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6. Lemmas restricting the rank in specific cases

Although the generic rank of (7) is zero, the rank of the specialized curve, when m
and n are given numerical values, is often positive. We obtain arithmetic information
about the rank in the manner of §4 of [1]. To make the dependence on m,n more
explicit, we introduce some notation and note some congruences which will be useful
in the sequel. Write

K ==m? —2mn —n? = (m —n)? — 2n?,
L = K? 4 8m?n? = m* — 4m3n 4 10m2n? 4 4mn® + n?,
M = K? 4 16m?n? = m* — 4m®n + 18m?n? + 4mn® + n4,

so that & = K2/4m?n?, k% 4+ 2 = L/4m?n?, k* + 4 = M/4m?n?. We may take m L n,
so that K 1 mn,L L mn,M L mn, and

Fact (a) If m,n are of opposite parity, then K = +1 mod 8, and each of K2, L, and
M is congruent to 1 mod 16.

Fact (b) If m,n are both odd, then K = 2mod 4, and K? = 4,L =12, and M =
20 mod 32.

Fact (c) Each odd prime factor of K is congruent to 1 mod 8.

Fact (d) Each odd prime factor of M (the sum of two squares) is congruent to 1 mod
4.

We also change the scale, replacing (4m?n%o,8m?®nr) by (o, 7), so that (7), which
64m®nS7? = 4m*n?a(16m*nio? + L - 4m’n’o + 16m*n?),

becomes
7% = g(0? + Lo + 16m*n*); (19)

and replace (4m?n2S,8m3n3T') by (S, T), so that (8), namely
64m®nT? = 4m’n’5(4m?n®S — K?)(4m*n?S — M),

becomes

T2 = (S — K?*)(S — M). (20)

In (19) we substitute o = §a2/b?, 7 = dac/b?, with §,a,b,c € Z,6 squarefree, a L b
and a, b,c > 0, and obtain

§c = 6% + L6a?h? + 16mintbt, (21)
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