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A QUASI-MONTE CARLO METHOD
FOR THE BOLTZMANN EQUATION

CHRISTIAN LECOT

ABSTRACT. A new quasi-Monte Carlo method for solving the Boltzmann equa-
tion in a simplified case is described. The analysis is restricted to a spatially
homogeneous and isotropic gas; in addition, the molecular model only involves
isotropic scattering. The scheme makes use of particles and combines an Euler
scheme with numerical integrations. The sequence which is used for the quadra-
tures must possess some symmetry properties which prescribe energy conserva-
tion for colliding particles. The error of the method is estimated by means of
the discrepancy of the sequence which performs the quadratures. An algorithm
for generating convenient sequences is proposed. In an example, where an exact
solution is known, the computation of effective errors is included.

INTRODUCTION

Rarefied gas flows are usually simulated by Monte Carlo techniques. Besides
the successful Direct Simulation Monte Carlo (DSMC) method of Bird [2],
another scheme was derived by Nanbu [14] from the Boltzmann equation itself.
A drawback of both schemes are numerical fluctuations caused by the use of
pseudorandom numbers. An improved Monte Carlo scheme, which reduces
fluctuations, has recently been developed at the University of Kaiserslautern
[1]: it will be referred to as the KMC scheme. ‘

A fully deterministic method for solving the Boltzmann equation is proposed
here. The constraints on the analysis are the following. We consider an infinite
spatially homogeneous and isotropic gas (the velocity distribution is radially
symmetric). The molecular model is characterized by isotropic scattering (the
differential cross section ¢ depends only on the relative speed g and not on
the deflection angle). In addition, we assume that go(g) is some nonnegative,
nondecreasing, and bounded function. The hypothesis on the cross section
allows physically relevant models, such as the VHS model of Bird [3], when a
cutoff is used. In earlier communications [10, 11] the simplest choice (go(g)
equals a constant) was considered. A deterministic version of the scheme of
Nanbu, that we called the Low Discrepancy (LD) method, was described. An
error analysis was proposed and it was shown that the LD method outperforms
the original scheme of Nanbu in a test case where an exact solution is known.
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622 CHRISTIAN LECOT

The scheme of the present paper will be called the Quasi-Monte Carlo (QMC)
method. The QMC method (as well as the scheme of Nanbu or the LD method)
can be summarized as follows. The initial velocity distribution v* fo(v)dv (in
R_) is approximated by a sum of N Dirac measures

N
©_ 1 _ 0
=% ;a(v v,").
The time is discretized by steps of length At; the approximation
N
m_1 _
M=% ;é(v v”)

of the velocity distribution at time 7™ = nAt is obtained from "~V in two
steps. First, a measure g("'l) is generated by an Euler (forward difference)
scheme. Then ﬂ”) is obtained from g(""l) by a quasi-Monte Carlo integration.
The vf”) , 1 <i < N, are referred to as the velocities of simulated particles

(or molecules) at time ™. The QMC method is different from the scheme of
Nanbu but is similar to the DSMC scheme of Bird in two ways. First, the scheme
is based on binary collisions, and energy conservation is prescribed for colliding
particles (for the procedure of Nanbu, as well as for the LD method, the total
energy changes at every time step). This is achieved by using a symmetrical
sequence for the quasi-Monte Carlo integration. Second, the computing task is
proportional to Nlog N, where N is the number of simulated molecules (the
computing task of the algorithm of Nanbu is proportional to N 2, unless the
molecular model is Maxwellian and the LD scheme only handles a simplified
Maxwellian model).

An error analysis of the QMC method is included in the paper. An essential
tool is the concept of discrepancy, which was also used for the numerical analysis
of the LD method. For P points x,, ..., X, in the s-dimensional unit cube
I’ =[0,1)°, s > 1, the discrepancy (relative to the Lebesgue measure) is

defined by
A(J, X)
A2y,
where J runs through all subintervals of I°, A(J, X) is the number of p, 1 <

p < P, with X, € J, and |J]| is the measure of J. The x-discrepancy of the
P points x,, ..., X, is defined by

D,(X) = sup
J

AUJ,X)
—p |71

b

D(X) = sup
J

where J runs through all subintervals of I° containing 0. D,(X) and Dy(X)
are linked by

Dp(X) < Dp(X) < 2°Dp(X).
For an infinite sequence x,, X,, ... of points in I’ we define D,y(X), resp.
D;(X), to be the discrepancy, resp. x-discrepancy, of the first P terms of
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the sequence. We refer to [9, 16] for further informatjon on the concept of
discrepancy. We will measure the error at time ™ of the QMC method by
the x-discrepancy of vl") > eees v,(;') relative to the exact velocity distribution at

time /™ . If the discrete velocities are ordered according to their magnitude,
the error of the scheme can be estimated by means of the discrepancy of the
sequence used for the quasi-Monte Carlo integration.

The construction of the sequence that performs the quadratures is based on
the recent theory of (0, s)-sequences [17]. We propose in this paper an al-
gorithm for generating (0, s)-sequences which is suited to vector computers.
A convenient symmetrical sequence is obtained from a (0, s)-sequence by re-
flection. Its x-discrepancy is bounded by means of the *-discrepancy of the
(0, s)-sequence which is used. When go(g) equals some constant, an exact
solution of the Boltzmann equation for a specific initial velocity distribution
was discovered by Krook and Wu [8]. The effective error of the QMC method
at a given time 7 can be computed in this case.

The paper is organized as follows. In §1 the QMC method is presented and
the assumptions on the sequence used for the quadratures are given. In §2
some error estimates are demonstrated. They are derived from error bounds
for quasi-Monte Carlo integration. In §3 the sequence used for the quadratures
is constructed, its *-discrepancy is estimated, and effective errors in the case
considered by Krook and Wu are computed. They are compared with errors of
the KMC scheme.

1. THE QMC METHOD

We present the Boltzmann equation for a spatially homogeneous and isotropic
gas. We introduce the weak formulation, which is used for determining an ap-
proximation to the ‘solution. We also discuss the assumptions on the cross
section. We refer to [4, 18] for the derivation of the Boltzmann equation and
for related concepts; the derivation of the weak formulation was given in an
earlier communication [10]. '

Let f, be a positive function on R + such that

(L.1) / v fy(v)dv = 1.
R+

Let f be a regular positive function on Ri which satisfies the Boltzmann
equation

6f n*/ ’ '

—(v|, t) = — v|,t w|,t)— f(lv|,t w|,t

ay BT O= G fo o VIV 0L 0 = S, 0f(wl, 1)
V—ws(@, v-w)dwdn, veR’, teR,,

where |- | is the Euclidean norm, n* is the number of molecules per unit

volume, sz’w= {neR3 inj=1, n-(v=w)>0},V=v—n-(v—wn, w =
w+n-(v—w)n, s is the differential scattering cross section, and 6 is the angle
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between n and v — w; with the initial condition

(1.3) (v, 0) = £,(W),  veR’.

If B(R,) is the space of all bounded measurable functions everywhere de-
fined on R .o f also satisfies

%/1; ¢(v)v2f(v, t)dv

(1.4) _n
© (4m)?

~/R°xsz(¢(v,|) —o(V)|v—wlo(x, [v—w|)
<f(v|, OF(wl, t)dvdwdv, peBR,), 1R,

where

V=3ivewt|v-wp),

X = n — 20 is the deflection angle,

= I—v—ll-;,—l(v—w—2n- (v—w)n).
The cross section ¢ is related to s by s(6, g) = 4cosfa(x, g), 6 € (0, %),
8ER, .

We only consider molecular models characterized by isotropic scattering, i.e.,
o does not depend on y . This restriction drastically reduces the computation
time per collision when a numerical procedure is used. Moreover, Bird [3] has
shown that “requirements for the accurate modelling of engineering flows are
best met by a molecular model called the Variable Hard Sphere (VHS) model”,
which involves isotropic scattering. In the VHS model the total collision cross
section g, = 4ro is related to the relative velocity g by

2/(n—
4(n—2) kTref) /=t g-4/(n—l)

n-1 m ’ gER

+ 2

(1.5) O'T(g) = Opet (
.

where g, is a reference cross section calculated at temperature T,., 7 is
the exponent of the inverse power law molecular force, k is the Boltzmann
constant, and m, is the reduced mass.

The exponent 7 lies between S and oo (n = 5 for the Maxwell model and
n = oo for the hard sphere model).

It is convenient at this point to introduce a new function g defined by

(1.6) q(g)=n"go(g), gER,.
We assume
(1.7) q is a positive monotonic function,

(1.7) Q = sup q(g) < +oo.
8ER,
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Condition (1.7) is satisfied by the VHS model. Condition (1.7') means that or
must be truncated (in the case of the VHS model). This hypothesis is reasonable
if the high-energy part of the velocity distribution is underpopulated. In earlier
communications [10, 11], g(g) = 4kn for some constant k > 0.

The right-hand side of (1.4) is now expressed by using the variables

v=|v, w=]|w, x(4)=1(1+ﬂ)’ x(5)=%<1+(v+w)-v>.

ML v+ wl

For (v, w, x@, (5))€R x I* let

[v,w; x (5)]
(1.8) (02 +w? + ((0* + w}? - 42x? - 22?2 (2xD - 1))
= 2172 )
(1.9) v, w; x¥ = (0 + w? = 22x? = 1)ow) "2

We then obtain the convenient weak formulation

%/R ¢(v)v2f(v, t)dv

(1.10) = [, (o0 -p@)ater’ s, 0
-wzf(w,t)dvdwdx“)dx(s), p€BR,), teR,,

where

(1.11) =[v, w; x (5)], g=[v,w;x(4)].

Starting from (1.10), we present the QMC method. It combines an Euler
scheme (step (i) and equation (1.14)) with quasi-Monte Carlo integration (step
(ii) and equation (1.17)). The numerical procedure is linked with molecular gas
dynamics by two conditions on the sequence used for the quadratures.

We denote by d(v —v,) the Dirac measure located at the point v, € R. An
integer N > 0 defines the accuracy of the approximation. A time step A? is
chosen such that

(1.12) AtQ <.
This condition ensures the feasibility of the scheme. We also need a sequence
X={x,:n2> l}CI5

for quasi-Monte Carlo integration. We introduce discrete times ™ = nAt,
n >0, and sets

(1.13) X" ={x,:nN<p<(n+1)N}, n>0.
Aset VO = {vfo) :1 <i <N} cCR_ ischosen such that

Zé(v v%)

ZI'—
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approximates (1n a sense that will be subsequently specified) the initial velocity
distribution v ja(v) dv.
For n > 0 we describe the scheme to compute

v = ™ 1<i< Ny c R,

and

n+l) 25(’0 (n+l)

(which approximates v>f(v, t("“))dv) if ¥™ is known.
(i) A measure g™ on R , is defined by

[ o @ = [ oV @v+a [ (ow)- @)
R, R, R, xTI

() fP(dw)dxP ax®, e BR,),

(1.14)

or, equivalently,

/ o(v)g™ (dv)
R+

1 & (n) (n) NORGNO )
=NZ 1——Z/q([v Ddx™ | o(v;")
(1.14") i=1

N

A
s Z E / Lo, v x))
(0([1)(”) (”) (4 , x(s)]) dx(4) dx(s) , pe B(R+).

(ii) For 1 % I<Nand 1 <j<N let g ,; be the characteristic func-
tion of [iZt ol N) X [1—— , %), and let c(”3 be the characteristic function of
{(x?, xMyerr:x® < Atq([’uf”) ™. x®ON1. If L™ is defined by

N N
L% =33 1,7, )1 - ¢, x)p(0”)
(1.15) i=1j=1

n 3 4 n n 5

116 [[LPmax= [ pw)e" @),  pesr,).
Now define f™*! py

(1.17) [ p) ™V (dv) = ZL<")¢<an+,> 9 € B(R,).
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We denote by |z| the greatest integer < z. For a fixed n let
iy=1+(NxN. 1, j=1+|NxD,], 1<I<N.

If
(x(l), x@ 3 x(4), x(5)) el

b b

X =

we set

*_ (x(l) m (3), x(4), 1 _x(5)).

X sy X T, X

Each molecule collides at most once within the time interval [, /"*")), and

energy is conserved at each collision provided two conditions are satisfied:
(1.18) i(l) and j(/) are one-to-one mappings
) of the set {1, ..., N} onto itself,

(1.18") if xe X™, then x" € X"

No condition is required for momentum conservation because the momentum
density of a spatially homogeneous and isotropic gas equals 0 and is automati-
cally conserved. The velocities of the molecules at time £"*1 are then conve-
niently expressed.

If
(3) (n) (") (4)
Xpnet <AV, Vs Xpniil) s

then molecules i(/) and j(/) collide and the new velocities are

('l+1) (n) (n) . @4 (5)

Yoy =Wy Viays Xunars Xnnaals

(n+1) _ r, (n) m. .4 (5)
iy =0 Vigys Xnnars 1= Xpnat)-

If
(3) (n) (n) (4)
Xpn1 2 B[V Vi3 Xpnail) s
then molecules i(/) and j(/) do not collide and
(n+1) _ (n) - (n+1) _ (n)
iy =Ya> Yo = Yo
An additional computational step will permit us to estimate the error of the
QMC method:

(1.19) each set ™ is ordered such that if i < j, then v(") < v(")

2. ERROR ESTIMATES

We define the error at time ™ of the QMC method and we introduce some
error terms. An estimate of the first error term (Lemma 2.1) is derived from an
error estimate used in quasi-Monte Carlo integration. The second error term is
easily bounded (Lemma 2.2).
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If r > 0, we denote by ¢, the characteristic function of [0, r). We sub-
sequently use the following result. If (r, w, x@, x(s)) € Ri x I* , there exists
s(r,w, x@, 5)) € [0, oo] such that
4 5
(2.1) ¢, ([v, w; X' ), x' )]) = ¢s(,,w,x<4)’x(s))('v) ) vER,.

For n >0 we set
22 dP0 = Zqz,(v (my _ / 0, f(w, {Mdv, >0,

and we measure the error at time /™ of the QMC method by

(2.3) D™, v f) = ggg|dN’(r>|.

According to the definition of Hlawka and Miick [7], D}"V(V(”), v’ f,) is the
x-discrepancy of V™ relative to v f(v, t(”))dv. We need some additional
error terms:

D= [ 0000 @ @wds® ax®

+

(2.4) - [ 0,0 - 0,0Naten S, )

+

cwfw, (") dvdwdx® ax"®,
where v’ and g are given by (1.11),

2.5) e™(r) = /

2(0f my_Of
(1™, ()R, 9, (v)v ('37(”” )— ('U t) ) dvdt,

N

(2.6) D L, (xy) - JRAICES

1=

-1
(2.7) AP (r) = Z s ().

m=0
The various error terms are linked by the relation

28) AP =dl"") +ael VN + "V +60 ), x>l

Consequently,
n—1

2.9  dPr) =dQ(r) + At Z e (N +Y M +alr), nxl
m=0

An estimate of the error term ej(\;')(r) is obtained by using the following inequal-
ity, which is due to Koksma (we refer to [9, 16]).
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If g is a function of bounded variation V' (g) on I and x,,..., X, are
numbers in I with x-discrepancy D,(X), then

1< !

Fgt)- [ gndx
i=1

Lemma 2.1. The error term (2.4) can be estimated by

(2.11) le 'nl < 11@D V™", v 1),

Proof. The error term e (r) is split into sums or integrals where the following
differences appear:

(2.10) < V(g)Dp(X).

%Zq([vf"),w x' / a(v, w; x'N’fw, (") dv,

30,0, w; / p,)a(lv, w; x Do f(v, (M) dv,

1 & 49 5 4
5 20,00 wi x?, xPg(ef”, wi x)
i=1

- /R 0,(lv, w; x¥, x®g(v, w; X f(w, () dv.
They are estimated by using (2.1), (2.10), and some techniques of Hlawka and
Miick [7]. O
We add for the sake of completeness the following minor result.

Lemma 2.2. The error term (2.5) satisfies the inequality

() 2|8%f
(2.12) e (r)] < At/ —5 (v, t)| dvdt.
(e, {*VyxR, .

The third error term AS\',')(r) is not so easily bounded, and we need some new
notations and other tools. For P points z,,...,2, in I’ and a measurable
subset E of I° we need to estimate

A(E, Z)
2= - |E)|.

This is achieved by using Lemma 2.3, which is due to Niederreiter and Wills
[15]. If

E={x9,x)ert":x%<gx)}
(where g is some positive function on I°), we will use Lemma 2.3 in conjunc-
tion with Lemmas 2.4 and 2.5. After some preliminary results (Lemmas 2.6,
2.7, and 2.8) we obtain a bound for AY(r) (Lemma 2.9).
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For 1 <i< N and m >0 we deduce from (1.19)

N
(2.13) v <rei<d g0
Jj=1

If (v,w,x?)eR? x[0, 1], we define
+

(2.14)

g ,(x*) = min [ max 2 - v~ w’ +L o)1
v,w 2(('02 +w2)2 _ 4(2x(4) _ 1)2v2w2)1/2 2 ’ ’ s

ifv#w orv=w;é0andx(4);é0, 1; otherwise
g 0=g (D=0,0), g x"=1

The function g; » 18 continuous and satisfies

215 v, wsw' sg (P 2g Y, Pep, 1,

(2.16) w,w; x*, xMN<rex®< g:’w(x“)).

We set
g =gm,m 1<i<N, 1<j<N
= B o

For 1 <m < n let xf,',') be the characteristic function of [’"T‘l, Z). We

introduce the sets
(n) 1 & 6)
(2.17) EQ( ={xel":xV < £33 0,0 tmn ) ¢,
. l=1 m=0

n—

N N n-1
FO(r) = {x el®:x¥ < > x,.’j(x(l), x?
i=1 j=1

= =0
(2.18) "
6)
.Atq([vf'"),vj(.'”), 4)]))cf,','ﬂ)q( ( )},
N N n-1 (1) (2)
n
P ={xel:x¥ <3335 (1,
(2 19) i=1 j=1 m=0
4 6
g (@) (! ))} :
and

(2.20) x;N={(xp,~”'1):15pgnN}c1".
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By (2.13) and (2.16),

AEP (NN EP(), X
Aﬁ&"(r>=n( Ex DO Ko 0 0 FP 0

(2.21)

AFD (NN GP (), X
L AE0) nﬁm ) \ED (a6l -

We now state the Lemma of Niederreiter and Wills.

For a subset E of I’ and ¢ > 0, we define
(2.22) E,={zel':3% €E,z2-7|<¢},
(2.22) E ,={zel':vi e '\E, z-7| > ¢&}.

Lemma 2.3. If E is a measurable subset of I’ such that
(2.23) 3K > 0 Ve > Omax(|E,\E|, [E\E_,|) < Ke,

then, for any P points z,,...,2zp in I’,

42
P

(2.24) — |E|| < (4Ks"? + 2K + 1)D,(2)"V".

If E satisfies (2.23), we set
(2.25) K(E) =inf{K > 0:Ve > 0max(|E,\E|, |[E\E_,|) < Ke}.

For a function g on I’ we denote by V(g) its variation in the sense of Hardy
and Krause (we refer to [9, 16] for the definition of this concept).

Lemma 24. If g: If — [0, 1] is a function of bounded variation V(g), and if
E={x,x)er*:x¥ < g},

then

S S
(2.26) K(E) < #sV(g) +1.

Proof. Given ¢ > 0, let N be the smallest integer such that 1 < Ne. For
1<i/<N,...,1<i <N let

I LSSl I ROV Ll S
Ii,,...,is_l: N ,N)X x[ N N/’

mi . .i= inf{g(x) : X € Lo iy M= sup{g(x) : X € L i}

and Xi\oi be the characteristic function of I". ;- We define a new function
g by
* ! N N / ’ )
g(X)=Z"‘ZM,,...,:‘SXQ,... (x), xel.

s b
i=1 i,=1
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If
E' = {x",x)er":x9 <g'x)},
F= U U[m i ll, ,1]XIil,...,is’
i=1 ii=1
then
E\E C ((E"),\E")UF.
Let
g9) =max{g"(y): X -y|<e}, xer,

G = {(x?,x)er'"": g¥9x) < x9 < g9 +¢},
and

o ij+1 i+1

e .

H U U U U [mm(Mi,,...,i, ) Mjl,...,js) ,
i=1 ii=1j,=i—1 Jg=i,—1
max(M. i Mjl""’js))
(k)
H J :’]l ’
where
[ﬁ‘z’;‘lﬁ%) if i = I
J(k) _ [l v A +‘°’) if y=f—land M; ., <M; .,
’15’11’ 'l i i . . .
¥ —e, ) 1f]k=zk+landM,-I’__‘,,.s<Mjl"__,js,
%] otherwise.

We have

(EM\E" c GPUHY,
Now we use the following inequalities for estimating |E,\E|:

1< 8169 <e, 119 < (37 - s TV (g)e.

An estimate of |E \E_,| is similarly obtained. O

Remark 2.1. If s =1, then IH(B)l can be bounded by ¥V (g)e, consequently

(2.26') K(E)<2V(g)+ 1.

We specialize to obtain a more useful version of Lemma 2.4. Let s > 2 and
0 <r < s be integers. We choose s—r integers N, , >---> N, . If 0<e<1,
we set

r+1—e’

{max{p r<p<s,N, >1} if N
otherwise.

p(e) =
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For 1< <N 1<i <N, and r<p<s let

PTRTTI
I I L LY X oo x -1 14

[ I ’ ) ’
r+l ’ Nr+l Nr+1 Np Np

(&) . N, . .
Hi,+l,...,ip{(-]r+l e )i 1S ) SNy, 1€, SN,
* * * *
Ix §Ii’+l, i, Jy EIJM,'--’J‘, Ix —y|<e},
and x; ; be the characteristic function of I; ; - We use the Kronecker

pylses by a5 s bp

symbol & ;if 4 is a real-valued function, then 4 denotes its positive part.

Lemma 2.5. Let E={(x?,x',x") e I''": x9 < g(x', x")}, where

r+l

" ’ Y TR
x X)— E Zg”“ i )X'r+l’ ’;(x)’ er, X GI 4
r+l_1 . l_
g,’w i I - [0, 1], lsir+1SNr+1""’1SisSNs'
For 1<i <N, ,...,1<i <N let
_ : (e)
gl,+l yeesd max{ -’r+l’ ’Jp(g))lp(g)+[’ (‘]’+1 o p(a)) € H',+| 1'-~yiy(¢)} ’
(- a) — mi L e)
glr+l’ - b mln{gjm sens Jpge) s bpgeyat » o a b (‘]"H e Jp(a)) €H bpppseees p(c)}.
.. & .
If all the variations of gf"’)l i, and g(w) i 1Sy S Noyyseen

1<i <N, 0<e<1, are bounded by some V, then

r r
|E\E| < 3@ (9-1—2—+—2rV + 1) e

2
N N, b1 t] i+1
5 3R DO D »
r+l_ is=1 J, (s)+l=i (c)+l_l J=i—1
(2.27) 1=l

_H 85

k= k=p(e)+1 (eNk) e+

=r+1
/,,(g?"’ ) g () e

Frproees bpge) s Jp(ey41 2005 J. brprse
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and
s—p(e) (6 —2" +2
Nr+l ]V_, ip(¢)+|+1 i:+l
(227, ) i’+l=l ig=1 Jp(e)+l=.p(z)+l_1 J=i—1
p(e)
Big= II ————Ns -
k=r+l k=p(e)+1 (e k) ko Jk
( e) It g1
/lr(gi,+| I ( ) r+l ye ip(t) ’jp(x)+1 ""’js (x )) dx
Proof. Let
© _ e
FO= J - U« D DNED )
r+l =1 i=1
f[ i —1
iy * ( el b +s)
I ,
+1 p(e) k=p(3)+l Nk Nk
( ) Nyt N, p(e)+l+1 i+1 “
‘ &
¢=U-U U U6 s
b=l =1 g —1  J=i—1
s
(k)
xI; by k_}:!;ﬂ Jim)H R A RV
where
FO =169, er 2% <g® o)y,
(e) _ ©0) s r+l | ©
Gi,+l’...,isyjp(¢)+|’---,]'s _{(x ,X)GI 'gi’ l,.,,,i(x)sx
(e) ,
< gl s e bpey s Tp(eye ""’J}(x )} )
i—1 i o i
[-klv’fvt) lf-]k=lk’
v = [1:13_1 )..=._
Ji"(‘)“'l’""i-"jp(z)+l seesJs T N, > N, +é if Jk =1 1,
(h-e.dt)  ifj=ip+L.
We have

E\Ec F?ugG",

Inequality (2.27) then follows from Lemma 2.4. Inequality (2.27') is estab-
lished similarly. O

Remark 2.2. If r = 1, then estimates (2.27) and (2.27') are improved by
replacing (6" —2"+2)rV/2+1 by 2V +1.
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The following lemmas provide us with bounds for K(EY(r)), K(F{"(r)),
and K (Gg',')(r)). We use the sets

Y (r) = {(x(l), xP X x@ yer:
3 N N 1 l 5
(2.28) <Y T a0, x?)

i=1 j=1 0

4 6
g™, v ;s x (¢ >)} :

B
|

3
Il

* 2 3 -1 5
(2.29) XnN_{((l) x(),xl(,‘),xl(f),pn—N—):lgpSnN}CI.

For the sake of simplicity we now restrict ourselves to » < N, which is in
accordance with the hypothesis of Theorem 2.1 below.

Lemma 2.6. The constant (2.25) associated with the set (2.17) can be estimated
by

a0 KEV) <3440 145"+ 2904907 +1)
' 1/5
+(n=1)D_ 1,y Xp_pyw)
Proof. Inequality (2.27) leads to
Je+Ze ife<l/n,
EP N0 < {

e+4Xe ife>1/n,

where
1 & & (m) (m=1)
m=1|i=1
By using

E< S A@50), X, )
together with inequality (2.24), we obtain an estimate for |(E1(J')(r))a\E](6')(r)| .
The same estimate is valid for |E{ (r)\(E(r))_,| . Then, since K(®%~"(r)) =
K(F""D(r)), the desired result follows from Lemma 2.7. O

Lemma 2.7. The constant (2.25) associated with the set (2.18) satisfies the
inequality

(2.31) K(FI(r) <90 + 901"V,
Proof. Using estimate (2.27) together with inequality (1.12), we obtain
(90+90:" Mg ife< L,
(EPOINES R < (174200 ) if 4 <e< L
(@+0" e ifl<e
The same estimates are valid for [F{")(n\(F{(r))_,|. O
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Lemma 2.8. The constant (2.25) associated with the set (2.19) can be estimated
by

K(Gy(r) < 99 +1801" ™" +18((4- 5" +2)(90 + 901" ") + 1)

15
“(n- I)D(n—l)N(Xn HN) /
Proof. Inequality (2.27) leads to

(2.32)

(99 +98)e ife< 4,
IGYNNGY (M <{ 21+8)e ifL<e<i,
(7+48) ifl<e,

where
1 N n-1
LYy

Jj=1 m=1

Mz

/‘ g™ (x®) - g™V (x| dx®.
0

1]
—

i

Because of (2.16) we have
4 1 4
187 ) = g ) ax

4 (5
/Iw, ™, o™ x®, X))

1 -1 4 5 4 5
o, (™Y, ,('" V@ O] dx® dx®,

Thus, using (2.1),
2

(n—1) *
8 < LA®@y (), X )

and an estimate of |(G(")(r))8\G§(,')(r)| follows by Lemma 2.3. The same esti-
mate is valid for |G\ (r )\(Gg,',')(r))_el. Then, since

K@y (M) = K(ES(r),
the desired conclusion is a consequence of Lemma 2.7. 0O

Using (2.21) together with the results of Lemmas 2.3, 2.6, 2.7, and 2.8, we
obtain the following bound for A7 (r).

Lemma 2.9. The error term (2.7) satisfies the inequality
AY ()] < ((4-6'77 +2)(282 + 400"~
(2.33) +22((4- 5% +2)(90 + 901" V) + 1)
“(n=1)D,_ l)N(x(n HN) ) + 2)nD, (X, y)

We are now able to prove the convergence of the QMC method. Consider
the Boltzmann equation in R_ x (0, T'). We divide the time interval (0, T)
into P subintervals of length At.

16
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Theorem 2.1. Let S be a subset of N2, and let the following conditions hold.:

(1) lim DV, v ) =0

ii 1/6 _
(u) (~, P)GlS nIE’&P-—»oo 113,?<xp nDnN(XnN) = 0
Then

(234 hm max Dy(V™, v’f) =0

(N,P)ES,N&P—oc0 1<n<P
Proof. If we use equation (2.9) and estimates (2.11) and (2.12), we obtain the
inequality

* 2 116" _x 0) 2
D™, v f) < e DL, v )

2
(2.35) +At/ 1100”0, a—4(1}, t)| dvdt
) (0,1")xR, ot
110£"~Y
e O 2L

Using (2.33), we have the result. O

Remark 2.3. (i) If estimate (2.35) is used in conjunction with Lemma 2.9, we
obtain an effective error bound for the QMC method.
(ii) The *-discrepancy D; N(X:N) can be shown [17] to satisfy the inequality

* + 1 *
(2.36) D y(Xyy) € — (lsn;gNPDP(X) + 1) :

(iii) Halton was the first to show [6] that for any dimension s > 1 there
exists a sequence H of points in I’ with
&)
(2.37) D, = 2087),
and it is a widely-held belief that the order of magnitude in (2.37) is best pos-
sible.

P>2,

3. COMPUTATIONAL RESULTS

Computer implementation of the QMC method requires some sequence X
which satisfies conditions (1.18) and (1.18'). The construction of X is based
on the theory of (0, s)-sequences, which was developed by Niederreiter [17].
We propose here an algorithm for generating (0, s)-sequences, which is suited
to vector computers. Then a convenient sequence X is constructed by a sym-
metrization of a (0, 5)-sequence. Its x-discrepancy is estimated by means of
the x-discrepancy of the (0, 5)-sequence which is used.

Let s > 1 and b > 2 be integers. An elementary interval in base b is an

interval of the form . _
o Lo%7 b )

with integers @, > 0 and integers 0 < aV < b% for 1<i<s.
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Let m be an integer. A point set {x,,...,X;n} C I isa (0, m,s)-net
in base b if A(J,X) = 1 for every elementary interval J in base b with
[J|=b"".

A sequence X, X,, ... of points in I’ isa (0, s)-sequence in base b if for
all integers k > 0 and m > 0 the point set {x,: kb™ < p < (k+1)b"} isa
(0, m, s)-net in base b.

The *-discrepancy of the first P terms of a (0, s)-sequence in base b > 3
can be shown [17] to satisfy

D;(X)STI,-(Q-;—I%\:_“T(i:})(k-;—l)ngi—l .
AZCT(E) ().

where P > 1 and the integer k is determined by b < P < p**!.

Faure was the first to show [5] that for any prime » and any s < b there
exists a (0, s)-sequence in base b. Let F, be theset {0, ..., b—1} endowed
with the field structure induced by the arithmetic of integers with reduction
modulo b. We can choose s distinct elements b,, ..., b, of F,. For p > 1
let

(3.1)

(3.2) p-1= a0, ap)eF,
j=0

be the representation of p — 1 in base b. We define Y, = (yl(,l) e yp ) by

(3.3) Zyp] , 1<i<s,
with
' - k k—j+1
6o =% (5 e amen,  1siss g2t
k=j1 _

We propose an algorithm for computer generation of Y = {yp :p > 1}
that generalizes an algorithm used for generating the Halton sequence [12]. Let
A >1 be an integer and v = b*. The point sets

Y(")={yp:nu'<p5(n+1)u}, n>0,

will be successively generated:

(i) Computation of YO Let 1<m<band 1</<A be integers. For
any integer p, mb' < p<(m+ l)bl , the representation of p — 1 in base b
can be deduced from the representation of p — mb - 1. Hence, for 1 <i<s
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the digits of yl(,") in base b are related to the digits of yl()’zm by

0 _ 0 / I—j+1 .
(3.5) Vp i = p_mb,’j+<j_1)b,. m, 1<j<Il+1.
Relation (3.5) leads to recurrences regarding arrays of growing length:

Uiy oo Yy )y 1SiSs, 1j<i+1, I<I<A

(i) Computation of Y™, n>1. Let
n' ]
n=Y an+1)b
j=0

be the representation of n inbase b. For any integer p, nv < p < (n+1)v, the
representation of p—1 in base b is related to the representation of p—nv—1.
It follows that, for 1<i<sand 1<j<i+n +1,

A+n’
. . k k—i+1
66 =l Y (5 )E T asee.
k=max(j—1,4)

If the digits yl(,ifj, 1<i<s, 1<p<v, 1<j<A, are stored, (3.6) is used
for computing the following integer arrays:
GO e Yo )s 1<i<s, 1<j<i+n’ +1.

To use the QMC method, we consider the case s =5 and b= 5. We select
the number N of simulated molecules in the form N = 2b’1, where A is some
integer, and we set v = . IfYisa (0, 5)-sequence in base b, then another
sequence X of points in [ 5 is constructed by the following procedure. For
m > 0, define

) @
BN B L R T O AC S L2 7550 B R )
x”_('z'(y"'+T 1tk al KRS
(3.7)

1[ s + LVY,(,5~)J +1
2 Vpr v

(where p* =p—mv),if 2mv <p < 2m+ l)v;

(2 (1)
(1 ].@ [Vyp'J 1{ [Vyp.J +1 3 (@
Xp— (5 ()’f + v 35 .Vp~ + v ,.pryp',
(3.7)

()
1[5 Wy 1+1
I=3 (yl" T

(where p* =p—(m+ 1)),if Cm+ 1)y <p<2(m+1)v.
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Conditions (1.18) and (1.18") are obviously satisfied by X. Observe that no
point of X lies in [, %)2 x I>, 1 <i< N. Consequently,

(3.8) a molecule cannot collide with itself,
* 1
(3.9) Dp(X) > ¥ P>1.

In fact, the *-discrepancy of X can be estimated by means of the *-discrepancy
of Y.

Lemma 3.1. The «-discrepancy D, (X) of the first nN terms of X satisfies

* 3 * 2
(3.10) DX <30, +~5,  n2l

Proof. Let n = Z?:o a jbj be the representation of » in base b. We split up
the point set X, = {x,:1<p < nN} into the point sets

X, o ={x,:n, N<p<(n  +)N}, 0<j<n’, 0<k<alb,

where

nl
i
nj’k=k+ E ab'.

i=j+1

Similarly, the point set Y, = {yp :1 < p < nv} can be split up into the point
sets

Y, ={y,in  w<p<(n  +1)v}, 0<j<n’, 0<k<alb

Let J = [I°_,[0, ) be a subinterval of I°. For h = 1,2 consider the
intervals

5 .
Jh = H J(') )
i=1
with
Q]
J,fl) = [O, max (——LWL ] ,2u® - [uu

(8)
7o = [O,min (—-—L”“ A L”“ )

(where =

1,2and g #4h),
JP=10,4"), i=3,4,
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®) ®)
7O = lo,maX(LWL 1 gy _ Lvu J+1)) ,

1%
[1-u®, 1) if [vu®®] = vu®,
()
a8, e PO ) < 1y 4 L
J2‘5)= (1 2u” + ” ,1) if [vu”] <vu’ < |vu J+2,
vu®] +1 - 5), 1 (5) (5)
1———-—-V——,1 if lvu J+5<Vu < |lvu’] + 1.
Then

AU X, ) =AU Y, )+ AL, Y, ), 0<j<n’, 0<k<ab,

and ,
2101 = 1,1 = 1] < 1%,

Finally, we observe that
|[A(J,,Y,,) - nv|J,|| < hnvD, (Y), h=1,2,
and the required result now follows. 0O

Next we consider the question of approximating the initial velocity distri-
bution. It has been shown [9] that Dy (X) > 1/2N for any N numbers
Xy, ..., Xy in I, and that the lower bound is attained for the point set

(3.11) U={(2i-1)/2N:1<i<N}.

The function
v

(3.12) Fy:v— f i £, (u) du
0

is a strictly increasing function from R_ onto I, and so the inverse function
FO—l = G, exists. We define the initial velocities by

(3.13) v = Gy((2i - 1)/2N), 1<i<N.
It is easily seen that
(3.14) D,(v?, v’ f) = D}(U) = 1/2N.

We wish to assess the accuracy of the QMC method through computation
of effective errors in an example where an exact solution is known. Krook and
Wu [8] have discovered an exact solution of the Boltzmann equation, in the
simplified case to which the present analysis is restricted. The solution was
obtained by assuming

20m [ 5 \? 5
(3.15) fov) = Tn (EE) v’ exp ('—gvz) , veER,,
(3.16) q(g) =6, gER,.
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Then

_ 4 B 1-H() 2
(3.17) f(v,t)——-*(Zn)l/zH(t)s/z (5”'(” 0 ”)

’UZ
-exp(—m), U,t€R+,

where H(t) =1 - %exp(-?).

The system is near equilibrium at 7 = 1.5, so that computations were car-
ried outup to 7 = 1.5. We examine the effects of the number N of simulated
molecules and the number P of time steps upon the accuracy of the approxima-
tion. These effects are examined by computing the errors D;,(V(P ), v? fp). For
reasons of comparison we also applied the KMC scheme. A KMC calculation
is based on pseudorandom numbers. Sequences of pseudorandom numbers are
generated here by the routine GOSCAF of the NAG [13]. The routine uses a
multiplicative congruential method and the period of the generator is 257 All
computations were carried out on a CYBER 180-990 computer. The values of
Dy (V") v2f,) are listed in Table 1 for the QMC method and in Table 2 for
the KMC scheme. The corresponding timing results are given in Table 3 for the
QMC method and in Table 4 for the KMC scheme. From the results presented
in Table 1, the following observations can be made: (i) for all P, the error of
the QMC method regularly decreases if the number N of simulated molecules
increases, (ii) for each N, the error is oscillating when the stepsize decreases.
It is also true that, in general, high accuracy is obtained for large P. On the
other hand, from Table 2 we see that (i) for all P the error of the KMC scheme
irregularly decreases as N increases, (ii) for each N the error is oscillating as
P increases. Unlike in Table 1, very poor accuracy is obtained for large P. For
all P it is clear that the QMC solution converges to the exact solution faster,
for an equal number of simulated molecules, than the KMC solution. More-
over, it may be concluded from Tables 3 and 4 that the QMC method shows a
substantial gain in efficiency (higher accuracy at the same costs) when compared
with the KMC scheme.

TABLE 1
The Dy (V") v*£,) values for the QMC method
N 10 50 250 1250 6250 31250 156250

16 280E—-1 9.05SE—2 3.09E-2 105E-2 436E—3 2.19E-3 1.34E-3
32 232E-1 6.12E—2 246E—-2 1.03E—2 529E-3 185E—-3 L.13E-3
64 1.98E—1 539E-2 271E-2 129E—-2 486E-3 1.60E—3 6.24E—4
128 265E—-1 103E-1 36l1E—2 1.13E—-2 421E-3 168E—3 8.36E—4
256 1.94E—~1 836E—-2 273E—2 133E—-2 398E-3 215E-3 6.23E—4
512 1.80E—-1 7.05E—2 331E-2 1.13E—2 344E-3 145E-3 5.18E—4
1024 1.81E—1 641E—2 219E-2 136E—-2 421E-3 1.30E—3 448E-4



N 10

P

16 1.85E—1
32 233E-1
64 1.87E—1
128  2.09E -1
256  2.06E—1
512 2.62E-1
1024 1.73E-1

50

6.76E — 2
9.03E -2
1.L12E—-1
6.15E -2
6.20E — 2
9.93E-2
1.36E—1

10

.01
.01

.02
.03
.07
13
.28

10

.01
.01
.02
.02
.04
.07
13

QUASI-MONTE CARLO METHOD

TABLE 2
The D;‘V(V(P ), v? fp) values for the KMC scheme
250 1250 6250 31250
479E—-2 339E-2 7.73E-3 3.12E-3
6.64E—2 229E-2 8.70E-3 4.19E-3
481E—2 269E-2 744E-3 6.35E-3
367E—2 256E—2 88lE-3 4.77E-3
370E-2 230E-2 844E-3 253E-3
7.76E—2 200E—2 9.12E—3 2.02E-3
640E—2 274E-2 1.05E—2 S591E-3
TABLE 3
CPU times in seconds for the QMC method
50 250 1250 6250 31250 156250
.04 22 121 6.64 35.85 193.84
.06 .30 1.68 9.53 52.81 293.65
08 .44 260 1530 87.00 492.64
13 .72 444 2686 15541  892.96
24 131 816 50.11 294.28  1697.21
45 2.46 15.57 9648 571.24 3311.92
90 4.82 30.56 189.29 1128.63 6623.83
TABLE 4
CPU times in seconds for the KMC scheme
50 250 1250 6250 31250 156250
04 .19 93 471 2349 11797
.05 .23 1.13 570 28.60 146.45
.06 .31 1.54 7.84 39.34 204.99
0 .47 235 1179 60.75  315.77
17 81 407 1996 123.82 537.47
30 1.45 7.16 36.51 185.83 989.33
57 2.79 13.65 69.09 352.59 1823.71
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