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ABSTRACT. We examine the numerical approximation of the first-kind integral
equation on a plane rectangle defined by the single-layer potential of the three-
dimensional Laplacian. The solution is approximated by nodal collocation with
piecewise bilinear trial functions on a rectangular grid. We prove stability and
convergence of this method in the Sobolev space H~!/2. A key ingredient
in the proof is the observation that the collocation equations define symmetric
positive definite Toeplitz matrices.

1. INTRODUCTION
Let Q:= (-1, 1) x (=1, 1) C R%. The first-kind integral equation on Q,

1 dy

(L1) vu) = gz [ uZ = ) e,

gives the solution of the Dirichlet problem for the Laplace equation in R3\Q
with Dirichlet data f given on Q (“screen problem™) (see [12, 25]). One
important application of (1.1) has been the computation of the capacitance of
the square plate Q. The numerical computations were frequently made with
collocation methods, although a convergence proof was not available. For the
numerical approximation of the solution u of (1.1), we introduce a grid OV
on Q,

k ki k
N ._ N._ K _ 1 "2
(1.2) 0= {xk N <N’ N)

As trial space we use the space S'(O0V) of all continuous piecewise bilinear
functions with nodes in OV . Then our collocation scheme is the following:
Find a function #™ € S'(O") whose nodal values vanish outside Q such that
(1.3) VuV(x)) = f(xY) forx} e0O¥nQ.

The main result of this paper is the stability and convergence of this method in
the Sobolev space H ‘ll/ 2 (see Theorem 3.1).
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The mapping properties of the operator V' in Sobolev spaces are well known
(see [25]). In particular, V' defines a positive definite symmetric bounded bilin-
ear form on the space H~!/2(Q) . This fact implies immediately the convergence
of any Galerkin approximation scheme for (1.1). Such Galerkin schemes with
various spline spaces have been studied theoretically as well as practically by
several authors (see [25, 15, 6, 7, 16]).

In contrast to Galerkin methods, convergence proofs for collocation meth-
ods for higher-dimensional integral equations are rare. With the exception of
second-kind Fredholm integral equations, only a few special classes of integral
equations have been analyzed successfully: bisingular integral equations in [10],
and higher-dimensional singular convolution operators of order zero in [21] (see
also [11, 17]). In [17, 2, 1] one finds overviews of the history of collocation
methods for partial differential equations and pseudodifferential equations.

Collocation methods for boundary integral equations for two-dimensional
boundary value problems, i.e., for integral equations on open or closed curves
in RZ, have been studied extensively by many authors with many different
methods (see [27, 17] for recent summaries).

Prossdorf and Rathsfeld in [18] use the observation that the collocation ma-
trices are related to finite sections of a fixed infinite Toeplitz matrix. Then
the symbolic calculus for Toeplitz matrices, based on Fourier series, can be ap-
plied. For the case of strongly singular integral operators (translation-invariant
pseudodifferential operators of order zero) on cubes in R™, m > 2, a related
method was used in [21] to prove stability and convergence of piecewise bilinear
collocation in the L? norm. In the present paper, we use this idea as a basis
for the analysis of the collocation method for the operator V' in (1.1), which
is a pseudodifferential operator of order —1. We expect that our approach will
work for more general strongly elliptic pseudodifferential equations.

The infinite Toeplitz matrix which we obtain here for the collocation scheme
(1.3) is positive definite and symmetric (see Corollary 3.5), and the finite colloca-
tion matrices inherit this property. This fact can also be understood by relating
the nodal collocation method with piecewise bilinear splines to the Galerkin
method with piecewise constant trial and test functions. The matrix elements
for both methods are actually the same (see Remark 5.1). Thus, our method is
also related to the method of Arnold and Wendland [2], which gives convergence
proofs for nodal collocation with odd-order splines for strongly elliptic pseudo-
differential equations on smooth curves by reducing the collocation scheme to
an equivalent Galerkin scheme.

After proving, in §§2-4, the stability and convergence of the collocation meth-
od (1.3), we mention in §5 some generalizations of our scheme, which can easily
be treated with the same ideas. In the same way one also proves stability and
convergence for the corresponding one-dimensional problem, namely the nodal
collocation with piecewise linear trial functions on a uniform grid for the first-
kind integral equation on an interval defined by the single-layer potential for the
two-dimensional Laplacian (screen problem in R?). Generalizations to higher
dimensions are also possible.

2. BASIC NOTATION

In the previous section, we introduced the domain Q and the grid OV . We
need the following additional notation for N € N,
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(2.1) oV i={keZ?x} e Q) ={keZ?|kj<N,j=1,2}

A nodal basis for the space S!(O") of piecewise bilinear splines is defined as
follows: Let ¢°(¢) := max{0, 1 —|¢|} for ¢ € R, and define for x € R?

(2.2) 0d(x) = ¢%(x1) - 9°(x2),
(2.3) o (x) := p§(N(x — X)) = 95(Nx — k).

Then S!(OY)=span{pY| k € Z?} . Weneed the following (2N+1)2-dimensional
subspace of S1(OV),

(2.4) SYON N Q) := span{p}| k € V}.
For any continuous function f on R2, we define the restriction to OV by
(2.5) = (FOR)kez-
For any sequence (fi)ixecz: We define the piecewise bilinear interpolant by
(2.6) M) =Y feol

kez?

The system of equations corresponding to the collocation equations (1.3) can
be written as

(2.7) NViNu)=r"f on oV,
where (ux)ieev are the nodal values of ¥V € SY(OVNNQ),
(2.8) uV =" weop.

kewN

The matrix elements of the system (2.7) are given by

(2.9) (Vo) )k, krean-
From the translation invariance of the operator ¥ (1.1) and the definition (2.3)
of the basis functions (o}(" we see that this is a Toeplitz matrix.

Remark 2.1. The collocation points in (2.7) include the nodes on the boundary
of Q. The definition of the trial function %" uses these nodes, too. Therefore,
the support of #" is not contained in Q but in the slightly larger set
1 1 1 1
—1-—-—]\—7, l-l-—ﬁ] X [_I_N’ 1+-ﬁ .
By H*(R?) (s € R) we denote the usual Sobolev spaces [13]. For a bounded
domain &,

(2.10) Do U Ulg

is the operator of restriction to & . Then

(2.11) H'(O) = {ulg | u € H'(R*)} = po H*(R?)
and

(2.12) H*(@) := {u € H*(R?) | suppu C &}.
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Then, with respect to the natural extension of the L? duality,
(2.13) (f. )= [ fgedx,

H*(@) is the dual space of H=5(&).
The basic mapping properties of the operator V' in the energy spaces are
summarized in the following lemma which is well known (see, e.g., [14, 25]).

Lemma 2.2. (i) The operator psV: H-Y2(@) — HY*(&@) is an isomorphism.
_ (i) The sesquilinear form (Vu,w) defines an equivalent inner product on
H~1Y2(@): There are constants c;, c; >0 such that

el < Vit ) < cafjull}

-1/2(@ -1/2(@)

for all u € H-V*(&@). The constants ¢\, c, depend only on the size of the
domain @ .

(iii) Let W := —AV be the operator of the normal derivative of the double-
layer potential. Then the sesquilinear form (Wu, w) defines an equivalent inner
product on HY/*(@): There are constants ¢y, ¢, > 0 such that

2
C[”M”Zﬁm((ﬁ) < (Wu’ u) < c2||u“1“_'[1/2(g)'

3. STABILITY OF THE COLLOCATION METHOD
Let

(3.1) .= VN

be the interpolation projector onto the spline space S!(O0V). We can write the
collocation equations (1.3) in the form

(32) pQHNVuN = pQHNf.

Our aim in this section is the proof of the stability and uniform boundedness
of the sequence (poIIVV)yen. Note that the projection ITV is not bounded
on H'Y2  so that even the uniform boundedness is a nontrivial result.

In the following we will denote by C generic constants independent of N .

Theorem 3.1 (Stability). There is a constant y >0 such that for all N € N and
all we SY (AN NQ) there holds

(3.3) IPQITY Vw|| i) = PIwl g-12gwe)-

Theorem 3.2 (Uniform boundedness). There is a constant C € R such that for
all NeN and all we SY(ONNQ) there holds

(3.4) IpQIT¥Vw |2y < Cllwllg-12ke)-

For the proof of these theorems we need some additional tools. First we
need the well-known approximation property and inverse inequality for our
spline space (see [4, 3, 22]).
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Theorem 3.3. Let @ C R? be a square. (We need the two cases @ = Q and
g =2Q.)
(i) For any s € (1, 3) there is a constant C such that

(3.5) 1eTINY — vl g2y < CNY275 0| rs(e)
forall ve HS (@), and
(3.6) TN — vl gigme) < CNV2= 0l 0,

for all ve H(®).
(ii) Forany t <s < % there is a constant C such that

(3.7) P2V i@y < CN° | pov] gue)
for all v e SYOV), and
(3.8) V]| g2) € CN* 70| prerey

forall veSYONNO).

Next we introduce discrete Sobolev spaces. Our spaces are related to those
studied by Frank [9] and Stephan [24] (see also [20, 19]).
We define a norm in the space of sequences by

(3.9) (i) kezels, v = 11N (i) || o -

The discrete Sobolev space is

(3.10) B(Z?) = {(u)kez | (a5, v < 00}

On the grid w? we define the finite-dimensional subspace

(3.11) By (@) == {(e)kezr € M (Z?)ux = 0 for k ¢ w™}.

This is CM, M = (2N + 1)?, with norm || ».
It is easy to see that for s = 0 we have the norm equivalence

12
(3.12) |(uie)lo,n = N~ (Z |uk|2) .

kez?

By “ = ” we denote the equivalence of norms with constants independent of N .
Taking (3.12) into account, we define the scalar products in /2,

(3.13) (i), (V)N := N2> wx.
kez?

For Fourier series on the square Q := (—7m, @) x (-7, ©) we use the following
notation:

(3.14) w&) = 3 e Rt = F(u)(©);
kez2

so we have

(3.15) e = (2m)2 / i(&)e*E dE.
(Y]
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The integral operator V' defines two discrete sesquilinear forms:

(3.16) (), ViN(we)) = > uelof , Vo i
k, k'
and
(3.17) (), NV iN0R)n = N2> we(V o) (x Ui
k, k'

The form (3.16) defines a matrix which corresponds to a Galerkin method for
the equation V'u = f. The form (3.17) corresponds to our collocation method
(1.3). More precisely, the collocation scheme (1.3) can be considered as a finite
section method for the infinite Toeplitz matrix defined by (3.17). The diagonal-
ization of the infinite Toeplitz matrices via Fourier series leads to the following
representations of the bilinear forms (3.16), (3.17).

Lemma 3.4. Let it = F(u,) and 0 = ( ©) with (uk) (vg) € IY(Z?). Then
(i) @V(u), Vi¥(u) = N7 [, A9(E (f) 0(&) d&
(i) ((ux), ™NViV(v))y =N73 [, A€(¢ (5)’5()
With the operator W defined in Lemma 2.2(iii), we have
(i) (N(uy), Wi¥(vp)) = N7 fQAW’G(é) ()0 (E) dé.
Here the functions A%, A€, and A%-C are defined by

(3.18a) A6(&) =27 (2m) zg:zzlé+27zrl ‘H—E%,
(3.18b) A€(¢)=8-(2m)2 ;ZZ € + 2nr| ! f[ —2%%
(B.18) A O@=2"-Qu)7 Y |+ 2 lﬁ Sm+ gic/rz)“

rez?
Proof. For functions u € C$°(R?) we define the Fourler transform by
(3.19) (&) = /R e u(x) dx,

It is well known (see [8]) that the operators ¥ and W have the Fourier repre-
sentation

(3.20) Vue) = 5@n)? [ e de
(3.21) Wu(x) = 5(275)_2 Azeié°x|§|ﬁ(f) d¢
From the definition (2.3) we obtain

(3.22) ol (&) = N2 i€ kIN ] (-fv) .

Parseval’s formula yields
1 _ _ — —
0F . Vol = 32m7 [ 1 oF el @) de
=N [ etz
Q

(3.23)
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with

(3.24) A9 = 2(27: 2y e+ 2|~V pb (€ + 277

rez?

From (2.2) we compute the Fourier transform

2
(3.25) Hsm 51/ 2
j=1
Inserting this in (3.24), we find (3.18a), and from (3.16) we obtain
(M), Vidw) =N Y wap / iK' —k)€6(£) g
k,k'€z? 0
=N [ a@F@nE)de.

This proves (i). For a more detailed computation, see [21]. For the bilinear
form (3.17), we compute with (3.20) the matrix element

Vol ) = 5(2m)2 / e | N (&) de
— N[ eik=KYE ey g
/Q e (~&)dE

with A€ defined by (3.18b). This proves (ii).
For (iii), we observe that according to (3.21), we have to replace the multiplier
|71 in (3.23) by |¢]. O

From the definitions (3.18a, b, c) we see immediately that the functions
A6, A€, and A%-© are positive C> functions on Q\{0}, and that AS and
A€ behave like @(|E|7!) at ¢ = 0, whereas A%-G(¢) = @(|¢]) near & = 0.
Therefore, 1%, A€, and (A%-0)~! define equivalent weights on Q, i.e., there
exist constants ¢, ¢y, ¢c3 > 0 such that

(3.27) aA%(&) < A% < AV 9E) T < aa%(©)

for all ¢ € Q\{0}.

Corollary 3.5. Forany N € N, the collocation matrix in (1.3) is positive definite
and symmetric. The collocation equations are always uniquely solvable.

Corollary 3.6. (i) Both quadratic forms (3.16) and (3.17) define norms on
iz[,l/ >(wN) which are equivalent to the |« |-1/2,n norm (3.9) with constants
not depending on N .

(ii) Let @ C R? be a bounded domain. For sequences (vi) with supp i¥ (vi) C
@ we have the norm equivalence

(3.28) 00z = N™ / 16(&)P(AS(E)) " dé.

Proof. The equivalence of the norms corresponding to the sesquilinear forms
(3.16) and (3.17) follows directly from Lemma 3.4(i) and (ii) and (3.27). The

(3.26)
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equivalence with the |-|_;/; 5 norm follows from Lemma 2.2(ii). The equiv-
alence (3.28) follows from Lemma 2.2(iii) together with (3.27) and Lemma
3.4(iii). O

Proof of Theorem 3.1. Let Q=20-= (=2, 2)x (-2, 2). We need an extension

operator L from H*(Q) to ﬁs(ﬁ) . It is well known [23] that such an operator
exists as a continuous linear operator

(3.29) L: HS(Q) — H*(Q) forall s > 0.

We can assume that L is given in such a way that suppIIVLv C Q forall N
and all v € H5(Q). We show first that there is a constant C independent of
N such that

(3.30) ||HNLPQu||§|/z(§) < Cllpull girg)
holds for all u € S'(OY). Indeed, we have
(3.31) ITY Lpaull =g @ < [Lpoul;

The first term on the right-hand side in (3.31) is bounded by C ||pgu|| H'2(Q)
according to (3.29). For the second term we use the approximation property
(3.6) and the inverse inequality (3.7) and obtain for s € (1, %)

I(T = TIY) Lpull,, 5, < CN'7|| Lpaull;,

< CN'/2~ s||PQu||Hs( Q) S Clipaull pirg)-

g T II7 = I") Lpou| 5

H2(Q HI/Z

mr@) =

Next we show that there is a constant independent of N such that
(3.32) |((ux) s (Vi))nl < Cl(ui) =172, 5 = [(Vi)12, v
for all sequences (#z), (vx) with suppi¥(u;) C Q, suppi¥(vy) Cc Q. By

Parseval’s formula, we have

(). (ol = N2 2| [ ac@yit )dé(

(3.33) (N— /|u |zlG )1/2
(v | p@rucen ) "

The first factor on the right-hand side is bounded by C|(ux)|-1/2,» according
to Corollary 3.6(i), and the second factor is bounded by C|(v)|i/2, ¥ according
to (3.28). Thus (3.32) is shown.

Combining the estimates (3.30), (3.32), and Corollary 3.6(i), we obtain for

w=iV(w) e SOV NQ)
l(wi)l=172, 3 * IPITN VW || 1120y > C||HNLPQHNVW||H1/2 |(wi)l-1/2,n
= C|r¥LpolINVwlyp, n « (wi)|=1/2,n = Cl((wi), 7 NLPQHNVw)Nl
= C|((wg), PNV iN(wi))n| = Cl(wi)yjp, 5. O
Proof of Theorem 3.2. This follows by the same arguments as (3.30) above. O
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4. CONVERGENCE
In this section we prove the following convergence theorem.

Theorem 4.1. Let f € H'*¢(Q) with some ¢ > 0 and u € H-V2(Q) be the
solution of the integral equation (1.1). Then for any N € N, the collocation
equations (1.3) have a unique solution u" € S' (AN NQ). For any n >0 there
is a constant C > 0 independent of N such that

1 = uNllg-1n2gey < CNTV2| fll e ).

Proof. Let PN be the L2 orthogonal projector onto S'(OY N Q). It is well
known that PV is uniformly bounded in the H*(R?) norms for |s| < 3 and
that there holds the approximation property

(4.1) lv = PMvllg-1pmey < CNTYV2 0| oo
forall v e fI"’(Q) . Then we have
(4.2) [l — uN”H-l/z(]Rz) <lju- PNu”H—l/Z(RZ) + i|PNu - uN“H—l/Z(]RZ).

We know that u € H~"(Q) holds for any 5 > 0 (see [5]). Therefore, (4.1)
gives for the first term on the right-hand side of (4.2) the estimate

(4.3) llu — PMullg-12@ey < CN~V2 || g-niq) < CN™V2| fl v

For the second term on the right-hand side of (4.2) we estimate further, using
the stability estimate (3.3) and Lemma 3.3:

1PV — uN“H—l/Z(RZ) < CllpaI™V(PVu — u™)| g
= CllpolIV PV u — poI1” fll1112(q)
< CllpaI¥VPNu — po fllmig) + Ipa(f — TN )l gieg)-
The last term can be estimated with (3.5),
Ipa(f =T Nl gy < CNYZ| £l s,
Finally, we have
lpaITYV PN u — pofllmire)
< TNV PNu — poV PN ull ) + Ipa(V PYu — Vi)l e
< C(NT2EV PN Ul sy + 1PY = Ul g-12ge))
< C(NTV24 PN ul| ey + N7V278 fllppee)
< C(NTVH PV || gonigey + N7V278| fllgive )
< CNTY2 | ey + N7V278 fllproeiy)
< CN7'2H fll ey O

5. GENERALIZATION

In this final section we want to mention briefly some generalizations of the
collocation method (1.3) for which our present approach is also applicable.

The first generalization concerns the domain . Instead of the square, we
can consider any polygonal domain which is a union of a finite number of cells
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of some rectangular grid Ay, 4, := {(kih1, kohz) |k € Z?} . The grid OV has to
be replaced by %Ahl .h, - It is easy to see that the results of §§3 and 4 remain
valid for this case.

The second generalization concerns the splines which are used as trial func-
tions. We can prove the stability and convergence results of the previous sections
for splines which are tensor products of univariate splines of odd order. Since
the statements of Theorems 3.1, 3.2, and 4.1 remain the same in this case, we
only mention here the change in the essential part of the proof of Theorem 3.1,
namely statement (ii) of Lemma 3.4. If we use tensor products of B-splines of
degrees d; and d, as a basis, then the symbol AC(¢) of the collocation matrix
is changed to

(5.1) A (&) = (2m)2 2d1+dz+'Z|¢+2nr|-1H(

rez?

sin 61/2)>a'+1
&+ 2mr; ’

For the interpolation projection ITV in Theorems 3.1 and 3.2, we use piecewise
bilinear functions also in this more general case. It is clear that the new function

A€ in (5.1) is a weight function on Q which is equivalent to the functions
defined in (3.18a) and (3.18b).

Remark 5.1. If we compute the symbol A¢ of the Galerkin matrix with tensor
product splines, we obtain

(5.2) A% =(2n)? 22d1+dz>+3zlc+2nr|-lﬂ(

rez?

Sln 61/2 2d1+2
§i+ 2mr; ’

Comparing this formula for d; = d, = 0 with (3.18b), we see that the matrix
elements for the piecewise bilinear collocation method are the same as those for
the piecewise constant Galerkin method.

The last generalization which we want to mention concerns the integral op-
erator V . Instead of V' as defined in (1.1), we can use a convolution operator
A which has a Fourier representation

(5.3) Au(E) = a4(&)i(&).

We make the assumption that A4 is strongly elliptic of order —1, i.e.,
(5.4) 04(t&) = t71a4(¢) for all & € R?\{0}, ¢ > 0,

|€] - 04(&) is bounded, and

(5.5) Reagy (&) >y >0 forall £ € R? with [¢] = 1.

Then we can prove the stability result of Theorem 3.1 exactly in the same way
as for V' above. The symbol A¢ of the collocation matrix is then changed to

- 2 sin%(&/2)
(6) @ =t6-0m7 ) aaer2mn L mmnre

From the assumption (5.5) it follows that
(5.7) ReA1C(&) > 2yA€(¢) forallé e Q,

which is an essential part of the proof of the stability estimate.
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Finally, we want to mention that the stability result also holds for strongly
elliptic systems of convolution operators of order —1, for instance for the op-
erator defined by the single-layer potential of the equations of linear three-
dimensional elasticity theory.
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