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ITERATIVE AND PETROV-GALERKIN METHODS
FOR SOLVING A SYSTEM OF ONE-DIMENSIONAL
NONLINEAR ELLIPTIC EQUATIONS

GUO BEN-YU AND J. J. H. MILLER

ABSTRACT. Two sequences of supersolutions and subsolutions are constructed.
Their limits are the solutions of a system of one-dimensional nonlinear elliptic
equations. A Petrov-Galerkin scheme is proposed. The existence of solutions
of the resulting discrete system is proved by an iteration which also provides a
numerical method.

1. INTRODUCTION

In studying some problems arising in electromagnetism, biology, and some
other topics, we have to consider systems of nonlinear elliptic equations and
their numerical solutions. The properties of such systems are very different
from those of a single equation (see, e.g., Aronson and Weinberger [1], Fife
and Tang [4, 5], Grindrod and Sleeman [6], and Guo Ben-yu and Mitchell [7]).
Recently, Guo Ben-yu and Miller [8] proposed an iterative method and a Petrov-
Galerkin scheme for a single nonlinear elliptic equation. This paper is devoted
to generalizing these two methods to a system of nonlinear elliptic equations.

It is not difficult to prove the existence of solutions of such systems following
the work of [6]. But we prefer to develop a new constructive proof in §2, which
also provides an iterative method. The main idea is to construct sequences of
supersolutions and subsolutions, the limits of which are the exact solutions. For
each step of the iteration we only have to solve a system of linear elliptic equa-
tions by a finite difference scheme or finite element method. If we choose the
former, then the whole iteration is quite close to a finite difference method for
the original problem in conjunction with a Newton procedure. But the conver-
gence of Newton’s method depends on the error between the exact solution and
initial value, which is very difficult to estimate. Conversely, it is easier to choose
the initial values in our iteration method. Furthermore, the monotonicity of the
sequences gives upper bounds and lower bounds of the exact solutions.

In §3, we consider a Petrov-Galerkin method in which test functions are dif-
ferent from the trial functions. Thus, we derive a scheme which is as simple
as a finite difference scheme and as accurate as the finite element method. In
particular, this scheme is of positive type and thus possesses properties similar
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to those of the original problem. Hence, it is easy to deal with the existence of
solutions of the resulting discrete system by an iteration which provides a nu-
merical method for solving such a system. We also estimate the error between
the exact solution and the approximate one, using local Green’s functions. Fi-
nally, we consider further approximations in §4. This method can be generalized
to problems with discontinuous coefficients.

2. ITERATIVE METHOD

Let I = {x|0< x < 1}, I be the closure of I,and u = (u;, us, ..., tum)"

be a vector function of x. The given function
f(x, u) e[CYI x R™YNCUT x R™)|™

has components f;(x, «). Furthermore, let
ou; .
U (x) = a—l)‘c'(x) and [ =diag(ly, b, ..., In)
with
Lui(x) = ~(@(u(x)),  1<i<m,
where a;(x) € C I(I). Assume that there exist positive constants ag, a;, and
a nonnegative constant «a; such that

day
ox

ap < aj(x) Lay, (x)'gaz forxel, 1<i<m.

Let F; j(x, u) = a%%(x’ u) and define
Lu(x) = lu(x) + f(x, u(x)).
We consider the following problem:
Lu(x)=0, xel,
2.1
(2.1) {u(0)=u(1)=0.

The solution of such a system is a vector function u(x) € [C*(I) n CY(D)]™
satisfying (2.1). If u;(x) < v;(x) forall x € I and 1 < i < m, we say that
u<wv. If u, <u<u*, then we say that u € K(u., u*). We begin with the
maximum principles.

Lemma 2.1. If u € [C*(I)n C'(I)]" and
{lu(x)zo, xel,
u(0) >0, u(l)>0,
then u(x) >0 for x € I. Similarly, if
{lu(x)go, xel,
u(0)<0, u(1)<0,
then u(x) <0 for xelI.

We now introduce the concept of supersolution and subsolution.



ITERATIVE AND PETROV-GALERKIN METHODS 533

Definition 2.1. A vector function # € [C*(I) N C'(I)]™ is a supersolution of
@.1) if
{ La(x)>0, xel,

u0) >0, u(l)=>0.
Similarly, u € [C2(I) N CY(T)]™ is a subsolution of (2.1) if
u(0) <0, u(1)<0.
There is no definitive result for the existence of supersolutions and subsolu-
tions. But if f(x, u*) > 0 and f(x, u.) < 0 for some nonnegative constant
vector u* and nonpositive constant vector u, , then % = u* and u = u, are su-

persolution and subsolution of (2.1), respectively. We now turn to the existence
of solutions of (2.1).

Theorem 2.1. Assume that (2.1) has a supersolution u and a subsolution u
such that

(1) u(x) <u(x) for x eI;

(2) |Fii(x,m| <M for xeI and n€K(u,n), 1<i<m;

(3) Fi,j(x,n) <0 for xelI, neKu,u),and i#j, 1<i,j<m.
Then (2.1) has a solution in K(u,u) which is the limit of a nonincreasing
sequence of supersolutions. Problem (2.1) also has a solution in K(u, u) which
is the limit of a nondecreasing sequence of subsolutions.

Proof. We first let W@ =7 and define a sequence as follows:
22) { (1: MYT** (x) - MW (x) + f(x, W*(x)) =0, xel,
w +1(O) — —wk+1(1) =0
We use induction. Suppose that W~ € K(u, u) is a supersolution. Clearly,

w*t e [C(I)n CYT)]™. Let zk+! = w**! —*; then we have from (2.2)
that

{ (I + M)z 1(x) = —Iw*(x) - f(x, W*(x)) = —Lw*(x) <0, xel,
Zk+1(0), Zk+1(1) <0.
Since the maximum principle is also valid for the operator / + M , we have
zk+1(x) <0 and W' < W* < W. Now let
Fiax,n) - Fimlx,n)
F(x,n) = : :
Fp(x,n) - Fpom(x,n)
Then
(I + M) @ (x) - u(x))

= M(W*(x) - u(x)) - Lu(x) + f(x, u(x)) = f(x, T*(x))

> M(@* (x) - u(x)) - F(x, 8*(x))(@*(x) - u(x)),
where 0% € K(u, W*) c K(u, @) and thus

|Fii(x, 5()) < M, Fij(x, 6%(x)) <0 fori#j.
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Therefore,
(+M) @ (x) -u(x) 20, x€l,
wH(0) > u(0), W(1) > u(1).
By the maximum principle, we find that ¥ < W**!, and so W**! € K(u, 7).
Moreover,
Lw*! (x) = 0" (x) + f(x, T (x))
= -Mz**' 4 f(x, W (x)) - f(x, WH(x))
= Mz (x) + F(x, 65" (x)) 2" (x) > 0,
where 6%+ ¢ K(@**!, W*) c K(u, %), and thus wW**" is also a supersolution
of (2.1). The above statements ensure that there is a function w € K(u, %)

such that _
W(x) = Jim wh(x), xel.
In order to show that w(x) is a solution of (2.1), we introduce a Green’s
function as follows:
G(x, s) = diag(G1(x, s), Ga(x,S), ..., Gu(x, s)),

where -
{I,G,-(x,s):é(x,s), xel,sel, 1<i<m,

Gi(0,5)=Gi(1,5)=0, selI, 1<i<m.
It can be verified that

e o { #8800 ifxs<s,
i(x,s) = o o !
78 (x)g7(s), ifs<ux,

where

Jo ai(?) x ai(t)’ o ai(t)’

Then (2.1) is equivalent to

g\ U gy x d
A,-=(f ) c s W= s &=

1
(2.3) u(x) = — /0 Glx, $)f(s, u(s)) ds,

while (2.2) is equivalent to
(24) T (x)=- / 1 G(x, $)IMT**(s) — MT*(s) + f(s, W*(s))]ds.
0

It is easy to show that w* converges to w uniformly for x € T. Letting
k — oo in (2.4), we see that W satisfies (2.3). We also have from (2.3) that
w e [CHI)Nn CI(I)]™ and wW(0) =w(1) =0. Hence W is a solution of (2.1).
We next let w® = u and define a sequence as follows:
25 { (I 4+ My (x) - Mwk(x) + f(x, wh(x)) =0,  xel,
' MkH(O) = Qkﬂ(l) =0.
By an argument similar to that in the previous paragraph, the second assertion
is proved. O



ITERATIVE AND PETROV-GALERKIN METHODS 535

The proof of Theorem 2.1 also provides us with an iteration to solve (2.1).
For each k, we only have to solve a linear problem by known numerical meth-
ods. Fife and Tang [4, 5] also considered (2.1), but with a nonconstructive
proof. On the other hand, many researchers constructed the iteration as follows
(see, e.g., [6]):

{ Iwk+1(x) + f(x, wk(x), wk'(x))=0, xe€l,

wk+1(0) — wk+1(1) 0,
with
Jilx, wh(x), wh!(x))
= filx, wi(x), - W (%), W (X), wEL(X), s wh(X)).
In this case we need two iterations to solve (2.1), which is not so convenient for
computation.

If for each step k, we use a finite difference scheme to solve the linear prob-
lems (2.2) and (2.5), then the whole iterative method is very close to the same
difference scheme approximating (2.1) directly in conjunction with a Newton
procedure. But the convergence of such an approach depends on the choice of
the initial values. Generally, (2.1) has several solutions. Therefore, the corre-
sponding sequences tend to different exact solutions for different initial values.
But it is usually not possible to estimate the errors between the exact solutions
and the initial values. On the other hand, it is easier to construct supersolutions
and subsolutions. The sequences given by (2.2) and (2.5) tend to fixed solutions,
respectively. Furthermore, these sequences are monotonic in k and so provide
bounds for the exact solutions and for the error of the approximate ones.

We now consider the uniqueness of the solution.

Lemma 2.2 (Poincaré inequality). If z(0) = 0 or z(1) = 0, then ”Z"izu) <
|Z|§.11([) .

Theorem 2.2. If Mim < a9 and |F; j(x,n)| < M forall x € I and n €
K(u., u*), then (2.1) has only one solution in K(u., u*).

Proof. Let u and i be solutions of (2.1). Let z = u —ii. Then
{ lz(x)+ F(x, 0(x))z(x)=0, xel,
z(0)=2(1)=0,

where 0 lies between u and i, and so 6 € K(u., u*). Multiplying the above
equation by z and integrating by parts, we get

/1 a;(x)(zj(x))*dx + 2’”:/1 Fi j(x, 0(x))zi(x)zj(x)dx =0,
0 oo

1<i<m.

(2.6)

(2.7)

By Lemma 2.2,

/ Fij(x, 600)2i(0)z;(x) dx
0

M1 Ml
< Sr(zillzay + 12il32m) < 5 (zilngy + 12550 m)-
3 " n) =3 "
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By substituting the above estimates into (2.7), we get
(a0 — Mlm)|z|%,1(,) <0,
from which, and the boundary conditions, the conclusion follows. 0O
We now estimate the error between W~ and W.
Theorem 2.3. Assume that the conditions of Theorem 2.1 hold and that
|Fi, j(x, m)| < My forall x €l and n € K(u, ). Then
IT* — WLy < [0 = Wlin(ry < Y@ = By,
provided that Mim < 2oy and
_ M (2m+1)
400 —2M1m
Proof. Let z¥ =W* —w. Then
(I + M) 2K (x) = MZ*(x) + f(x, W(x)) = fx, T (x))
= MzF(x) - F(x, 6¥(x)) 2 (x),

< 1.

where 6% lies between W* and W, and thus 6% € K(u, #). By an argument
similar to that in the proof of Theorem 2.2, we obtain

/ l a;(x) (251 (%) )2 dx + M| zE 3y — M / 1 ZK(x)zZH 1 (x) dx
0 0
£ [ R, @) )z dx =0
j=170

Since
Yk okt k+112 M k2
M/o Z¥(x)zft (x)dx < M| zf* ||L2(,)+—4 Exdrs

and

M,
S 1z B + 125 )

1
,/ Fi j(x, 6%(x))zE (x) 2 (x) dx| <
0
we get
(2a0 - Mlm)|zk+1|m <Mi(m+ )|Zk|12ql(1)
from which the conclusion follows. 0O
We can similarly estimate the error between w* and w.
Remark 2.1. If m=1 and $(x, ) >0 forall x €/ and 7 € R, then (2.1)
has certainly supersolutions and subsolutions, and any supersolution is not less
than any subsolution. So (2.1) has a unique solution in R. We can also estimate
the error by the maximum principle (see Guo Ben-Yu and Miller [8]).
3. PETROV-GALERKIN METHOD

Another way to solve (2.1) numerically is to discretize (2.1) directly and
obtain a discrete nonlinear system. Then we use iteration to solve this discrete
system. In this section, we consider a Petrov-Galerkin method, which has been
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widely used for single equations (see, e.g., Christie et al. [3] and Kuo Pen-yu
and Mitchell [9]).

We begin with a weak formulation of (2.1). We seek a solution u € [H} (1)]™
such that
(31) (alu;avf)+(f;avl)=0 V/UG[H(%(I)]m’ ISlSm,
where (-, -) denotes the inner product in L2(I) and

(fis vi) = (fil, u(4)), vi(+)), 1<i<m.
To discretize (3.1), we introduce a set of mesh points {x,}) such that
0=x0<x1 < o< Xy_1<xy=1.

For each p, let I, = (Xp—1, Xp), hp = Xp — Xp—1, and h = maxi<,<n hp.
Suppose that there exists a positive constant £ such that

m h
(3.2) M<p<N T < B,

mini<p<n hp

Let S, = [1i., Sk,; and T}, = [[12, T),; be finite-dimensional spaces of trial and
test functions respectively. Then the approximate problem is to find u, € S
such that

1
(3.3) (aity, ;> V41 +/ SiGx, up(x))vp i(x)dx =0 Vv, €Ty, 1<i<m.

0
Let {p,}Y and {y,}) be bases for the spaces S, and T}, respectively, where

¢p=(¢p,1,-~a¢’p,m)T, ‘/’p=('//p,la~w'//p,m)-r-
We seek a solution u;, € S;, of the form

N-1
up(x) = Z un(xp)9p(x) forall x €1.
p=1

Then (3.3) becomes an integro-difference system of the form
Soo@i®), i ¥y, n,i(Xp)
(3.4) + ) file, wh (X)), i(x)dx =0, 1<i<m, 1<q<N-1,
up(0) = up(1) = 0. '
Now we assume that the following conditions are fulfilled:
(Hi) supp@, Usupp ¥, C I, Ulpy for I<Sp <N,
(Ha2) 0p,i(xg) = Wp,i(xq) =0p,q for 1<i<m,0<p,g<N,
(H3) ¢p,i(x) >0 and Y0 ¢, i(x)=1 for x €T,
(Ho) [;? 9q,i(x)dx <2 for g=p—1,p,
(Hs) lLiyp,i(x)=0 forall x ¢ {x,}), 1<i<m, 1<p<N-1.
Then, by (H,) the coefficients for u, ;(x,) in the gth equation of (3.4) equal
zero, unless [p—g| < 1. Furthermore, (H,) and (Hs) imply that the coefficient
for uy, i(x,-1), after integrating by parts, is

Xp

(ai%—l,ia ng),i) = / ai(x)%-l,i(x)%,i(x) dx = —ai(xp—l)'/’;'w,i(xp—l +0).

Xp—1
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The coefficients of wu; ;(x,+1) and u, ;(x,) are respectively

Xp+1
(@0 1o Wl ) = / (%)} (VW 1(%) dX = QX )W i(Xpe1 — 0),
Xp
7 ! xp+1 ! '
(@0} 1 vh.0) = / ai(x)0), (W) (x) dx
Xp—1

= a;(Xp) ¥y i(Xp — 0) — ai(xXp) ¥, ;(xp + 0).
Following Boglaev and Miller [2], we have from (H,) and (H;) that

X dt
A; / e xel,,
L,p x,,_,ai(t) p
Vi, p(x) = W _dt
P Ai,p+1/x a0’ x €lpyy,
0, otherwise,

with

-1
*r dt
A"”’=(/x_la,~(t)> ‘

i4

It is easy to see that
a;i(Xp— )Wy i(Xp—1 +0) = ai(Xp) ¥, (X, —0) = 4; p,
ai(xp+1)'/’;lv,i(xp+l -0)= ai(xp)'//;lv,i(xp +0) = -4 pt1.

We now define

Iy =diag(lh, 1, b2 -5 lhom) s
Iy, iwn, i(xp) = —Ai ptn, i(Xp—1) + (Ai,p + Ai p+1)n, i(Xp) = Ai, pr1¥n,i(Xp+1)
and
Lyup(xp) = lpun(xp) + Jp p(s)
where

I p(Un) = T, p1(n) s ooy Tnp mun))T,

1
Tn.p.i(ith) = /0 06, u(x)) W, 1(x) dx

=Ai,p+l/ o [f,(x, uh(xp)wp(x)+uh(xp+1)¢p+1(x))/x . %(tt)] dx

P

Xp—1 Xp—1

+4ip N {f"(x,uh(xp-l)!ﬂp—l(x)+”h(x")“”’(x))/ %(tt)l ax

Then (3.4) becomes

(3.5) { Latin(%,) =

0,
up(0) = uy(1) = 0.
It is easy to see that for each i, /, ; is a difference operator of positive type.
Thus the following maximum principle holds.
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Lemma 3.1. If
lyup(xp) 2 0, 1<p<N-1,
{ up(0) >0, uy(1)>0,
then u,(xp) >0 for all x,. Similarly, if
Ihun(xp) <0, 1
{ up(0) <0, uy(1)
then uy(x,) <0 forall x,.
We now introduce the concept of supersolution and subsolution.

<0

b

Definition 3.1. %, is a supersolution of (3.5), if
Lyup(xp) 20, 1<p<N-1,
{ uy(0) >0, u(1) >0.
Similarly, u, is a subsolution of (3.5), if
Lyuy(xp) <0, 1<p<N-1,
{ u,(0) <0, u,(1)<0.

If for some nonnegative constant vector u; and nonpositive constant vector
up, . wehave f(x, u, ,) <0 and f(x,u;) >0, then by (H3), u; and u .
are supersolution and subsolution of (3.5), respectively. We now turn to the
existence of solutions of (3.5).

Theorem 3.1. Assume that (3.5) has a supersolution 4y, and a subsolution u,,
such that

(1) uy(xp) <Un(xp) for 0<p <N;
|Fi i(x, my)| <M for x €I and ny € K(uy,, ), 1<i<m;

(3) Fij(x,m) <0 for xelI, my €K(uy, uy), and i#j, 1<i,j<m.
Then (3.5) has a solution in K(u, , u,) which is the limit of a nonincreasing
sequence of supersolutions. Also, (3.5) has a solution in K(u, , u) which is the
limit of a nondecreasing sequence of subsolutions.

Proof. We first let w(o) =7, and define a sequence as follows:
(36) { (U + EnT " (%p) = Eg04 (%) + J p(@4) =0, 1<p<N-1,
wE(0) =W (1) = 0
where
Epy(xp) = Mh(y(xp 1)+ 2y(xp) + ¥(Xp+1))-

We use induction. Suppose that W » € K(u,, 1) is a supersolution. Let z;
wit! — W . Then

(I + En)z+ (%) = =lWh(%p) = Jh,p(@;) <0, 1<p<N-1,

k+1(0) k+1( ) < 0.

The maximum principle gives zf*'(x,) < 0, and so WK < Wk <u,. Wealso
have

k+1 _

(Il + En) @ (xp) — u4(xp)) = En(Wh(Xp) — 1 (Xp)) — Lty ()

3.7
(3.7) + Jn p(y) = T, p (W)
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We now define

Qh,p(ya j}) = (Qh,p,l(ya j})’ cees Qh,p,m(ya j}))Ta
Oh,p,iVs V) =Inp,iV) = In,p,i(V)

= Ai,p+1 /xerl {Z Fi j(x, 0p)[(yj(xp) = ¥j(Xp))0p, (%)
x =1

P

+(y;(x,,+1)—ﬁj(x,,ﬂ))(ppﬂ’j(x)]/ o ﬁ} dx

x a;(t)

+ 4ip K {ZE‘,J‘(X,ep—l)[(J’j(xp—l)—fj(xp—l))‘/’p—l,j(x)

Xp—1 | j=1
N * dt
+ (%) = i (%)), i (X)] | 0 dx,
Xp—1 al(t)
where 0, lies between y(x,), ¥(Xp+1), ¥(Xp), and J(xp41). Let

. Xp X dt
Dijp-1(y,P)=4i,p Fi j(x, 0p—1)@p—1,j(x) PrD) dx,
Xp—1 Xp—1 1

N ¥ *dt
Di jp(y,Y)=4ip Fi,j(x,ep—l)fﬂp,j(x)/ ——| dx

Xp—1 Xp—1 a'(t)
Xp+1 Xpel At
tdiper [ [Fiste 800,00 [T 0] .
Xp x i
. Xp+1 Xp+1  t
D; i ps1(y,¥) =Ai,p+1/ [Fi,j(X, 9p)¢p+1,j(x)/ a_(t)] dx,
Xp x i
and
Dl,l,q(y,j}) Dl,m,q(y,f')
Dy(y,p) = : : forg=p-1,p,p+1,
Dm,l,q(yaJ}) Dm,m,q(ya.]})
D;(y9 j}) = diag(Dl,l,q(y, ﬁ)’ LR Dm,m,q(ya j}))’
Then
(3.8) Oh.p (v, ) =Dp_1(y, 7)Y (Xp=1) = P (Xp-1)) + Dp (¥, F)(¥(Xp) — P (xp))
+ Dpi1 (¥, V)Y (Xps1) — P (Xpt1))-
It is easy to show that
Q
(3.9) Aip >3
p

We have from (Hj) that
(3.10) Dy i,p|l < M(hp + hpi1),

{ |Di,i,p—1| < Mhy,
|Di,i,p+l| S Mhp+1.
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Using the above notations and the nonpositivity of F; ;(x, 6,) for i # j, we
have from (3.7) that
(U + En) (@5 (%p) — (%))
= Ex(@}(Xp) — (%)) — Luthy(xp) = Qn, (W} , )

> Ep(Wh (%) —uy(Xp)) — Y. Dg(Wy, wy) (W (xg) — wy(xg))
g=p—1,p,p+1

> Ep(Wh(%p) —uy(3p)) — Y D@, w,)(@F(xg) — uy(xy)),
g=p—1,p,p+1

and thus (3.10) leads to
(Un + En) (@5 (xp) — (%)) > 0.

Therefore, u, <wit' and W' € K(u,, @) . Moreover,

Lywy ' (xp) = wrt' (xp) + Jy (@5

= —Epzf*' () + Jy ,(@KY) = Jy (W)
= —Epzk(x,) + @y (@, wh) > 0.

Thus, wfl“ is also a supersolution of (3.5). The above argument implies that
there exists a function w;, € K(u,, , #;) such that

Wh(xp) = kli_’lglow’,f(xp) for0<p < N.

Letting kK — oo in (3.6), we see that W, is a solution of (3.5).
Next, let wﬁlo) = u;, and define a sequence as follows:

{ (I + En)wyt (xp) = Eh’w 5 (Xp) + Iy, p(wy) =0, I<p<N-1,

’l:+l( ) k+1(1)

Then the second assertion follows from an argument similar to that above. O

The above statements show that the choice of test functions in this section
is also appropriate for rough data. For instance, if a;(X + 0) # a;(X — 0), then
we take X to be one of the mesh nodes, say x, = X. Then

(@ioy ;> Wy 1) = ai(X — 0)y'(X — 0) — a;(X + 0)y/'(X + 0).

We also avoid integrating the function a;(x)Q(x), where Q(x) is a polynomial.
Besides, such a choice ensures the positivity of the operator /, ;, and thus
the resulting discrete system keeps properties similar to those of the original
problem. These properties play an important role in the proof of the existence
of solutions and in error estimations. (For results on a linear problem with
rough coefficients, cf. the .%-method and the Remark on p. 527 of Babuska
and Osborn [10].)

We now consider the uniqueness of the solution. Define the following discrete
norms;

I Z4lloo = max| z(x)| lzall? = hpzi(xp),
X

iz = 3 (20%) —hz<xp_1)>2_

p=1 P
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Lemma 3.2 (see [11]). If z,(0) = z4(1) =0, then
N-1
F(yn, zn) = Y (—n(xp) 20 (Xp—1) + Vi(%p) 21 (%p)
p=1
+ Y (Xp+1) 20(Xp) = Yr(Xp+1)Zn(Xp+1)) Zn(Xp)

2
w(Xp) (20 (Xp) — Zp(Xp-1))".

'BMZ

If, in addition, y,(xp) > ao/h for 1 <p <N, then F(y;, zs) > ao|zs|?.
The above lemma can be verified directly.
Lemma 3.3. If z,(0) =0 or z,(1) =0, then ||z||> < |z4]?.
Proof. Assume z,(0) =0. We have
»

zZn(%p) = Y _(2n(x)) = Zn(xXj-1))-

j=1

zh(-xp < (Z hj) (i (Zh(xj) _hjh(xj-l))Z) < |Zh|%

Thus,

J=1 =
and [Iz4]? < |z42. O
Theorem 3.2. If 48Mm < oy and
|Fi,j(x,n)| <My forall x el and n€K(uy ., up),

then (3.5) has only one solution in K(up ., u).
Proof. Let u, and it be solutions of (3.5) and z, = u;, — i, . Then
{lhzh(xp)+Qh,p(uh,ﬂh)=0, 1<p<N-1,
z4(0) = z,(1) = 0.
Multiplying the above equation by z, and summing over all x,, we obtain
from Lemma 3.2, Lemma 3.3, (3.9), and (3.10) that
N-1
aolzal? < = za(Xp) Qh,p (s » ty) < 4BMyml|z4||> < 4B Mim|z,l},
p=1
from which, and the boundary conditions, the conclusion follows. O
We now estimate the error between W, and .
Theorem 3.3. Assume that the conditions of Theorem 3.1 hold and that
|Fi,j(x, n)| < My forall x el and n € K(uy,, uy). Then
— — — . k .
1% — Billoo < [@F —Wil1 < 1[4 ~Whly
provided that 2BM;(m + 1) < a9 and

28M(m+ 1)

_ 1.
n= M m 1)
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Proof. Let z¥ =Wy —w,,. Then
—k —
(In + Ep)zf ™ (Xp) = Epzf (Xp) — On (W) , Wh), 1<p<N-1.

1

Multiplying the above equation by z"’r and summing over all x,, we have

N-1
(a0 = 2BMym)|zf 13+ Y (Enzf ™ (%)) 25 (%)
p=1
(3.11) e
<2BMim|zf [} + ) (Enzk (%)) 2 (%))
p=1

It is easy to show that
(Enzf ()25 (%) > 0,
N-1
S T (Enzf(05) 28 (xp) < 2BMy(IIzF 112 + 12K 1)12)
r=1
<2BMi(1z51F + 12 )
from which, and (3.11), the conclusion follows. 0O

We can also estimate the error between w’,ﬁ and w, in the same way.

Remark 3.1. If m =1 and %(x, n) >0 forall x eI and n € R, then (3.5)
has certainly supersolutions and subsolutions, and any supersolution is not less
than any subsolution. So (3.5) has a unique solution in R. We can also estimate
the error by the maximum principle (see Guo Ben-yu and Miller [8]).

Finally, we estimate the error between the exact solution # and the approxi-
mate solution u;. To do this, we introduce local Green’s functions as follows:

Gp(X, S) = diag(Gl,p(x, S), GZ,P(xa S)’ ceey GM,p(x’ S))9

where

{lh,iGi,,,(x,s)=a(x,s), (x,8)el,xI,, 1<p<N-1, 1<i<m,
Gip(Xp—1,8) =Gi p(xp,5) =0, selp, 1<p<N-1, 1<i<m.

Clearly,

1,1 @
g0l x<s,
Gi.p(x s>={""’ oo

e (xel(s),  s<x,
where the A; , are the same as before and
% dt o dt
M (x) = 4; = @ (x) = 4; / .
gt,p(x) i,p N ai(t)’ £ p( ) i,p o ai(t)
Thus,

ui(x) = ui(xp_l)gi(’lz,(x) + u,(xp)gl(zz,(x) _ [ Gi p(x, s)fi(s, u(s))ds

Xp—1
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By differentiating the above expression for u; in I, and I,;, and putting
X = Xxp, we get

U (%p = 0) = ui(xp-1)8L") (%) + i (3p) 817 ()

1 Xp '
g | & (0)& o) fis, u(s)ds,
L,p Jxp—

1)’ 2)!
i (%p + 0) = ui(x5) 851 ) 11 (%p) + Ui(Xp1) 801 (%p)

Xp+1 ,
[ i 618G fits, ) ds.

Xp

Ai,p+1
Since u € C'(I), we have u}(x, — 0) = u}(x, +0) and so
{lhu(xp)+J,,(u)=0, I1<p<N-1,
u(0)=u(1)=0,
where [/, is the same as before, and
Jyw) = (Jp 1), Jp.2(u), oy p, m(u)T,

Jp,i(w) =Ai,p+1/):p+l (fi(x, u(x))/xxp“ %(tt)) dx

v, [ (ﬁ(x,u(x» [ i) dx.

Xp—1 p—1 ai(t)

Let P,u be the piecewise linear interpolant of u corresponding to {I,}¥ and
suppose that {g,}) are the standard piecewise linear basis functions. Then
assumptions (H;)- (Hs) are satisfied and

N

Pyu(x) =Y u(xp) pp(x).

p=0
Therefore,
max |Pyu(x) — u(x)| < c1h?,
X

where c¢; is a positive constant depending only on ||u||c2;) . Hence, there is a
positive constant ¢, such that
|Jp (1) — Jp(Patt)| < c2h.
Now put z,(x,) = up(xp) — u(x,) . Then
Inzn(xp) + T, p(un) — I, p(u) = Jp(u) — Jp p(u),
and so
Inzn(Xp) + Qn, p(Un, u) = Jp(u) = Jy p(u0).
Theorem 3.4. Let u and uy, be the solution of (2.1) and (3.1) in K(u., u*),
respectively. Assume that

(i) 48Mim < ay,
(ii) |F;,j(x, n)| <M, forall x €I and n € K(u,, u*),
(iii) {@,}) are the standard piecewise linear basis functions.
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Then for some c3 >0,

= tplloo < |u—uyly < c3h?.
Proof. Analogously to the procedure used for demonstrating Theorem 3.2, one
can obtain

aolzalt < 4BMim|zyl} + ¢ Y B\ zn(xp)].
One also has that the last term above is boundZd by
cZ(h 12 20(xp)) (hy!* BH?) < eZh z3(%p) +E( h,,ﬂ2h4)
for any ¢ > 0, and the result follows. O

4. FURTHER APPROXIMATIONS

In general, the integrals in (3.5) cannot be evaluated exactly. One way of
overcoming this difficulty is to replace a@; by an approximation. Here we use a
piecewise linear approximant &; to a;, namely

ai(x) = Z‘;(m(xp_l)(xp —X) + @)X —Xp1)), X €,

Let [ = diag(li, b, ..., Ix) andlii;(x) = —(&(x)#(x))’. Then the corre-
sponding problem is to find @& € [C%(I) N C'(I)]™ such that
{ La(x) =Ia(x)+ f(x, a(x)) =0, xe€l,
a(0)y=a(l) =
Clearly, a; and &; satisfy the same conditions as those in §2. Thus, for problem

(4.1), we have results similar to those in Theorems 2.1-2.3.
Now let

(4.1)

Ih=diagy s Ihas e s dhom),s

Iy ity i(xp) = —Ai pitn i(Xp—1) + + (i p + A pi) )itn, i(Xp) = Ai peritn, i (Xpe1)
and 5 _ 5
Jh,p(ah) = (Jh,p,l(ﬁh)> R Jh,p,m(ah))T’

'Z”p’i(ah)= A~"»P+1 /x " [f(x h(Xp)@p(x) + iy (Xp+1)Pp+1(X) )/ " ad(tt ] dx

P
X

+4i,p /xp [fi(X, i (Xp—1)9p-1(X) + 4 (Xp)9p(X)) e ii(t)l .

Xp—1
-1
~ Xo dt
Aip= (~/x . r(t)) .

4

Then the corresponding Petrov-Galerkin method is to find i, € S, such that
{ Lyity(x,) =0, 1<p<N-1,
y(0) = i1,(1) =0

where

(4.2)
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We can establish results similar to those in Theorems 3.1-3.3. If, in addition,
{9,}Y are the standard piecewise linear basis functions, then
(4.3) i — ithlloo < cah®.
On the other hand, if we put z = u — i, then
lizi(x) + L Fij(x, 0(x))z;(%)
(4.4) = ((@i(x) —ai(x)uj(x)), xe€l, 1<i<m,
z(0)=2z(1)=0,

where 6 lies between u and @. If u, @&t € K(u,, u*) and |F; ;(x, n)| < M,
forall x € I and 5 € K(u., u*), then we have from (4.4) that for an arbitrary
positive constant &,

m .
> /0 (@(x) — () (x) 2)(x) dx

1
A ((@i(x) — ai(x))uj(x))* dx

(a0 - Mlm)|z|12ql(1) <

m

1
< 8'2'%.11(1) + "4—5 Z

where cs is a positive constant depending only on ||a|| g2y and |u]| g1y - Thus,
if Mim+ ¢ < aqp, then

6'5 . 2
e(lag— Mim—¢)

(4.5) = @l goqry < |t = gy < \/

The integral in (4.2) is still a difficulty for general functions f. To overcome
this, we can use piecewise linear interpolation also for f(x, u(x)) as follows.
Let

T o) = T p 1@n)s s Thop m@n)T,

Tapitin) = drpes [ [(ﬁ(xp, (%)) 0, 1(%)

P

+fi(xXp+1, ﬁh(xp“))(opﬂ’i(x))/ " %(tt)] o

Y I [V ES YA PR

Xp—1
+fi(xp , tn(Xp))Pp,i(X)) /X i] dx,
Xp—1 ai(t)
and B B
Lyt (xp) = Iytin(xp) + T, p (lin).
Then the Petrov-Galerkin method leads to the following problem:

{zhﬁh(xp)=0a 1<p<N,

i, (0) = i, (1) = 0.
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Let z, = i, — il . Then

Ihzn(xp) + éh,p(ﬁh’ i) = Jpp(in) — T p(itn) s

where th p issimilar to O ,, but a; and 4; , are replaced by &; and /T, P
respectively. It is easy to verify that

T p (@) = T (@)l < csh®,

where ¢ is a positive constant depending only on £, max |02 f/0u;0u;|, and

AT

(4.6)

So, if M\m < ag, then for some c¢; > 0, we have

ldtn — iyl < c7h*.

By combining (4.3) and (4.5) with (4.6), we conclude that for some cg >0,

1.

2.

3.

10.

11.

llu — diplloo < cgh?.
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