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BLOSSOMING BEGETS B-SPLINE BASES
BUILT BETTER BY B-PATCHES

WOLFGANG DAHMEN, CHARLES A. MICCHELLI, AND HANS-PETER SEIDEL

ABSTRACT. The concept of symmetric recursive algorithm leads to new, s-
dimensional spline spaces. We present a general scheme for constructing a col-
lection of multivariate B-splines with k—1 continuous derivatives whose linear
span contains all polynomials of degree at most k. This scheme is different
from the one developed earlier by Dahmen and Micchelli and, independently,
by Hollig, which was based on combinatorial principles and the geometric in-
terpretation of the B-spline. The new spline space introduced here seems to
offer possibilities for economizing the computation for evaluating linear com-
binations of B-splines.

1. INTRODUCTION

Polar forms offer a unified approach to various algorithms for Bézier and
B-spline curves [6, 7]. However, very little seems to be known about polar
forms for surface representation. This question has been raised lately by several
researchers. Some discouraging preliminary efforts seem to have cast doubt on
the efficacy of this approach to recursive evaluation of spline surfaces.

Recently, in [8], one of us focused on symmetric recursive algorithms and
polar forms for polynomial surfaces. This led to a new representation of a
polynomial surface in terms of B-patches. A B-patch shares many properties
in common with Bézier patches and includes them as special cases. Recursive
evaluation of B-patch representations of a polynomial is given in [8]. Also, as
for Bézier representations, the control points of a B-patch representation of a
polynomial are obtained by evaluating its polar form at certain vectors which
generate the B-patches.

The univariate analog of B-patches on an interval are no less than pieces of
B-splines which have support on the interval with knots at the points used to
generate the B-patches [7].

Hindsight makes it clear now that the term B-patch used in [8] was aptly
chosen. For, in fact, we will first prove that the s-dimensional B-patch basis
functions do agree with the restriction of certain s-dimensional multivariate
B-splines to certain regions of R®. The exact prescription of the regions of
agreement and the collection of knots for building the B-splines must be cho-
sen with great care. However, when this has been done, we are led to the
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construction of a new multivariate spline space. As this space is rooted in sym-
metric recursive B-patch algorithms, there is hope that efficient evaluation of
the multivariate splines will follow. The numerical implications of this con-
struction will be given in a forthcoming paper.

The initial setup of our method follows a pattern that two of us have used
earlier [2, 3]. Thus, we begin with a triangulation of R® into simplices. With
each vertex we associate a cloud of k additional vertices. A rule for selecting
(¥¥s) subsets of k + s+ 1 vertices from the s+ 1 clouds of a given simplex
must be given. Each such subset then gives a multivariate B-spline of degree
k which is generically C¥~!. The linear span of all the B-splines is then the
spline space of interest.

Two of us developed a rule for knot selection based on the geometric inter-
pretation of the multivariate B-spline [3] (see also [4]). Briefly, we associated
with every nondescending path from (0, 0) to (s, k) on the lattice points in
[0, s] x [0, k] a knot set. The resulting spline space had a number of impor-
tant desirable properties. Specifically, for clouds concentrated around the corre-
sponding vertices, the B-splines were locally linearly independent, and provided
a stable basis for the spline space. Moreover, the space contains polynomials of
degree k, and also a spline projector with maximal order of convergence was
constructed in [3].

In this paper we provide another spline space, by a totally different knot
prescription, which accomplishes all the above properties while also achieving
a simplicity not present earlier. '

The new knot selection strategy is neither based on geometric nor combi-
natorial techniques but rather comes from matching the B-spline recursion to
the symmetric recursive algorithm for B-patches. This suggests that the com-
putation of linear combinations of these B-splines can be carried out more
efficiently. Furthermore, we derive explicit representations of all polynomials
of degree k in terms of B-splines of the same degree, which have an important
advantage over the analogous formulas derived in [3]. In fact, the coefficient of
each B-spline is formed by evaluating the polar form of the polynomial at the
knots of the B-spline. Specializing this formula gives a natural normalization
of the multivariate B-spline, so that they provide a partition of unity on R*.
In addition, we construct linear projectors which have optimal approximation
rates, and establish the stability of the B-spline basis.

2. B-PATCHES AND B-SPLINES

We will begin by formulating the concept of polar forms and B-patches
considered in [8], for a general s-dimensional setting. In order to do so, we
start with the concept of a simplicial algorithm that evaluates a polynomial
from given control points through successive affine combinations (see Figure
2.1). Let X = {x/"AJ:1 <1<k, 0<j<s, peZ} CR beany
collection of points such that for any 1 </ <k and any 8 = (fo, ..., Bs) €
Ty :={BeZ :|B|=Po+ -+ Bs=k—1} the (ordered) subsets

(2.1) XUB = {xl'BTj=0,..., 5}

are affinely independent. If we define for any ordered set W = {w?, ..., w’}
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Ci2.00) Ca0 C0.20)
FIGURE 2.1. A simplicial algorithm for surfaces (s = 2)

of affinely independent points in R*

1 .. 1

(2.2) d(W)=det(w0 'LUS>
and .

1 ... 1 1 1 e 1
@3 i =da( g b Lo )
the barycentric coordinates of x with respect to the set X’-# are given by
(2.4) Mg i(x) =d;i(X"Px)/d(x!P),
ie.,

)
x= Ap,i(x)-xE
j=0
and

S
Z‘A,,,,,,-(x) =1.
j=0

Also observe the simple fact that 4; 5 ;(x"#")=6; n, j,m=0,1,...,s,
which we will make use of later.

Let e/ = (0 j,i)ieos J =0,1,...,s, denote the coordinate vectors. Given
the sets X/ above, a simplicial algorithm is a recursive algorithm of the form

(2.5) Cl?(x) =cg, Bely,
and
(2.6) Cp(x) =D A p ()Cp,(x),  BeTiy,

Jj=0
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that computes a polynomial C(’f),...,O) (x) of degree k from given control points
cg, B € I'y. Every simplicial algorithm has an associated multiaffine version
defined as follows: given any x!, ..., xX € RY, set

(2.7) cg( )==cg, Bely,
and

)
(28) cp(x', ..., x) = Zil,ﬂ’j(xl)c;;i,,(xl L., xiThy, peliy.
Jj=0
The maps c,’B(x' , ..., x") are affine in every component and satisfy
cf,(x, ey X) = C/I,(x).

Of particular interest are symmetric simplicial algorithms: A simplicial algo-
rithm is symmetric if and only if the maps c,’[,(xl , ..., x") that appear in the
multiaffine version of the algorithm are symmetric for al/l control points cg,
B € I';, . In this situation, C;}(x1 , ..., x!) is the polar form or blossom of the
polynomial C /’,(x). Recall that the polar form p of a polynomial P of total
degree k on R’ is the unique symmetric k-affine function p(x!', ..., x*) de-
fined for x!, ..., x¥ € R® such that p(x, ..., x) = P(x), x € R®. Examples
of symmetric simplicial algorithms are the de Casteljau and de Boor algorithms
for curves and surfaces (cf. [6, 7, 8]). The following proposition characterizes -
the form of these algorithms.

Proposition 2.1. 4 simplicial algorithm is symmetric if and only if the points
xlBJ, j=0,1,...,s, of the set X'># only depend on B; and not on | and

ﬂ()s cee ﬂj—ls ﬂj+1 5 eee sy ﬂs’ that IS,

(2.9) xl>Bd =yl

for someset Y ={y/>':0<j<s, 0<I<k}.

Proof. Induction over / shows that the maps c;,(xl , ..., x!) are symmetric if

and only if

(2.10) cp(x', .., X720y, 2) =cf,(x', X2z )

holds for all y, z € RS. Indeed, if (2.10) is valid for all / > 2, and for some
r > 2 the functions c;,"(x1 ooy x™™ 1, B € I'y_,,, are symmetric, then
cp(x', ..., x") is symmetric by (2.8) and (2.10).
A repeated application of (2.8) yields the equation
cf,(x1 s, xTr oy, 2)

(2.11) LS -2 | -2
=Z Zﬂ’[,ﬂ,[(z)ﬂ’[—l,B+e',j(y)cﬂ+el+ej(x s eee s X )
i=0 j=0

This identity is valid for all x!,..., x/~2 € RS and all control points cp
B € I’y . Referring back to (2.8), we may use induction on / to verify that
chxtsBloa L X BY

(2.12) |
pely, 0<ji<s, i=1,...,1,

= cﬂ+€"l+“‘+ej/ ]
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where (1) ;= B, and for 2 <m <[, B™ := B+ e/l + ... + ei-m2, Thus,
if we fix a choice of # and j;, ..., j;_3, it is clear that the symmetric matrix
(cﬂ vetterren4veli-2)i, j=1 18 completely arbitrary. Thus we can assert that the

symmetry relations (2.10) are equivalent to the system of equations
ALp i(Z)Ay pre, j (V) + A1 g, i(2)Ai—1 grer,i(V)
=A1,p,iW)Aiz1, prer, j(2) A1, 8, iVt prer,i(2)

valid forall /=1,...,k, i,j=0,...,s, Bely_;,and y, z€eR*.
Let us assume now that the algorithm is in fact symmetric, i.e., that the
system (2.13) holds. We first show that this implies

(2.14) M g (XTI =0 for h ¢ {7 j}

We will distinguish two cases.

(2.13)

Case 1. i =j. For i = j, equation (2.13) simplifies to
A i(2) Ay, prer,i(V) = A0 p, iVt prer,i(2)
and setting y = x/~1:8+¢'.7 and z = x/~1.8+¢">h e obtain
Aot pre,iy) =1 and Ay gy i(2) =0,
and hence
(2.15) A p(ximhBre iy = 0,
Case2: i# j. Setting y = x!~1-8+¢".J and z = x!/=1.A+¢'>h in (2.13), we get
At pre,j(¥) =1 and Ay pye i(2) =0,
and by Case 1 we also have
A1,p,(2) =2,5,i(y) = 0.
Hence, equation (2.13) yields
Mg i(x!mh By =0,

which proves (2.14).

Now, fix 4 # j. From (2.14) and the fact that the barycentric coordinates
for a given /, f sum to one, we infer 4, g ;(x'~1-A+¢ k) =g, . This, in turn,
implies that

xI=UBrelh — LB R forallh # .

To finish the proof, we observe that a repeated application of the above identity
gives
xk—ﬂh ’ﬂhé’h h P — xk—ﬁh—ﬂjl _”'—ﬂjm ,ﬂheh+ﬁ“e’l+~-+ﬂjme’”‘ h

whenever 4 ¢ {j, ..., jm}. Consequently,
xk_ﬁh’ﬁheh’h =xk_|ﬂ|’ﬂ’h e xl’ﬂah'

Setting y/-! := xk—!.l¢’.J proves the assertion. .
Conversely, let us now assume that the point x’>#-/ only depends on j and

ﬂj,i.e.,
X B = yib
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Then each pair (y, z) := (y"#, y/-£) satisfies (2.13). To see this, we set

Gijrn =21,5, iV PVA_1 prer ;1 Pr)

and observe that G,j,, = 6;6;, if r # h. Hence (2.13) is satisfied for r # h
and also trivially for r = h. Since the points y*-# | i =0, ..., s, are affinely
independent, this carries over to arbitrary y, z € RY, and thus the proof of
Proposition 2.1 is complete. O

Proposition 2.1 has some important consequences. First of all, it shows that
a symmetric simplicial algorithm is defined only by a collection X = {x%-/:0 <
i<s, 0<j<k}cCR of points such that forany g € I';, 0 </ < k, the
subsets

(2.16) Xp={x/"B:j=0,...,s}

are affinely independent. For a symmetric simplicial algorithm the recursion
(2.5), (2.6) then simplifies to

(2.17) Ci(x)=cp, BeTy,

and

(2.18) ZA,, i(x c’+;,, (x), Beli,,
where

(2.19) Ag,j(x) = dj(Xplx)/d(Xp)

are the barycentric coordinates of x with respect to Xy .
The dual algorithm to (2.17), (2.18) is given by

(2.20) Bj,..,0(x) =1, x€R’,
and
(2.21) Zlﬂ e, j(X)Bg_e(X), 18] >0,

so that forany 0 </ <k,

(2.22) o)=Y Bsx

BeT

The real-valued functions Bg(x) are called normalized B-weights. Here we use
the convention that the functions Ag(x) and Bg(x) are set to zero whenever S
has a negative component. As a consequence, the nonzero summands appearing
on the right-hand side of (2.21) have a corresponding multi-index S —e’/ whose
components are strictly less than k. Thus the normalized B-weights Bg(x) are

for all p € I'; actually independent of the points x*%, i =0, ...,s. These
points x?-¥ will only become relevant later when we relate B-patches to B-
splines.

Following the development in [8] for the bivariate case, we conclude that
Proposition 2.1 implies that the normalized B-weights Bg(x), B € I'y, are
linearly independent. Specifically, if C(’f),...,O) (x) = 0, x € R%, then its polar



B-SPLINE BASES BUILT BETTER BY B-PATCHES 103

form is also zero, c(lj),m’o)(x1 ,...,x5=0, x', ..., x* € R*. Therefore, from
(2.8) we get by induction on k —/ that c;,(x1 ,...,xhy=0, x', ..., x' RS,
B € I'_;, and, in particular, ¢ = 0 for all g € I',. Since the cardinality
of I', agrees with the dimension (";” ) of the space IT;(R®) of all polynomi-
als of degree at most k on R’, every polynomial P € II;(R®) has a unique
representation

(2.23) P(x) =) caBa(x).
a€ly

Moreover, the control points ¢,, « € I';, in this representation are given by

(2.24) Ca=p(x%0, ..., x%et xS0 xSty
where p denotes the polar form of P.

Next, let us recall that for any set of points v°, ..., v" € R® the B-spline
M (x|v°, ..., v") is defined by requiring that

FOM(x|W°, ..., v")dx

(2.25) Re

=(n —s)!/ f(xov® + -+ oM dry - dy
A,

holds for every f € C(R®), where

n
An:{(ro,...,r,,):z:‘c;=1, 7, >0, i:0,...,n}
i=0

denotes the standard n-simplex. M (-|v°, ..., v") is known to be a piecewise
polynomial of degree n — s, supported on the convex hull [v?, ..., v"] of its
knots v’ whenever this convex hull has nonvanishing s-dimensional volume.
For more detailed information on the properties of the multivariate B-spline,
the reader is referred to [2, 3, 4, 5]. Here we note that for the above normal-
ization one has

s |
(226 MG 0) = o0 det (o )
and for V = {9, ..., 09"}, n>s,
=~ d;(W|x) -

. = —_— V l! .
(2.27) M(x|V) 15;; a07) M(x|V\{v"})
where W = {v’, ..., v"} is any subset of affinely independent points in V'
[5].

Now let us assume throughout the following that the set

(2.28) Q= int( N [X,,])

|BI<k
satisfies
(2.29) vol;(Qx) > 0.
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x2.'2 x?.l

FIGURE 2.2. The set Q,

In order to show that each B-weight agrees with some B-spline on the region
Q. , we will make use of the following simple facts.

Lemma 2.1. If (2.29) holds, then there exist a € {—1, 1} such that

(2.30) op:=sgnd(Xg) =0 forallpel;, 0<I<k.

Proof. Suppose for some B €I, and some i, 0 <i<s, wehave ;> 0. By
(2.29), [Xg]N[Xp_.] contains some neighborhood in R*. Hence, the vertices
x'B and x’>A—1 are both located on the same side relative to the hyperplane
spanned by the vertices x/-# | j=0,1,...,i—1,i+1,...,s. Therefore,
0g = Op_e . Applying this fact repeatedly to each positive coordinate of S
implies o5 = gy, which finishes the proof of Lemma 2.1. O

Defining for g € I';, [ < k, thesets Vg := {x"/ : j=0,..., 8, i =
0,...,s}, we have V3_,, = Vg\{x/-%} whenever f; > 0. Thus, it will be
consistent to use the convention that V;_,, does not contain any knot from the

group x/>!, [=0,...,k,when B;=0.

Lemma 2.2. Suppose that for some B € I'y we have B; = 0. If (2.29) holds,
then Qi N[Vs_e)]=2.

Proof. Define
Wo=[{x)l:1=0,...,k, j=0,...,s, j#i}]

as well as
Ci=[{x"":m=0,...,k}], i=0,...,s.

We will show first that
(2.31) CnNW,=o, i=0,...,s.
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To see this, observe first that y € W; implies that there exists a hyperplane H
containing y such that

(2.32) HNCj#@ forj#i.
Without loss of generality, let i = 0 and suppose that
k
(2.33) yi=3 mx""eWynCy
n=0

for some n; >0, Zf:o n; = 1. This implies the existence of nonnegative reals
Wj,n such that

s k s k
y=3 N xS Y =1

j=1 n=0 j=1 n=0
Thus, defining

k
(2.34) Aji=> i
=0

and p ‘
i ] oty nx)") /4 if 4, #0,
Y o= 4
xJ M lf/lj =0,

for some n; < k, we clearly have y/ € C; and

S S
y,yjeH:={x=Zujyj:Zuj=l}, j=1,...,s,
=1 =1

confirming (2.32). Next, we will show that one can find a hyperplane H con-
taining y and satisfying (2.32) so that, in particular,

(2.35) yi=xim,o j=1,.,s, j#I,

for some / € {1,...,s} and some n; < k. Let K :=={j:1<j <5,
y/ =x/>m} . If #K = s— 1, we are finished. So assume that H does not satisfy
(2.35) yet. In fact, K could be empty initially. Solet p,q ¢ K and pick
some point x?-" in the pth group of knots which minimizes the distance from
H. Let z € HN C, be the closest point to x?-", and denote for ¢ € [0, 1]
the hyperplane passing through y,y', [ =1,...,s, | # p, q, and through
yP(t) :=tz+(1—1)xP>" by H(t). Clearly, by construction, H(1) still intersects
all the sets C,, j=1,...,s, j# q. If H(1) also still intersects C,, we
replace H by H(1), where the cardinality of the corresponding new set K has
increased by at least one. If H(1) does not intersect C, anymore, there must
exist some ty € (0, 1) such that H(zy) is a supporting hyperplane of C,, and
hence must contain some extreme point x9:-" of C,. Thus, replacing H by
H(ty) in this case, we have again increased K. We may repeat this process
until #K = s — 1, which is (2.35). So we may assume that H satisfies (2.35).
We consider now two cases: Suppose first that the point y € Cy already agrees
with some point x%”. Note that, by (2.16), H does then not contain any
of the points x!-”. Thus, H must intersect the interior of C;, which means
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that there exist two points x/-”1  x!-™ Jocated on different sides relative to
H. But by (2.16), the two simplices [{x®7,6 x!>m x/om @ j =1,...,s,
j#1}], i =1, 2, must both contain Q, . However, since by construction, their
respective interiors are separated by H , we arrive at a contradiction. If y does
not agree with any knot in the set {x%9, x%1 ... x9%} we argue similarly
as above and pick a point x°-” which minimizes the distance to H . Let again
z € Hn Cy be closest to x% ™ and define for ¢ € [0, 1] the hyperplanes
spanned by the points y(f) :=tz+ (1 —-)x%™, x/>n  j=1,...,s, j£I.If
H(1) still intersects C;, we replace H by H(1), obtaining a contradiction by
the first case. Otherwise, there must be a £y € (0, 1) such that H(zy) contains
some extreme point x-” from C;. Interchanging the roles of 0 and /, we
are again in the situation described by the first case and obtain a contradiction.
This proves (2.31).

By (2.31), forany j € {0, ..., s}, there exist exactly two common supporting
hyperplanes H;, H, of the sets C;, i # j, which ‘sandwich’ the set W;.
Suppose they are spanned by the sets Y; := {x">™ : i # j}, Y, := {x>™ :
i # j}, respectively. Fixing x/-, we claim that one of the hyperplanes must
separate x/-™ from W,;. If this were not the case, the two simplices J; :=
[{x/ ’"}UYl] and d, := [{x/>™}UY;] are by (2.16) nondegenerate and intersect
only in x/-™ | contradicting (2.29). So we may assume that H; separates x;
from W;. Since [Vg—es] € W; whenever B; = 0, and since J; contains €,
the proof of Lemma 2.2 is complete. O

We are now ready to state the main result of this section.
Theorem 2.1. Suppose (2.29) holds. Then
Bg(x) = opd(Xp)M(x|Vg) forall x € Q, BeTy,

where Vg ={x"/:j=0 , Bi, i=0 , 8}
Proof. We will proceed by induction on k . Since Q( = [Xp], the assertion for
k =0 readily follows from (2.20) and (2.26).

Suppose it holds for k — 1. By Lemma 2.2 we know that the interiors of the
sets [V_.,] and Q; are disjoint whenever B; = 0. Consequently, M (x|Vs_,,)
vanishes for x € €, and, by convention, so does Bg_,,(x) (in fact for all
x € R®). Thus, we may rewrite the right-hand side of (2.21) for any g € I';
and x € Q; as

dj(Xp_es|x)
(2.36) }: d((/\fﬂ eJ Op—erd(Xg_o)M(X|Vp_or) .

/3,>0

But since d;(Xg_./|x) = dj(Xp|x) whenever B; > 0, the right-hand side of
(2.36) reduces, in view of (2.30), for x € Q; to

apd(Xp) Ziﬂ SOV M (x| Vp\{x7Pr}) = 05d(Xp) M(x|Vp),
j=0

where we have used (2.27) in the last step. This completes the proof of Theorem
2.1. O
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Setting cp = 1 in (2.23) readily gives, in view of (2.18) and (2.22),
1= Bg(x)
BET}
and hence, by Theorem 2.1,

Z Uﬂd(XB)M(XlVB)=1, XEQk.

BETy
This suggests introducing the following normalized B-splines:
(2.37) Np(x) := opd(Xp) M (x|Vp), BeTly,

which therefore form a partition of unity on € . Also, the linear independence
of the polynomials Bg, f € I'y, readily assures the following fact.

Corollary 2.1. The B-splines Ng, p € I'y, are locally linearly independent on
every subdomain of Q.

3. A POLYNOMIAL IDENTITY FOR B-SPLINES

The previous discussion suggests the following scheme for constructing lin-
ear combinations of B-splines on all of R® (or on some bounded domain in
R*). Given points X = {x*/, i € Z, j=0,...,k},let T = {A(I) =
[x©:0 .., x50 1= (i, ..., i) €T CZ'} define a triangulation of R.
This means that R® = {J,.~A(I), while for any two I,J € 9, A(I) NA(J)
is empty or is a common face of A(/) and A(J). In particular, any (s — 1)-
dimensional facet of some A(/) € T is the common face of exactly two sim-
plices A(/) and A(J), say. We will adhere to the notation of the previous
section, indicating the reference to a particular simplex A(I) throughout by an
additional sub- or superscript I. For instance, Vﬂ’ ={xl1=0,1,..., 8,
j=0,1,..., s} is the set that determines the (normalized) B-splines Né(x) ,
B €Ty, associated with the simplex A(I), I € T .

Note that the polar form of the polynomial (a + w-x)¥ with respect to the

set Vﬂlz{xij,lZl:O,...,ﬂj, j:O,,,,,S} isgivenby
(3.1) ¥y, p(a, w=H Ha+w cxi!
j=0 [=0

where, in agreement with our previous convention on the set V3_,, when f; =
0, it is to be understood that the factor [],”, a+w -x-1) is interpreted as one.
Hence, we readily conclude from Theorem 2 1 and the properties of B-patches
derived earlier that the identity

(3.2) (@a+w-x) =Y ¥ gla, w)Nj(x)

BETy
holds for all x € Q; 4, where we will assume throughout the following that
(3.3) vols(Qr x) >0, leT .

It is also clear that every element

=Y > apNjx)

Ieg BeTy
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of the space
F(X):=span{N: BeTy, 1T}

on Q; ; reducesto eT, c’,ﬂNé (x). This suggests the following claim.

Proposition 3.1. Suppose (3.3) holds. Then for any a € R and x, w € R* we
have

(3.4) (@+w-x)k=>" " ¥ gla, 0)Nj(x).

Ieg peTy

Under the assumption (3.3) it is also clear, in view of Theorem 2.1, that
any element of .#,(X) can be evaluated efficiently by means of the recursive
scheme (2.17) and (2.18) on any of the regions Q, ;. The proof of Proposition
3.1 is based on studying to what extent this recursive evaluation persists for
x outside the regions Q; ;. The essential observation may be formulated as
follows.

Lemma 3.1. Suppose the sequence {cip}ic7  per, has the following property. For
any two adjacent simplices A(I) and A(J) € T whose common face is

x0:0 o xim=10 xtme, 00 xEss 0
(3.5) [ 4 4 . ] .
=[x/ 0 L, xJem2:0 a0 X 0],
and for any B,y € I'y such that
yj:Bjs j=09"'am_1’ qu,"',sa
(3.6) Yg—1 = Pm=0,
yj=ﬁj+1’ j:m,”‘aq_za
one has
(3.7) Cr,p==¢CJs,y.
Then
(3.8) S Y asNi =3 D N,
1€ BeTy 1€ BeT_,
where
(3.9) ey x E/IB X)Cr, prer -

Proof. By (2.37) and (2.27) we obtaln

N

S e M= 2 S o sk, gth MGV,

BETy j=0 Bely

= Z(Z Z)Cl por, pd(Xp)Ag (X)M(x|Vy_,,)

BET,  BET,
B,>0  B,=0

s
> (X onpedtpeer, pretprer ()| NI

Berv_, ~j=0

+ Y Ry (%)
j=0
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Here, R; j(x) is defined to be

Ry j(x):= § : c,,Bal,ﬂd(Xé)Afg,j(x)M(ﬂV,,I_e,).
BETy
B;=0

Noting that by (3.3) and Lemma 2.1, Optei = 0, B €x_, we obtain

N
Z JI,B+e1d(X/§+ef)c1,ﬂ+ej'12+e’ »j(x)
j=0
s d;( X! |x)
J
=ar,g ch,ﬂ+efd(X£+ef)#
B

j=0 +e1)

S S
=018 )1 prer (X o|X) = 01,5 Y €1 prer dj(Xf1%)
j=0 20

N
=07,5d(X)) D1 presip (X)),
j=0

which, in view of (2.37), proves that

s
(3.10) Yo pNix) = Y A xNFx) + Y Ry (x).
BET BeET) Jj=0

Hence, to finish the proof of Lemma 3.1, we have to show that, under the
assumption (3.7), (3.6),

(3.11) > ( R,,,(x)) =0.
0

Ieg \Jj=

To this end, note that for 0 < m <s the term R; ,,(x) consists of summands
of the form

Cl,,gO'I,pdm(Xé|x)M(x| Vﬂl_e,,,)

for some B € I',, where B,, = 0. Hence, there exists exactly one adjacent
simplex A(J) in T such that the common face of A(I) and A(J) does neither
contain x':% nor x/-1-0 € A(J). Thus, for this g € Iy, with B, = 0,
we choose y € I'y as defined by (3.6). Then the sum R J,q—1(x) contains the
summand

CJ,VO'J,ydq—l(XyJ|x)M(x|VyJ_eq-l)-
Since V.’ = V{_om, we have M(x|V’ , ) = M(x|Vj_,n), and also the

y—ed~! y—ed—!
determinants d,_;(X;|x) and d,(X |x) have the same absolute value, since
the sets X;'\{x/-1-%} and X 5\{x'm%} are identical. These functions are zero
only on the hyperplane H spanned by the set X é\{xi'n’o}. Moreover, we

observe next that

(3.12) 07, ydg-1 (X 1x) = =07 pdm(X}|x).
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In fact, it follows from Lemma 2.2 that x»-0 and x/«-1-0 are separated by the
hyperplane H defined above. Hence,

J im,O _ O.J,ydq_l(X}'}leim,O)
. L Y (0.2

¥.4—
On the other hand, since fB,, = 0, one has
o7 gdm(XL|xim>0
(3.14) 1=a, , =7 m ﬂll )
: or,pd(X7)

Since the denominators in (3.13) and (3.14) are both positive, (3.12) must hold.
Thus, (3.11) follows by (3.7), ¢;.; = c1,p, thereby completing the proof of
Lemma 3.1. O

<0.

We are now in a position to complete the proof of Proposition 3.1. By virtue
of (2.26), (2.37), and Theorem 2.1, the assertion holds trivially for k = 0.
Suppose it has been verified for k — 1. Note that for any I, J € 7 such that
A(I) and A(J) share an (s — 1)-face, and for any g,y € I, related by (3.6),
the coefficients ¢; g := ¥ g(a, ) and ¢; , =¥, ,(a, w), in view of (3.1)
and by our above convention, are both composed of the same factors involv-
ing only knots from the groups corresponding to I nJ. Hence, ¥, ,(a, ®)
and ¥ g(a, w) coincide under the assumption (3.6) and thus satisfy (3.7).
Moreover, for any g€l _;,

N
> A pre(a, ©) = (a+w-x)¥; pa, 0),
j=0
so that (3.4) is an immediate consequence of Lemma 3.1.
Since any polynomial of degree at most k can be written as a linear combi-
nation of polynomials of the form (a+w-x)k for appropriate choices of a € R
and w € RY, Proposition 3.1 leads us to the main result of this section:

Theorem 3.1. Let P be any polynomial of degree k, and let p denote its polar
form. Then the following identity holds for all x € R®:

(3.15) Px) =Y 3 p(x0, ., xio om0 o xR BT NE(X).
IeJ BeTy

4. APPROXIMATION PROPERTIES

In this section we derive further consequences of Proposition 3.1. Specifi-
cally, we will provide approximation properties of the spaces F(X) and also
prove the stability of the B-spline bases constructed above.

Setting @ =0, a=1 in (3.4) gives

1= S Nix), xeR,
1€ BETy

i.e., the B-splines form a partition of unity. More generally, differentiating both
sides of (3.4) with respect to w, evaluating at w = 0, and putting a = 1 yields
for every a € Z%, |o| <k,

@1)  ke(k—lol+ Dx* =3 3 (D2 5(1, @)lw=0)Nj(X),
1€ BeTy
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which also confirms that
(4.2) I, (R%) € A(X).

Next, we will discuss a multivariate version of the Schoenberg operator. For
any affine function L € I1,(R?), its polar form (as a polynomial of degree k)

is I(x!, ..., xk) == L(}(x' +--- + x¥)), and so, specializing Theorem 3.1 to
affine functions, yields
(4.3) Lix)=Y_ Y L& pNj(x), xeR,
IeJ BeTy
where

Bi—1
Il (&
(4.4) é,),,:EZ(Zx:,,m) ) pely.
j=0 m=0
Consequently, a standard argument implies that the operator
(SAYx) =D Y f& pNjx)
1e7 PeTy
realizes for any compact set Q estimates of type
IS/ = £ lloo(Q) < Ch? max 1D f [loo (Q7)

where h:= max;c7 diamA(Z) and Qr:= U{[X;]: B €T, AU)NQ # 2} .

The usual way of obtaining better approximation rates is to construct opera-
tors that reproduce higher-order polynomials. We briefly sketch this procedure
in our case by again exploiting the identity (3.4).

Expanding

¥ pla-w-15,0)= Y dClEwn,
o] <k

where 7, p is some fixed point in Q, ,, we define the functional u; g on
Ck(Q; k) by

(67
(4.5) urp()i= Y et s, )
lal<k
and observe that
1 p((a+w-e)k) = Z Chhw*(a+w-1; p)f~ 1l =¥ 4(a, w).

|| <k
Hence, the operator
(@)x):=>" > ur p(f)Nj(x)

1€ BeTy

reproduces all polynomials in IT;(RS).
Moreover, since for I # J, by Lemma 2.2 and (2.31), supp(¥, )nQ, k=

and py; g is supported in Q; i, so that u; 4(N/) =0, J#1I, B,y € Fk,
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and since by Corollary 2.1 the B-splines N, é , B €Iy, are linearly independent
over Q; , one readily concludes

(4.6) 11, g(N]) = 61,855, I,JeJ, B,yely,

i.e., the u; p establish a dual basis for 4 (X).
The main step needed to characterize the approximation properties of the
~spaces #(X) and to confirm the stability of the B-spline basis {N L:Bely,
I € J} isto bound the dual functionals u; s (4.5). This can be done by follow-
ing well-established lines. However, the normalization (2.37) of the B-splines
arising in the present setting provides us with two results, one on approxima-
tion and the other on stability, which are valid under less restrictive assumptions
than for the corresponding B-spline spaces of [3, 4]. For the convenience of
the reader, we sketch the main steps leading to these facts.
To this end, let D;, 5 denote the smallest ball containing the knot set V.
Define, as usual, the norm
1 1) = { esssup,cq | f(x)[, p =00,
’ Uolfx)Pdx)!P,  1<p<oo,
and L,(Q), the corresponding space of functions f over Q with |f||,(Q) <
o0 .
Lemma 4.1. There exists a constant ¢ depending only on s and k such that
(4.7) lur, p(P)| < cvolg(Dy g)~"7||P||,(Dy )
forall PeIl(R%), Bely,and I € J.

To prove (4.7), one observes first that
. dy
J! Z ChEge = (%) ¥ pla—w-17 5, ©)|a=0

lal=k—j
= [le-"' =1y,
T

where the number of summands dependson s, k, and j, and each summand is
a product of k —j factors w-(x"! -1 ) - Therefore, it follows immediately
that

(4.8) ICLA| < Chyly,
where h; g := max{||t; 5 — x> H:ir=0,...,5s,0<1I< B} and the con-
stant C depends only on s and k. Using the equivalence of norms on finite-

dimensional spaces, standard scaling arguments, and Markov’s inequality, one
obtains that

(4.9) ID*Pllo(Dr, 5) < Cp™1I=5/7||P||,(D; 5)

for all P € I1;(R*), where p :=diamD; s and the constant C depends only
on s and k. Since 4; g < p, (4.8) and (4.9) yield

(87
sl < Y 1t EI pepie, 4
|la|=k
< Cp~SI?||P||,(Dy  p).,
confirming (4.7).
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By the Hahn-Banach Theorem, u; s has a norm-preserving extension to all
of L,(Q), which we also denote by u; 4. Thus, the operator Q defined above
is a projector from L,(R®) onto #4(X) for 1 <p < oo.

One expects that the approximation properties of Q depend on how far the
knots x%-! are allowed to deviate from A(I). To describe this in detail, let

T(I)={J €T :Dy gnA(I) # @ for some B € I';}
and

u):=\J{Dspnad)# e, J€T, Beli}.

Of course, keeping the elements of Vﬁ’ sufficiently close to A(I) would assure
that J € .9 (I) corresponds to an adjacent simplex A(J) for which JNI # &.
In general, we will assume

(4.10) N :=sup#7 (I) < 0,
Ieg

where #7 (I) denotes the cardinality of 7 (I).
We are now in a position to prove the following result.

Theorem 4.1. Suppose (2.29) holds. For any f € L,(R®) one has
. — < 1 —
(4.11) I/ = Qf (D)) < CPE}]I:{RX) If = Pll,(U)),
where for p = oo the constant C depends only on s and k. For 1 <p < oo,
it also depends on N given by (4.10), which is assumed to be finite.

Using standard estimates for local polynomial approximation, one derives
from (4.11) estimates in terms of moduli of continuity or Sobolev semi-
norms, confirming optimal (local or global) convergence rates & (h%y, h =
max{diamA(I) : I € I} , whenever the kth-order derivatives of f are bounded
in L,(R%).

To prove (4.11), one may use the estimate [1]

(4.12) ||M(’|V,3I)||p < Cvols([V,,’])‘l“/”,

where C depends only on s and k.
Hence, by (2.37), one concludes

IN§ll, < Cvols([V3])'7,
giving

Iofll,(Ad) < Y > lus s (OINEI
(4.13) JET(I) |Bl=k

< Clf N (UD),s

where now C depends also on N when p < oo. Since Q reproduces all
polynomials in IT;(R?), we may apply the local boundedness of Q (4.13) to

If = Qf lIp(A()) < |If = Pll,(A() + 12(f = P)lIp(A()),
which yields (4.11).
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The second important application of Lemma 4.1 is concerned with the sta-
bility of the B-spline basis. To this end, one needs first an appropriate L,-
normalization of the B-splines, namely

(4.14) N, g(x) = |d(X)|""PNj(x),

so that NI ;(x) = Nj(x) and N{ ;(x) = M(x|V}]).
Defining for ¢ = {¢; g}ies  ger,

1/p
(5 go)”

1€ Berk
one obtains the following result.

Theorem 4.2. Suppose (3.3) holds. Then for any sequence ¢ = {c; g}ies  ger, -

the estimate
D > N g
1€ el

Pllelly, < < llells,

14
holds for some constant y which for p = co depends only on s and k, and in
addition on N, see (4.10), when 1 <p < c©.

Proof. Let  + ;= 1. Then (4.14) yields

14
Yo Y Ny

Ie7 BeTy

p

p
/ (Z > crpld(X5) P Nj(x) I/PN;(x)I/q> dx

IeJ BeTy

</, (Z > ler P ld(Xp)I~ Ny x)) (Z S Nk x))p/q dx.

Ieg BeTy IeT BEeTy

Since the Né form a partition of unity, the right-hand side reduces to

(4.15) S S e gl (XD / Ni(x)dx = ]l »

Ieg BeTy

where we have used again the fact that [p, M(x|V)dx =1 and the normaliza-
tion (2.37).

Conversely, given S(x) = Y,c7 Y ger, ¢1.pN,) 4(x), one has
g = | S S s d(X) Py p(ND)
JeT veTy

= leg, gl ld (X))~
Since, on the other hand, Lemma 4.1 says that
s, 5(S)| < Cvolg(Dy g)~"7|IS|p(D1, p)
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we obtain
(4.16) lerplf < C M IS1I5(D1, )
' BAE ="\ voly(Dy ) ) I

In view of (4.15), the assertion follows now from (4.16). 0O
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