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NONCONFORMING FINITE ELEMENT METHODS
FOR THE EQUATIONS OF LINEAR ELASTICITY

RICHARD S. FALK

ABSTRACT. In the adaptation of nonconforming finite element methods to the
equations of elasticity with traction boundary conditions, the main difficulty in
the analysis is to prove that an appropriate discrete version of Korn’s second
inequality is valid. Such a result is shown to hold for nonconforming piecewise
quadratic and cubic finite elements and to be false for nonconforming piecewise
linears. Optimal-order error estimates, uniform for Poisson ratio v € [0, 1/2),
are then derived for the corresponding P, and P, methods. This contrasts with

the use of C° finite elements, where there is a deterioration in the convergence
rate as v — 1/2 for piecewise polynomials of degree < 3. Modifications of
the continuous methods and the nonconforming linear method which also give
uniform optimal-order error estimates are discussed.

1. INTRODUCTION

The finite element approximation of the equations of linear isotropic elas-
ticity may be accomplished in a variety of ways. The most straightforward
approach is to use the pure displacement formulation and conforming finite
elements. The analysis of this method is well understood. It works well if
the elasticity tensor is positive definite, but suffers a deterioration in perfor-
mance in some cases as the Poisson ratio approaches 1/2 (i.e., as the material
becomes incompressible). Specifically, as discussed in [19], for piecewise linear
elements, the method may not converge as the Poisson ratio approaches 1/2,
and for piecewise polynomials of degree 2 and 3, the error in the method may
be of order one less than the optimal approximation in the finite element sub-
space. For piecewise polynomials of degree > 4, optimal-order error estimates
are obtained for most meshes (cf. [18]).

A second approach is to use a mixed finite element method based on the
Hellinger-Reissner variational principle. In this approach, both stresses and
displacements are approximated and a stable combination of finite element
spaces must be found to approximate these variables. While several pairs of
stable spaces ([17 and 9]) are known for scalar second-order problems, the sym-
metry requirement on the stress tensor does not allow the direct use of these
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spaces for the system of linear elasticity. Several approaches to circumventing
this difficulty have been analyzed and all of them have the important feature
that the accuracy of the method does not deteriorate as the material becomes
incompressible.

One of the mixed finite element approaches is to use macro elements. In this
technique, the basic finite element mesh is subdivided and certain interior de-
grees of freedom are eliminated so that the resulting macro element will satisfy
some additional constraint (in this case symmetry). In [15] a piecewise linear
macro element is proposed and analyzed and in [3] a family of higher-order
elements is developed.

Another approach, developed in [2], is to modify the Hellinger-Reissner vari-
ational principle by introducing a Lagrange multiplier to enforce the symmetry
constraint. When this variational principle is discretized, the symmetry condi-
tion is partially relaxed and a stable triple of triangular finite elements is devel-
oped for the modified variational principle (which now includes an additional
variable to approximate the multiplier). This idea has been extended in [16] to
higher-order and rectangular elements and to elements for the three-dimensional
equations of linear elasticity.

In [4], the problem of symmetric stress tensors is overcome by the devel-
opment of a new mixed variational formulation of the elasticity equations in
which the spaces no longer have any symmetry constraint. Thus, standard pairs
of stable finite element spaces developed for the scalar problem may be directly
applied. The method is quite simple in the case of displacement boundary
conditions, but must be modified for pure traction or mixed boundary condi-
tions due to the fact that the original stress variable does not appear in the new
formulation.

One drawback in the use of mixed methods is the large number of variables
involved, although this difficulty may be partially circumvented using techniques
presented in [1]. The basic idea is to reformulate the discrete equations as a
generalized displacement method in which the stress variable has been elimi-
nated. In the simplest case of the approximation of Poisson’s equation by the
lowest-order Raviart-Thomas elements, it is shown that the method is equiv-
alent to a slight modification of the approximation of Poisson’s equation by
nonconforming piecewise linear elements. Since this is the case, it is natural to
ask whether nonconforming finite elements may be used directly in the approx-
imation of the elasticity equations and whether the use of such methods would
have any advantages over conforming or mixed finite element methods. For
the case of scalar second-order equations, a detailed analysis of nonconforming
methods is given in [17], and for the stationary Stokes problem, the use of such
methods is analyzed in [12]. The case of nonconforming quadratics for both
the scalar second-order problem and the stationary Stokes equations is consid-
ered in [13]. Since the stationary Stokes equations are closely related to the
displacement-pressure formulation of elasticity, the extension of such methods
to the equations of elasticity (involving displacements and the full stress tensor)
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would appear to be straightforward. In fact, the boundary conditions imposed
play a crucial role, and it is only in the case of pure displacement boundary con-
ditions, that an extension is obvious. The reason for this is that in the case of
homogeneous displacement boundary conditions, the continuous problem may
be transformed so that one works with a bilinear form involving the Dirich-
let form [, gr~adg : gr~adg , instead of the more natural form [, € (g) te (E)‘

The problem with this second form is that it is not at all clear whether the
discrete analogue of Korn’s second inequality, used to establish the coercivity
of the form, holds for nonconforming finite elements. In fact, we show in §6
that it fails for nonconforming piecewise linear functions. The result of this
failure is that the straightforward application of nonconforming piecewise lin-
ear elements to the approximation of the elasticity equations with pure traction
boundary conditions leads to a discrete problem with a large space of solutions,
while the solution of the continuous problem is unique up to addition of the
three-dimensional space of rigid motions. This problem is completely avoided
in the analysis of the Stokes problem in [12], since the basic problem is given
in terms of the Dirichlet form, and only homogeneous Dirichlet boundary con-
ditions are considered.

In this paper, we consider the approximation of the equations of elastic-
ity with pure traction boundary conditions by nonconforming piecewise linear,
quadratic, and cubic finite elements. For the piecewise quadratic and cubic
cases, we use the straightforward extension of the nonconforming methods dis-
cussed in [12, 13, and 17]. For piecewise linears, we propose a slightly modified
version in which a local projection is added. We then derive optimal-order er-
ror estimates for these methods in which the constant remains uniform as the
material becomes incompressible. The keys to this analysis are the proof of
appropriate discrete versions of Korn’s second inequality and the equivalence
of the displacement formulation of the elasticity equations with a Stokes-like
formulation involving displacements and a single stress variable.

The nonconforming schemes we consider are equivalent to trivial mixed
methods, where the stresses are discontinuous piecewise polynomials which are
easily eliminated from the system. Since these methods share with other mixed
methods the property that they do not deteriorate in accuracy as the material
becomes incompressible, they raise the question whether the large number of
variables present in the mixed methods mentioned previously contribute in any
way to a better approximation. For one-dimensional problems, the results of
Babuska and Osborn [7] prove that for rough coefficients, certain mixed for-
mulations do perform better. In the case of two-dimensional problems, there
are presently no general theoretical results of this type. Also relevant to the
choice of methods for the numerical approximation of the elasticity equations
is the remark made in the last section, that using ideas developed for the Stokes
problem, the loss of accuracy near incompressiblity for conforming methods
using piecewise polynomials of degree < 3 is easily fixed. The number of
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unknowns for the modified methods constructed require less for linears, the
same for quadratic, and more for cubics than the corresponding nonconforming
methods. As mentioned previously, for piecewise polynomials of degree greater
than three, the standard displacement method using conforming elements suf-
fers no loss of accuracy. Since it uses fewer unknowns than other methods, it
thus appears preferable.

An outline of the paper is as follows. In the next section, we include the
notation to be used along with some preliminary results useful in the paper. In
particular, a statement of a continuous version of Korn’s second inequality is
given along with a proof which allows generalization to nonconforming finite
elements. Section 3 describes the approximate problems and §4 contains the
statement and proofs of the discrete versions of Korn’s second inequality needed
for the analysis of these methods. An error analysis of the methods is presented
in §5. In §6, we examine the case of nonconforming linears, showing why
Korn’s second inequality fails and proposing a modified method to deal with
this difficulty. This method produces a nonsymmetric approximation to the
stress tensor ¢ and is shown to be equivalent to a mixed formulation (similar

~

to that in [2]) in which the symmetry of the stress tensor is relaxed through
the use of a Lagrange multiplier. In §7, modified forms of the standard finite
element method for conforming piecewise polynomials of degree < 3, which
alleviate the problem of deterioration of accuracy for nearly incompressible
materials, are discussed.

2. NOTATIONS AND PRELIMINARIES

We will use the usual L*-based Sobolev spaces H’. An undertilde to a
space denotes the 2-vector-valued analogue. The undertilde is also used to de-
note vector-valued functions and operators, and double undertildes are used for
matrix-valued objects. The letter C denotes a generic constant, not necessarily
the same in each occurrence. We will use various standard differential operators
defined as follows:

gradp:(ap/ax), curlp=( op/dy ),

op/oy —0p/dx
o dv, 0v, _ ov, 0w,
o=t gy =g e

gradv =

~

V=

~

<6v1/8x 8’01/8))) curl

ov, /0y —0v,/0x
ov,/0x 0v,/dy ’

0v,/0y —0v,/0x

. (01,,/0x +01,/0y _1 t
divz = <6121/6x +01,,/0y )’ &) = 2[gr§1dg + (grgdg) 1

We also define two constant tensors
0 -1
1 0

10
2=<o 1>’

AxR
Il
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and for any tensor 7

Q

where

An easy calculation shows that
(2.1) g(v)=gr31dv—%rotvx.

The traction boundary value problem for the equations of plane strain linear
isotropic elasticity may be written in the form

14 . .
(2.2) g=p g(g)+ 1_2,,d“’ﬁg in Q,
(2.3) —dive = f  inQ,
(2.4) on=g on 9Q,

where g denotes the stresses, u the displacements, f the body forces, g the

boundary tractions, E is Young s modulus, v the P01sson ratio, and we have
set u=E/(1+v).

In order for a solution to exist, the data j: and g must satisfy the compati-
bility condition

f-vdx+/ g-vds=0 forall v € RM,

Q~ ~ ~ ~

where RM, the space of rigid motions, is defined by
RM={v:v=(a+by,c—bx),a,b,ceR}.

When this compatibility condition is satisfied, the solution (g, ) will be unique

in ézx I7,Where
V:{veH‘(Q):/vdx:O,/rowdx=o}.
L= vel 02 G oty

A weak mixed formulation of the elasticity equations is

Problem E. Find ¢ € H < and u € V such that

/Aa:rdx-—/s(u):‘cdx=0 forallte H_,
Q Q ~ ~ ~S

~ A~

/a e(v)dx = /f vdx+/ -vds forallveV
P

[~V Q~ ~
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where

Az=7 [g-vutg)y]

and ,
H ={g€£ Q) i1, =1}

For 0 < v < 1/2, g may be easily eliminated from the elasticity system

(2.2)-(2.4). The resulti?xg pure displacement problem has the following well-
known weak formulation:

Problem P. Find u € V such that

B(u,v) = f~vdx+/ g-vds forall veV,
6 ~

where

~ ~ ~ ~

B(u,v)=u /e(u):e(v)dx+——y—/divudivvdx .
~ Q o~ 1-2v Q ~ ~
Using the identity (2.1), we may also write
B(u,v)=u(/gradu:gradvdx—l/roturotvdx
~ o°r ~ Cx R 2)a o~ ~

14 . .
+ m/ﬁdlvgdlvgdx).

If we define u
p= —tfg - ~1 _2yd1vg,
then
(2.5) g =ug(u) —vpd,

and the equations of elasticity may also be written in the form:

Problem S. Find ueV, pe LZ(Q) such that

u s(u):s(v)dx—v/pdivvdx
erw ~ ~ Q ~

(2.6)

=/f-vdx+/ g-vds forallveV,

(2.7) / divugdx = —u (1 - 21/)/ pqdx forallge LZ(Q).
Q - Q

This formulation is valid even in the incompressible limit v = 1/2 (the sta-
tionary Stokes equations).

The proof of existence and uniqueness of the weak solution to Problem E,
P, or S depends on the use of Korn’s second inequality, which insures the
coerciveness of the bilinear form [, ¢ (g) e (g) dx for ue IZ One version of
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this result may be stated as follows:

Theorem 2.1 (Korn’s second inequality). For all u € V', there exists a constant
K independent of u such that

el > Kl erad u],

Unlike the proof of Korn’s first inequality, which establishes the above result
for ue INJ é (Q), the proof of Theorem 2.1 is not elementary, and many proofs
have been given in the literature. Since a discrete version of this inequality
will be the essential ingredient in the analysis of the nonconforming finite el-
ement approximations to the elasticity equations given in the next section, we
now present a proof of Theorem 2.1 which may be generalized to the case of
nonconforming finite elements.

The key fact used in the proof is the following lemma (cf. [14] for smoothly
bounded domains and [6] in the case of a polygon).

Lemma 2.2. Given p € LZ(Q), with [op = 0, there exists veH ! (Q) such
that

divo=p inQ, |l <Clpl,.
with C independent of v and p.

Proof of Theorem 2.1. Using (2.1), we have for all 7 € éz ,

~

/ e(u): ra’x— (gradu—lrotux) Tdx.
Q 2 ~

o~ ~oa

Using Lemma 2.2, we may choose T = grgdg - cgdrl z, where z € I;I(l) (Q)
satisfies

divg =rotu in Q, |lzl|l <C| rotg”o.
Then

lzllp < llgrad ully + [ curl z[|, < C|l grad ul,.

Now using the {:2 orthogonality of gradu and ‘curl z, we obtain

/ e(u):tdx = / (gradu cgradu — %rot u[rotu — divz]) dx
Q ~ Q ~ ~ ~ ~ ~ ~ ~

2
= [l grad ulf,.

Hence,
Jog(w):zdx
lle(@)llg = L 2 K| grad ully. O
~ ll, ~

3. APPROXIMATION SCHEME

In this section we consider nonconforming finite element methods based on
the variational formulation of Problem P. In the case of cubics, we use the
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straightforward generalization of the method analyzed in [17] for scalar second-
order problems, and for quadratics, we use the ideas in [13]. Unfortunately,
this straightforward generalization does not work for nonconforming piecewise
linear elements. The reason for this, to be made more precise later, is that a
needed discrete Korn’s inequality fails for this space, and thus the form B( u,v )

is not coercive. Some modifications of the basic method which get around this
problem are discussed in §6.

We assume henceforth that the domain Q is a polygon, which is triangu-
lated by a triangulation .7, . As usual, the subscript # refers to the diameter
of the largest triangle in 7, , and the constants in our error estimates will be
independent of %, assuming that a minimum angle condition is satisfied as
h—0.

Denoting by 4; the barycentric coordinates of a triangle 7 and by %, (T)
the set of functions on 7" which are the restrictions of polynomials of degree
no greater than k, we define the following finite element spaces with respect to
the triangulation J, :

M = {ne L@ :nl e F(T) forall Te 5, },

My =M nH'\Q),
ME =M nHN(Q),
Mf ={ne M]_(1 : 1 is continuous at the £ Gauss points
on each edge of J, },
B* = {ne Mg Il € AjdyA, span{x{x§_3_[, 0<i<k-3}},
Bf ={ne Mil : n equals zero at the two Gauss points
on each edge of 7, }.

Note that Mf are the usual nonconforming approximations of H 1(Q). For
ue Mf +H l(Q) , we define grgdh 4 to be the éz(Q) function whose restriction
to each triangle T € ., is given by grad u|,. Analogous definitions hold for
rot, , grgdh , div, , curl, ,and ¢, . N:)te that

3.1) gh(,'f) = 813dh u- %roth gg

Finally, define

D

::{ver: vdx=/rothvdx=0}.

The nonconforming finite element approximation schemes for Problem P are
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then given for £ =2 and k =3 as follows:
Problem P: . Find u, € 17’; such that

B,(u,,v) = f~vdx+/ -vds forallveV
~he 3 o~ ~ Q~ ~

Bh(u,v)=y(/ ah( u): h(v)dx-l- _sz/gdivhgdivhgdx>

~

1
=u</9gr§dhg:grzadhgdx—E/Qrothgrothgdx

14 . .
+ m/ﬂdlvh gdlvh ng) .

Note that since divI7],§ - M’_‘l_1 , it it easy to see that Problem P’; is equiva-
lent to the following discretization of Problem S:

Problem S’; . Find u, € 17]; , Dy € M’_‘l_1 such that

u/ €y(uy): ah(v)dx—u/phdivh'vdx
Q~ ~ ~ ~ ~

(3.2)
=/f-vdx+/ -vds forallveV
(3.3) / div, u,qdx = —u_l(l - 21/)/ pgdx forallge Mfl_l
Q ~ Q
If we define

k
Hon={teHg gl e AT},

then, since 3 (17];) - ij;_hl , it is also easy to see that Problem P: is equivalent
to the following discretization of Problem E:
Problem E . Find o g, € H k= l and u, € IA/’; such that

. . _ k-1
/QAgh.;dx—/Qgh(gh).;dx—O forallgeI-zISh,

/ahzsh(v)dx=/f-'vdx+/ -vds forall'veV
o~ =~ Q~ v 3

Q N ~
Note that the above approximations also make sense in the incompressible limit
v=1/2.
Once an approximation u » to u has been computed, an approximation g,
to

14 .
¢ = k|5 + gy divus] = new) - vns
may be computed from the formula

v .
(3.4) Ip = H [gh(%h) + mdwh %hg] = :ugh(,lfh) - Vphg.
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4. DisCRETE KORN’S INEQUALITY

The essential difference between the analysis of nonconforming finite element
methods for the system of elasticity and the analysis of the scalar second-order
problem studied in [17] is the need in the elasticity equations for a version of
Korn’s second inequality to insure the coerciveness of the bilinear form. Since
the nonconforming spaces are not in H' (), this fact does not follow from the
continuous case. In this section, we address this problem by giving a proof of
a discrete version of Korn’s second inequality.

Theorem 4.1. Forall v € IA/Z , k=2,3, there exists a constant K independent
of v such that

(4.1) lex(Wllp 2 Kllgrad,, v,

To prove Theorem 4.1, we use a discrete version of Lemma 2.2., which states
a result about two well-known stable pairs of conforming finite elements for

the Stokes problem, ie., (W;,R;) = (Mg U B, M!)) and (W, R;) =
(Aol 3 uB*, MEI) . We include a proof for future reference.

Lemma 4.2. Given p € R’,j (k=2 or 3) with [,pdx =0, there exists vy, €
Wf, such that

. k
/deghqu=/gpqu forallge RE, o, < Cllplys

with C independent of h and p.
Proof. For v € [H 1(T)]2 , define an interpolant Mve [9""2(T)]2 by the follow-
ing:

I1,v,(a) = I,v,(a) for each vertex a of T,
/(I'Ilvl. —v;)ds =0 foreachedgee of T,
e

where I,v; denotes the Clément interpolant of v; (cf. [14, pp. 110]). Then

3
/div(v—I'Ilv)dx=2/(l'llv—v)-nds=0,
T ™ ~ Dide, v ™

and it is well known that
Il < Clloll,-

Using the ideas in [12] and [10], we next define for w € [H I(T)]z, with
Jrdivwdx =0, an interpolant IL,w with IL,w; in the space of bubble func-
tions of degree k + 1 (i.e., € 4,4,4,%, ,(T)), and defined by the following:

/ div(ILw —w)gdx =0 forall g € & _ (T)
T ~ ~
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and for k = 3 by the additional condition
| b, - (L), Jdx = [ b, - xw),1dx.

Note that since IT,w vanishes on the boundary of T,

/ [Lw-Vqgdx = —/ divwgdx forall g € Z, _(T).
T T

It can then be shown that IT,w is well defined and satisfies [[II,w]|, < C|lw]|, .
Choosing v, = ITjv + I1,(v — IT,v), where v is given by Lemma 2.2, we get
that

/ divv,gdx = / divvgdx = / pqdx forallqe % _ (T),
T o~ T "~ T
lv,ll, < Cllvll, < Cllply.
which establishes the lemma. 0O
Proof of Theorem 4.1. Using (3.1), we have for all 7 € éz ,

~

1
e, (u :‘tdx=/<rad u— =rot, u ):‘tdx.
/g;zh(~) 5] Q gz hs 2 h~£ ~

Using Lemma 4.2, we may choose 7 = grad, u—curl z, where z € W: satisfies

/divzqu = / rot, ugdx forall g GR];,
(4.2) Q - Q ~
lzll, < Clirot, ull,.

Then
Izllo < llerad, ully + [ curl z[l, < Cligrad, ull,.
Now observe that
0z
grad, u:curlzdx = / u-—=ds=0,
/Q ~ h ~ o~ ; BT"‘ 3S

since on boundary edges z = 0 and on interior edges, contributions from

adjoining triangles cancel. The cancellation occurs since the integrand along the
edges involves only tangential derivatives of z which are polynomials of degree

< k — 1 (occurring with opposite signs) and moments of u of order < k — 1

on each edge which are continuous across edges. Using this {:2 orthogonality
of grad, u and curlz and (4.2), we obtain

/ g,(u):tdx = / (gradh u:grad, u — %roth u[rot, u — divz]> dx
Qn"". ~ ~ Q ~ ~ ~ ~ ~ ~ ~

2
= |lgrad,, ulf;.
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Hence,
Ja&y(w) i tdx

lle,(@lly 2 = >K|grad, ull,, O
I “;“0 ~ T~

5. ERROR ESTIMATES
In this section we give estimates for the errors

llu =yl , = llgrad, (u — w)lly and g — g,l,.

Note that the estimates obtained do not deteriorate as the material becomes
incompressible (i.e., v — 1/2). The techniques of the proof use the ideas de-
veloped in [12, 17, and 13], and the saddle point analysis developed by Babuska
and Brezzi. The discrete Korn’s inequalities derived in the previous section are
used to establish the coercivity of the bilinear form. Although the general ap-
proach to deriving error estimates for mixed finite element approximations is
now fairly standard, the analysis of nonconforming finite elements is not as
widely known. Hence, we provide a derivation of the error estimates. For more
background on this subject, the interested reader is advised to consult the gen-
eral treatment of error estimates for mixed finite element approximations given
in the recent book of Brezzi and Fortin [10].

Theorem S5.1. Let (u, p) and (u,, p,) be the solutions to Problems S and S: ,
respectively (k = 2 or 3). Then there exists a constant C, independent of u
and h, and uniform for 0 <v < 1/2, such that

“,lf—,lfhlll,h +vp _ph“0

< Cinf Ilg— Uplly 5+ 112 = gyl

Xrforgn-w,ds = [yo 8w, ds

1|1£h||1,h

+ sup

where the inf is taken over all v, € IA/I; and q, € Mf 1_1 , and the sup is taken
over all w, € V.
Proof. The key ingredient in the proof (e.g., see [8]) is the stability condition

fodiv, v,q, dx
(5.1) inf sup @ hohTh

TP T T
0#4, €M1 00, V" Ilghlll,hllthio

For the case k = 3, such a condition has been established (for most commonly
used meshes) in [11] in the stronger case when v, € M, 3 vanishes at the Gauss

points on Q and p is replaced by p—p, where p denotes the mean value of
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p on Q. Using that result, we can find z, € Mf and vanishing at the Gauss
points on 9 satisfying

div,z,=p-D, Iz4lly 4 < Cllp = Pllo-

Setting v, =z, —Z, + }(x =X, y — ¥)P, it is easy to check that v, € IA/Z and
satisfies
div, v, =p, lv,lly 4 < Cliplly

from which (5.1) follows. In the case k =2, (5.1) is established by first noting
the result of [13] that the space of nonconforming piecewise quadratics consists
of conforming piecewise quadratics plus the functions cTBi , where Bi is the
piecewise quadratic vanishing at the two Gauss points on each of the edges of
the triangle 7 and is zero outside of 7. The proof of (5.1) is now almost
identical to that given in Lemma 4.2 for the choice of conforming quadratics
plus cubic bubble functions for velocities and discontinuous piecewise linear el-

ements for pressure. We need only replace the cubic bubble function 4,4,4, by
the function B% . To see that the nonconforming version of the II, interpolant
is well defined, note that [, B; dx #0 and

/divh(cTB;)qu = —/ cTB§Vq dx,
Q ~ T~

for all g € Mll , which follows from the facts that the two-point Gauss in-
tegration formula is exact for polynomials of degree < 3 on each edge and
B; vanishes at these points. The modification given above in the cubic case
to produce orthogonality to rigid motions can also be applied in the quadratic
case. We remark that the result obtained in [13] does not directly establish (5.1)
since the interpolant constructed uses point values, although it is sufficient for
the optimal-order error estimates given in Theorem 5.3 below.
To simplify the exposition of the remainder of the proof, we define

ay(u,v) = [ (1) ().

Multiplying (2.3) by v, € 172 , integrating by parts, and using (2.5) and (2.4),
we obtain

ah(u,'vh)—v/pdivhvhdx=/fvhdx+/gvhds+Gh(vh),
~ Q ~ Q~~ Q~~ ~

where
o ~

G,(v,) = / on-v ds—/ ‘v, ds
2 (Uy) ET: op S0 ) &Yy

. . Sk
is the error due to the use of nonconforming elements. Hence, forany u, € V',
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and any p, € Mfl_l , we have

ah(ﬁpgh)—ll/gp,divhghdx
=ah(£‘1—g,gh)—v/g(pl—p)divhghdx

+/fvhdx+/ggz~)hds+Gh(t~zh).

~ A~

Subtracting (3.2), we then obtain

a(u; =y, v,) —v / (p; — py)div, v, dx
(5.2) Q
= ah(gl - ff’ Eh) Ll ./Q(pl _p)divh Eh dx + Gh(gh)

Using (2.7) and (3.3), we easily obtain for all g € M’_‘l_l that

/ div, (u; —u,)gdx
Q ~ ~

(5.3) ——u ' —21/)/Q(pl—ph)qu+/gdivh (4, - u)gdx
sl (1-2) [ (0, plad.

Choosing v, = u, —u, in (5.2) and ¢ = p, — p, in (5.3), and combining these
results, we obtain

ay(u; = wy, up—w,) +vp” (1 —2V)/§2(p,—p,,)2dx
=ah(g1—g,g,—gh)—V/Q(p,—p)divh (uy—u,)dx
+Gh(g,-gh)+u/9(p, — py)div, (1, — u) dx
s (1-2) [ 0, - P)o, - p)

It then follows from the discrete Korn’s inequality and the Schwarz inequality
that

2 -1 2
w4 v (1= 20) [ (0,5 dx
SGh(zl_zh)"'ﬂ”l’il_gh“l,h”lil_Elll,h+2V”p1_p”0”,lfl_gh”1,h
-1
+2vlip; = pyllolyy — ully , +vi (1 =2v)lp; = pyllolle; — Pl

Next, applying the stability condition (5.1), and using (5.2) and the Schwarz
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inequality, we get
Jadiv, v, (p; - py) dx

-1
viip; —pyllo vy~ sup |
0#v,€7, o4y, n

-1
<v 'u”gl_zhlll,h +#I|EI_E”1,},+2V”p1_p“0

Gh("fh)
+ sup
whe?h ||1£h“1,h

Combining these results and using the arithmetic-geometric mean inequality,
we obtain

ey — wplly  +vllEr = Pyl
Gh("ijh)
< C ”gj - g“l,h + ”pl _pHO + SUE ”,w “
whth Nh l,h

Theorem (5.1) now follows directly from the triangle inequality. O

Corollary 5.2. We have
llg = aylly,, < Cinf (Ilg = Uylly h+ 12 =gyl

XrJoran-wyds = [yo 8w, ds
lw,ylly '

Proof. This follows immediately from (2.5) and (3.4). O

+ sup

Using again the results in [12] and [13], we then obtain the following optimal-
order error estimates.

Theorem 5.3. Let u and u, be the solutions to Problems P and P’,f , respectively
(k=2 or 3) and g and g, defined by (2.2) and (3.4). Ifg € Ijk“(Q) and
g€ {Ik(Q), then

k
4= uplly, p + 117 = gullo < CA (tlliry + liglli)

where C is independent of u and h, and uniform for 0 <v < 1/2.

6. NONCONFORMING PIECEWISE LINEAR ELEMENTS

As mentioned previously, inequality (4.1) does not hold for the space 17',11
of nonconforming piecewise linear elements. To establish this fact, we use
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a dimension-counting argument. First observe that the subspace of 17,11 with
&,(4) =0 has dimension > 2e — 3T — 3, where e and T denote the number
of edges and triangles, respectively, in the triangulation 7} . This follows from
the facts that the dimension of Iz,ll is 2e — 3, and since ¢,(u) is constant
on every triangle, the constraint 13 h(g) = 0 imposes at most 3T independent

constraints. But 2e — 3T — 3 = ¢, — 3, where e, denotes the number of edges
lying on 9Q. Assoon as J, consists of more than one triangle , this dimension

will be positive. On the other hand, the dimension of the subspace of 17,11 with

rad, u = 0 is clearly zero. Hence, there must exist functions in ¥ for which
grad, u h

(4.1) fails.

We now consider a possible remedy for this problem, in which we make
a slight modification of the basic piecewise linear nonconforming method by
introducing a local projection in one of the terms. To describe this projection,
we assume that the domain Q has been first triangulated by a triangulation 7}, .
The triangulation .7, is then created by adding three interior edges per triangle
formed by connecting the midpoints of the sides of each triangle 7" € Ty - We
then define with respect to the coarse triangulation .7,, the finite element space

Gy ={BeL’(Q): Blp e A(T) forall T € 7, }

and let P, denote the L? projection into G, .
In order to establish a discrete Korn’s inequality, we next replace the operator
¢, satisfying (3.1) by an operator EZ defined by

(6.1 £3(0) = grad, 1 3

13 2P0roth u )z(

The approximation scheme is then given by:

Problem P, . Find u, € ¥, such that

B;(uh,v)= f-'udx+/ g-vds forallvef/,ll,

Q~~ ~

where
* * * 14 . .
Bh(E,E)=ﬂ(/Qgh(if):gh('ﬂ)dx"'m/gdwhﬁdwh%dx)
1
=ﬂ</gg12dhg:g13dhgdx—E/QPOrothgrothgdx

v . .
+m/9dlvhgdlvht~1dx>.
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Note that since F,div 14 ,11 - th , it is easy to see that Problem P,ll is equivalent
to:

Problem S,ll. Find u, € 17,11 , Dy € Gh/ such that

u/ 8Z(uh):£Z(v)dx—u/phdivhvdx
Q~ ~ =~ Q ~

= f-'vdx+/ g-vdsforallveff,ll,
Q~ v~ ™~ "~ ~o

/divh uhqu=—u_1(1 —2V)/phqu for allqeGh:.
Q ~ Q

Note that the above approximation also makes sense in the incompressible limit
v = 1/2. The approximate stress g, is then defined by

1 .
gy =M [g{j‘dh Uy — 5 Forot, upx + ﬁdlvh Uyd
(6.2) ) =
=U [gr~adh U, — §Por°th uhx] —vp,0.

The result of this change will be that the analysis will now depend on a
modified form of the discrete Korn’s inequality given in Lemma 4.1 in which
the operator ¢, is replaced by the operator 52 . Specifically, we shall prove:

Theorem 6.1. For all v € 17,11 , there exists a constant K independent of v such
that

(6.3) llex(W)llg > K lgrad, vll,-

To do so, we again need a discrete version of Lemma 2.2, giving a pressure
space which, together with continuous piecewise linear finite elements, forms
a stable pair of spaces for approximating the Stokes problem. A proof of the
following lemma may be found in [14].

Lemma 6.2. Given p € G,, with [op =0, there exists v € M (1, such that

/ divvgdx = / pqdx forallge G, , lvll, < Cliplly»
Q - Q ~
with C independent of v and p.

We now prove Theorem 6.1, using an argument similar to the one used in
the proof of Theorem 4.1.

Proof of Theorem 6.1. Using (6.1), we have for all 7 € éz ,

~

/ 8;(u) t1dx = / (gradh u-— %Poroth ux) c1dx.
Qz ~ ~ Q ~ ~ ~Na ~
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[
Using Lemma 6.2, we may choose t = grad, u—curl z, where z € M, (l, satisfies

(6.4) /QdiVEq dx = /Qroth ugdx forallg € Gy, lzll, < Clirot, ull,.

Then
lzllo < llgrad, ully + [l curl 2|y < Cllgrad, ull,.

Now observe that

o0z
rad, u :curlzdx = / u-—=ds=0,
/ng he' xS ET: ar~ OS

since on boundary edges z = 0 and on interior edges, contributions from

adjoining triangles cancel. The cancellation occurs since the integrand along
the edges involves only tangential derivatives of z which are polynomials of

degree 0 (occurring with opposite signs) and average values of # on each edge
which are continuous across edges. (This argument is given in more detail in
[5].) Using the éz orthogonality of grad, u and curlz and (6.4), we obtain

/ g;(g) ttdx
1 .
= <gradh u:grad, u — jPo rot, u[rot, u — div z]) dx = ||grad, ul|g.
Q ~ ~ ~ ~ ~ ~ ~ ~ ~
Hence,
fa g;(g) t1dx

llen (@l 2 el

> K|lgrad, ufl,. O

The analogue of Theorem 5.1 holds for this modified approximation scheme,
and we again get the following optimal-order error estimate.

Theorem 6.3. Let u and u, be the solutions to Problems P and P,ll , respectively,
and ¢ and g, defined by (2.2) and (6.2). If u € H*(Q) and g€ Ijl(Q), then

lu =l 4+ g = g4llo < Chlllull, +ligl,)
where C is independent of u and h, and uniform for 0 <v < 1/2.

It is interesting to note that ¢ ; , defined by (6.1), is not a symmetric matrix

because of the presence of the projection F,. In fact, it is possible to give an
interpretation of this scheme as a mixed finite element method involving both
stresses and displacements, which relaxes the symmetry of the stress tensor
through the use of a Lagrange multiplier. Thus, it is similar in spirit to the
method proposed in [2]. Using a slight modification of the ideas in [2], we
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consider the mixed formulation:
Problem M. Find g € 52(9) ,ueV,ye LZ(Q) such that

~

/Aa:rdx— gradu:rdx+/yas(r)dx=0 forall‘ceLz(Q),
/a:grad'vdx= f-vdx+/ g-vds forallveV,
% R~ ™~ ~ Q™ ~ ~o
/ as(o)Bdx =0 forall f € L}(Q).
Q ~

It is easy to see that if g€ {:2 yUE I:/, yE L? solve Problem M, then ue I:/
solves Problem P and g~€ éz satisfies (2.2). Conversely, if ue I:/ solves
Problem P and ¢ € £2~ satisfies (2.2), then (2.1) implies that ¢ € éz, ue
IZ, y = rot g/2 € ~Lz s;lve Problem M. S

To give a reformulation of the approximate problem P,l1 , we first define an
approximate space of nonsymmetric stresses by

Hy={z:t,ly € Z(T)forall TeF,,i,j=1,2}.
The approximate mixed formulation is then
Problem M,ll . Find g, € Ijg , Uy € 17,1, s 74 € G,/ such that

/Aah:tdx—/grj}dhuh:tdx+/yhas(‘c)dx=0
65 Jo A= o~ " Q

~

for all T eljg,

(6.6) /ah:gradhvdx=/f~vdx+/ g-vds forallve?,,
QF R Q~ ~ "~ ~oo

(6.7) / as(a,)f =0 forall f G,.

Q ~
We now show the equivalence of Problems P,ll and M,ll .
Lemma 6.4. Problem M,ll has a unique solution g, € 1;12 , U, € 17,11 , Y €Gy,
where u, is the unique solution of Problem P,ll, a, is given by (6.2), and y, =
1Pyrot, U,

Proof. To establish existence and uniqueness, we show that zero is the only
solution to Problem M,ll with zero data. First set T=0,,v=u,B=y,.1t

follows immediately that

2 2
O = /S;Agh . gh dx = lu(”gh“() - V” U’(gh)”o)
1 2 1 2
=4 |llg, - Etr(gh)5 + 5~V | tr(gh)”o )

~

0
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and hence that

9, =75 tr(gh)g.

Inserting this result in (6.6), we get
%;/Ttr(gh)divg dx =0.

We now let z= glzidr, where r satisfies Ar =tr(g,) in Q, r =0 on 0Q.
Define z, € M i satisfying for each edge e of .9 th; condition fe(f‘f p)ds =
0, and set U=z, - Z), where we again use the notation b to denote the
mean value of b on Q. Then it is easy to check that Ve Iz,l, and satisfies
div, v = tr(g,) . With this choice of v, it follows immediately that tr(g,) =0,
and ﬁence E » = 0. Inserting this res:ﬂt and choosing 7 = gZ(g n)s we~get that
||§‘;;(gh)||0 =~0, and hence from (6.3) that U, = 0. Fir;ally,Nchoosing T=VX
iglplies that y, = 0. It is now easy to check that Uy s the solution of I;robler:

P,ll , g, given by (6.2), and y, = 3 Fjrot, u, , solve Problem M,ll . o

7. MODIFIED SCHEMES FOR CONFORMING ELEMENTS

It should be noted that if a slightly different but analogous modification is
made to the usual continuous piecewise linear approximation of the displace-
ment formulation of elasticity, then one also obtains optimal-order error esti-
mates, uniform for v € [0, 1/2). The modified approximation scheme is:

Problem C,ll. Find u, € /W,l, such that for all v € /W',ll ,

v . )
iu(/(;g(gh)~g(g)d?c'i'T—_-Z—V-/ondlvghPOdIVEdX)

= f~vdx+/ g-vds,
Q~ ~ "~

where
W;:{'UEM(I): vdx:/rotvdx=0}.

The loss of accuracy occurring for continuous piecewise quadratic and cubic
approximations to the elasticity equations near the incompressible limit can also
be eliminated by adding the bubble functions B*! 10 the spaces M ’5 (as done

for the Stokes problem) and then replacing the divu term by P,_, divu, where
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P,_, denotes the L’ projection into Mfl"l . Note that without this projection,
the divergence of the bubble functions will not be in this space. We are thus
led for kK =2 and 3 to the following approximation schemes:

Problem C’,f . Find u, € /W’; such that for all v € /W: ,
u (/Q e(u,): g(v)dx + ﬁ/QPk_1 divu, P,_, divfgd_x>

=/f-vdx+/ g-vds,
Q~ ~ q~ ~

where
’W:={veM§+Bk+1:/vdx=/rowdx=0}.

~ ~ ~

The approximate stress g, in each case is then defined by

o~ ~

v .
(7.1) g, =M [e(uh) + _I—:EP"‘I dlvghé] .

To get optimal-order error estimates for these schemes, we first introduce
an approximate pressure p, = —1Z45 P, _ divu, and write the schemes in a

form analogous to Problem S',f, where ¢ € G, for k =0 and € Mfl_l for
k =2, 3, and we use the spaces /W: for the velocities. Following the proof of

Theorem 5.1 (without the extra term to account for the use of nonconforming
elements) and using a slightly modified form of Lemmas 4.2 and 6.2 (since now

P o
v € W’; instead of M (1, or W:) to replace (5.1), we obtain a result analogous
to Theorem 5.1. Optimal-order error estimates for u — u, and g — g, follow

directly from this result, (7.1), and standard approximation theory.

Finally, we compare the number of unknowns used by these methods with
the nonconforming methods of the same order. Let v, e, and T denote the
number of vertices, edges, and triangles in the triangulation .7, , respectively. In
the case of linears, the conforming method has 2v—3 unknowns as compared to
2e — 3 unknowns for the nonconforming method. Since by Euler’s formula, e —
v = T—1, the conforming method is simpler. The projection into G, involves
the same amount of work for both methods. In the case of quadratics, it is a
choice of adding to 1l~l é the nonconforming space gf or adding the conforming

space B® and then using the projection P, . The number of unknowns is the

~

same. In the case of cubic elements, the conforming method has 2(v+2e+3T)—
3 unknowns, while the nonconforming method has 2(3e + 7') — 3 unknowns.
Using Euler’s formula, we find that the nonconforming method uses 2(7 + 1)
fewer unknowns. Since no projection is required, the cubic nonconforming
method seems simpler.
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