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ERROR ESTIMATES WITH SMOOTH AND NONSMOOTH DATA
FOR A FINITE ELEMENT METHOD
FOR THE CAHN-HILLIARD EQUATION

CHARLES M. ELLIOTT AND STIG LARSSON

Appendix. In this appendix we present the proof of Theorem 4.1. The proof is based on
estimating the right-hand side of the variation of constants formula (2.9) for solutions of
(2.5), using the analyticity (4.2) of E(t) together with certain bounds for the nonlinearity
#(u), and the a priori bound (2.8) for the H! norm of u. We begin with the required
bounds for ¢(u).

Lemma A.l. Assume that u,v € H! with |u|1,|v]s £ R. Then there is a constant
C = C(R) such that, under the appropriate regularity assumptions for w and z, we have

(A1) |¢"(w)wlo < C lwly,

(A.2) l¢(u) = ¢(v)o < Clu—vls,

(A.3) [p(u)lo < C,

(A4) [AP(¢'(w)w)lo < C (Jwls + uls|wly),

(A.5) |AP(¢(u) = ¢(v))lo < C (Ju— vl + (Juls + [vls)lu — v]1),
(A.6) |AP@(u)lo < C luls,

(A7) l¢" (Wwzlo < Clwli|z,

(A8) |AP (6" (u)wz)|o < C (lwli|zls + [wls|zls + [uls|w]i]z]1),
(A.9) |AP([¢'(u) — ¢'(0)]w)lo < C (lwh|u = v]s + |wlsfu — vl

+ (luls + [vls)lwli u = vly).

Proof. We only demonstrate (A.8) from which (A.9) readily follows. The bound (A.4) is
proved in a similar way, and (A.5), (A.6) then follow. The same is true of (A.1)-(A.3) and
(A.7). We present the proof for the case d = 3; the case d < 2 is analogous.

For the proof of (A.8) we first note that

IA(f DL, S NAfllLellgliLs + 20V FllLelIVgllLs + 1 fllLellAgliLs-
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