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A TABLE OF ELLIPTIC INTEGRALS:
TWO QUADRATIC FACTORS

B. C. CARLSON

ABSTRACT. Thirteen integrands that are rational except for the square root of
a quartic polynomial with two pairs of conjugate complex zeros are integrated
in terms of R-functions of real variables. In contrast with previous tables,
the formulas hold for all real intervals of integration for which the integrals
exist (possibly as Cauchy principal values). This is achieved by using Landen’s
transformation and the duplication theorem. In an appendix, an elliptic integral
of the third kind with a restricted complex parameter is transformed to make
the parameter real. Also, a degenerate integral of the first kind is separated into
real and imaginary parts.

1. INTRODUCTION

This paper treats integrands that are rational except for the square root of a
quartic polynomial with two pairs of conjugate complex zeros. Integrals of the
form

x 3
(1.1) [p]=[p1,...,p5]=/ 1@+ bity/2 at,
i=1

where py, ..., ps are odd integers and ps is even, are treated in [4, 5] if all
quantities are real. Reference [8] deals with cases where p, = p; and a3 + bst
is the complex conjugate of a, +b,¢. Here we assume further that p; = p, and
a4 + bst is the complex conjugate of a; + b;¢. That is, we consider

x 2
(1.2)  [p1,p2, P2, p1, ps5l = f [I(fi + gt + hit® )P/ (as + bstys/? dt,
Y oi=1

where all quantities are real, x >y, fi+g;t+h;t> >0 forallreal ¢, p; and p,
are odd integers, and ps is even. We retain the redundant notation on the left
side of (1.2), omitting ps if it is 0, for consistency with [5, 8]. Section 2 contains
the 11 cases (apart from exchange of p; and p;) with 2|p| + 2|ps| + |ps| < 8
and 2p; +2p; +ps < 0, aswell as [1,1,1,1,-2] and [1,1,1,1]. The
formulas hold for all x and y for which the integral exists (possibly as a
Cauchy principal value if ps = -2).
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166 B. C. CARLSON

In Byrd and Friedman’s table [1, §267] such integrals are listed only with a
lower limit that depends on the parameters in the integrand, and a restriction
on the upper limit is added in [9, 3.145(4)] so that ¢ in Legendre’s F(¢, k)
is between 0 and 7m/2. Also, there is an ambiguity of sign; e.g., [1, 267.00]
with a; = a; = V2 is correct if b, = —b, = 1/2 and y = 1 but incorrect if
by = —b, = 1/2 and y = 2 unless g, is taken to be the negative square root
of g2.

The integrals (1.2) are expressed in terms of four R-functions:

(1.3) Rex,v.2) = 3 [ 40+ )+ 1 r,

(1.4) Ry(x,y,z,w)= %/oo[(t+x)(t+y)(t+ D7V (t+w)"dte,
0

and two special cases,
RD(X,J/, Z)=RJ(st/, z, Z)
and

(15)  Relr,»)=Relx,v,) =5 [ (040 2 (e+5)d.

The functions Rr, Rp, and R, respectively replace Legendre’s elliptic inte-
grals of the first, second, and third kinds, while Rc, which requires special
attention in this paper, includes the inverse circular (if 0 < x < y) and inverse
hyperbolic (if 0 < y < x) functions. Fortran codes for numerical computation
of all four functions are listed in the Supplements to [4, 5] and are available in
several major software libraries.

In [8] a Landen transformation was used to change the first two variables
of Rr, Rp, and R; from complex to real numbers; the remaining variables,
including those of R, were never complex. In the present paper the complex
variables are the parameter (the fourth variable) of R; and both variables
of Rc. However, a Landen transformation of Rr and Rp is used in §3 to
eliminate a restriction on the interval of integration that arose in [3] because
of a branch point. In §4 the complex parameter of R, is made real, not by a
direct Landen transformation but by an inverse Landen transformation followed
by the duplication theorem (see Appendix A), a combination that also takes
care of the branch-point problem. The function R with complex variables
is separated into real and imaginary parts in Appendix B, and the imaginary
part cancels another R that comes from the inverse Landen transformation
of R J -

The formulas of [5, 8] made it unnecessary to do any further work with
recurrence relations, although conversion to notation appropriate for this pa-
per sometimes entailed tedious algebra. The integrals I», I3, and I3 used
previously are now complex, but the eventual cancellation of imaginary terms
provided a partial check. The 13 integral formulas in §2 were checked by nu-
merical integration; some details of the checks are given in §5. The variables of
R; and R are nonnegative, even when the three integrals with ps = —2 have
their Cauchy principal values.

2. TABLE OF INTEGRALS

We assume x > y and f; + git + h;t> > 0 for i = 1,2 and all real ¢.
Some relations useful for numerical checks are included among the following
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definitions:

(2.1) E=(fi+gix+mhx®)V2 pi=(fi+ gy +hiy?)'?,
(2.2) &= (&1 +2hx)/2¢, m = (& +2my)/2n,
(2.3) B=8&—nm,  E=&E&—ninin,

(2.4) 0; = 2f; + gi(x + ) + 2hixy = EF + n} — hi(x — »)?,
(2.5) Ci= (Q2&mi + 0)Y2 = [(& + i) — hi(x — y)?]'/2,
(2.6) U=(¢&m+mé&)/(x-y), M=040L/(x-Y),
(2.7) 8ij = (2fih + 2fih; — gigj)'"*, A = (61, — 6}4,65,)'/2,
(2.8) Ay =0L+A, Li=M>+Ay, L L_=2MU,
2.9) G =2AARp(M?, L%, L?)/3+A/2U

' + (64,01 — 0%,02)/4Em U,

(2.10) Rr =Rp(M?*, 1%, L2), S=G-A.Rr+B.

For integrals with ps # 0 we also define
(2.11) a;s = 2fibs — gias, Bis = 8ibs — 2h;as,

(2.12) vi = (aishs — Pisas)/2 = fib? — giasbs + hja3 >0,
(2.13) A=3647/7, Q2 =M?+A,
v = (a15825 — @25 Pis5)/2
(2.14) = (g1hy — @2h1)a2 — 2(fiha — fih)asbs + (f1&2 — 8103,
w? = =042 + 2057172 — 05vE = niva(Ar — A)(A—AL)/A,
(2.15) &s=as+ bsx, s = as + bsy,
(2.16) A(p1, p2, D2, P1,Ds5) = éfffzéé”/z - ’752'715’5/2 ,
(2.17) X = [&Es(ars + Bisy)ma/m + ns(ais + Bisx)E2/E11/2(x — p)

' =65’75[01A(_1 5 19 1’ _1)/2'55’75/1(1 s 1’ 15 19 —4)]/(x—y)2’
(2.18) S=(M?*+06%))2-U%=(Emby+EmO)/(x — ),
(2.19)  p=pi&sns/Eim, T=uS+2ny, Vi=p*(S*+AU?),
(2.20) a=SQ?/U +2AU, b* = (S?/U* + A)Q*,

(2.21) @ =b2+ Ay =0+ AAL —A)(A-AL),
2.22) H =0} y[Ry(M?, L%, L2, Q*)/3+ Re(a?, b?)/2]/71

— XRe(T?, V).

We shall want some of the quantities above when a5 = 1 and b5 = 0. These
will be labeled by a subscript O:

(2.23) Ao=dkho/h, Q=M+ Ao,
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wo=g1h— &h,
Wg = =011 h3 + 200y — 63h7 = hiha(Ay — Ag)(Ag — A-) /Ao,

Xo=—-(i&a+nm)/(x —y)
=[01A4(-1,1,1,-1)/2-A(1, 1,1, D]/(x —)?,

(2.24)

(2.25)

(2.26)  po=hi/&m, To=poS+2hithy, Vi =u§(S*+AU?),
(2.27) ap=SQ3/U + 2A0U, b = (S?/U? + Ao)Q,
(2.28) ag = b + AJwg /Iy = bg + Ao(By — Ag)(Ag — A-),

Hy = 6} wolRy(M?, L2, L2, Q3)/3 + Re(a}, b3)/2]/h}
— XoRc(T3, V).

If the interval of integration is infinite, convergent integrals (with 2p;+2p, +
ps < —4) donot involve Hy. If x — +o0o and y is finite, we find (for i =1, 2)
that

(2.30) Ei~hPx, 0~ (g+2hy)x,

(2.29)

2.31)  U=h"g+nn, M= ﬁ(zh}/zm + 8+ 2hy).
i=1

If y - —oco and x is finite, then (for i =1, 2)

(2.32) ni~ kPl 0~ (8 + 2hix)y,

(2.33) U=h"&+ 0%, M= ﬁ(Zh}/zéi — gi — 2hix).

i=1
If x=-y — 400, then (for i=1, 2)
Einvmi~ himX, 0; ~ —2hix*, (= 5ii/h,~l/2,
1/U = M = Rc(a?, b*) = XRc(T?, V?) = 0.
In all three of the limiting cases an identity useful for (2.41) is
B—bsA(1,1,1,1,-2)
= (a5 + Bisy)n2/2mns — (crs + B15x)$2/281Cs -
Aside from interchange of p; and p,, there are 11 integrals

(2.34)

x 2
(235) [pl,PZ,pZ,Pl,PS]=/ I—I(ﬁ+git+hitz)pi/2(as+b5t)p5/2dt
y

i=1

with odd integefs D1, P2 and even integer ps such that 2|p;| + 2|pa2| + |ps| < 8
and 2p;+2p,+ps < 0. Weshall include also [1,1, 1,1, -2] and [1, 1,1, 1].
The integral of the first kind is

(2.36) [-1,-1,-1,—-1]=4RF,
and the next two integrals are of the second kind:
(2.37) [-3,1,1,-3]1=4(-G+A,Rp)/6}y,
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[-3, -1, =1, =3] = 81 [(Ao — 62) G/A — (Ao — AL)RF]/O} A
—4ypd(—1,1,1, —1)/A%.

Like the three preceding integrals, three integrals of the third kind with 2p, +
2p> + ps < —4 are not restricted to finite intervals of integration. They involve
H but not Hj:

(2'39) [—1,—1,—1,—1,—2]=—2(b5H+ﬂ]5RF/J)1),

(2.38)

[1,_1a_191a_4]
(2.40) =[vH+ G+ (A-A)RF]/72
_[BISA(_ls 15 19 _1)+2y1A(_15 1’ 15 —15 —2)]/2b5y2’

-1, -1, =1, =1, —4] = bs(Bis/71 + PBas/v2)H + BisRr [}
+bHZ ~bsA(1, 1,1, 1, ~2)]/r172-

Seven integrals of the third kind have 2p; +2p; + ps > —2 and exist only for
finite intervals of integration. Four of them with ps > 0 involve Hy but not
H:

(2.41)

(2'42) [_1’_1’—13—1’2]=2b5H0—2B15RF/h13
(2‘43) [1’_1’_1’1]=(V/0H0+Z+A0RF)/h23
[-1, -1, -1, -1, 4] = — bs(Bis/h1 + Bas/h2)Ho
(2.44) ) ) )
+ bsX/hhy + BisRF/hi,

[1, 1, 1, 1] = (63/h3 — 671 /h])[woHo + (Ao — 612)Rr1/8
(2.45) — (3Yg — 4h1hy61,)(E+ 61, Rp) [24h7h3
+[A*RF — woA(1, 1,1, 1)]/12h1hy + E/3h; .
The final three integrals have ps < 0 and involve both H and Hj:
(2.46) [1,-1,—1,1, =2]=2(—y.H + h Hy)/bs,

[1,1,1,1,=2]= —2y172H/b3 + [(h1y2 + hay1) /b3 — w§ /4h1hybs1Hy
(2.47) + (Bis/hy + Pas/ha)(Z+ AoRr)/4b?
— 0L\ WoRr/2hTbs + A(1, 1, 1, 1)/2bs,

[1,1,1,1, 4] =[—(1B2s + 72815)H + (1 Bas + ha B15)Hol/ b3

(2.48)
+ 22+ (A + Ag)Rp)]/b2 — A(1, 1, 1,1, -2)/bs.

3. INTEGRALS OF THE FIRST AND SECOND KINDS
In this section we derive (2.36), (2.37), and (2.38). By [5, (2.13), (2.17)],

x 4
I = / (@i + bit)~ 2 dt = 2R (U, U, UY),
Vooi=1

(3.1) (x =»Uij = XiX; Y Yo + YiY; X X
Xi = (ai + bix)'/?, Yi = (ai+biy)'?,
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where i, j, k, m is any permutation of 1, 2, 3, 4. Let

(3.2) (al+b1t)(a4+b4t)=f1+g1t+hlt2>O, -0 <t<oo,
o (@m+bt)as+bst) = o+ @t +ht* >0, —0<t<ox.
Then the biquadratic polynomial in the integrand of
X
(3.3) = [+ et )+ ot + )] do
y

has two pairs of conjugate complex zeros. Equation (3.1) remains valid by the
permanence of functional relations if the U;; are in the open right half-plane.
We shall see that U;; > 0, and we may choose U;3 > 0. Although Uj, is
real, it may be negative, and (3.1) is then invalid if Rp is taken to have the
principal value represented by the integral (1.3). The reason is that Rp, as a
function of any one of its variables, has a branch point at the origin [2, §8.3].
When U;; describes a semicircle about 0 from the positive to the negative
real axis, Ulz2 makes a complete circle and Rp returns to a different branch.
Negative values of U;, may occur, as shown in [3, §4], when the quadrilateral
whose vertices are the complex zeros has diagonals intersecting at an interior
point of the interval of integration. The integral I; can then be expressed in
terms of two standard integrals by breaking the interval of integration at the
intersection. In the present paper we shall eliminate this complication by using
Landen’s transformation [7, (5.5)] to write

Iy =4Rp(M?*, L2, 1%), M=U;+Us,
(3.4) Ly =[(Uia + Up2)(Uia + Up3)1V2 £ [(Urs — Up2)(Ura — Up3)]Y2,
L.L_=2MUy,  Li-M=[(Uj,-Up)" = (UL - Ul P,

where M, L_, and L, will be proved nonnegative for every interval of in-
tegration. Alternatively, the duplication theorem could be used for the same
purpose, but the resulting expressions are less simple.

In (3.2), since only f;, g;,and A; are given, we may choose b; = by = hll/2 >
0, bp = b3 = hzl/2 > 0, Im(a;) > 0, and Im(a;) > 0. If we assume x and
y to be finite and take the principal branch of the square roots in (3.1), then
X1, Y1, X5, Y lie in the open first quadrant of the complex plane, while their
respective complex conjugates X;, Y4, X3, Y3 lie in the open fourth quadrant.
It is clear that U4 > 0 because both terms of (x — y)Uj4 are strictly positive
and we assume x > y. The same assumption, along with Im(a;) > 0, shows
that

Im(X?Y2) = Im{(a; + byx)(as + bsy)] = h*(y — x)Im(a;) < 0.

Thus, XY, is in the open fourth quadrant if x and y are finite, and a similar
argument shows that X3Y, is in the open first quadrant. Hence the product
X1X3Y,Y, is in the open right half-plane, its real part is positive, and U;3 > 0.
Because X,Y3 is the complex conjugate of X3Y, and so is in the open fourth
quadrant, X;X,Y3Y; is in the open lower half-plane, and U;, may be positive
or negative. However, X,Y;+ Y, X4 and X,Y3+ Y, X3 are both strictly positive,
whence

(3.5) U+ Ui = (X1 Ya+ Y1 Xa)( X2 Y3+ 12 X3)/(x —y) > 0.
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It follows from (3.1) that
(36) Ul%( - U,-zm = dijdkm 5 d,‘j = a,-bj - ajb,- .
In particular, we see that
Ul — Ul = dypdas = |d1a)* > 0,
(3.7) U123—U122=d14d32 >O,
U124 — U122 = d13d42 = |d13|2 > 0.
Note that dj; # 0 because we exclude the degenerate case where a; + bt is
proportional to a,+b,t (whence fi+g;t+h,t* is proportional to f>+gyt+hyt?,
and the integral (3.3) is elementary). The second inequality holds because d;4

is positive imaginary and ds, is negative imaginary. Finally, d;3 # O because
Ima; >0 and Ima; < 0. We may now conclude, if x and y are finite, that

(3.8) Us>U;3>0 and - U3 < Upp < Ups.
By (3.4) it follows that M >0, L, > L_ >0, and L* — M? > 0, whence
(3.9) Li>L_>M>0.

Since L} — M? depends only on the quantities listed in (3.7), which are inde-
pendent of x and y, both (3.9) and (3.8) are still valid if either x or y is
infinite, but not both. If the interval of integration is the whole real line, then
Uiy = U3 =-U;; = +0 and M = 0, as we shall show later.

Again assuming x and y to be finite, we shall now express M and L. in
terms of f;, g;, and h;. Let

&G =XiXe=(h+ax+mx?)?, & =XXs=(fr+ gx +hx?)'2,
(3.10) m="Ys=(i+gy+hy’)'?, m=hYs=(h+ay+mhy)"?,

(1 =X1Y4+ Y1 X4 =2Re(X1Ys), (=X Y3+ X3 =2Re(Xy 13),

0= XPYZ+ YEX? =03 =28, 6r=X3Y}+YiX5=03-26m,.

Then ¢;, n;, and {; are positive, but 6; need not be. By (3.4) and (3.5) we
see that

(3.11) M=00/(x-y), & =CE+m)?—hi(x-y)>,
where the second equation follows from

=Y+ 11X = (X Xg+ 1Y) = (X2 - YD (X} -T3)

(3.12)
= (& +m) = h(x-p),
and similarly for (3.
If we define
(3.13) iy = (2fihj + 2 f;h: — gig)'?,

then 6;; > O because f; + git + h;t> > 0 for all real ¢. A stronger result than
J12 > 0 will be given in (3.17). By (3.2) we have

aibs +ash) = g1, (arbs)(asby) = fih .
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We solve these two equations for a;b,; and use the assumption Im(a;) > 0 to
find

(3.14) arby = (g1 +i611)/2, dia = arbs — asby = idy; .
A similar procedure yields
(3.15) Wby = (g2 +i62)/2,  dys = by
Thus we find
|df,| = diadss = (a1by — azby)(asbs — asbs)
(3.16) = fihy + fohy — 2Re[(g1 + i011)(&2 — i622)/4]

= (64 — 011022)/2.

Since d); # 0, except in the excluded degenerate case (cf. (3.7)), we have

(3.17) 0% > 611022 > 0.

A similar calculation leads to

(3.18) |dts| = (61, + 611622)/2.

We define

(3.19) A= (8}, — 630%)'/?, Ay =05 +A>0,

and use (3.7) and the last equation of (3.4) to get
(3.20) Ul — Uh = (65 +611022)/2, Ul — Ul = (6 - 611622)/2,
Uty — Ufy = 611022, LI - M?*=A;.

The last equation and (3.11) allow calculation of M? and L3 .

If the interval of integration is infinite, we take the appropriate limit in (3.11)
to find (2.31), (2.33), or (2.34). In the first two cases, M? is a product of two
factors such as

2012, — g — 2hix = [(g + 2hix)? + 62112 — (g + 2h;ix) > 0.

Hence, M > 0, except when the interval of integration is the whole real line.
An integral of the second kind used in previous parts of this table [5, (2.14),
(2.17)] is
L=[1,-1,-1,-3]
=2d1,d13Rp(Uh, U, Uly)/3+2X,Y1/X4Y4Uys.
(Since p; # ps, this integral is now complex.) Putting w = z in [7, (8.5), (5.5)]

to obtain the Landen transformation of Rp, and using the notation in (3.4),
we find

(3.21)

ARp(UL, Uy, Uy) = 8A Rp(M?*, L%, L?)
—12Rp(M?, L2, L) +6/Uy4.
Substituting in (3.21) and using the identities
dizdi3dradss = |dipd s = A2 /4,
4dr4d3u XYL = 050, — 62,6, — 12011 &EmUiad(—1, 1,1, =1),

(3.22)

(3.23)
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we get

(3.24) I = 4d12d3[2G — 2ARE — i0 A(-1, 1, 1, —1)]/A%,
(3.25) G = 2AA Rp(M?, L2, L2)/3 + AJ2U + (65,61 — 64,62)/46m U,

where we denote Rp(M?, L2, L2) by Rr and Uys by U for brevity.
The integrals [-3, 1,1, —3] and [-3, —1, —1, —3] can now be obtained
from [8, (2.24), (2.23)]. In the second case, we use the identity

2dy2dv3 = 6%, — oty + i(g1hy — &2h1)d111/hy

(3.26) . ,
=0i — Ao+ iwod1i/hy .

4. INTEGRALS OF THE THIRD KIND

We shall encounter R; (U3, Uy, U, W?), where the first three variables
are real but W? is complex. The function can be changed by Landen trans-
formation [8, (4.14)] into R;(M?, L2, L2, W?), but W}? also is complex.
Instead, an inverse Landen transformation followed by the duplication theorem
leads to R;(M?, L2, L2, Q?) with real Q?. This combination of two trans-
formations (see Appendix A) is equivalent to a direct Landen transformation
for integrals of the first and second kinds but not the third kind.

In (A.8) we identify (z_, z,, a) with (Ujz, Uz, Uys) and find from (A.9)
and (3.4) that (x2+ 4, p2+4, z2+A) = (L2, L2, M?). Because of [5, (2.15),
(2.9)], we put

(4.1) w? = W? = U}y — diadizdas/dss .

Since d;s and dys are complex conjugates, it follows that |a?—w?|? = |d},d13]? .
By (3.7) the condition (A.2) is satisfied, and so w? is the complex conjugate
of w2:

(4.2) 'LUE = U124 - d43d42d15/d45 .
We define
(4.3) Qr=w?2+2, w=wyw_/Upg,

and find from (A.3), (3.7), and [4, (5.22)] that

Q- M?*=w?-z=w? +w? -z2-2%

= (U4 — UR) + (U4 — Uh) — diadi3das/dis — dazdards/das
= (d12dss — dardy5)(dasdis — di3das) [ dysdas
= |(d12das — dardis)/dis|* = |dadas/dys| .

Defining

(4.4) yi = |dis|* = fib} — giasbs + hia3, i=1,2,
we note that p; > 0 because Imd;s # 0. By (3.14) we have
(4.5) Q =M*+A, w?=z24+A, A=6}n/n>0.

Since Q2 > 0, we may choose Q > 0. Then it follows from (3.9), (A.5), (4.3),
and (3.20) that

(4.6) L, >Q>L_>M2>0, A, >A>A_>0,
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where M = 0 by (2.34) only if the interval of integration is the whole real line.
It will be useful to define also (for i =1, 2)

(4.7)  a;s =0y;/0bs =2 fibs — gas, Pis = —0yi/das = gibs — 2h;as,
whence
(4.8) i = (aisbs — Bisas)/2.

(The definitions (4.7) are equivalent to a5 = a;dss + asdys and S5 = bidss +
bs4d, s, and similar relations for ays and Sys.)
From (4.1) and (4.2) we can obtain a coefficient in (A.8):

w? — w2 = —dyydi3dss/ds + dazdardys/das
= —(2i/y1)Im(d12dy3d3s) .
It is straightforward to show by (3.6) and (3.2) that
di2dss = as(hiay — a1baby) + bs(f1by — asbaz) .

Replacing the subscript 2 by 3, multiplying di>dss by di3dss, and taking the
imaginary part with the help of (3.14), we find

(4.9) wi — w2 = —idjy/y,

where
v = (a15f25 — 25 B15)/2
= a3(gihy — g2hy) — 2asbs(fihy — fil) + b3 (fig2 — frg1).-
Incidentally, with the help of (A.3) and (3.19) we see that
2P = (P —wh)(? —w?) = (L2 - Q*)(LE - @)
=(A_ —A)(Ay — A) = A? — 265,A + 63,63
Substituting A from (4.5) and comparing with (4.9), we get

2
(4.10) (wi —w

(4.11) 0> (w2 —w?)? = -Ay?/yi72,
where
w2 = —0}y3 + 2651172 — 0591 > 0,
a result that is tedious to obtain by squaring y . Although it provides a useful
numerical check, the last equation does not determine the sign of y, which
may be positive or negative.
Since b = w(w? 4+ A) = wQ? by (A.6), we can now write (A.8) as
2W? - UL)R, (U, UL, Uly, W?)

(4.12) = —i(dnw/7)[2Rs(M?, L2, L2, Q%) + 3Rc(a?, b?)]

+6Rp(M?, L%, L2) - 3Rc (2%, w?),

where W2 is given in (4.1) and

z=UpU;s/ U, wr-z22=Q - M>=A=38}n/n,

4.13
(4-13) b=wQ?,  a*—b =Ay/pp=AA, —A)A—A).
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An integral of the third kind used in previous parts of this table [5, (2.15),
(2.17)] is

L=[1,-1,-1,-1,-2]
= 2d1yd\3d14R;(Uy, Uy, Uiy, W?)/3dis + 2Rc(P?, Q7).
Substituting (4.12) and using (4.1), (3.14), and (4.4), we find
I3/2ds = - ot IR, (M?, L2, L}, ©)/3 + Re(a’, 0%)/2)/7}
— i011RF /71 + i011Rc (2%, w?)/2y1 + Rc(P?, Q%)/ds,

where Rr = Rp(M?, L2, L2).
We shall separate the real and imaginary parts of the last term,

(4.16) Rc(P?, Q%) /dis = Re((disP)?, (d15sQ)%),

and find that the imaginary part cancels the next to last term. Putting dsP =
X + iY and referring to (B.1) in Appendix B, we shall need X, Y, X2 +
Y2, |dsQ|*, and

(4.17) ¢ = dis(Q* — P?) = —dysdysdisdas = =172,

where we have used [5, (2.5)] and (4.4). It follows from [5, (2.8)] and (3.10)
that

(4.18) (x =YX +iY) = (x —y)disP = (n5& /) dis X3 + (Esna/m)disYE,

where

(4.14)

(4.15)

é5=X52=a5+b5x, 775=Y52=a5+b5y.
Using (3.14) and (4.7), we find
(4.19) 2disX} = 2(a1bs — asby)(as + bax) = ars + Pisx + id&s,

and similarly for d;sY7. Substitution in (4.18) yields

2(x = y)X = ns(a1s + B15x)&2 /&1 + Es(ars + Bisy)na/m
2Y =611¢sns5(E2/E1 + ma/m)/ (x =) = 611ésnsU/Em; .

Instead of squaring X and Y, it is easier to get X2 + Y? by calculating
|disP|> = 71|P* from [5, (2.8)]:

(x = »)HP)? = (Esma)? + (ns&2)? + Esnséama(Xa Y1/ X1 Ya + X1 Ya/Xa Y1)
= (Esm2)? + (n5€2) + EsnsO1Eama/E s
From y, = dysdss and (x — y)d;s = &Y? — ns X? it follows by (3.10) that

(4.20)

(4.21)

(4.22) (x =¥)*r2 = (&sm2)* + (n5&2)* — Esmsba,

and hence

(4.23) (x = y)?|P|* = &ns(02 + 01&ama /M) + (x — ¥)Pra.
Defining

(4.24) S=Uz=UyUs,
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we find
(x - y)zS = (X1X2Y3Ya 4+ Y1 1 X3 X)(X1 X3 Y Ve + Y V3 X0 Xy)
(4.25) =&Mm(X3Y3 + Y7 X3) + Eum(XPYE + YEXD)
=&imiby + Enrb,
and thus

|PI> = &snsS/Eim + 72,

(4.26) X2+ Y2 = yi&snsS/Em + iy =uS+ =T —nn,
w=y&sns /S, T =uS+2y1y,.

Finally, [5, (2.5)], (4.1), and (4.3) imply

|disQI* = (nw,w_)* = (uUw)? = L2UX(z2 + A) = V2,

4.27
(4.27) V2 = u*(S? + U?A),

while

(4.28) X2+ Y +c=uS+ny—yiy2=puUz.

From (B.1) we now have
Rc(P?, Q%)/dys
(4.29) = XRc(T?, V?) ~ i(314U/2)Rc((uUz)?, (uUw)?))
= XRc(T?, V?) = i(611/271)Rc(22, w?).
The last term cancels a term in (4.15) to yield
(4.30) I3 = —2d,5(H + i61,Rr /71),
where
H=8hy[R;(M?, L2, L2, Q)3+ Re(a?, b%)/2]/72 — XRc(T?, V2).

Using a subscript 0 to label quantities in which we have put a5 = 1 and b5 =0,
we obtain from [5, (2.17)] also

(4'31) I:;:[l,—l,—1,—l]=2b1(H0+i511RF/hl),
where
Hy =68\ wolRy(M?, L? |, L2, Q3)/3 + Rc(ad, b3)/21/h? — XoRc(TE, V).

Since Iy, I, I, and I} have now been reduced to R-functions of real vari-
ables, the ten integrals of the third kind in §2 can be derived by substitution
in the formulas of [5, 8] (the latter if the odd p’s are not in decreasing or-
der). Converting coefficients to the notation of this paper is straightforward
but sometimes tedious. In addition to the recurrence relation [5, (4.8)], the
following identities are useful:

(4.32) 2drduXiY! = (65,0, — 63462)/2 — i &EmUA(-1, 1, 1, —1),
(4.33) h?A(1, 1,1, 1) =B+idA(-1, 1,1, —1)/2,
(4.34) h2A(3,1,1,1)=E+id;;4(1,1,1,1)/2,

where B and E are defined in (2.3).
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5. NUMERICAL CHECKS

The 13 integrals in §2 were checked numerically when x = 2, y = -3,
(fi>&,m)=(27,-18,09), (f, &, k) =(2.0,2.4,08), and (as, bs) =
(1.1, —0.4). (The zeros of the quadratic polynomials are 1 + iv/2 and
(=3 £1)/2. Because S < 0, the validity condition [3, (33)] is violated (cf.
(4.25)), and the integral of the first kind would have to be split in two parts
before using [3, (34)].) In each of the formulas (2.36) to (2.48) the integral
on the left side, defined by (2.35), was integrated numerically by the SLATEC
code QNG. On the right side the quantities Rr, G, H, Hy were calculated by
using the codes for R-functions in the Supplements to [4, 5], and the remaining
calculations were done with a hand calculator. For each of the 13 cases the
values obtained for the two sides agreed to better than one part in a million
(better than the claimed accuracy of QNG).

Some intermediate values are

M? =0.36362947, Rrp(M?, L2, L2) = 0.54784092,

L? =0.53423014, Rp(M?, L2, L2) = 0.042910488,

L? =24.673029, R;(M?*, L%, L%, Q% = 0.048599080,
Q2 =21.199185, Ry(M?, L%, L%, Q3)=0.12739513,
Q% = 6.1236295, Rc(a?, b?) = 0.0098889795,

a?=11237.193,
b%* = 9741.4746,
a} = 844.71933,

Rc(ad, b3) = 0.050085175,
Rc(T?, V?) = 0.58372845,
Rc(TE, V) = 0.94657139,

b = 247.52253,
T? = 10.288757,
V% =1.1362990,

G =10.495586,
H = 0.049905556,
Hy, = —1.8557835,

T¢ = 1.1328716,
V# =1.1077327,
X =-1.1571677,
Xo = —0.093427949

A(-1,1,1, -1)=1.5731367,
A(l,1,1,1)=-0.49594737,
A(-1,1,1, -1, -2) =6.2622360,
A(1,1,1,1,-2)=14.845682.

As a test of Cauchy principal values, the three integrals with ps = —2, viz.
(2.39), (2.46), and (2.47), were checked numerically with the same values of
x,¥, fi, &, and h; as before but with as + bst = ¢, so that each integrand
has a simple pole in the open interval of integration. In each case the Cauchy
principal value of the left side was computed by the SLATEC code QAWC,
and the right side was calculated as before. Cauchy principal values are not
required for either R; or Rc, as one can see from (4.6) and (2.19), since
V2 > 0 whether &sys is positive or negative. For each of the three cases the
values obtained for the two sides agreed to better than one part in a million,
even though the SLATEC code issued a warning about impairment of accuracy
by roundoff error in the case of (2.47).
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APPENDIX A. R J WITH A RESTRICTED COMPLEX PARAMETER

When the fourth variable of R; is complex but has a special relation (see
(A.2)) to the first three variables, which are real, transformation (A.8) leads to
R; with four real variables. To derive this, we start from the inverse Landen
transformation [7, (8.5), (5.7), (7.2)],

(A 1) 2(’1.03_ - aZ)RJ(ZZ— 5 Z%—a az’ w-%—) = (w-%- - wE)RJ(XZ’ yz’ Zza wZ)
. +3RF(X2,y2,ZZ)—3RC(ZZ,’U)2),

y+x=2a, y-x=2/a)[(®-2z2)(®-22)]"?, z=1z,z_/a,
w=wiw_ja, (&} —w?)(®-w?)=(a®-z2)(a® - z%).

We are concerned with the case in which w? is not real, « > z, > 0, and
—zy < z_ < z,. (We exclude the degenerate case a« = z,, in which Ry
is elementary, w? = o2, and w? = w2, whence w? is complex.) The last
equation in (A.1) defines w? and shows, since the right side is positive, that
a? —w? and o? — w? have equal and opposite complex phases. If they have
also the same absolute value, i.e., if

(A2) jo? — w2 = (a? - 22)(a? - 22),

then w? is the complex conjugate of w2, and hence w? > 0. Since w cannot
vanish, we may choose w > 0, whence w_ is the complex conjugate of w, .
From (A.1) and (A.2) we see that y > x > 0 and

xy+z2=22+z72, xy +w? =w? +w?,
(A3) (x+y)z=2z,z_, x+y)w=2w,w_,
' (x£2)(y£2) = (2, £2-), (xtw)(y £w) = (s Tw-)?,

2,2 _ .02 2 _ 2 _ 2
w -z =wy+w- -z —z2.

We find also that

.X2 _ ZZ — [(aZ _ 22_)1/2 _ (aZ _ 23)1/2]2’
V-2 =[(a? = 22) 12 4 (o2 - 23)' PP,
2 —w?= [(az _ wz)uz _ (az _ wi)l/Z]Z’
Y2 —w? = [(az _ wz)l/z + (az _ wi)l/Z]Z.

(A.4)

Since (x —w)(y —w) = (wy —w_)? <0 and x> - z? >0, we have
(A.5) y>w>x>0 and -x<z<x.

If z_ <0, then z <0, and the R-functions in (A.1) do not take the principal
values represented by (1.3) to (1.5). A remedy is provided by the duplication
theorem [7, (6.1)(8.7)]:

Re(x?, 9%, 22) =2Rp (X2 + A, ¥ + 4, 22 + A),
(A.6) Ry(x?,y%, 22, wh) =2R;(x*+ 4,y + A, 22+ 2, w? + A)
+ 3Rc(a2 s bz) s
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with

A=xy+xz+yz, a=wl(x+y+z)+xyz,

b=ww?+1), bta=(wxx)(wty)(w=+z).

It follows from (A.5) that b—a < 0. Since z24+A = (z+x)(z+) is a product
of nonnegative factors, and w? 4+ A > z2 + 1 by (A.5), we have

(A.7) a>b>0.
Finally, we combine (A.6) and (A.1):
Theorem. If (A.2) holds, let w_ be the complex conjugate of w, . Then

2w} —a®)R,y(z2, 23, &%, w?)
(A.8) = (w? —wA)[2R;(x*+ 1, y* + A, 22+ 4, w?* + 1) + 3Rc(a?, b?)]
+6Rp(X2+ A, ¥>+ 4, 22+ A) = 3Rc (22, w?),
where

a>z, >0, -—-z,<z_<z,., Im(wi);éO,

z=zyz_Ja, w=wyw_ja, z2+Ai=(z;4+z_)%,

X2+ A= (z4 + 22 + (@2 = 22) 2 = (o? - 22)1/?]?,
A9) V24A=(zy + 222 +[(a® - 22)2 + (o = 22)V2P?,
wred=wl+w? +2z,z_, a=[w2+w?)z,z_ +2wiw?]/a,
b=wyw_(w?+w?+2z,z)/a,
bta=(w, +w_ Y (wyw_+z,z_) o,
b? — a* = (w2 —w?)?(w? - z%) = (w? — w2 )} (w? + w? — z2 - 22).

Note that z2 + 1 is the square of a nonnegative quantity, even if z < 0.
The first term on the right side of (A.8) is pure imaginary while the second
and third terms are real. If z < 0, the third term is not represented by (1.5)
until it is rewritten by the duplication theorem as —6R¢((z4+w)?, 2w(z+w));
alternatively, it can be expressed in terms of an arctangent taken in the second
quadrant rather than the fourth. Neither procedure is needed in this paper.

APPENDIX B. REAL AND IMAGINARY PARTS OF R¢

In §4 we need to separate the real and imaginary parts of R- when its two
variables are complex but differ by a real number. (If the difference is not real,
it can be made real by using the homogeneity of R .)

Lemma. Let x,y,c bereal, z=x+iy, P =x>+y2>0, and z2+c #0.
If |c| < 1%, then
(B.1) Re(z%, 224+ ¢) = xRc((r* —¢)*, |22 + ¢[?)

' —iyRe((r* +¢)*, |22+ ),

where Rc(z%, z2 + ¢) denotes the branch that is continuous in ¢ and takes the
value 1/z when ¢=0.
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Proof. Let |c| = a> < r?. Then (B.1) reduces by [2, (6.9-15), (6.9-16)] to the
correct equations

z+a 2ay

zZ+a . .
log =lo ’—zarctan —— ifc=-d?,
z—a — rt—a
a 1 2ax i r’42ay+ a?
arctan — = - arctan —— — —log —————  if ¢ = q?.
z 2 r2—a? 4 gr2—2ay+a2

On each right-hand side, the logarithm is taken real and the arctangent is taken
in the first or fourth quadrant to get the principal value of the left side.

In the excluded case when |c| > r?, the arctangent must be taken in the third
or second quadrant, and the corresponding Rc in (B.1) has the square of a
negative number as its first argument. This can be replaced by the square of
a positive number by using the duplication theorem [7, (3.7)], and ¢ can then
have any real value provided z2? + ¢ # 0. The result is given here although it
is not needed in the present paper; it provides a way of computing Rc with
complex arguments.

Theorem. Let x,y, c bereal, z=x+iy, r*=x>+y2>0, and s = |z%+¢| >
0. Then

Re(z%, 22 4+ ¢) = xRc(0?, s0_) — iyR¢ (02, s0,),
(B.2) sP=1z22+ P = (P — )2 +4cx? = (12 + ¢)? — 4cy?,

o= (r*+c+s)/2>0.

In the first equation, Rc(z2, z24-¢) denotes the branch that is continuous in

¢ and takes the value 1/z when ¢ = 0. In the exceptional cases where z2 is real
and ¢/z? < -1, it denotes the Cauchy principal value of (1/z)R¢(1, 1+¢/z2).

On the right side of the first equation, each Rc denotes the principal branch
represented by (1.5).
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