci(z m) + Di(zm)Di(z m)) = 4n + 2, 
m-s 

Z(Ai(zm )Ai+s(z m) + Bi(zm)Bi s(z-m) 
(24)i= 

+ Ci(zm)Ci+s(z m) +Di(zm)Di(z-m)) 
S 

+ zm (A+ (zm)Aj(-m) + Bi+mns(zm)Bi(z-m) 
i=l1 

+ Ci+m-s(zm)Ci(Z r) + Di+ms(zm)Di(z m)) = 0, 

s= l, ... , [m/2]. 

Proof. Writing A(z), B(z), C(z), D(z) as in (23), and equating all coeffi- 
cients of z' in (7), where t s mod m, we find the above relations (24) for 
s = 1, ..., m- I . By setting z I instead of z in (24) we see that it is enough 
to take s =1, ..., [m/2]. o 

For m = 2 we have 

A(z) = Al(z2) + zA2(z2), 

(25) B(z) = B1 (z 2) + zB2(Z ) , 

C(Z) = C1(z ) + ZC2(Z 

D(z) = DI(z2) + zD2(z 2). 
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From (24) and (25) we conclude that there are four isomorphic transformations 
forthe BS(2n + 1), A, B, C, D, i.e., 

(i) interchange A and B and/or C and D, 

(26) (ii) reverse one or more sequences, 
(iii) negate one or more sequences, 
(iv) negate alternate elements in all sequences. 

Corollary 1. If A, B, C, D are BS(2n+ 1) and given m E {2, 3,. . ., n+ 1}, 

(i) kim = E a1, rim= E b, 

(27) jimodm j_ imodm 

Pim= E C1, qim= E di, 
j_ imodm j_ imodm 

(28) (ii) Km = {klm 
. 
* kmmj 5 

Rm = {rlm . ,rmml 

Pm ={Pm ' . Pmm} ' Qm {qlm ' . qmm} ' 

in-s in-s 

(iii) NK(S) = kimki+sm NR(S) = rimri+s m , 

(29) i=1 = 1 in-s in-s 

NP(S) = 5PimPi+s m' NQ(S) = 
qimqi+s, m5 

i=l i=l 

then for the given me {2, 3, ..., n+ 1}, 

NK(O) + NR(O) + NP(0) + NQ(O) 
2 2 2 2 

(30) = kim+ +kmm +rlm r+ - + rmm 

2 2 2 2 
+ plm+ + pmm + qm + + qmm 

= 4n + 2, 

NK(S) + NR(S) + NP(s) + NQ(S) + NK(m - s) + NR(m - S) 

(1) +Np(m-s)+NQ(m-s) =0, s = 1, 5... , [m/2]. 

Proof. If we set zm = 1 , then Ai(zm), Bi(zm), Ci(zm), Di(zm) give 

Ai(l) = kim, Bi(l) = rim, Ci(l) =Pim, Di(l) = qim ' 

and (24) becomes 
m 

L(kim + rm2 + p2 +q 2)4n+2, 
i=1 

m-s 

E (kimki+s, m + rim ri+s, m + pimpi+s m + qimqi+s, m) 
i=1 

S 

+ (kimkl+m-s, m + rimri+m.s, m + pimpi+m-s, m + qimqi+m-s, m) = ? 
i=1 
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that is, 

NK(O) + NR(O) + NP(O) + NQ(O) = 4n + 2, 

NK(S) + NR(S) + NP(s) + NQ(s) + NK(M - S) + NR(m - S) 

+ Np(m - s) + NQ(m - s) = O, s = 1,..., [m/2]. o 

Note that 

(32) kjm =kj,2m + kj+m,2m rim = 
r?,2m + rj+m 2m M. 

Pim = Pj, 2m + Pj+m, 2m 5 qjm = qj, 2m + qj+m, 2m m 

From (9) we can find further restrictions for kim, rim, 5pim qim, as noted in 
the following theorem. 

Theorem 3. If A, B, C, D are BS(2n + 1), then for a given m E {2, 3,... 
n+ 1}, 

k 
k-) 2mod4 ifn=$Omodm, 

km +rm+ n+,m+ n+,m Omod4 ifn Omodm, 

kjm +rjm +kn+2-, m + rn+2 m--O mod4, j=2,...,m, 

Pjm + qjm +Pn+l-jm + qn+l-j m--Omod4 j= 1, ..., m, 

where kimI rim, Pim' qim are defined in (27). 
Proof. Summing all relations in (9) with s _ mod m, we obtain the above 
result. o 

The Algorithm. Since it is difficult to find directly the values of a1, ... an+ 
bp, ... bn+l, 5c15.. *n5 " dl, * .. dn 5 we find the values of 

k1m' ...' kmm' 1rm'5 * ' rmm'plm pmm' qlm 5 . qmm 

as defined in (27). Our algorithm relies on Corollary 1. To avoid calculating 
isomorphic BS(2n + 1), on the basis of the four properties given in (26), we 
can always take 

(34) kll >rl >0, PIq >q? >O? 

where k 11, r 11, P11 , q11 is the sum of the elements of A, B, C, D, re- 
spectively. If n is odd, then k12 > k22 > 0, r 12 > r22. If n is even, then 
P12>P22>0, q12>q22. 

Step 1. Find all k 11 , r11 , p1 , q 1I satisfying 

kll > rll > O. PI, > qjj > O. k2l + r2l + P2 + ql2 = 4n + 2 k11 ?r1 ?0, 11 ?q1 ?0, k1+r1+p1+q1 =4+2 

and for 

(i) n even, take k 1, r1 1 odd, 
P 1, qI1 even, 

(ii) n odd, take k 1, r 1I even, 
P 1, q11 odd. 



832 C. KOUKOUVINOS, S. KOUNIAS, AND K. SOTIRAKOGLOU 

Step 2. For every quadruple k1I, r11, P1I, q11 and given m E {2, 3, 
n+l},findkim, .m , kmm, rim, m, rmm, p1m, 'pmm, qim, *. , qmm sat- 
isfying 

(i) kiI=kir+m + +kmmrn r, I=rlm+ +rrmmn I P1 =Pir+ +Pmmr 
qll qlm + + qmm ' 

(ii) kjrm rim are both odd (even) if [(n + 1 - j)/m] + 1 is odd (even) and 

<k~ 
I 

m ] + 1,Iriml < [ m ] + 1 j= ,..,m 

pjmrn qjm are both odd (even) if [(n - j)/m] + 1 is odd (even) and 

1ijm I<[ mJ+l 11 qjml < mJ+l 
1 

j=1 
.. IMl 

(iii) 

k +r +k +r 2mod4 ifn?Omodm, 
lm lm n+l,m ~n+I'm-i Omod4 if n _Omodm, 

kjrm + rim + kn+2-j, m + rn+2-j m= Omod4, j =2, ..., m, 
Pjm +qj0 +Pn+l-jm n+l-m Omod4, j=1,...,m, 

(iv) klrn+ 
2 

+k2r +r2m + +r2 +P 2 +*+P2 +q2 + +q = 4n+2, 
(v) NK(s) + NK(m - S) + NR(s) + NR(m - S) + NP(s) + Np(m- S) + NQ(S) + 

NQ(m - s) = 0, s = 1, .. m/2], where 

rn-s rn-s 

NK(S jrnJ+Sr R(S) = Z rim Nrj+S, 
j=1 j=1 
rn-s rn-s 

NP (S) = E PjmPj+s, m NQ (S) E= 
qjm qj+s, m 

j=1 j=1 

Step 3. (i) For every kim . , kmm rrm ri. rmm , Plrmn Pmm r 
1m "irn' 

qmm foundinStep 2, find k1 2m I .. k2m, rr,2m r2mn2m PI,2rmn'" 

P2m, , I ,2m I' *' I* q2m, 2m satisfying 

kjm = kj, 2mr+ kj+mr, 2m rim =rj 2m + rj+m2m, =1,..., m. 
Pjm =Pj, 2m + Pj+m, 2m qjm =qj, 2m + qj+m, 2m 

(ii) Go to Step 2(ii)-(v), setting 2m instead of m. 

Step 4. Stop when m > n + 1 and examine if 

NK(s) + NR(s) + NP(s) + NQ(S) = O. S = 1,..., m -I, 

because for m > n + 1, 

kjM=o,1,-i, rm=-0, 1,-1, 

Pjm = 0, 1, -1, qjm = 0 1, -1. 
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TABLE 1 
Base sequences BS(2n + 1) A, B, C, D of lengths n + 1, n + 1, n, n or Suitable 
sequences SS(2n + 1) (A + B)/2, (A - B)/2, (C + D)/2, (C - D)/2 

Sum of Squares 
Length for Suitable Sequences Sequence 
n = 19 2n + 1 = 39 = 62 + 12+ 12 + 12 + + + + + + + + + + 

n=19 n+1=9=5 3+2+ .+-+-+- -+- +++-++-+-+--- I+ + + + + + - - + - + - + + + - + +- 

n = 19 2n + I = 39 =52 + 3 2+ 22 + 12 {++ + + __+ _+ + _+ + _+ _+_ _ 

++++ + + +--+ - + ---- + - + +} 
+ + - - + + - - + - + ++++ -+ + +} 

2 2 + 12 + 2 
see [1], or 

n =20 2n + 1= 41= 6+2+12+2 + + - + - _ + + + - _ + + + _ + - 
{- + +-+ + + +---+ + +-+--+- 

IL+ _ + - + + + + + + - + + - ++} 
{+ + + + + -+ + + -+ + + -+ -+--+ 
see [7], or 

n =20 2n + 1= 41= 5 + 4 +00 --+++--+++-++-++-++-+ 
- + + + + + - - + + + - + - - - + + - +1 

+ + - + - + + + + + + + - - - + - 1- ++- -+ -+++++++- - --++ 

n =20 2n+ 1 =41 =42 + 42+ 32+02 + + + +_ + _+_+++++- ++ 
1+ + - + + + - - - + - - + + + + +- 

-- -++ - - + - +++++ - + - + ++} 
+-++ - -+ + +++-+ - + + - ++} 

n =21 2n + 1 43 = 52 + 4 12 + 12 + + + + + + + + + + 

n 2 44 +-+ - + -- - + - + + + ++ - + - - +- 
t - - + + - + - +-+++++ - + + - -+ 

n=2 2+1=5=2 32 02& +-+++-+-+--+-+++-++-++i++} 

n =21 2n + I 43 =52 
2 2 + 32 + 02 ,+ + + + + _ _ + _ _ + _ 4_ _ _ _ _ + + _ _+} 

{++--+++++-+-+++ ?++-- 

n= + ?-+ ++ -+- -+-++-+++ - 

+- - +++ + - + - + - + - - + + + 
see [7], or 

n =21 2n + 43=2 2 2 + 3 2 _ + - + - + + + + + + - - - - + - ++} 
n=222n_=455+ + f_++ -+++++?++-++- -+- 

+ - + + + - - + + - + - + + + + + } + + 
n =22 2n + I 45 = 6 2 + 3 2 + 02 + 02 {+ 

_ + 
__+ ____+ _ + + + + + __+ + + +} 

-+ + -- +++- + + + - - - + + - + + + 

- + + + - + + + - + +++ - - + - + ++-} 

n =22 2n + 1= 45= 62 +422 22 + 122 _ + _ +-+- + _ _ _ _ + _ ++ _ +++ _ _ - 

- + - ++ +++- - + +-+-- + - - + +}++ 

n=23 ~ ~ ~ ~ t 2n14= +31+ +++-+---+-+-+--++-+ +-+j 

{ + + - + +- + - + - +- - + - -+ + + + ++} 
I+ + + + - + + + + + + - + + +} 

n =22 2n + I 45 =52 +4 2 +22 + 02 {_+ _ _ + _ _ ++ ++ + ++ _ _ _ + + ++_ 

i+ -+ -+ -+ - -+- - -+ + + + + + +- ++ 

+ - + - + + - - -+++ - + ++ - +++ +} 
it+ _ + + - - + + + - + + + + + + + +} 

see [7], or 
n = 22 2n + 1= 45 42 + 42 + 32 +22 {+ + + + + + + - + - + - + + - - - + 

,_+ - - - + - + + - + + + + + - + + + - + +} 

L++ + - - + - + - - + - - + + + ++} 
{+ -+ + + + + + + -+--+ + + + +- -+} 

n =23 2n + I 47 =62 + 3 2 + 12 + 12 {+ + + ___+ ___+ _+ + _+ + _+ __+ + 

i+ + + - + - + + + +- + + - - + + - +} 
i+_+ - - - + + - + + + + - + + + + + + + +} 

see [1], or 
n =23 2n + I 47 =52 + 32 + 32 2 _ + + + - + - + + + + - - - - - - + + - + + _ 

_ I I I I I _ I I I I I _ I I I _ I + I 1 
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TABLE 1 (continued) 

Sum of Squares 
Length for Suitable Sequences Sequence 
n=24 2n+1=49=72+02+02+02 {-- - +++_++_++++++++ +_+ + 

+- - .+ + + + +-- - ++-+-+++-+ } 

+ ;-+ - -+ -- + + - -++-++ + - - -} 

n = 24 2n + I = 49= 62 + 3 2 +22 + 02 
+ 
+++ _ _ _ _ _ + + _ + ++++ _ + _ + _ _ +} 

+-+-+- - - -+++- -++++-++--++ } 

{+ - +++ 
--+ + + 

- 
+ + - - + - + + - + + +- 

n24 2n + I49 5 + 4 + 2 +2 -+-_+-_+ ++ ++++---++--+--++} 
+++ + + - -+-+ -+ + -+- - ++ - +- +++} 

+++++ - - + + - ++++- 

n =24 2n+1 = 49 =42 + 42+ 42 + 12 {+ + + + _ + + _ _ + _ _ _ + _ + +-+ _ + +-- 
I+- + - + + + - - + + + - + + + + - - - - - + + +1 
+- ++ + -++ -+ + -- - -+ -+ + -- - -+} 
++ - -+ -+ -+- -+ ++ + -++ + -+ +++} 

Remark. C. H. Yang and J. Yang (private communication) have constructed 
the equivalent of the sequences shown in Table 1 by constructing base, normal, 
or near normal sequences. 

3. TURYN SEQUENCES 

Our algorithm requires too much computer time for the construction of 
BS(2n + 1) for n > 25. It is desirable to construct BS(4n + 3) from BS(2n + 1) . 

Theorem 4. If A, B, C, D are BS(2n + 1), and their associated polynomials 
satisfy 

(35) A(z)C(z ) + zC(z)A(z ) = 0, z $ 0, 

then the sequences 

(36) X = {1, AIC}, Y={-1,AIC}, Z={BID}, W=f{B-D} 

are BS(4n + 3), where 

AIC = {al, cl, a2, c2, 
C2 

, an, ca, an+l} 

BID = fbl , dl , b 2 ,d`2 , . n d dn 5 bn+1 } 

Proof. The polynomials associated with X, Y, Z, W are 

X(z) = 1 + z(A(z2) + zC(z 2)), Y(z) =-1 + z(A(z2) + ZC(z2)) 

Z(z) = B(z2) + zD(z ) W(z) =B(z 2)-zD(z ) 

Then 

X(z)X(z ) + Y(z)Y(z ) + Z(z)Z(z?) + W(z)W(z) 

=2 + 2(A(z 2)A(z-2) + B(z 2)B(z-2) + C(z2)C(z-2 + D(z 2)D( -2)) 

+ 2z I (z 2C(z2 )A(z-2 )+A(z2)C(z-2 )) = 8n + 6 Z$ O. E 
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If we define the cross correlations 
n-s n+l-s 

(37) NAC(S)=E ac+, NCA(S)= ciai+s , s = O 1, . . .,n, 
i=l i=l 

then n n 

C(z)A(z) = E NAC(S)Zs + E NCA(S)Z s 

s=O s=l 

and 
n 

zC(z)A(z 1) + A(Z)C(Z 1) = E:(NAC(s - 1) + NCA(S))(ZS + z s+l 

s=1 

Therefore, zC(z)A(z-I) + A(Z)C(Z1) = 0 is equivalent to 

(38) NAc(s - l) + NCA(S) = s = 1, ... , n. 

Definition. If the sequences A, B, C, D are BS(2n + 1) and satisfy 

NAC(s- 1) + NCA(S) , s = 1, .. .,n, 

then they are called Turyn sequences (abbreviated as TS(2n + 1)). 

Theorem 5 (see also [3, pp. 139-142]). If A, B, C, D are TS(2n + 1), then 

(i) For n odd, 

A={A1, -A1}, B = {bl, B1, -B , b1}, 
C = {ClC(f+l)/2 Cjn} D={D1, d(n+l)/2 D1}, 

where 

A1 = {a1, *... , a(n+ l)/2 }, B1 = {b2, * * b(n+1 
, 

)2 9 

C1 = {C1 ,... C(n-1)/2}, D1 = {dl , ... 
d(n-1)2 

(ii) For n even, 

A~ = A5 anl2+15 A } B = {bl , B1, bn 2+*, B -bl }, 

C = {C1, -C1 }, D={D1, -D1}, 

where 

A1 = {a1, * , an/2},' B1 = {b2, ... * bn,215 

C1 = c1 5.. ' CnI21 
I DI = fdl, , 

. 
dnl2l} 

Proof. From (38) and from x * y -(x + y - 1) mod 4 when x, y = ?1,we 
have 

n+l-s n+I n+l-s n 

F(s) =E ai+ I ai+ E ci+ ci= 2(n+1-s)mod4, S = 1, ..., n; 
i=l i=s+l i=l i=s 
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for s = n + 1, (37) gives 

a, +an+1 +c1 +cn -2mod4. 

Then 

F(s - 1) - F(s) = an+2_ + aS +C + c5 2mod4, 
s=2,..n+ 1. 

Proceeding as in Theorem 1, we obtain from (39) and (9) 

(i) For n odd: 

as+an+2-s =Omod4, s= 1, ...,n+1, 

Cs +Cn+I-S_ 2mod4, s =l,5... ,n, 

{2mod4, s=1,n+1, 
+bn+2-s- Omod4, s=2,...,n. 

(ii) For n even: 

aS +a+2_-s2mod4, s=1,...,n+1, 

b +b Omod4, S = 1, n+ 1, 
bS n+2-sb 

> 2mod4, s=2, ...,n, 

Cs+Cn+is_ Omod4, s= 1, .., n, 
d5 + dn+d_+-Omod4, s=,..., n, 

which proves Theorem 5. o 

Our algorithm in ?2 can now be modified to give TS(2n + 1) . From Theorem 
5 we have: 

(i) For n odd: 

kjm =-kn+2-j,m' j l, ... m, 

rlm+rn+lm =2 

rim =-rn+2-jm, j =2, ... , m, 

Pjm Pn+1-j,m' j 1, ... . m, 

qjm qn+1-j ,m 5 j =1,.. .,m. 

(ii) For n even: 

kjm =kn+2_Ij, m 5 j ... . m, 

rim rn+2-jm j 2,- , m, 

rim- rn+lm = 2 for n 0 Omod4, 
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It is known that TS(2n + 1) exists for n < 7 and n = 12, 14; they cannot 
exist for n = 10, 11, 16, 17, and for n = 8,9, 13, 15, TM(2n+ 1) might 
exist but an exhaustive machine search showed that they do not exist (see [1; 3, 
pp. 142-143]). 

In this paper, applying our algorithm, we have done an exhaustive search, 
and we showed that TS(2n + 1) does not exist for n = 18, 19, ..., 27; of 
course, for n = 28, 29, TS(2n + 1) cannot exist. 
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