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STABILITY ANALYSIS
OF THE NONLINEAR GALERKIN METHOD

R. TEMAM

ABSTRACT. Our object in this article is to describe some numerical schemes for
the approximation of nonlinear evolution equations, and to study the stability
of the schemes. Spatial discretization can be performed by either spectral or
pseudospectral methods, finite elements or finite differences; time discretization
is done by two-level schemes, partly or fully explicit.

The algorithms that we present stem from the study of the evolution equa-
tions from the dynamical systems point of view. They are based on a differen-
tiated treatment of the small and large wave lengths, and they are particularly
adapted to the integration of such equations on large intervals of time.

INTRODUCTION

The long-time integration of dissipative evolution equations has emerged as
a new type of problem in numerical analysis, and its appearance is due to the
considerable increase in computing power that we have seen during the last
years.

Much effort has been devoted in the past to the approximation of evolution
equations on finite intervals of time or, in the dynamically simple case where
the solution converges to a steady (stationary) state as time goes to infinity.
However, in many physically relevant situations the solutions to a dissipative
evolution equation do not converge to a stationary solution. They rather remain
time-dependent and they converge to a compact attractor that encompasses the
nonlinear dynamics. Hence, and whether this is addressed implicitly or explic-
itly, the numerical integration of the evolution equation is then closely related
to the approximation of the attractor that may be a complicated set, even a
fractal.

Inertial algorithms are new integration algorithms that are based on the ap-
proximation of the attractor by smooth, simple manifolds (namely the approx-
imate inertial manifolds). These algorithms will be recalled below but, at this
point, let us point out that one of their main features is a differentiated treat-
ment of small and large wave lengths. An inertial manifold is an exact law of
dependence of small wave lengths in terms of the large ones, the small wave
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lengths being “slaved” by the large ones. An approximate inertial manifold pro-
vides an approximate form of such a law. The decompositions of functions into
small and large wave lengths components will be described in detail in §2. They
appear naturally when Fourier series or other spectral expansions are used. With
finite elements they appear naturally with the utilization of hierarchical bases;
finally, for finite differences they hinge upon the utilization of the incremental
unknowns presented in [24] (see §2).

As far as the space discretization is concerned, inertial algorithms, including
the nonlinear Galerkin method, have been introduced and studied in [7, 6, 18,
19, 24, 15, 16] and other references quoted therein. In the present article we
address the question of both time and space discretizations. In particular, we
will emphasize the study of the stability analysis of such schemes and, as we
will see, a striking fact is that the stability is mostly governed by the large wave
lengths. This is an indication, broadly confirmed by the numerical tests, that
these schemes are more advantageous than regular schemes for which the time
step is commanded by both large and small wave lengths: the time step which
is allowed for explicit or semi-implicit schemes is larger.

Strictly speaking, this article does not provide a practical justification of the
algorithms presented here, except for an analysis of stability. A full justification
of these algorithms relies, on the theoretical side, on results concerning the
attractors and their approximation (see, for instance, [9, 8, 7, 17, 22, 23], and
the books [12, 25]); on the practical side it relies on the results of numerical
tests, some of which are reported elsewhere (see [5, 6, 13, 14]), others being in
progress and will be reported in the future.

This paper is organized as follows. In §1 we present the differential equa-
tions that we approximate by time discretization. These equations are finite-
dimensional differential equations corresponding to some (spatial) discretiza-
tion of partial differential equations, however, since the emphasis here is on
stability analysis, we do not describe the continuous problem. In §2 we intro-
duce the decomposition of the unknown function into small and large wave
lengths and describe them explicitly for spectral methods and, in space dimen-
sion one, for finite elements and finite differences. For finite differences this
involves the utilization of the incremental unknowns. In §3 we present the var-
ious schemes based on the decomposition of the space, and in §4 we perform
the stability analysis of these schemes by energy methods. Although the en-
ergy method provides only sufficient stability conditions, it is the only method
adapted to a complete mathematical analysis, and it gives some indication on
the necessary stability conditions. Finally, in §5 we present several applications
and make explicit the results of the previous sections. In a subsequent work we
will study similar schemes based on the decomposition of the unknowns into
several (more than two) scales of wave lengths.

1. THE CONTINUOUS PROBLEM

We denote by V), a finite-dimensional vector space which is endowed with
two scalar products and norms denoted ((-, -)),, |l - ll,> (> ), [-|,. In the
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applications, ¥, will be typically the approximation of a Sobolev-type space,
|- 1l, will be a discrete Sobolev norm, and |-|, will be a discrete L*-norm.
This space ¥, belongs to a family of spaces V,, h € #, which approximate
an infinite-dimensional space V' in the limit 4 — O ; however, these spaces and
the parameter # (the discretization parameter) will not appear explicitly hence-
forth, except in some specific situations: for example, we will make explicit the
dependence of certain constants on 4. We will denote by ¢; some (positive)
absolute constants independent of %, and by S, = S,(h) some constants de-
pending on 4 and which usually converge to 0 as 2 — 0. It is assumed, for
instance, that the norms on ¥, are related in the following manner:

(1.1) luply < clluglly s SiWNuyll, < luyl, Yu, eV,.

We are also given
-a bilinear continuous form g, (-, -) on ¥, which satisfies

(1.2) la, (uy, )l < yllullpllvglly, Yu, s v, €V,
-a trilinear continuous form b,(, -, -) on V), satisfying
(1.3) by(u,,v,,v,)=0 Yu,,v,€V,,
1/2 1/2 1/2 1/2
(1.4) 1Bty 03 s Wyl < el Ny 3wl w1

Yu,,v,, w, €V,,
—a bilinear continuous form d,(-, -) on ¥V, such that
(1.5) |y (uy,, )| < cyllugliplvgly, Yy, v, €V,
2
(1.6) a,(uy , w,) +d,(u,, u,) > cgllu,ll” Yu, €V,.

We are then interested in the initial value problem:
Find a function u,: R, — V, such that

d
(1.7) E(uh’ V) T a, (U, v,) + by (uy,, u,, v,) +d,(w,, v,)
=(fus ) YV €V,
(1.8) u,(0) = uy, .

Here, u, is given in ¥, and f, is given in L™(R,; ¥,). Since V} is finite-
dimensional, it is clear, thanks to (1.3), that the initial value problem (1.7),
(1.8) has a unique solution defined for all time,

(1.9) u, € LR, ; V,);

more precisely, u, is bounded independently of 4, from R_ into the space
V, endowed with the norm |-|,.

There are many physically relevant equations which provide, by space dis-
cretization, an evolution equation of the form (1.7), the hypotheses (1.2)-(1.6)
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being satisfied. Among the most important equations, one can quote the Navier-
Stokes equations in space dimension two, the Boussinesq equations (dimension
two), or the Kuramoto-Sivashinsky equations. The details for these equations
can be found in [25] or [19]; some related equations are recalled in §5.

Our object hereafter is to investigate new forms of time discretizations of
(1.7) that take advantage of suitable decompositions of the space V) .

2. INCREMENTAL UNKNOWNS

We fix a value 4, of the parameter 4 but, for the sake of simplicity in the no-
tations, we will denote the corresponding space V), and itselements u,, v, ... .
We consider then another space V), corresponding to the value 4 = &, of the
parameter and such that V is mcluded in ¥V, (= Vh,)' We denote by W, a

supplementary of V into V

(2.1) V,= V oW,.

The elements of V will be denoted y,, y,, ..., and those of W, will be
denoted z,, Z,, .. Any u, €V, can be umquely written as

(2.2) uh=yh+2h, thVhZ, ZhEVVh.

For reasons which will become clear hereafter, y, will be called the large wave
lengths or large eddies component of u,, and z, will be called the small wave
lengths or small eddies component of u,. Examples of decompositions (2.1)
will be given below; before doing that, we state the main hypotheses related to
the decomposition (2.1) of ¥, . We first require an enhanced Cauchy-Schwarz
inequality of the form

(23) O 2D S A= llizill, ¥, €V, ¥z, € W,
where 0 < d <1 is independent of /. We also assume that
(2.4) |Zh|h < Sz(h)llzhll;, VZh € I’V;, s

where S,(h) — 0 as 27— 0.

We now give three important decompositions of the form (2.1).

(i) Spectral discretization. This corresponds to the case where the spaces V,
are all subspaces of a Hilbert space V' (scalar product ((-,-)), norm | -||),
the forms a,(u,, v,) are just the restrictions to ¥, of a bilinear continuous
symmetric coercive form a(u, v) on V. Also, V is continuously imbedded
and dense in another Hilbert space H (scalar product (-, -), norm |-|). Then

Nl = Nuplls  lugly = luy,] Vu, ev,.

Associated with a, V', and H is an unbounded self-adjoint operator 4 in
H with domain D(A) C V, which possesses a basis w;, j € N, which is
orthonormal in H and orthogonal in V' :

(2.5) ij=/1jwj VjeN,0<11§125-~,/lj—>ooasj—>oo.
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Here, given m =m € N, we set h = 1/m, and

V, =Span{w,, ..., wml},
and (1.7) results as the Galerkin approximation of some infinite-dimensional
problem in the space V.

Concerning the decomposition (2.1), we consider another integer m, € N,
m, < m,, and we set

th=Span{fw1,...,wmz}, Wh=Span{wm2+1,...,wml}.

In this case, V;lz and W, are orthogonal in ¥V, (scalar product ((-,-)), =

((+,+))) and (2.3) is satisfied with 6 = 1. For (2.4) we observe that, for every

2, €W, z, = ;."=‘m2+léjwj, we have
m, 2 m,
2 2
zlh = 22 Gl = X2 Kl
Jj=my+1 Jj=my+1
- 2 2
Z)”m2+1 Z I, =/1m2+1|Zh|h‘
Jj=m,+1
Hence,
-1/2
(2.6) Sy = ().

When in the continuous problem, a and V are associated with an elliptic
boundary value problem with space periodic boundary conditions, it is well
known that the w ; are related to Fourier series and, depending on b, , (1.7) is
a spectral or a pseudospectral approximation [11, 2] of the continuous problem.
In this case, it is clear that, in (2.2), y, corresponds to the large wave lengths
and z, corresponds to the small wave lengths.

(ii) Finite elements. We restrict ourselves to the simplest situation: one-
dimensional case with piecewise linear elements. More involved situations will
be discussed below and elsewhere.

The spaces V), are all subspaces of the Hilbert space V' = HOI(Q), Q=
(0, L), L >0, and they are all endowed with the same scalar product

L
((uy,, v,)), = (u,, v,)) = A %% dx.

The scalar products (-, -), are those of L’ (0, L):

L
(uy, v,), = (U, vy) =/0 uv,dx.

Weset hy =h=1/2N and h, =2h; =1/N, N € N. Then V, is the space of
real continuous functions on (0, L), which vanish at 0 and L and are linear
on the intervals [jh, (j+ 1)h], j=0,...,2N — 1. The space V;lz =V, is
defined in the same manner, but the functions in V,, are linear on the intervals
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[2jh,2(j+ 1)A], j=0,..., N—1. The choice of the factor 2 for the ratio
h,/h, is totally arbitrary; any other integer would be suitable as well.
The nodal basis of V), consists of the functions w i of ¥, which are equal

to 1 at jh and to O at the points ik, i, j=1,...,2N -1, i# j. Similarly,
the nodal basis of V), consists of the functions w I of V,, which are equal
to 1 at 2jh and to O at the points 2ih, i,j=1,...,N—1, i # j. The
hierarchical basis of V) consists of the union of the basis of ¥,, and of a basis
of W, . namely that consisting of the (S j=2i+1,i=0,..., N-1.1If
u, belongs to V, , its decomposition in the nodal basis reads
IN-1
(2.7) w,= Y w(ihw; ,,
j=1
while its decomposition in the hierarchical basis reads
N—1 N—1
(2.8) Wy =) (2w, 5+ > W20+ Diw,,,, .
Jj=1 i=0

Here, u,((2i + 1)h) is the incremental value of u,,:
(2.9) T, ((2i + Dh) = u, (21 + 1)) = 3(u, (2ih) + u, ((2i + 2)h)).

Note also that the first sum in (2.8) corresponds to the component y, € V of
V, » while the second sum corresponds to the component z, €W,. Itis clear
that if 4 is small and u, is the restriction to V, of a smooth function u in

H(} (0, L) ,1 then y, will be of the same order as u, , while z, will be smaller

by a factor h*: this justifies the terminology concerning small and large wave
lengths.
It is easy to check that each function y, € th is orthogonal in V' to each

function z, € W, 2 Hence, (2.3) is obviously satisfied with § = 1. The
verification of (2.4) has been performed in [19]; we have

(2.10) S,(h) =h/V3.

The verification of (1.1) is standard; in particular, for S, (), setting § =
u,(ih), we see that

Similarly,

Hence, S,(h) = h/2V3.

‘1 e, u,(jh) = u(jh), j= , 2N . Then @,((2i + 1)h) = (h*/2)u" (2 + 1)h) + O(h*) .
This property is no longer true in higher dimension.
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(iii) Finite differences. We now describe how a decomposition like (2.1)
appears in finite differences by using the incremental unknowns introduced in
[24].

The form (1.7) of the finite difference discretization of a problem occurs
naturally by using the variational formulation of finite differences due to J. Céa
[3].

Assume, for instance, that we consider the finite difference approximation
of a continuous problem set in V = Ho1 (0,L). We then set » = L/2N,
N e N, and V) is the space of step functions that are constant on the intervals
[jh, (j+1DAh), j=0,...,2N -1, and that vanish on [0, #) and [L— 4, L).
The space V) is spanned by the functions w i which belong to ¥, , are equal

to 1 on [jh, (j+ 1)A), and to O elsewhere, j’= 1,...,2N=-2:
IN=-2
u, = Z uh(jh)wj’h Yu,eV,.
j=1

Wecall {w;,} the natural basis of V), and we endow this space with the scalar
products

L—h L
((uy,, v,))y =/0 V,u,V,v,dx, (uy, v,), =/0 uv,dx,

where V, is the forward finite difference operator

p(x+h)—o(x) .

(Vy9)(x) = £
We then set 4, = 24 and define in a similar manner the space th =V,,a
basis of which consists of the functions w IDE j=1,..., N-2, defined in

a similar manner. Here again, the choice of the factor 2 for the ratio A,/A, is
totally arbitrary, and we could replace two by any other positive integer. Now
we observe that V,, C V, and we complete the decomposition (2.1) by defining
W, : this is the space spanned by the functions w,,_, o I= 0,...,N-2,and
Wyy_y 4 - ADY function u, € ¥, can be written as

(2.11) u,=y,+z,, Y €Vys
N2

Yy = Z uh(zjh)wj,y,,
j=1

N=-2
z, = Z 2, ((2i + DR)wy, o, + 2,(2N = 2)R)w,y_, -
i=0
Here, for i=0,..., N -2,
(2.12) 2, ((2i + V)h) = %, ((2i + 1)h) = u, ((2i + 1)h) — u, (2ih)

and
(2.13) 2,((2N = 2)h) = u,((2N = 2)h).
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It is clear that if u, is the restriction to V, of a smooth function u in

H(; (0, L) ,3 then y, is of the same order as u, , while z, will be smaller by a
factor 4 : this justifies the terminology about large and small wave lengths.
The purpose of the following lemmas is to check (2.3) and (2.4).

Lemma 2.1. We have the enhanced Cauchy-Schwarz inequality

14 WO 20 < V3Allzal W €V, V2, €W,
Proof. We must show that

Lk > [ Lk R 127 1—h X 172
(215) /(; Vhthhzhde\/;</0 |Vhyh| dX) (/0 |thh| dX) .

It suffices to show (2.15) with the interval (0, L) replaced by each of the coarse-
grid intervals (2jh, 2(j + 1)h).

We first start with a typical interval, i.e., j=1,..., N— 3. Then Vy=m,
on [2jh,2(j + 1)h) and y, = m, on [2(j + 1)A, 2(j + 2)h); z, =0 on
[2jh, (2j+1)h), =p, on [(2j+1)h, 2(j+1)h), =0 on [2(j+1)A, (2j+3)h),
=p, on [(2j+43)h, 2(j +2)h) (see Figure 2.1).

€-—=z, = 0—~—-——><————zh =P ——Z, = 0 e ——=Z, =Dy =

(— ——————— yh - ml ——————— ")(—" —————— yh - m2 ————— '—)

X e} X o X

2jh 2j+1)h 2(j+1)h (2j+3)h 2(j+2)h
FIGURE 2.1

Values of y, and z, on typical intervals
On [2jh, (2j+ 1)h),
Viyy =0, thh=%’
and on [(2j+ 1)h, 2(j + 1)A),

m, —m D
Vhyh=—2h—1, thh=—7'.
Thus,
2+ 1)h 1
2jh
20+ 1)k V2 agisnyn 1/2
(2.16) < | / v l2d / 2
<—= y X V,z,| dx
V2 \ U2 Vil 2jh Va2

1
= zlmy = m,|p,].

*Le, u,(jh) = u(jh), j=0,...,2N 2.
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We consider then the end intervals, j =0 and j = N -2, N - 1. The only
difference, for j = 0, is that m; = 0; hence (2.16) is still valid. Next we
consider the intervals [L —4h, L —2h) and [L — 2k, L — h) together; we take
into account the fact that z, does not vanish (say = p,) on [L—-2h, L-h),
but z, =0 on [L—h, L). We find

L—h 1
2,1/2
< h[lm l((p, — p)) +p2+p1)/

> [ Lk L—h 12
=\3 /L_ IVhyh| dx /L_ |thh| dx .

Since 1/v2 <4/, we obtain (2.14). O

Lemma 2.2. We have the following strong discrete Poincaré inequality for func-
tions in W), :

(2.17) 1z, < S,(MIzyll, Yz, € W,, S,(h)=nh.

Proof. Asin Lemma 2.1, it suffices to prove the similar inequality on the inter-
vals [2jh,2(j+ 1h), j=0,..., N-1,

2(j+1)h (;+1)h )
(2.18) / 22 dx < S,(h) / IV, 2, dx.
2jh 2jh
Using the same notation as in Lemma 2.1, we see that the integral in the right-
hand side of (2.18) is equal, for j=0,..., N-3,t0 2pf/h , while the integral
in the left-hand side is equal to plzh ; hence (2.18) with S,(h) = h/ V2. On the
interval (L —4h, L), the integral of 2,2, is equal to h(p12 + pf ), and the integral
of thzh12 is equal to (1/h)((p, ) +pl +p2) We obtain an inequality
similar to (2.18) with S,(h) = h and finally (2.17) is proved. O
The proof of (1.1) is standard. Let us recall how the second inequality (1.1)
is obtained, and let us derive S,(h). Setting & =W, (jh), we have u, =

2N-2
2= ¢;w; ,,and

) 2N=-2 5
|uh|h =h Z éj )
1 2N— 2 2 2 2 )
j=1 j=1
42N -2 5
=7 Z éj (since §; =&, =0)
Jj=1
_4

|”h|h
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Thus,
(2.19) S (h)="h/2.
Finally, we note the following result, which will be useful.
Lemma 2.3. There holds

2 2
(2.20) |yh|h = 1Vulon > ”yh”h = 2|y, 15, Vy, €V, = V;,z .
Proof. The first equality (2.20) is obvious, since both norms |- |, and |- | h,
are merely the L*-norms. For proving the second equality (2.20) we use the
same notation as in Lemma 2.1 and observe that V,,y, is constant on [2jh,
2(j + 1)h) and equal to (m, — m,)/2h, while V,y, is equal to 0 on [2jh,
(2j+ 1)h) and to (m,—m,)/h on [(2j+ 1)k, 2(j + 1)h). Hence,

2(j+1)h (m, —m )2 1 [2U+DA

2 2

v,y dx=——2—1=—/ vy, dx,
/2jh IVan¥il 2h 2 Jajn Vil

and (2.20) follows by summation for j=0,..., N—2. 0O

Remark 2.1. The space th plays exactly the same role as the space V, (= Vh. ).
Therefore, the analog of hypotheses (1.1)-(1.6) are valid; in particular, the
second hypothesis (1.1) reads

(2.21) S M)yl S Wplyy Yy, € V;,z =Vy-
In conjunction with (2.19) and (2.20), the inequality (2.21) becomes
E](h)”yh”h < |yh|h vy, € th =V,

S,(h) = S,(2h)/V2.
For the other discretizations (spectral and finite elements), ||y, || h, = ly,ll, and
|yh|h2 = Vulps ¥, € V,. Thus, (2.22) is still valid, but S, (k) = S,(h,).

(2.22)

3. THE TIME-DISCRETIZED PROBLEMS

We now describe the time discretization of equation (1.7); the schemes rely
on the decomposition (2.1) of ¥, and on theoretical work concerning the ap-
proximation of attractors.

Four schemes will be proposed. The first two are fully implicit in the linear
terms and explicit or partly explicit in the nonlinear terms. The third is also
explicit for the nonlinear terms, and for the linear terms it is explicit for the
large wave lengths and implicit for the small wave lengths. The fourth differs
from the previous ones in that the time evolution of z disappears, as is usual
in the nonlinear Galerkin methods [18, 19]. The significance and advantages of
the schemes will be discussed below.

Scheme 1. The initial data %, in (1.8) is decomposed in the form

0,0 0 0
(3.1) Ugp, =Yy + 2 Yw€Vh» 2 €Wy
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according to (2.2). We then define recursively the sequences of elements y,': €

V;lz , z, € W, , as follows.

When y;, z; are known, we define y;*' € V,, and z;*' e W, by the

equations

1 1 N 1 1 . 1 1 .
2R =V I a0 + 2 5 + 4,00 + 2 5y
(3.2) +bh(y}:l9y}':9.]>h)+bh(y}':’ZZa)}h)“{'bh(ZZ’y}r:’j}h)

= (f},na )7},)}, Vj’\'h € Vz’
1 n+l no 4 n+l1 n+l 4 n+l1 n+l 4
(3.3) E(Z" -z, ) ta(v, +z, L 2)+d,(v, +z,,2)
+bh(y}r:’y}':92h)=(f;ln, 2h)h thEWh.

Here, k = At is the time step and fh" is a time average of f, 4

(n+1)k
(3.4) = % /,. . f(t)dt.

Equations (3.2)-(3.3) amount to a linear system for y;*', z}*'. Thanks to
(1.6), the existence and uniqueness of y,’:“ , z,'l'+1 follow readily from Lax-

Milgram’s theorem.

Scheme I'. This is a slightly modified version of Scheme I, where the b-terms
in (3.2) are treated implicitly in z. Hence, we replace (3.2) by

1 1 . 1 1, 1 1.,
E(.V}',H- —.V;':,yh)h +a;,(yz+ +ZZ+ ,.Vh)+d},(yz+ +ZZ+ > V)
~ 1 . 1 ~
(3.3) +bh(yZ,yZ,yh)+bh(yZ, ZZ+ ,.V;,)'f'bh(z;r:Jr ,,V;:,.Vh)

= (fhn’ J}h)h V)}h € V;,z,

while (3.3) remains unchanged.

. . . 1 .
Here again, the existence for each n of the pair y,'l“rl ,z, , solution of

(3.5) and (3.3), follows from Lax-Milgram’s theorem, but the proof of this
point depends on the a priori estimates which will be proved in §4; therefore,
we postpone the proof of the solvability of (3.5), (3.3) to §4.

Remark 3.1. Since (3.5), (3.3) is (linearly) implicit in y,'l'J'1 , z,’:“ , with a de-

pendence on z,'l”rl in the b-terms, the solution of (3.5), (3.3) is more difficult
than that of (3.2), (3.3). However, we shall see that Scheme I' allows a better

(larger) time step k. Also, the z,’:“ component of uZ“ is small; therefore,

the dependence of b on ZZH is rather mild.

1f f,, is smooth, we can take more simply f,:' = f,(nk).
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Scheme II. We start with the same y,? , 22 as in (3.1) and define recursively the
sequences of elements y,, z, .

When y, and z, are known, we define y,’l"L1 €V, and zZ“ € W, by the
equations

n+l1 n+l 4

1 . 1,
E(yh _yZ,yh)h+ah(yZ+ZZ+,yh)+d},(y2+zh > V)

0 RN 1 N
= (fhn’ Ve YV, € Vz,
! ! 5 LR 1,
(3.7) E(ZZ"L —zy, 2, va,p 2 D) A,z P,)

+byWhs Vis 2 = (s 2)y V2, € W,

In fact, we first determine z,’:“ by solving (3.7), using (1.6) and Lax-Milgram’s
theorem. We then determine ;' by solving (3.6).

Scheme III. This scheme is a slightly modified form of Scheme II, where the
term z,’:“ -z, in (3.7) is removed. The reason for removing this term is that the
evolution of the z-term (the small structures) is slow and can be neglected (see
[7]).5 A variation of Scheme II taking this into account consists in computing
zZH by solving

14 1, 5
ah(.VZ + ZZ+ s 2+ d,,(y,': + ZZ+ s 2y) + bh(J’Z ) .VZ s 2p)

(3.8) Ph
=(fy,2,) Vi, €W,.

Then y*' is determined by (3.6). The existence of a solution z}*' to (3.8)
follows readily from (1.6) and Lax-Milgram’s theorem.

Of course, an analog of Schemes I, I' where the z-terms are dropped can be
presented; we will not do this here.

For all schemes we set
(3.9) u,=y,+z, €V, vn.
Of course, uZ is expected to be an approximation of u,(nk) in the limit k — 0.

Remark 3.2. The effective resolution of the linear systems appearing in (3.2),
(3.3), (3.5)-(3.7), and (3.8) will be discussed elsewhere and we will, as well,
present and discuss the results of numerical experiments.

At this point, one can speculate that the solution of problems (3.3), (3.7),
or (3.8) involves almost as many unknowns or is almost as complicated as an
implicit or semi-implicit scheme in V) , for uZ“ . However, besides the theoret-

ical advantages related to the closeness to the attractor that we will not discuss

SWe do not discuss here the validity of this hypothesis, which assumes that the high-frequency
modes of f are not too large (see [5]).
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here, the two advantages of the schemes of this type are the following:
—Schemes I, I', II, and III yield a better stability condition than a similar
scheme in V) (see §5).
-It will appear from the a priori estimates below that the zZ are small quan-
tities and therefore, the linear systems corresponding to (3.3) or to (3.7) need
not be solved with the highest accuracy.

4. STABILITY ANALYSIS

Our aim is now to perform a stability analysis for Schemes I-III by using
energy methods. Namely, we want to obtain a priori estimates for the y, and
z,’,' that are independent of k (and 4); we will be able to do so at the price of
some conditions on k and &, the stability conditions.

Scheme 1. For the sake of simplicity, all the indices # will be dropped during
the following computations.
We replace §, by 2ky;*' in (3.2) and 2, by 2kz}™' in (3.3). We recall
that
2a-b,a)=la’ - b +|a- b,
2a-b,b)=|a)’* - b —|a-b’.
We then obtain (dropping the indices 4):
(4.1) |yn+1|2 _ |yn|2 + |yn+1 _yn|2 + 2ka(un+1 , yn+1) + de(unﬂ , yn+1)
+2kb(y", y", ¥ + 2kb(Y", 2",y + 2kb(2", Y,y
— 2k(fn , yn+1) ,

(4.2) |Zn+1|2 _ |Zn|2 + |zn+1 _ zn|2 + 2ka(u"+1 , Zn+1) + de(unﬂ , Zn+1)
+2kb(", ¥", 2" = 2k(f", 2.
We add these relations and take into account (1.3) and (1.6); we find
2 2 2 2

"+ 12 = 1T T =

+ |Zn+1 _ zn|2 + 2ka(u"+1 , un+1) + de(unﬂ , un+1)

=2k(f", W™y = 2kb(u", y", ¥ ")

—2kb(y", 2", y"T =y = 2kb (", V", 2" - 2.

We write, thanks to (1.1) and (1.6),

(4.3)

2ka(u"+1 , un+1) + 2kd(u"+1 , un+1) > 2kc5||u"+l||2,

2k(f", W) < 2k|f" " < 2key | £ WY

2
nel 2 key 2
< eghlld™ P+ Ly,
5
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Then we majorize the b-terms using (1.4), the second inequality (1.1), (2.4

and (2.22):

2kibu”, y", y" =y
1/2 1/2 1 1/2 1 1/2
< 2key |2 M =y P =

< 2key(8,5)) T2 Iy | 1" = V7| (with (1.1) and (2.22))

S %|yn+1 _yn|2 +4k2C§(S1§1)_l|un|2 ”yn”2,
where S, = S,(h) and S, =5,(h) (see (2.22)).5 Similarly,
2k|b(y", 2", y" = ")
< 2key " Ply" 120 2" " -y
< 2key (ST Y2 -
<Y =+ A S E) TP

n+l 1/2,,. n+l n1/2
-

lly

2k|b(y" , yn , Zn+1 _ Zn)|
S 2kc3|yn|1/2”yn”3/2|2n+1 _ zn|1/2
< 2key($,5) 72 Iy 2 - 2
< 2" = 2P 2k (8, S ) T I

n+l  _nyl1/2
2" =z

Collecting these inequalities, we obtain

1,2 1,2 2 2
W+ 12" = "+ 127D

n+1 n+l1 n+1||2
- |

1 1
3" = 312 = 2 ke

< 1P+ S5 W Py

€1Cs

+4k2 G S) T PN + 267 S,5) T Iy IR
Because of (2.3),

1y + zyll5 = 194lly + 2,3 + 200> )i
(4.5) > |1yyll; + 124l = 201 = &)yl 24l »
> 3(lIy,lly + 1z, l15) -
Also,
W,y = vy + 2400 < 200,02 + 12,12,

n+l1 n+l1

6Although we dropped the indices #, we recall that |y

+1 n
=1y =il -

-y =y; " —y;l, and ||y

n+l _ n

y
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and (4.4) yields

1,2 1,2 2 2 1 1 2
W1+ 12" = (Y + 127 )+§|y"+ -y

(4.6) 412" = 2 ke (I 2 )
< kc—cj|f”|2 + kA" + 12" D)UY + 12",
with
(4.7) A=2k(9(5,5)7 +23) 7).
We now prove

Lemma 4.1. We assume that

(4.8) k<2c/es

and

(4.9) A = 2ke(9(S, (WS, (h) ™" +2(5,(h) %) < ¢s6/2M,
with

M = (1+ skegS, () (el +12500)
(4.10)
M=

4
hid}

_— 2
M+ c§5|f|L°°<R+;n,1-1,,)'

Then, for every n >0,

2 2
(4.11) Ky = ply + 12,0, <M.
Proof. We proceed by induction; (4.10) is obviously true for » = 0. Assuming
it has been proved up to order », we want to establish it at order n + 1.
We observe that the induction hypothesis and (4.9)-(4.11) imply that Au, <
3¢50 . We then set
2 2 2 2
(4.12) & =" +12"" + Shes ("1 + 112711
and we infer from (4.6) that

1 ket
(413) & ke d (WP 12 < Rl
5
where

2 2
= = li>®, ;7,101
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But, by (1.1),
1,2 1,2
Iy" +|| il
2 2 2
2 2<| P12+ 5 <||y"“|| + 12"
4.14
(419 z;c—z<<|y"“|2+| 2B+ Gy R+ 12
1
> 2—275"“ (thanks to (4.8)),
1
and (4.13) yields
kc.d 1 ke? o
l 5 n+ < n+_1 -,
( o )¢ <&+ THAL
-1 2
kcd kc kc.o 2
4.15 a1+ e L1 =3 .
(4.15) 2 Cs w0 IfIL

The analogous relations are also valid for the previous values of #, and thus

-1 -2 2 =2
kc.o n kc.o n-1 kc kc.o 2
14+ —- < |1+ == +—L 1+ .
( 4cf) ‘:-( 4cf) : ( a) Wk

—n —n— —-n—1
kc.o 1 kc.o kc? kc.o 2
1+ — <1+ +—L 1+ = .
( 4cf ) : ( 4c1 ) é s ( 4c1 e

By adding all these relations, we obtain

-1

kego\ " 4

(10 8) e Bt
1

(4.16) ATt 4"1 L/l

In particular,

|n+12

n+1,2
I +1z7

02,02, 1 0,2 02 4ct o
< + + skcd S
(4.17) ST 127 + ke s (117 + 11271 >+c§5|f|L
1 -2 02 02  4ci .2
< (1+—2-kc5§Sl >(|y | +|Z | ) Zz—é'lflLoo =M.
5
The induction is complete and Lemma 4.1 is proved. O
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Remark 4.1. For the study of convergence, in passing to the limit kK — 0, 4 —
0, the bound (4.10), (4.11) is effective provided

(4.18) kS, (h)~*remains bounded

(by any finite number). Condition (4.9) requires A = A(k, h) to be smaller
than a specific constant. 0O

We associate with the elements y,, z, , and u, some approximating step
functions defined as follows:

ViR =V, @)=y, tenk, (n+ Dk),

(4.19) z,:R, = W,, z,(t)=1z,, tenk, (n+ k),
u, R, — th s w0 =y, +2,0).

Lemma 4.1 can be interpreted as follows:

Under the hypotheses (4.8)—(4.10),

(4.20) alz=, i, 1 + 124, 3y 1 S M

and with (4.18),

u,, ¥, and z, remain bounded in LR ; V,, |- |,),

ask and h - 0.

With the same hypotheses we can derive further estimates on y,, z,, and
uh .

Let T > 0 be fixed, let Nk < T < (N + 1)k, and add the relations (4.13)
for n=0,..., N. We find

(4.21)

2
Nl n+l,2 n+l, 2 o kNcji .2
¢ Ekcsﬁz(lly P+ 1207 < &+ — | /1
0,2 02, Tck .,
< (14 goesdST) WA+ 120 + S0
5
T
1
<M+ 5|f|L°°1R Vool
Hence,
under hypotheses (4.8)-(4.10),
2 2 /
422) Waleo, 75,1000 T 128020, 730, oy S M
: 2
/_ 2 wd Tcl 2
= 3 (T )
or, with (4.18),
u,, ¥, z, remain bounded in LZ(O, T;V,, -1,)

(4.23)
VT >0, ask and h — 0.
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Scheme I'. The analysis is very similar to that of Scheme I, but some simplifi-
cations and improvements occur.
We replace §, by 2ky;™' in (3.5) and 2z, by 2kz;*' in (3.6); after adding
the corresponding relations, we obtain the analog of (4.3):
1.2 1,2 2 2 1 2
(e A D R (A T R A
+ |Zn+1 _ Zn|2 + 2ka(un+1 , un+1) + de(unﬂ , un+1)
= 2k(f", W) = 2kb(y", V", V" - YT
_ 2kb(zn+1 , yn , yn+1 _yn) _ 2kb(yn , Zn+1 , yn+1 _ yn) )

We reproduce the computations following (4.3):

(4.24)

2ka(un+l , un+1) + 2ka'(u"+1 , un+1) > 2kc5||u"+1||2,

kc?
2h(f", u™) < kegllu™ I+ 2P
5
2kib(", y", Y™ = ")
1/2 3/2 1 1/2 1 1/2
< 2ke;y" 1y 1P = A =y Y

= \—1 1
< 2key,(S) T IV YT ="

1 2 2 2= .\-2 2 2
<A =Y+ 4K G S )T,

2k|b(zn+l , yn , yn+1 _yn)l
S 2kc3|2n+1|1/2“2n+1”1/2”yn” |yn+1 _yn|1/2”yn+1 _yn”l/Z
< 2key(S,/8) ST Y IZ" Y™~ »"| (with (2.4) and (2.22))
< ™ ="+ 4k (S,/8) S ) T Il R,

2k|b(y" , Zn+l , yn+1 _ yn)l
< 2kes "IN Y - R -y
< 2key(S) T IZ" " -y
S 7}:Iyn+1 _yn|2 + 4k2c§(§1)—2|yn|2“2n+1”2 )
With these inequalities, (4.24) yields
W41 ) = (" + 12

n+l n+1”2

2
- 2" + keg|lu
ket =\ S
< ST+ (S (1 + E—Z) Pl
5 1

|
+ ZIyn+l _yn|2 + |Z
(4.25)

2 2= .-2 2 2
+4k“ e (S) T IV
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Lemma 4.2. We assume (4.8) and

(4.26) 4kc3 (S, (h) (1 + S, (h) /S, (h)M
— 8 2
M, =M+ ;§|f|L°°(R+;Vh,|-|,.)’
with M as in (4.10). Then for every n >0,

(4.27) ty = Vil + 12415 < M.
Proof. The proof is similar to that of Lemma 4.1, and we consider the same
expression &” asin (4.12).

We proceed by induction; (4.27) is true for n = 0, and, assuming that it has
been proved up to order n, we want to prove it at order n + 1. From (4.5),
(4.25),

¢s0,

F-

1
énﬂ _ fn + chsa(”ynHHZ + ||Zn+1”2

ket nen 2 _ ket
< c—1|f "< — |f|L°° .
5

Using (4.14), we find, in place of (4.15),
-1 2 -1
k
429) &< (1 + SC—SZ‘S) oy ka (1 + ch‘—é) /17
¢

(4.28)

4 8¢?
1 5 1
With the analogous relations valid for the previous values of », we obtain
i (14 ke e sc1
(4.30) & 1+ — |f|Loo ,
8c1

and we conclude as in Lemma 4.1. O

Remark 4.2. Under the hypotheses of Lemma 4.2, (4.28) implies the coercivity
of the linear system (3.5), (3.3) defining y"+1 "“ for Scheme I'; hence, the
solvability (yet unproved) of this scheme by the Lax-Mllgram theorem

Remark 4.3. The stability conditions (4.9) and (4.26) will be discussed and
compared in §5. O

We define the functions y,, z,, and u, asin (4.19), and from Lemma 4.2
we infer that
under the hypotheses (4.8) and (4.26),

2 2
(4.31) =@, v, 1) T |2h|L°°(R+;V,,,|'|,,) <M,
2 2 /
Walzzo, w1010 T 120020, 73w, ) S 2M0 YT >0
(M,, M’ asin (4.26) and (4.22)), and with (4.18),
u,,y,, and z, remain bounded in L°°(R+; Vs 1+ 1)

(4.32)
andinL(O r;v,,I,)¥T >0, ask and h — 0.
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Scheme II. We now proceed with the stability analysis for Scheme II; some
steps will be the same as for Scheme I, and some will be different.
We replace y, by 2kyh in (3.6) and 2, by 2kz"+1 in (3.7). Dropping the
indices 4, we find thanks to (1.3):
|yn+1|2 _ |yn|2 n+1

" =y 4 2ka(y" + 2 YT
+2kd(y" + 2" YTy 4 2kb(", 2T YT = 2k(F7, YT,

n+1,2 n+1 n+1
127" = )

Zn|2+|Z —Zn|2+2ka(yn+2n+l, z
+2kd(yn+2n+l, Zn+1)+2kb(yn,yn n+1) 2k(f n+1)

We add these relations, using again (1.3),

+1,2 n2 2 +1 n2
"1 +1z -+ + 12 =2

(4.33) +2ka(" + 2", Y+ 2" + 2kd 0" + 2", Y 4 2
— 2k(f", yn + Zn+1) + |yn+1 _yn|2.
Thanks to (1.1) and (1.6),

n+1

n+l1,2
")

n+1
)

n+1,2
l

2ka(y" + 2",y + 2" 4 2kd (V" + 2 V" 4+ 2 > 2kel |y + 2

b

2k(fn, yn +Zn+1) < 2k|fn||yn+2n+1| < 2kC1|fn|||yn+ zn+1”

2
+1,2 ke 2
0+ 1|nt .

< kcs“.Vn tz
In order to majorize the term | yt_y | in the right-hand side of (4.33), we
return to (3.6) and replace j, by k(y"+1 - ;) ; thus,

= —ka("+ 2",y -y —kd(y" + 2"y

ly
(4.34) —kb(y", Y+ 2"y =)
—kb(2" Y Y =y k(Y =),
Because of (1.2), (1.4), and (1.5) we can majorize the right-hand side of this
relation by

n+1 n

-y)

n+1 n 2
-y

1

1 1 1 1
ke, |y" + 2" Iy = Y+ kegly" + 2" T ="
1/2 1/2 +1 1 1/2 1 1/2
T I 1 T e T T
1,1/2 1,1/2 1 1/2 1 1/2
T P B P T e e T

+ kI =Y
In view of (2.4) and (2.22) this expression is bounded by

n+l n+1||

k{(c,(S)) " + el + 2" + ¢35, |y|||y +z

12 1 +1
+¢5( Z/S PEDT T 1 =0
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Hence, with (4.34),
n+l1 n2 2 2,5 \2 2 2,5 \—2 2 +1,2
=y < {(SE )T+ + ) T) I+ 2
2 < e \—2 2 +1,,2 2
+3(S,/5)E) Y I+ 11

With these relations we infer from (4.33):

(lyn+1|2+ |Zn+1|2) _ (lyn|2+ |Zn|2) + |Zn+1 _ zn|2 +k(:5||y" +zn+1”2
2
c 4 = \ n h
(435) <k (é+5k) |f17 + 5K (3 + SIS + ey + 2"
2285\ = =2, n2y n+1 2
ke (2 ) S0 "
1
Lemma 4.3. We assume that (4.18) holds and
— _ C
(4.36) Sk((ch + A M,)(S, () +¢h) < 3.
SN\ = - )
4.37 Skl [ 22 S, (h) M, < 3=,
(4.37) C3(Sl(h))( ()M < S

— 8 10c! 2
M,=M + 6'2_5 (1 + 5 |f|L°°(R+;V;,’|’lh)’

M as in (4.10). Then, for every n >0,

(4.38) ty = [Vl + |21 < M.

Proof. Relation (4.38) is obvious for » = 0. We assume that it has been proved
up to order » and we want to prove it at order n + 1. Because of (4.5) and
(4.36), we infer from (4.35),

1,2 1,2 2 2 1 2 3 2 1,2
W™+ = W+ 12" 127 = 2"+ ghesd (W71 +12"0)

2 .
<k (gl- + Sk) f7e + 5k%c; (%) S) 2 m) 2"
5

1

2 2
<k (Cl " 1001) |f|i°° + %kcséllz"“llz (by (4.8) and (4.37)).

E; cs0
Hence,
(lyn+1|2 + |zn+1|2) _ (lynlz + |zn|2) + |zn+1 _ zn|2
2
@ + ke d ("I + 12" 1) < k (f,—: + l—cf’s-j;—) 1z
Setting

(4.40) E =" 12" + ke s (Y"1 + 1271,
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we rewrite (4.39) in the form

n 1 n n lO
& =&+ keI + 112" < K (c‘ cl) -

As in (4.14), using (1.1) and (4.8),
2 1,2 1 2
" 1% + 12" zguw 212 + <||y P+ 12"
| n+12 2,0 np2 n+l 2 | R
— (V" +|z +c + |z > &,
2cf(| P4 12" LAY+ 2cf¢
Thus,
ked 210
L+ —5 | & - <k 9— Cl s
8c;

and also, for j=0,...,n,

—(n—Jj) —(n+1-))
| kesd it o (14 Kesd i, cf 10} e
8¢ 2 - 8cf Cs 655 L=

By adding these relations for j =0, ..., n, we obtain
—(n+1)
nel ) 8¢t 10 2
<1+ =~ + =+ <1+—> ~
1
(4.41) &< WP +12°) + kcs 17 +112°1%)

861 2
(D)t

The induction is complete, and Lemma 4.3 is proved. O

For N fixed, we add the relations (4.39) for n =0, ..., N; this yields

N
kS ("2 + 12" 1%y
(4.42) n=0

2kN

2
lOc1
c55(|)’| +|z |)+—57(E;+ 3 >|f|L°°—M

We associate with the elements y; , z; , and u, the functions y,, z,,and u,,
defined by

ViR =V, w(O) =y,  telnk, (n+Dk),

(4.43) z,:R, - W, z,(t) =z}, te[nk, (n+ k),
u, R, -V, u(t)=y,0)+z,01).
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In terms of y,, z,, and u, we reinterpret the previous results as follows:
under the hypotheses (4.8), (4.36), and (4.37),

(4.44) |yh|i°°(R+;V,,,I‘I,,) + |Zh|i°°(R+;V,,,I°I,,) <M,
alz0, 753, 1o + 12420, 73w,y S M7 VT >0
(M,, M" as in (4.37), (4.42)), and with (4.18),
u,,y,, and z, remain bounded in
(4.45) LR, V,, ||, and L*(0, T; V,, || -II,)
YT >0, askand h— 0.

Scheme III. The first steps of the analysis of Scheme III are the same as those
of Scheme II. We replace $, by 2ky] in (3.6) and 2, by 2kz}*' in (3.8).

The terms corresponding to z;’“ - z,': disappear and thus, in place of (4.33)
we have here:
|yn+1|2 _ |yn|2 + 2ka(yn + Zn+1 , yn + zn+1)

(4.46) +2kd(yn+zn+l’yn+zn+1)

— 2k(fn , yn + Zn+1) + |yn+1 _yn|2.
The analysis following (4.33) can be repeated without any change, up to (4.39),
which now becomes

1,2 2 1 2 1,2
=+ 5k055(||y"|| +12"71)

(4.47) 2102

<k|[ZL1+—L 2 .

_k(C5+CS(s)|f|L
Instead of (4.40) we set

2 2 1,2
& ="+ dkesd (Y1 + 112",

and under the hypotheses of Lemma 4.3 we arrive at

4
n+l 02, 1 0,2 , 8¢ 10\ | -2
. < - —_— —_ oo .
@4 &b ket (14 7)1
Thérefore, under the assumptions of Lemma 4.3 we have, in place of (4.38),
(4.49) vals < M, ¥n20.
Then (4.44) remains unchanged, while the first estimate in (4.44) is replaced by
2
|yh|L°°(R+;V;.,I‘I;.) <M.

In order to recover the estimate of z, in LR +> Vs 1+ 1), we proceed as
follows: we set 2, = z; "' in (3.8). This yields
a(zn+l , zn+l) +d(zn+1 , Zn+l)

(4.50) W n n "
=_a(yn’zn+1)_d(yn’Zn+l)_b(y Y 5 Z +1)+(fn’z +l)-
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With (1.2), (1.4)-(1.6), and (2.4), we deduce that

n+1,2 n+l n+l
| | |

< oIy 2" )+ cglly "l |2
+ c3|yn|1/2”yn”3/2|zn+l|1/2”zn+1||1/2 + |fn| |zn+l|

< {(e, + ¢ S)I" Il +¢5(S) 2" 11y I + Sl 1"

Using (2.4) again, and (2.22), we see that

3/2
< Ll ves) (2] pr+ (2] prresi
=g 2 T 49y §1 y §1 y 2

and thus, for every n >0,

c5||z

(4.51) 1z} < My,
r 1 S, (h) 1/2
. M, = o {(c2 +¢,8,(h)) <§_j(h—)) M,
. 3/2
Sz(h) 2
+ (ﬁl(h)) M, + (S,(h)) IfILoo} .

We define the functions y,, z,, and u, exactly as in (4.43) and we state:
under the hypotheses (4.8), (4.36), and (4.37),

/

(4.53) Iy,,lioo<m+;n»l.,h) <My, |zl imm gy S My
|yh|iz(o,r-,v,,,||o||h) + lz"ﬁz(o’T:Vh’ll'llh) <M" VT >0
(M,, M", M, as in (4.37), (4.42), (4.52)), and with (4.18),
¥, remains bounded in L(R_; V,, ||,),

(4.54) U,, ¥, z, remain bounded in L', T, Vs I-11,)
VT, ask and h - 0.

If, furthermore,
(4.55) S,(h)/S,(h) remains bounded as h — 0,
then
u,, z, remain bounded in L°°(]R+; Vs |+1,) ask and h — 0.

Remark 4.4. 1t follows from (2.4) that, for all the schemes presented here, z,
converges to 0 as k and A converge to 0. We have indeed

(4.56) |Zh|L2(0,T;V,,,|-|,,) < Sz(h)|zh|L2(o,T;V,,,||«||h) < const-S,(h),
and we recall that S,(h) — 0 as & — 0; (4.56) implies that
(4.57) |zh|L2(o,T;V,,,|-|,,)“’O ask,h—0, VT >0.
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Furthermore, for many examples, the norm |-|, of ¥, is that of L2; then
(4.56), (4.57), and the bounds on z, in L*(R,; V,,|-|,) imply that

|Zh|L”(0,T;V,,,I°I,,)_’0 ask,h—0, VI >0, Vp, 1<p<co. O

As a conclusion to this section we summarize the results that we have proved:
for the Schemes I, I', II, III we have obtained some a priori estimates on
the y,': , zZ which demand some restrictive conditions on k and /4, namely
the classical stability conditions. The a priori estimates are completed and
reinterpreted for the different schemes in the statements (4.20)-(4.23), (4.31)
and (4.32), (4.44) and (4.45), and finally for Scheme III in (4.53)-(4.55) (see
also (4.56), (4.57) in Remark 4.4).

5. APPLICATIONS

The object of this section is to make explicit the hypotheses and results of
the previous sections on some examples. For the space discretizations we will
consider those of §2 and also some finite elements and finite differences in
space dimension 2; two evolution equations of the Navier-Stokes type will be
considered.

We start by making explicit the constants S (k), S,(h), and S,(h) for vari-
ous spaces. In particular, we show that the ratio

(5.1) Sy(h)/S,(h)

that appears in the stability conditions for certain schemes remains bounded.
(i) Spectral discretization. The framework is that of §2. We have seen in

(2.6) that

(5.2) S,k =@, )"

m,+1

For estimating S, , we note that, for every u, in V,, u, = > o < W) and we
have

m, m
2 2 2 2
|uh”h =Zéjljsﬂleéj =)’m||uh| =A’ml|uh|h'
— =
Thus,
(5.3) S, (k) = (lml)"l/z.
Similarly, for S, we just replace m, by m, in (5.3):
(5.4) Sy(h) = (4,,)"".
We have _ "
3151 = Ui i ) < 1,

and this ratio is obviously bounded as m; — co.
Some indication of the advantage of using decompositions of the space V),
of type (2.1) can be obtained by comparing the stability conditions appearing
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above with those appearing when no decomposition is used, i.e., W, = {0},
s, =5,.
For example, for the case of the Dirichlet problem in space dimension D,

A ~em*P

m as m — oo.

If we consider a decomposition with m, = 4m,, then
= —-1/D -1/D = 2 2/D
S, ~cm, / , S ~c(4m,) / . (8,/8) ~4 / ,

so that Scheme I, for example (see (4.26)), allows a time step 4*'° times larger.
Note that this is only an indication about stability, since the stability conditions
are only sufficient ones. However, such improvements can be rigorously proved
in the linear case, where the stability conditions are necessary and sufficient
[24]; they are also broadly supported by numerical experiments [5, 13, 14].

(ii) Finite elements (1D). 4 -finite elements in space dimension one have
been discussed in §2. With, for instance, &, = 2k, = 2k, we have seen that

S,(h)y=h/2V3,  S,(h)=h/V3.
Of course, replacing 4 by h,,
S,(h)y=h/V3 and S,(h)/S,(h) =1,
so that this ratio is obviously bounded. In the present case,
(S, (h)/S,(h)" = 4,

and for Schemes I', II, or III, the stability conditions (4.26), (4.36), (4.37) allow
a time step four times larger when this decomposition is used.
(iii) Finite differences (1D). We have seen in §2 that

S, (h)=h/2, S,(h)=h.
Then, by Remark 2.1,
S,(h)=S,(2h)/V2=h/V2 and S,(h)/S,(h)=V2,

so that this ratio is indeed bounded (constant) as 4 — 0.

For hy = h = 2h,,

(S, (h)/S,(R)* =2,

and for schemes I', II, or III the stability conditions (4.26), (4.36), (4.37) allow
a time step two times larger when this decomposition is used.

(iv) Finite elements (2D). In space dimension 2, decompositions of the

space V, based on & -elements and other finite elements have been studied in
[19]. The description of the spaces V,, th , W, will not be reproduced here.
We only borrow from [19] (see (3.10)) the fact that S,(h) = p, , where p, is the
supremum of the diameters of the triangles in the corresponding triangulation
&, - One can show also (see [21, p. 376]) that S| (k) is of the form S, (k) = cp;l ,
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where p;l is the smallest of the diameters of the inscribed circles in the triangles
T of the triangulation .9, .
If the triangulation .7} is associated with the triangulation le by dividing

each triangle T of '71:2 into four equal triangles (congruent to 7'), then

S,(h) = 8,(2h) = cpy, = 2cp, = 2S,(h).

Thus,

(h)/gl(h) = ph/(ch;l) )
and this quantity remains usually bounded as 2 — 0, although this is not an
automatic assumption. Also, we note that (S (/S (h )) =4.

(v) Finite differences (2D). Decomposmon of the space V) for finite differ-
ences in space dimension two have been presented in [24]. It was shown (see
Lemma 2.3 in [24]) that S,(h) = h, where A > 0 is the space discretization
mesh in both directions. Also (see (5.17) in [24]), S|(h) = h/2v2, and by
Lemma 2.2 in [24]: S,(h) = h/2. Hence, S,(h) = 2S,(h), and this ratio is
constant, thus bounded. We have

(Sy(h)/S,(h))* =2

We conclude this section by describing two equations which lead to an equa-
tion of the form (1.7) by space discretization. As mentioned before, the Navier-
Stokes equations, and the thermohydraulic and magnetohydrodynamic equa-
tions in space dimension two lead to equations of the form (1.7), but these
specific and very important cases will be treated in a separate work.

Example 1. Burger’s equation. Let Q= (0, L), L>0;weset V = HO1 (0, L),
H= L2(O, L). For v >0 and f given, the equation is written as

ou 8%u ou

a—t—llgp-l' 'a-——f anXR
u0,t)=u(L,t)=0, u(x,t)=uyx).

The variational form of this evolution equation consists in finding a function

u:R, - HOI(Q) =V such that

i u,v)+v((u,v))+bu,u,v)=(f,v) Ywevr.

(5.5) 77

Here,

L dpdy
((p,w)—/o pydx, (((ﬂ,w))—/o Ix dxdx Vo, v,

and b is the antisymmetrized form of the nonlinear term [20]

do
blp,v,0)= 3/ ( 60— t//dx)dx
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By using a discretization of (5.5) by any of the methods (i), (ii), (iii), we obtain
an equation of the form (1.7) with d = 0. The hypotheses (1.2)-(1.6) are
satisfied, ¢, =¢; =v, ¢, =0, and ¢, is an appropriate constant.

Example 2. An equation of Navier-Stokes type. Let Q C R’ be an open bounded
set. We consider a modified form of the Navier-Stokes equations where the pres-
sure and the divergence-free conditions have been removed, while the nonlinear
term is modified as in [20]. Namely, u = u(x, t) satisfies

%(divu)u:f, XxeQ, t>0,

u=0 ondQ, u(x, 0) = uy(x).

ou
E—uAu+(u'V)u+

This problem is equivalent to finding a function u: R, — V = H(}(Q)2 satisfy-
ing an equation similar to (5.5), now with

2
- 09,9y,
((p,t//)—/gco wdx, (g, ¥)=)_ anjg};dx,

i,j=1

oy, 80
b(¢v/0=—2/ ( 19 —w,ax>dx

i,j=1

By using a discretization of (5.5) by one of the methods (i), (iv), (v) above, we
obtain an equation of the form (1.7) with d = 0. The hypotheses (1.2)-(1.6)
are satisfied, and again ¢, =¢; =v, ¢, =0, and c, is an appropriate constant.
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