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Supplement to 

AN ADAPTIVE FINITE ELEMENT METHOD FOR TWO-PHASE 
STEFAN PROBLEMS IN TWO SPACE DIMENSIONS. 

PART I: STABILITY AND ERROR ESTIMATES 

R. H. NOCHETTOt M. PAOLINIt AND C. VERDI1 

S1. Supplement to Section 5. 

LEMMA 5.1. For all regular meshes S there exists a C'-function h: Q > R+ satisfying 

(S1.1) Dkh(x) = O(h'-k), V x E S E S k > 0. 

Proof. For each S E S there exists a (finite) covering {Bj} of S such that card {Bi} = 

0(1), where Bi := B(x,, ri), xi E S and ri := ahs/2; thus (5.2) yields Bi := B(xi, 2ri) c 
S. By virtue of (5.3), this gives rise to a covering {Bj}!i1 of Q satisfying bs := card 
{Bi: S nfBi :$ 0} = 0(1) for all S c S (nonoverlapping property !). Let 6o E CO(B(0, 1)) 
satisfy fR2 6o = 1,0 < ?o < 1, bo(x) = 1 for all x E B(0, 1/2) and bo is radially symmetric 
(mollifier function). Set p,(x) := 6o((x - x,)/(2r,)) for all x E Q and note that 

supp [i = Bi C SZ< ,(x) < b, V x E Q, 
i=l1 

where b depends only on the regularity of S; we certainly have b < bs = 0(1) for all S E S. 
Define now h E C??(Q) to be 

h(x) 
a b3 r, ,u(x), V x E Q. 

Since ps5 < hs for all S' E Ss, it is easily seen from (5.1) that, if x, E S, then 

a2 a3 a2 a a 
(S1.2) -b ri h5 < - min ps' < h(x) <- max ps' < -hs = ri, V x E B. b '2b 2bS'E~s 2S'E~s 2 

Hence B(x, h(x)) C B,(C S) for all x E Bi. Since 

I I 

D h(x) = ZriDk ui(x) = C ErkDko((x-Dxi)/(2ri)), V x E Q. 
i~~~l ~i=l 

the desired result easily follows from (S1.2). 0 
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