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FINITE ELEMENT APPROXIMATION 
TO INITIAL-BOUNDARY VALUE PROBLEMS 

OF THE SEMICONDUCTOR DEVICE EQUATIONS 
WITH MAGNETIC INFLUENCE 

JIANG ZHU 

ABSTRACT. We shall consider Zlamal's approach to the nonstationary equations 
of the semiconductor device theory under magnetic fields, with mixed boundary 
conditions. Owing to the reduced smoothness of the electric potential V/ and 
carrier densities n and p caused by considering the mixed boundary condi- 
tions, we must use a nonstandard analysis for this procedure. Existence as well 
as uniqueness of the approximate solution is proved. The convergence rates ob- 
tained in this paper are slower than those previously obtained for pure Dirichlet 
or Neumann boundary conditions. 

1. INTRODUCTION 

We shall consider a system of three quasilinear partial differential equations 
in a bounded polygonal domain Q E R2, which form a basic model of the 
transient behavior of a semiconductor device in a magnetic field (cf. Allegretto, 
Mun, Nathan, and Baltes [1], and Wang [30]): 

(a) -A/= q-(p-n+N), 
C 

( 1.1 ) (b) an V * [eavYAi V(e-avYn)] + R, (n, p) = 0, 

(c) ap V * [e-a/A2V(ea/Yp)] + Rp(n, p) = 0. 

The unknowns are the electrostatic potential V/ and the electron and hole den- 
sities n and p, while q and e are constants (q is the electron charge, e is 
the permittivity). The function N is the total electric active net impurity den- 
sity or "doping", and a is a positive constant; R,(n, p) and Rp(n, p) are the 
recombination rates. The matrices 

(1.2) Ai = 
1 a()) - 1 f2 (J-fl ) ), i= 1, 2, 
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are positive definite nonsymmetric. The reason for the asymmetry of Ai (i = 

1, 2) is the presence of a magnetic field B = (0, 0, /B), where ,B = ,B(x) 
is Lipschitz continuous. Indeed, if B = 0, then Ai (i = 1, 2) are positive 
definite symmetric. Since Ai (i = 1, 2) are positive definite and bounded, 
there are two positive constants ao and M such that, for any u = (ul, u2), 
V = (v1, 22) E 

(1.3) ao uI2 < (Aiu, u), i = 1, 2, 

(1.4) I(Aiu, v)l < Mlullvl, i = 1, 2, 

with Iu12 = Z1 u2 
We simplify the system, taking a = q/e = 1 and R,(n, p) = Rp(n, p) = 

R(n, p) (assumed Lipschitz continuous). These simplifications are not essen- 
tial, neither for the construction of the approximate solution nor for the results 
of this paper. We can write (1.1) in the form 

(a) -ANi =p -nN, 

(1.5) (b) t - V * [A1 (Vn - nV W)] + R(n, p) =0 , 

(c) -p - V - [A2(Vp + pVyi)] + R(n, p) =0. 

For simplicity, consider the PDE system (1.5) with homogeneous mixed 
boundary conditions: 

(1.6) {y/, n, p} = {0, 0, 01 on xQD x I, 

(1.7) { 5, Jn *v, Jp .v} = {0, , }01 on OQN x I. 

Here, the boundary OQ of Q has been decomposed into the union OQDUOQN, 

where OQD is of positive measure in OQ, I = [0, T], v is the outward unit 
normal vector on OQ, Jn = A I(Vn - nVy/), and Jp = A2(Vp + pV'/). 

In addition, we have the initial condition 

(1.8) n = n?(x), p = p?(x) in Q. 

Remark 1.1. For nonhomogeneous mixed boundary conditions with smooth 
data, the problems can be homogenized by Banasiak and Roach's trace theorem 
in [2]. 

There is much work concerning the basic semiconductor device equations 
with no magnetic fields. For stationary problems, Mock [23, 25] showed the ex- 
istence and uniqueness of a solution subject to the mixed boundary conditions 
(with R = 0). A very similar existence proof was given by Bank, Jerome, and 
Rose [4], and effective numerical algorithms were also presented in their paper. 
Later, Jerome [17] proved the existence for a more general stationary problem. 
A singular perturbation analysis for the problems was given by Markowich [19, 
20], Markowich and Ringhofer [21], and Selberherr and Ringhofer [27]. Finite 
difference or finite element methods are discussed in Markowich [20] and in ref- 
erences therein. Recently, Ringhofer and Schmeiser [26] analyzed an iterative 
method and its convergence. For nonstationary problems, Mock [24] was the 
first to prove a global existence and uniqueness result, and a more general type 
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of the boundary conditions was discussed in Gajewski [13] and Gajewski and 
Groger [14]. With regard to numerical treatments, Zldmal [33] has proposed two 
fully discrete finite element schemes (one is nonlinear, the other is partly linear) 
and discussed the existence (for both schemes) and uniqueness (for the second 
scheme) of the approximations. Stability, uniqueness, and convergence (for the 
first scheme) of the approximations have been investigated under stronger as- 
sumptions in Zldmal [34]. The mixed finite element-characteristic procedure 
for the one-dimensional Dirichlet problem was introduced by Douglas, Gamba, 
and Squeff [7], and Gamba and Squeff [15], Douglas and Yuan [8], and Dou- 
glas, Yuan, and Li [9, 10] have discussed, respectively, the finite difference- 
characteristic finite difference procedure, the mixed finite element-characteristic 
finite difference procedure, and the mixed finite element-characteristic finite el- 
ement procedure for the two-dimensional Dirichlet problem and the Neumann 
problem, and have given the convergence analyses under the assumption of a 
smooth solution. 

However, to our knowledge, there is not much work on problems in the pres- 
ence of magnetic fields. A finite element analysis for stationary problems was 
given by Allegretto, Mun, Nathan, and Baltes [1], but there was no theoretical 
analysis of approximation in their paper. Recently, the author [32] presented 
and analyzed the problem (1. 1) by the finite difference-characteristic finite differ- 
ence procedure, considering nonhomogeneous Dirichlet boundary conditions. 

Unfortunately, it is well known (see, e.g., [2, 28]) that in general the solu- 
tions of mixed boundary value problems for elliptic equations are not smooth, 
no matter how smooth the data may be, and moreover, the loss of smoothness 
occurs in the vicinity of &QDnaQNN. Hence, the solutions of (1.5)-(1.8) are cer- 
tainly not smooth. Similar to the idea of Ewing and Wheeler [ 12], we shall use 
in this paper a nonstandard analysis for Zldmal's approach. Since the resulting 
functions are considerably less smooth than previously assumed, the conver- 
gence rates obtained in this paper are slower than those previously obtained. 
Recently, Markowich and Zldmal [22] have generalized Zldmal's approach to 
mixed boundary value problems of second-order elliptic equations. 

The paper contains two additional sections. In ?2, terminology is developed, 
a variational form of the problem (1.5)-(1.8), basic regularity and boundedness 
assumptions are presented, and the continuous-time Zldmal's approach to ( 1. 5)- 
(1.8) is defined. In ?3, existence, uniqueness, and a priori error estimates for 
this approach are obtained. Throughout, the symbols C and a will denote, 
respectively, a generic constant and a generic small positive constant. 

2. PRELIMINARIES AND DESCRIPTION OF APPROXIMATIONS 

Let (u, v) = fQ uv dx and IIuH12 = (u, u) be the standard L2 inner product 
and norm. Let Wqk(Q) be the Sobolev space on Q with norm 

(2.1) ~ U~wk = ____ q /q 

with the usual modification for q = oo. If U = (ul, u2), write HJUHlWk in 

place of (HU1H'|vk + | * When q = 2, denote uwk = HUHHk = llulk. 
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If k = 0, luHo = 0 uH. We also denote by H'I+0(Q) (a is a real number with 
0 < a < 1) the noninteger Sobolev space on Q with norm (see, e.g., Girault 
and Raviart [16]) 

||UI||+ = 11UIIHI+a(Q) 
( ~~~~~~~~~~~~~~~1/2 

(2.2) = {112 + EtZi u(x) - &aU(y)l2 dxdy 

where IxI denotes the Euclidean norm of R2. Let I= [O, T], and 

(2.3) V = {v E H'(Q); V119QD = 01. 

Multiplying (1. 5) by a function v E V, integrating over Q, and using Green's 
theorem and (1.7), we have 

(a) d(yi, v) = (p-n+N, v), v E V, 

(2.4) (b) ( 
n 

v) +v(qv;n,v)+(R(n,p),v)=O, v E V, 

(c) (9P v )+7r(q/; p v)+(R(n p) v) =y0 v e V, 

where 

d(y , v) = jVvI vv dx, 

(2.5) v(,; n, v) = jAl(Vn - nVq/) - Vv dx, 

7(i; p v) = jA2(VP+PV V) Vvdx. 

We are looking for {yI/, n, p}: I Vx Vx V. 
Let { VI, n, p}, the solution of (1.5)-( 1.8), satisfy the following regularity 

assumptions: 

(a) II VI/IL(Hl+,) + llnflL2(Hl+a) + HIPHIL2(H1+a) < C 

(2.6) (b) IlnIIL?(L-) + IIPHILO(L) <? C, 

(c) an + ap < C a L2(L2) a L2(L2) 

where 0 < a < 1 and C are fixed constants, I|UIILq(X) = IHUlILq(I;X) , q = 2, oc, 
and X is a Sobolev space on Q. In view of [1, 2, 4, 13, 14, 28], the above 
assumptions are reasonable. 

In this paper we restrict our attention to continuous-time Zlamal's approach 
(nonlinear scheme) to (1. 5)-( 1.8). We consider a family { Th } of triangulations 
of Q. Let K denote an element of Th, hK = diam(K), and h = maxKETh hK . 
As in Zldmal [34], we assume that the family { Th} satisfies the minimum angle 
condition and is of acute type. Thus, if J is the Jacobian matrix of the linear 
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mapping which maps a given triangle K on the reference triangle K, then 

Ch2<IdetJI<C-lh2 VKEUTh. 
h 

We shall use the above implicitly in some places. 
With each partition from {Th} we associate the finite-dimensional space 

Vh = {Vh E C(Q); Vh is a linear polynomial on each K E Th , Vh IaQoD = 01 . 
We use the same idea as in Mock [25] and Zlamal [33, 34]: the quantities 

Jn, Jp, and IIVVII are approximated by constants on each element K. Let 
V'h nh . Ph , and Vh belong to Vh . The discrete analogs of the forms v ( ; n, v) 
and 7r (y;p,v) are 

vh(ilgh; nh, Vh)= KGTr_ Vhr{J A(JT)1 D KJTVnh.VVrdx 

(2.7) KE Th r=j, k, m K 

- AnhrA K,7 /h 7V r dx} IK 

h(Vlh; Ph, Vh) = , Vhr { 2 (JT>BKJTVPh .V vrdx 

(2.8) KETh r=j,km + 4 

+ JPhrA2 K,7 h *, V r dx 

where 

= ((1 bK aKV)') i= 1, 2, 

aK - l/+ (l(fK)2), bK - lK/(l + (flK)2) /gK = l(XK) , and xK is the center 
of gravity of the element K. Here, J is the Jacobian matrix of the mapping 
which maps K on K in such a way that the node Xr is mapped on the vertex 
(O, 0) in the reference plane (see Zlamal [33]), Vhr is the value Vh(Xr), Vr is 
the basis function associated with the node Xr, and BK, DK are the matrices 

BK = diag(B(/Yhl - V-h2), B(Vyhl - V'h3)) ) 
(2.9) DK = diag(D(yIhl - V-h2), D(VIhl - V3h3)). 

Here, B(C) = C(eC - 1)-' and D(C) = eCB(C) = B(-C), -oo < C < oo. 
Furthermore, Vlhl V/h2, Vh3 are the local notations of the values of V'h at the 
vertices xi, xk, xm such that VlhI = Vlhr, r= j, k, m. 

Remark 2.1. For Afc, i = 1, 2, the inequalities (1.3) and (1.4) are still valid. 
The L2(Q)-scalar product (., *) will be approximated by (, *)h defined in 

Zlamal [33] ((u, V)h = EZLI mjujvj, mj > 0, q is the number of all nodes 
not lying on aQD) . Let fI denote the interpolate of a given function f. 

Now we can introduce the continuous-time approximation of { V, nf, p} as 
follows: let {.'h, " h -Ph}: I Vh X Vh X Vh be defined by 
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(a) d(h, Vh) = (Ph-nh + NI, Vh)h, Vh E Vh, 

(b) (09h, Vh) + Vh( lh; nh, Vh) + (R(nh, Ph), Vh)h 0, Vh E Vh, 

(2.10) h"P 

(c) ( t Vh} + 7h(h; Ph, Vh) + (R(nh, Ph), Vh)h =, Vh E Vh, 

(d) nh (?) = n , Ph (?) =Po. 

The main results of this paper are the existence, uniqueness, and a priori 
error estimates for the approximation { Ylh, nh, Ph}. These will be developed 
in the next section. 

3. EXISTENCE, UNIQUENESS, AND A PRIORI ERROR ESTIMATES 

Similar to the idea introduced by Ewing and Wheeler [12] for miscible dis- 
placement problems, we first define the L2 projection {In, p} of {n, pI into 
Vh x Vh by 

(a) (nf-nF,Vh)=O, VhEVh, or 

(an at '\ 
(3 1 ~~~(b) (0 aVh) = 0, Vh E Vh; 

(3.1(C) (Pc-F,Vh)=O, Vh E Vh, or 

(d) (a -t Vh) = 0, Vh E Vh 

We are led to use the L2 projection of {n, p} into Vh x Vh instead of the now 
more standard HI projection, owing to smoothness restrictions on n and p. 
Since we assume that '9t and a are only in L2(I; L2), we are not able to treat 

terms like a (n - n) and a (p - p) in the usual fashion. Thus, we have used 

{I, p} in (3. ib, d) to remove this problem. Using the theory of interpolation 
spaces, we obtain (see, e.g., Ewing and Wheeler [12]) 

Lemma 3.1. There exists a positive constant C such that, for each t E I, 

(a) lln - nll + hlln - nlll < Cllnllslhs, 1? <s ? < 1+a, 

(b) Ip -Fll + hp -pll1 < Cllpllslhsi, 1 < S 1 + a, 

(3.2) (C) klz - nlIL < CllnHlws2hS2, 0 < 52 < 1, 

(d) IIP -PIILO < C||p|Hws2hS2, 0 < 52 < 1, 

(e) llv - vjll + hllv - villl < ClHVS3hS3 Vv E Hs3(Q), 1 ?53 < 1 + U. 

Assuming that the family { Vh } satisfies the following inverse inequalities (see 
Ciarlet [5] and Thom6e [29]), we also have 

Lemma 3.2. There exists a positive constant C such that, for any Vh E Vh, 

(a) |lVhllLq < Ch21q/ livhll, 2 < q < oo, 

(b) 17VVhllLq < Ch2/q Il1VVhl, 2 < q < oo, 

(3.3) (c) |lVhlll < Ch'HlVhll, 

(d) ||VhH|LOO ? C | og h | /2 llVvh ll. 
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Finally, we need (see Ciarlet [5]) 

Lemma 3.3. There exists a positive constant C such that, for all real q with 
1 <q <oo, 

(a) < Ch Vv jILq(K), 
(3.4) L~K) 

(b) HV < ChK /q||VV|ILq(K) Vv E WVq(K), 

where D(C) = v(x(C)), x(0) = Zr=j,k,mXrVr(g). 

We shall prove the main results of this paper similarly as was done by the 
author in [31]. By elementary, but tedious computations, we can write the form 
Vh as follows: 

(3.5) Vh( lh; nh, Vh) = a,(Vth; nh, Vh) - a2(Vlh; nh, Vh) - c(qth; nh, Vh), 

al(qlh; nh, Vh) = Z a K{a bmk(nhm -nhk)(Vhm -Vhk) 

KETh 

(3.6) + +a Kbjm (nhi - nhm)(Vhj - Vhm) 

+ ambkj(nhk - nhl)(Vhk - Vhj)}, 

a2(Vlh2 nh, Vh) Z b {bmk((nhm - nhk)(Vhm + Vhk) 

(3.7) KETh 

+ bjm(nhj - nhm)(Vhj + Vhm) 

+ bkj(nhk - nhl)(Vhk + Vhj)}, 

(3.8) c(vIh; nh, Vh) = cl (h; nh, Vh) - c2(h; n*h, Vh), 

(3.9) 

cl(yIh; nh, Vh) = 1 a {fa(Y/hm- Yhk)(nhm + nhk)(Vhm -Vhk) 

KETh 

+ a K(yIhj -_ hm)(nhj + nhm)(Vhj - Vhm) 

+ aK(Ylhk - Y'hj)(nhk + nhl)(Vhk - Vhj)}, 

C2(YIh; nh, Vh) = Z b {(Y/hm - Yhk)(nhm + nhk)(Vhm + Vhk) 

KETh 

(3.10) + (YIhj - YIhm)(nhl + nhm)(Vhj + Vhm) 

+ (Ylhk - Y'hj)(nhk - nhl)(Vhk + Vhj)} 

Here, aK - cot6r, r = j, k, m, where Or denotes the measure of the angle 
of K lying at the vertex Xr, and brs = bsr = 2(B(VIhr - Y"hs) + B(VIhs - YIhr)). 
From the acuteness and the minimum angle condition it follows immediately 
that 

(3.11) 0<aK < C r=j,k,m, VKEUTh. 
h 
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It is furthermore known that (see Zlamal [34]) br > I . Therefore, 

(3.12) al(YIh; Vh, Vh) > al(O; Vh, Vh) > aollvVhll2 VVh E Vh. 

In a similar way we can derive 

(3.13) 7rh(VIh; Ph, Vh) = a1 (Vhh; Ph, Vh) + a2(V,h; Ph, Vh)-c(Vlh; Ph, Vh), 

(3.14) O(Vh; Ph, Vh) = C1 (Vlh; Ph, Vh) + C2(Ylh; Ph, Vh) 

Theorem 3.1. The problem (2.10) has a unique local solution {V 'h, nh Ph}, i.e., 

there exists a positive constant T* (defined by (3.28)) such that the problem 

(2.10) is uniquely solvable for t E [0, T*] . 
Proof. (I) Existence. Let {nh Phi E Vh x Vh be fixed. Then there exists a 
unique V'h E Vh such that 

(3.15) d(hh, Vh)= (Ph-nh + NI, vh)h, Vh E Vh 

Let Vh = Ylh in (3.15), and note that 

(3.16) |lVhll <? lVhllh < C||Vhll VVh E Vh. 

We obtain 

(3.17) ||V/hH1 < C{HlnhH1 + IlPhH1 + 1} 

We denote by P the mapping from Vh into itself, assigning Uh = {nh, Phi 

to Wh = {w ), wh )} such that 

(a ,V) +h 1~h W1 h 

- a2(i//h , nh, Vh) + c(yIh , nh, Vh) -(R(nh, Ph), Vh)h, 

Vh E Vh, 

(b) h 
, Vh) + a1(ylh; wh), Vh) 

-a2(/h ; Ph, Vh) + c(/h ; Ph, Vh) - (R(nh, Ph), Vh)h, 

Vh E Vh, 

(C) wh )(?) = n7, wh )(0) = p,o 

It is easy to see that the problem (3.18) is uniquely solvable. We shall prove 
the solvability of (2.10) by showing that IP has a fixed point. Let Vh = (1l) in 
(3.18a), integrate over T in [0, t], and note (3.12) and (3.16); the left-hand 
side of the resulting equation is then bounded below by 

(3.19)t {Hw51 (t)H2 - Hw~1~(0)h2} + ao j HVw~1~(T)H2 dT. 

(3.1 ) Wh lw )(t 11-h I()12 + O|llw () 
. 



APPROXIMATION OF THE SEMICONDUCTOR DEVICE EQUATIONS 47 

Next, we consider bounds for the terms on the right-hand side. Since (see 
Zlamal [34]) 

(3.20) I%'(C) I < V 8 E (-0 0)' 

where y(C) = [B(C) + B(-C)] = 'C(e? + 1)/(eC - 1), and x(O) = 1, it follows 
from (3.7), (3.4), (3.17), and (3.3) that 

|Ja2 (lh nh . Wh ()) dT| ~h 

< CJ + Z{(+hm-hkl) |nhm-nhkWll (hm + Wl IJ+ d} 

KEGTh 

+ 1 hV1hh I L2(KI)2 I IH I L2(K^) } d T 

t 

<cftZ {IVY/hHIIL2(K) JIVnh V IL2(K) IIWhL) IIL(K) 
O 

KETh 

+ h1 11Vnh IIL2(K) IIW(1) IIL2(K) } dT 

(3.21) 

< C j{IIVYh IVlnhI IIW, )IIOL + h 1 IIVnhI IIW1) | dT 

t ~ ~ ~ ~ ~ 1~ 
? c {h1 I loghl l/2|nhll + IlPhll + l)IInhII IIVWh | 

+ h ll|nhIlIl|Wh)|}d 

< C(h) J {(|nh 12 + IPh 112)2 + 1} dr + -ao ] | |Vw 1) (T) 112 dT 

< C(h) J {Huh(T)H4 + 11 dT + -ao J IVw(l)(T)112 dT. 

By (3.9), (3.3), and (3.17), 

J cI(vh; nh, W )dT 

< ftzE aK{a I hm - YlhkIInhm + nhkIIWhmW W whk+?*}dT 
?KE Th 

t 

(3.22) < C llnh IIL? IIVV/h || ||Vw(1) || dT 

? Ch j1 llnhll(llnhll + IlPhll + 1)1|Vwh ()I dT 

? C(h) j {Huh(T)14 + 11 dT + -ao j I Vw ()(T)||2 dT. 
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From (3.10), (3.4), (3.3), and (3.17), we get 

1 tt < Ch nh I (l)) dT 
O 

KETh 

t~~~~~~~ 

IIV@hHL12(IkI)HhhIIL H 11- 
1 

L- (K) d 

(3.23) 0E KTh 

< C(h) ] {HUh(T)Hl + 1} dT + Ha0 J~ |Vwh')(T)|2 dT. 

Noting that R(n, p) iS Lipschitz continuous, and using (3.16), we obtain 

IJ(R(nh, Ph),S W,h )h dT| 

t 

(3.24) < Ch{1 11h+ HlPh K l + I }H (w'H) 11 d T 

< C(j {fllhn 1+ HphI 2 + 1 ado+ IaI j lVw()12 d). 

Thus, by (3.1 8c) and the fact that 

Hlwh')(O)HI ? Clln?l 
we have 

Hwh')(t)R 2 < Hwh )(O)H2 + C(h) {h uh(T)14 + 1} dh 

t~~~~~~~ 

(3.25) ? Cllnhll2 + C(h) j {luh()I4 + 1} d 

? Cl(h)?+Cl(h)j{Iuh(T)l4? 1 }dT 

Similarly, 

t I t~~ 

(3.26) ||wh )(t)|< 2 ? C2(h) + C2(h) 
1 {du a(T) 114 + 1} dT2. 

By (3.25) and (3.26), 

(3.27) HWSh(t)l2 ? C*(h) + C*(h)j {Huh(T)g4 + 1}d<, 

where C*(h) depends on h, n, and IIP?II 
Let 

(3.25) T* Cln 01 + 4(C*(h))2 > ? 
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and 

(3.29) | = {Uh E Vh X Vh; HlUhH12 < 2C*(h)}. 
Then, by (3.27), for 0 < t < T*, we can prove that P(d') c d. By usual 
arguments one can show that P is continuous. Therefore, the Brouwer Fixed 
Point Theorem yields the existence of a fixed point of P. 

(II) Uniqueness. Let {Y h, nh, Ph } and { h, nh, Ph } be solutions of (2. 10) 
for t E [0, T*], and let = Wh - Y'h, n = nh -nh, and p3 = Ph - ph . Then 

(3.30) IIV@II < C{jljil + IIPII} 
and 

at 
Vh) +a, Vh; n,. Vh) hT 

(3.31) = al (@h; nh, Vh) - al (vh; nh, Vh) 

+ a2 (@lh; nh, Vh)- a2(Vgh; nh, Vh) + C(Vlh; Rh, Vh) 

- c(yh; nh, Vh)-(R(nh, Ph) -R(nh, Ph), Vh)h, Vh E Vh- 

Let Vh = h in (3.31); then, by (3.12), 

d llhll2 + aoHlVnjl2 < la,(Vyh; nh, n) - al(yIh; nh, 5)l 

+ la2(@lh ; nh, n) - a2(5y/h; nh, n)j 

(3.32) ~~~~~~~~+ IC(VIyh ; nh, n ) - C( yh ; nh,n 

+ I(R(nh , Ph) - R(nh ,P h), FZ)h 

=II + I2 + I3 + 4 

We integrate (3.32) over z in It = [0, t] for t E I* = [0, T*] and note 
that h(O) = 0 and (3.16); then the left-hand side of the resulting equation is 
bounded below by 

(3.33) 2 l(t)H2 + ao jl Vh(T)H2 dT. 

On the right-hand side of the resulting equation, we have, by (3.6), (3.20), (3.3), 
(3.30), and llnhllLoo(I*;L2) < C(h), that 

t t 

I, dT < J a {ay Jbmk- bmkll|hm - Fhkllhm -hkl + *I* dT 

jI?dz? ? KETh 
t 

< CZ{ | Y/m Y- Ikfllhmf- lnklm- kl? 
+ 

} dT 
?Cj KTh 

t 

(3.34) < C] 11VI/H flhHnhL- 11VflhdT 

t 

< Ch-1 11V/ll llnhll lVinll dT 

t o 

? C(h) jllill2 + llpll2} dT + Hllvh2 dT. 

Noting (3.7), (3.20), (3.3), (3.30), and 

(3.35) %IV@h(I IL--;L2) + ilhH 11 (-;L2) - C(h), 
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we get 
rt ot 

JI2 dT < {la2(h nlh, na2(Y/h; nh, 

+ la2(lh+; nh, n) - a2(Vh; nh, nV}dT 
t 

< cJ E {[I V7hm - VIhk I Iim - nik I Im + ik I +**] 
K KE Th 

+ [Im - kldInm + lkl + } I 

+I g +hm[Y@hklnhm -nhkIlnm + nk I+...]} dT 

(3.36) ? Cj{HVtYhH HVnH HlHLO +h 1HV nHd 

+ CV(h) HjdTVnhll lljIL-dd 

J dChj {[11VVhll lVill lhIl + IlhIl IlV mfll 

+ I loghIHn211VhHI llnhll dlVTll} dT 

< C(h) 1 {IhIih2 + 1112} dT + ! Jo iViz2 dT. 

Breaking I3 into two parts, we have 

(3.37) I3 < IC(Vh; Flh, n) - c(qh; nh, h)l + lc(VIh; nh, n) -c(Vh; nh, n 
= lc(ql/h; n, )l + jc(f ; nh, h)l = I31+ I2 

From (3.8)-(3.10), (3.4), (3.3), and (3.35), we obtain 
t rt 

JI31 dT < CJ I {[|hm- Vhk I Iim + iikI Iim -hk I +***] 
o ? ~~~~KEETh 

+ [ I Vlhm - Vhk I I iim + nik |+ ]} 

t 

(3.38) < II { lthll Iliv ill IIhIIL- 11 + h 11 11h 11 h|| IIn|L-Id r 

t 

? C(h) IIV/ ll W*I lVill IlhIl dT 

t o 

< C(h) lihil2dT +a llvhll2 dr 

By noting (3.30), we get 
t rt 

I32d,r < Cy ffE / {W- Wkjjnhm + nhkllnm - ikl + - 
? ~ ~~~~~~ ?: KTh 

+ [I >/m - pIkjjnhm + nhkllhm + iikl + ***]} dT 
t 

(3.39) < 111 7l /Ij l|Vn|ll IInhIIL- + h-11' I I lhIW l IIn hIL- ln iL dr 

t 

< C (h) J IV>,Ij II'7hII llnhll dr 

t o 

< C (h) jIIhIIl2 + IIfiII2 1dT + -O /: IVhI2 dT. 
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Noting that R(n, p) is Lipschitz continuous, and using (3.16), we easily see 
that 

(3.40) I4dT < Cj {lhll2 + HIPH2} dT. 

From (3.32)-(3.34) and (3.36)-(3.40), we have, for each t E I*, 
t 

(3.41) 11h(t)H12 < C(h) J{11hi2 + 1iPH12} dT. 
J 

Similarly, 

t 
(3.42) 113(t)112 < C(h) j 1h112 + 11PI12} dT. 

By (3.41) and (3.42), 

rt 
Ilh(t)112 + 11i(t)1I2 < C(h) j 1h112 + g1P12} dT. 

Gronwall's Lemma and (3.30) now complete the proof. El 

Let e, =/- lh, en=n-nh = n -Fn+n-nh = qn+ n and ep =p- Ph= 
P - P + P- Ph = ip + Xp . Then we have 

Theorem 3.2. With T* defined by (3.28), there exists a positive constant C 
such that, for h sufficiently small 

(3.43) |l1nhL?? (I*;L2) + 1kP1L-(II (;L2) 

+ JVjWnlHL2(p ;L2) + 1V1P11L2(I*;L2 < Ch. 
Proof. Subtract (2.10a) from (2.4a) to obtain 

d(ey,, Vh) = (p - n + N, Vh) - (Ph - nh + NI, Vh)h 

= (ep - en + N - N, Vh) + (Ph - nh + N1, Vh) 

-(Ph-nh+NI,Vh)h, Vh E Vh. 

From Lemma 4.3 in Zldmal [34], (2.6), and (3.2), we have, for each Vh E Vh, 

d(e ,, Vh) < {Hlenll + Ilepll + ||N - NIH|}whll + Ch{llnhll + IlPhll + IINI}lVVhl 
< {llenll + Ilepll + |N - NIH}Vhll 

+ Ch{l + Ilenll + Ilepll + IN - NIII}IVvh 

? {HcXn + 114pll + llHinl + ll'pll + IN - NII}IIIIVh 
+ Ch{l + 11Xnll + K14pll + llqnll + llqpll + IIN - NI1}11Vvh1 

< {Hc1n|| + IIp 11 + h} |lvh || + Ch{1 + 114n|| + j4p 11 + h} 11VVh 1V 

Thus, by (3.2e), 

IlVe,H112 = d(e,, e.,) = d(e.,, y' - yV/) + d(e.,, V/I - V/h) 

< 2 117e, V112 + C{HlV(/ _ V/I)12 + 11<n 112 + 112 + h2} 

< 2 Vev 2 + 1+ 2 +2a 
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Therefore, 

(3.44) 11Ve, 112 < C{jjn 112 + IgPI12 + h2f} 

To estimate Xn, subtract (2.1 Ob) from (2.4b). Letting 

(3.45) A K(n, v) = (A KVn, Vv), 

(3.46) K(V; n, v) = ArK(n, v) - (nAKVyI, Vv), 

and noting (2.5), (3.1), (3.5), and aI(O; n, Vh) - a2(O; nf, Vh) - AK(f, Vh) 

(obtained by (2.7), (3.5)-(3.10), (3.45)), we have, for each Vh E Vh, 

(dfn Vh) + al (yJh ; 'h, Vh) 

Ot9!hk&h 
=(09 > V* - ( 

+ v Kh (V/ ; n , Vh) -v(ql/; n , Vh) 

(347 a, (; n, Vh) - a, (0; n, Vh) {a2(Vh ; nh . Vh) 
- 

a2(0; n, Vh)1 

+ (nA VK, V, VVh) - (nhAK V ,h, VVh) 

+ (nhAV K,h VVh)C(Ih; nh, Vh) 

I l(t1n Vh) + (R(nh . Ph), Vh)h -(R(n , p) Vh). 

Let Vh = cn in (3.47), and note that 

a2(0; ,n, n) = Z E bK [nm nkj) + n nm nknj) 
KETh 

so, a2(0; n, 5 )= a2(0; nh, 5f); then by (3.12), we have 

2dltnll||h + aojVj7nH2 

< |(at , 
Xn) 

- (adt 
5 

Xn) + IV (y;n , Xn) 
- v(V; n 

, gan1 

(3.48) + lal(qh; n, n) - al(O; n, 5 )0 + la2(h; nh 5n) - a2(0; nh X01 

+ I(nA{VKi, V/ 5 ) - (nhA V Y'h, Vch )I 
? l(nhAK Vyh, Vcll) - c(yh ; nh, n)I 

8 

+ A K 
(?n, 5n)l + I(R(nh, Ph), 'n)h - (R(n, p) 5n)l = I Fi- 

i=l1 

Integrating (3.48) termwise over T in It = [0, t] for t E I*, we find that the 
left-hand side of the resulting equation is bounded below by 

(3.49) 2{ Hc1n (t)H1 2-||1n (0)1h2} + aoVllcn 11L2(I,;L2) 
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Next, we consider bounds for the terms on the right-hand side of the resulting 
equation. Using Lemma 4.3 in Zlamal [34], (3. ib) and (2.6c), we have 

(3.50)F1 dr < Ch - In 1d 
a 

In 1 
(3.50) j; Ft dT < Ch Jo || || < 16 L0aVnh2I2(It ;L2) + Ch. 

By (2.5), (3.45), and (3.46), and noting that /8(x) is Lipschitz continuous, and 
(2.6), we get 

Jo dT <[tf -A K IIVn nV"V/I clI } dT 

LKE Th J 
t 

? Ch j , llVn - nVy/IIL2(K)II VnIIL2(K) dT 
KE Th 

(3.51) t 
? Ch] IlVn - nVVII IIV II lT 

t 

? Chf {IlVll + IIVV/I lllnlLo}llVnhldT 

? 1 V4nhIIL2(It;L2)+Ch. 

From (3.6), (3.20), (3.4), (3.3), the Sobolev Imbedding Theorem, (3.2), (3.44), 
and (2.6), we deduce 

ft t 
JF3dT < aKfafl bmk-I ll|nm -nkjj4nm -Xnkl +.. }dT 

KE Th 
t 

? c 
{ 
|lhm-hkllm 

- 
nl 

| 
lnm-nkl|+|} 

0 KETh 

XIXnm 
- nk I+ I dT 

+ |IIV@hIIL2(K)IIV(hn)IIIL2(1 ) ) KLOO(K)} 

( 3. 52) < C X Ei hK { |V|V h ||L2 (K) II vnf|I|IL2/(1l- G)(K) 11IV4n I IL2/G(K) ( KETh 

+ IIV /hIiL2(K)iiV(2n)IiiL2(K)11V4nlIL??(K}d 

< ChJ hVK/h IIV{ h lIL2/(l-K) II7njIIL21a + IIW1n IIV4n|IL2 }cl- 

t 

< c J{IIVvII + IlIVe II }{h lIVnIIL2/(1-,) + IIVq1nII}IIWVnII dT 

t 

< Ch7 j{IIVIIl+u + IIVevII}IInIIl+aIIWVnII d-T 

? y6IiVXnhiL2(It;L2) + Ch {II'flhLOO(I;L2) + II4PIILOO(It;L2) + 
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Breaking F4 into pieces, we have 

F4 < 2 E bK{Ibmk - llInhm -nhkjj'nm + nkl + *} 
KE Th 

< C E Z{ IhmY-hkllnhm-nhkljknm +Xnkl +'''} 
KE Th 

< C Z{[IY'mY- kIlnmf-nkjj'nm+'nkl+I] 
KETh 

+ [lIlm /- Ykjj'nm -nkIINnm + 4nkI + I 

+ [l Vm Vkllnmm- 1nk |INnm + Xnkl + I 

+ [Ie,xm - eqkl|lnm -nkjlnm + Xnkl + 

+ [Ie>m - eqlk I 1tCnm Xnk I 1Xnm + Xnk I +***] 

+ [levm-e ekll7nm-qnkjj4nm + Xnkl + *} 

6 

= EF4i. 
i=l 

By (3.4), the Sobolev Imbedding Theorem, (3.3), and (2.6), we get 

et pt 

JF41 dT < C jZ{ I {l m -kIlnmf-nkIInm + Xnkl + * * * } dT 
(3.54) 0 KETh 

rt 

? Ch2~ I Ei: HlV%/IIIH1?(K)IllVhIllL21(1-I)(K)ll(nllL1)lddT 
KETh 

t 

< Ch2aJ E 11VW~~~~~~~~~~~~~ |LIla(KIVfl,IIL2/(l-)K lln L(K)G 
(3.54) ? ~~KETh 

? ch2v Ik'<I1+aIIflH1+aHK ln|HIa(K dr nIL?()d 

t 

< Ch2 a 
11 fi : II VlI 2111K)I n l211 ) (K ljl JIL (K)n dl??d 

t 

? Ch2a eIoghIV/2jIIHI/+llnllHl+l(KVIInlI-dT 

< h IV2 nlIgil2(I2;L2) + Ch4ajljoghj d 
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Using the Gagliardo-Nirenberg Inequality 

(3.55) JIVIILq < C(q)IIv|I/q||VVII(q-2)1qI v E V, q > 2, 

and Young's Inequality 

(3.56) ab < C(3, q)aq + bql(l-q), a, b > O, q > 1, 

we have (let q = 2/C) 

t t 

F42 d < c , {IYmY-kIInm -nkjj|nm + Xnkl + I dT 

? fKE ThL/()d- t 

? C IIL2 6 II L2/( I I I n I I L2 (d ) I I r n I I L2/O(K) dr 

?j~IV~ IL2(t;L) CI~flI~(KI;L2) 

< jKE ThL/() 

t 

< CJ E IIVV/IIIL2/(I-O)(K) IIVn)IIL2(K) IIXn 1L2/G(K) dT 
(3.57) KE KTh 

t 

< Cf IIVV/IIL2/,(I-) fII n II'11nflIL2/G dT 

t 
? c 11 V/11 I+u jjXn 11l7 IIWn 112- 7d T 

? 1 6 ||IWn |L2(IZ; L2) + CjjXn IL2(IZ; L2) , 

and by (3.4), (3.2), and (3.3), 

t rt 

JF43 dT < c E {lVm - Vkllnm- qnkNlnm + 4nkl + *- - }dT 
?KE Th 

rt 

/II | |lL2/( l-,) (f) llV ( 2n )I l lL2(K) 11 n IIL21 (K^) d T 
KE Th 

t 

? C J E IIVV.IlIL21(1-O)(K) IIV(Z1n)I ||L2(K)II lIX L21,(K) dT 
(3.58) KE KTh 

t 

? CJ IIVV%/|L2/(1-,)|lVqn II 114nIIL21, dT 

t 
? c 11 V/11 I+u IlVqn 11 llIWn 11 d T 

< 1 6aoV4 I,L(Z L2 + C1-f 
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From (3.4), the Sobolev Imbedding Theorem, (3.3), (2.6), and (3.44), we get 

j j44dT< c E mle,- eVkIInm-nkI Inm+ nkI+ }dT 
KE Th 

t 

s' 
c 

II(1II4iIIhIL/G( 1L21ll 
d ? cj EZ IIV(etz)IIIL2(i^) VnIIIL2/(6)(l) IIXfl L2l(K)d 

KE Th 

t 

?C chaI1 I1/2jIv(ettIH2(K)nIl+L2(l-a)I(KIvXnII 
KETh 

(3 59) < ChZ II V IIV(ek)VnL2(K) IVnhlL21(l-a)(K)dIrnIIL(K)dT 

t 

< Ch 17 
Il|Vev/ IIL2(K) llnl IH I+a (K) I In IIL- (K) d T 

KEKTh 

< Ch" I log h I /2 IIlVet,l IIIn III+,7 11 n 1 dT 

16 IIWV(nIIL2( VI;L2) 

+ Ch2 17log hl ll||n 112OIZL2 + IgIP11 ?(I;2 + h }, 

<C; 1ogh ||/({lMnhILI;L2 () + (IIt;I L2(K^) +L (}II L2 L 

(3.60) < C le. - |Ver,l|k I I4n.- nL2(K) IIfnmILnk I+)dT 
K K TTh 

< c d Te 1lVn11lX I? 
< ClOhl {XII'7(4 (I;IL2) + |j7&IIL?(;L)+ |Vnl2(_);I&IL-, 

(3.61) ? Cf (vl IIV2(KY)11l2(n II2(K)fl)IIIL2 (K) dInILO()d 

E ThKETh 

(3.61) _ t~ BIVEII2I ;L2er)z I2K |(nl|L()lX IO() 
+ 

< IlVev/11 IjW nII llV6nf d1lXnIL? 

< 1/2 112nl2(z;2 

+ Clloghl ljOg IL{ (I,; L2)+ 14II L2) (I, IPL2 ?I + 2 h + hIW L2};L 
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In order to estimate F5, we shall break it into pieces as follows: 

F5 = I(AKenVY, VWn)I + J(AKFnVeq1, V4j)I + I(AK XnVel X Wn)I 

(3.62) 1= I(AY XnVv, VWn)I + I(AY qnVV/, Vn)I 

+ I(AK nVel, V n)I + I(AK YnVef , V4n)I 
= F51 + F52 + F53 + F54. 

From Remark 2.1, (2.6), and using the Sobolev Imbedding Theorem, the Gagli- 

ardo-Nirenberg Inequality (3.55), and Young's Inequality (3.56), we have 

F51 dT < M 1 I|n|1L2/1|IVY/'L2/(l- )IIVWn1L2 dT 

< ao 212 

- 16 HVJfnllL2(It ;L2) + Cjlj nIL2(It ;L2 

Furthermore, by (3.2), 
t t 

F52dT < M I1 qn IIL2a IIVV/IIL2/(l-a) IVJjnIL2dT 

(3.64) <- C11V11L-(H1+a) 11 |Vqn11 11 lV4n 11dT 
Mo 112 dr 

< 16 Viln IL2(It;L2) + Ch, 

by (3.44), 

JF53 dT < M lln ||L- |IVeV || 1Wn I I dT 

t 
(3.65) < CllnllL-(L-) J IVe,ll V1jn ll dT 

_ oJW 1 I + ClIVe V112( <16 |4lL (;L2 ) +ClelL2 (It;L2) 

< I L VnHI2(It;L2) + C{IllII2(It;L2) + IkIpHL2(It;L2) +h}, 

and by (3.3), 
t t 

J F4dT < MJ lhn |IL 1I VeH 11 V11Hn 11 dT 
(3.66) < Cl loghl 1/21 11 InhL(It ;L2) 

+ 11PHLoo(It;L2) + h}V11n L2(It;L2). 
Since 

AfI(Iffi,4h)= E I ArKVy^IVWhdx= j area(K)AYVyWh.VXh 
KETh KKETh 

and 

I K tlh,th) =Vh (O ; V/ XXh )=aa j(Yh-/k)(-nk ) +] 

KETh 

I2 bK[(y/hmyIhk)(nm + Xnk) +I 
KE Th 



58 JIANG ZHU 

we get 

area(K)ArKVyh * VEh = aK [af(VIhm - Yhk)(4nm -nk) + * 

- bK [( iIhm - Ihk)( (nm + Xnk) + * 

and 

F6= c(qlh; nh , 'n) 2area(K)AK VvIh *V h hh dC 
KE Th 

K~~~~~~~~~~~~~~~ [2k (nhm + nhk) -2 ...hd] 

= Z aK {aK(I -hm -hk)(,nm - 2hnk)h[ dhm- + flhk) fhjd] + 
KE Th K 

- 1Z bK {(hm - Yhk) (nm + Xnk) 

KE Th 

x (nfhm +fnhk) -2JfhdC ]+ 

= ~~ Z a{iIm-Yh)~n- n[(hm- nlhl) + (nlhk - 
nlh])] + .} 

a { a' (Vh-Yhm 
- 

[lhkm- nknm - 
lXnk + (nhm 

KE Th 

1 b{(hm - Vhk)(nm + ~nk)[(nhm - lnh]) + (nhk - nh})] + * } 
KE Th 

? C E {kIt'hm - YkihH'nm - nkl + I~nm + ~nkl] 
KE Th 

x IVfnhm - nlh]) + (nlhk - 
nlhj)I 

+ 

Similarly to the treatment of F4, we can show that 

j F6dT < II 6 n 112(I,; L2) + C'IIUI L2(I;L2) 

(3.67) + Ch2-log h {H|nHIILO(It;L2) + kIpHLOO(It;L2) +h} 

+ C| loghl I/{InUILo(I,;L2) + 114pHL-(It;L2) + h }HVln L2(It;L2) 

By Remark 2.1 and (3.2), 

(3.68) j F7dT < M lV7n V I dn ? 1 d VT < ln 112 (1;L2 ) + Ch . 

Using Theorem 4.1.5 in Ciarlet [5], we have 

(R(n, p), Xn)h - (R(n, p), nj 

? C ,j hK(area(K)),'1211R(n, P)H w21(1 (K) I VIn IIL2(K) 
KETh 

? Ch(area(Q)Y)"1211R(n, P)H _1 I IWn II 

? Ch{HInII+, + IIpIIj+a + l}HIvIWnII 
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where, in the last inequality, we have made use of (3.13) in Zlamal [33] and the 
Sobolev Imbedding Theorem. Hence, by (3.16), (3.2), and (2.6), 

1 8dT< J {(R(n, P), Xn)h- (R(n, p), j) 

(3.69) + |(R(nh, Ph), n)h- (R(n, p), Xn)h } dT 

< 1?6 JIVnIL2(I,; L2) + C{I I1n IL2(It; L2) + IIpHL2(It;L2) + h}. 

Combining (3.48)-(3.54), (3.57)-(3.69), and noting (3.16), jjXn(O)11 < 

lln0 - nIll + lIn0 - n?ll < CIi, and Clloghl 1/2ha < aO/16 for h sufficiently 
small, we have 

-IIjjn(t) 112 + 1a6 '1Wn 12L2(It;L2) 

(3.70) < Clloghl I/ {InIILoo(I,;L2) + II41ILco(It;L2)} V1fl1IL2(It;L2) 

+ C{llXIfL2(I;L2) + II'pHL2(It;L2) + hI} 
+ Ch f | log h I{f n IO(; L2) + IPHLoo(I; L2)I}. 

Similarly, we have 

2 IP()1 + 6 ||V |L2 (It ;L2) 

(3.7 1 ) ~~~< Cl logh h/ I I { ln I IL?? (I, L2) + 114P I1L??(I,;L2) I}I |V4p 11 2(;L2 
(3.71) ? C lgh(I{tlH (t;L2+ 

+ C{IIXnfL2(I;L2) + I'4pIIL2(It;L2) + hI} 

+ Ch 2| log h If { jln ||?1(2 2 + IIgP 11 L? I;L) + ~~~~~~~L-(t +2 I~pL-(It; L2)} 

Let n= { p, X}; then 

2 Il4(t)ll+ 16 IIv4IIL2(It ;L2) 

(3.72) < Cl loghl 1/2 II|4|L(I, ;L2) 1V4L2(I ;L2) 

+ C{II'I~L2(It; L2) + Ih } + ChL (loghI| |IpOO(I; L2). 

As in [6, 11, 31], let us make the induction hypothesis that 

(3.73) C|lloghl /2 I14|L??(I* ;L2) < ao 

Obviously, (3.73) holds for t = 0. Thus, (3.73) will hold for t < t* for some 
t* > 0. We shall show for h sufficiently small that t* = T* and that (3.43) 
holds. 

It follows from (3.72), (3.73), and Gronwall's Lemma that 

(3.74) IgIIL2(I L2) + IV4IIL2(Th L2) < Ch , 

where C is independent of T*. Note that (3.74) implies that the induction 
hypothesis (3.73) holds for small h, so that the entire argument is validated. El 
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From Theorem 3.2 and (3.2), one easily obtains the following corollary. 

Corollary 3.1. Let 

(3.75) M = {llnllLco(L2) + lIP11Loo(L2)} + 1; 

then 

llnhllLoo(I;L2) + IIPh11L??(I* L2) < M. 

If we substitute M defined by (3.75) for In II1L2 and liP0llL2 on which C*(h) 
(in (3.27)) depends, then T* defined by (3.28) depends only on h. Thus, for 
h fixed, T* is a fixed constant, and we can show that the problem (2.10) has 
a unique global solution by extending gradually the local solution defined by 
Theorem 3.1. Therefore, Theorem 3.2 holds for I instead of I*. Noting (3.2) 
and (3.44), we have the following main results of this paper. 

Theorem 3.3. Problem (2.10) is uniquely solvable. Let {y,, n, p} satisfy (1.5)- 
(1.8) and {YJh, nh, Ph} satisfy (2.10). If the regularity assumptions (2.6) hold, 
then there exists a positive constant C such that, for h sufficiently small, 

lIn - nhIIL(L2) + IIP -PhIIL-(L2) + IIV(V - Yh)IILO(L2) 
+ IIV(n - nh)IIL2(L2) + IIV(P- Ph)IIL2(L2) < Ch 1. 

Corollary 3.2. Theorem 3.3 holds for the case when B = 0, considered by 
Zldmal [33, 34]. 
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