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THE ACCURACY OF CELL VERTEX FINITE VOLUME
METHODS ON QUADRILATERAL MESHES

ENDRE SULI

ABSTRACT. For linear first-order hyperbolic equations in two dimensions we re-
state the cell vertex finite volume scheme as a finite element method. On struc-
tured meshes consisting of distorted quadrilaterals, the global error is shown to
be of second order in various mesh-dependent norms, provided that the quadri-
laterals are close to parallelograms in the sense that the distance between the
midpoints of the diagonals is of the same order as the measure of the quadrilat-
eral. On tensor product nonuniform meshes, the cell vertex scheme coincides
with the familiar box scheme. In this case, second-order accuracy is shown with-
out any additional assumption on the regularity of the mesh, which explains the
insensitivity of the cell vertex scheme to mesh stretching in the coordinate di-
rections, observed in practice.

1. INTRODUCTION

Over the last two decades, finite volume methods have enjoyed great popular-
ity in the computational aerodynamics community and, since their independent
introduction by McDonald [8] and MacCormack and Paullay [7], they have been
widely used for the numerical simulation of transonic flows governed by conser-
vation laws. The basic idea behind the construction of finite volume schemes is
to exploit the divergence form of the equation by integrating it over finite vol-
umes, and to use Gauss’ theorem to convert the volume integrals into contour
integrals, which are then discretized. Finite volume methods based on central
differences have become particularly popular, following the work of Jameson et
al. [5]. In this formulation, usually referred to as the cell center scheme, the flow
variables are associated with the centers of the computational cells, which are
quadrilaterals in two dimensions. An alternative scheme has been introduced
by Ni [11], where the flow variables are kept at the vertices of the computational
cells. The resulting method is called the cell vertex scheme, and it presents a
natural generalization of the familiar box scheme to quadrilateral meshes.

In spite of a significant progress on numerical modelling of complex fluid
flow problems by cell center and cell vertex finite volume methods, the accuracy
of these schemes on distorted multidimensional partitions has not been rigor-
ously investigated. We note, however, that relevant preliminary work based on
truncation error analysis has been carried out recently by Giles [4], Morton and
Paisley [9], and Roe [13, 14]. The practical evidence presented in [13] suggests
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that the cell vertex finite volume scheme has a marked advantage over the cell
center scheme in terms of accuracy on distorted quadrilateral meshes, which
is in agreement with the findings of Morton and Paisley in [9]. For Friedrichs
systems in the plane, Lesaint and Raviart [6] have considered a general class of
finite element collocation methods which includes, as a special case, the cell ver-
tex scheme. Their error analysis in the case of first-order hyperbolic equations
is, however, restricted to regular rectangular partitions.

In this paper, a theoretical framework is introduced which provides a new
interpretation of the cell vertex finite volume scheme and embeds it into the class
of finite element methods. This approach enables us to investigate its stability
and accuracy, and to obtain optimal error bounds on distorted quadrilateral
meshes.

The outline of the paper is as follows. In the next section some notational
conventions are introduced. We formulate our model hyperbolic initial bound-
ary value problem and construct its finite volume discretization. Section 3 is
devoted to the derivation of a discrete Garding inequality, which forms the basis
of the stability proof. In §4, optimal error bounds are derived on quadrilateral
partitions under minimum smoothness requirements on the solution. Our re-
sults indicate that both stability and accuracy depend on the distortion of the
mesh. More specifically, the scheme is second-order accurate if the quadri-
laterals are close to parallelograms in the sense that the distance between the
midpoints of the diagonals is of the same order as the measure of the element
(Theorem 4). Moreover, on rectangular partitions, the scheme is shown to be
second-order accurate without any additional hypothesis on the regularity of
the mesh (Theorem 5). In particular, the regularity requirements of Lesaint
and Raviart [6] are not necessary in this instance, which explains the insensi-
tivity of the cell vertex scheme to mesh stretching in the coordinate directions,
observed in [13].

2. THE MODEL PROBLEM AND ITS DISCRETIZATION

For a complex Banach space V', w > 0, and p € [1, o], we denote by
L, (V) the weighted Bochner space, consisting of all strongly measurable map-
pings v: (0, co) — V such that e~®v € L,((0, 00); V). We equip L, (V)

with the norm
(S e P!lu@)|f dt/r if 1 <p < oo,
vz, . = ot .
ess supspev(t)lly  if p = oo.
We denote by H” (V') the weighted Sobolev space of order m, m >0, i.e.,

" d*v
30 = {ve Lo |27

Let Q denote the open unit square (0, 1) x (0, 1). For m, a nonnegative
integer, and p € [1, oo], we denote by W,"(Q) the complex Sobolev space of
order m, equipped with the usual norm ||« [lwq) and seminorm |- |ymq) (cf.
[1]). In particular, when p =2, W)*(Q) is denoted by H™(Q).

For a measurable set, G, we denote by m(G) the Lebesgue measure of G and
by x¢ its characteristic function; G denotes the closure of G . For two points
in R?, P and Q, say, dist(P, Q) denotes the Euclidean distance between P
and @, and diam(G) = supp gcq dist(P, Q).

€Ly o(V), ongm}.
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Suppose that a is a two-component real vector function with continuously

differentiable entries a; and a, defined on Q. We introduce the following
subsets of 0Q:

0-Q = {x € 9Q|a(x) - n(x) < 0},
0,Q = {x € 9Q|a(x) -n(x) >0},

where n(x) denotes the unit outward normal to 9Q at x € 9Q; when x is a
vertex of Q, n(x) is taken to be the unit vector along the axis of the normal
cone at x € 9Q (see [2, Definition 4.1.3]). With a, we associate the space
H!(Q) consisting of all v in H'(Q) whose trace on d_Q is zero.
Given f € HL(Ly(Q)), w > 0, and ug € H (Q), consider the following

initial boundary value problem:

i} .

a—‘;+v.(au)=f in Qx (0, ),
(1) u=0  ond_Qx (0, ),

u(x, 0) = yp(x) in Q.
With the help of semigroup theory, this initial boundary value problem can be
shown to possess a unique strong solution (see Pazy [12, Corollary 4.2.10]).

In order to transform (1) into its variational formulation, we introduce the
sesquilinear form B: H!(Q) x L,(Q) — C defined by

B(u, p) =(V-(au), p).
Now we can restate (1) as follows: find u € HL(L*(Q))NL, »(H:(Q)) satisfying
ou

(55-7) +Bw.p)=(1.0) we L@,

(u(+, 0) —up, p)=0 Vp € Ly(Q).
The construction of the finite volume method is based on this formulation.

Let & ={J"}, h >0, be a family of partitions .7 = {K"}, where each
K! is a convex open quadrilateral. We assume that, with " = {K!}, i =
1,2,...,my, Q=M™ K!, and that each pair K/, K!', i# j,has either an

(2)

1
entire side or a vertex in common, or has empty intersection.

Let hg» denote the diameter of K,.h , and let p,» denote the maximum

diameter of circles contained in K_,h . We denote by Py» and Qg the midpoints
of the diagonals of K. The family & will be assumed to possess the following
regularity properties:

Hypothesis H1. The family % is structured, i.e., for each 4 > 0, J" is
topologically equivalent to a rectangular partition of Q.
Hypothesis H2. The quantity » = max{hw|K! € F"} approximates zero,

and there exist two constants ¢y > 0 and ¢; > 0, independent of %, such that
forall Kte 9", Thes,

(1) dist(Pyn, Qgn) < com(K"),
(ii) hK,;. < Cipgn -
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We note that hypotheses H2(i) and H2(ii) are independent of each other:
H2(i) demands that the quadrilaterals are close to parallelograms, whereas H2(ii)
is the usual local regularity condition (cf. [3, §3.1]).

The finite volume discretization of (2) is performed on a family of partitions
satisfying hypotheses H1 and H2. In order to  introduce the relevant approxima-
tion spaces, we define the reference square K = (0, 1) x (0, 1) and denote by
Fy» the bilinear function which maps K onto K. Since each K is convex,
the determinant JK;, of the matrix DF, Kt > the Jacobian matrix of F, K# > €an be

assumed to be positive on the closure of K. Further, let Q;(K ) be the set of
bilinear functions on K, and Qy(K) the set of constant functions of K. We

define

#'={veH Qlv="00Fg, 0eQK), Kl "},

M ={peLyQ)p=poFy . peuK), Kl e},

as well as %" = #" N H (Q). Let P": L,(Q) — .#" denote the orthogonal
projector in L,(Q) onto .#", and let I": C(Q) — #" be the interpolation
projector onto #Z" . For a two-component vector function, w = (w;, w;), we
define I"w = (I"w;, I"w,). The discrete analogue of the sesquilinear form B
is given by

B"wv,p)=(V-I*av),p) Wwe#%", vpe.#"

We define the cell vertex finite volume approximation of (2) as follows: find
uh in HL(#") satisfying

dul oo h h
570 P +B"(u",p)=(f,p) VpeA",

U+, 0)—up, p) =0 Vp e’

In particular, when p is chosen to be the characteristic function of a quadri-
lateral K from the partition, an elementary calculation reveals that the spatial
discretization, induced by the sesquilinear form B” in (3), gives rise to a four-
point finite difference scheme involving the values of the approximate solution
at the four vertices of K. This establishes the connection between (3) and the
usual finite difference formulation of the cell vertex scheme.

In order to simplify the presentation, in the rest of the paper, a will be
assumed to be a constant vector. We can also assume, without restricting gen-
erality, that both entries of a are positive, in which case the inflow boundary
0_Q coincides with the intersection of 9Q with the coordinate axes. Our re-
sults can be extended, at the expense of some technical difficulties, to problems
with variable coeflicients, provided that the components of a are of constant
sign.

3)

3. STABILITY ANALYSIS

The cell vertex scheme (3) will be shown to be stable in mesh-dependent
versions of the norms of L?(Q) and L?(8,Q). The precise definition of these
is given below.
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3.1. Mesh-dependent norms. For a partition 9" € . , we define

1/2
1 2
”UHIZ(Q)—{ Z m(K)‘m—(I<—)‘/K’U(X)dx }
and, denoting 9,K =0,QNK,

Kegh
1
lvllye. = m(0 K)‘—/ vds
| 2(3 Q) K€g§K¢z + m(a+K) 3+K

2}1/2

Clearly, || - ||, is a seminorm on Ly(Q), and it is a norm on .#". Under
the assumption HI, | - ||, is also a norm on %" .

Let us note that, by virtue of H1, for each 9" € F there exists a pair of
positive integers (M (k), N(h)) such that my,, the cardinality of 7" , is equal
to M(h)N(h) , and with each K" € 7" we can associate a pair (i, j), 0<i <
M(h)—1, 0<j< N(h)—1. Thus, we label K" by the subscript ij and write
K" 1nstead The vertices of K" will be denoted xf'J, xh e f’+1,j+1 , xf"jH ,
startlng with the lower-left corner and labehng anticlockwise.

For a partition 7" = {K!|0<i< M(h)-1, 0<j < N(h)—1}, we define
the sets

k—11-1

UU r, k=1,...,MMh), I=1,...,N®h),

i=0 j=0
0, =0QNO_Q,  k=1,...,M(h), I=1,..., N(h).

Clearly, Q M), NGy = =Q and 8+Q M), N() = = 0,Q for all #. For a continuous
complex function v defined on Q, let

Ui = ! / vdx
17 m(KZ) K,/; )

1
MVij = vds,

h
| i+1,j [xl/’xﬁl,/]

1
U2V = -——h vds.
[} Xl Jixt x )
i,j+1 15 XX

We introduce the following mesh-dependent norms:

k—11-1 12
|U||12(Qh )= Z m(K /wu|2 )
0

i=0 j=0

k-1 -1 12
h h 2 h h 2
vlly0,08 ) = oIt =X P+ Y X L - X |20k «
i=0

j=0

When k = M(h) and [ = N(h), these coincide with || - ||,y and |- ||, 0)
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respectively. In addition to these, we shall also need the mesh-dependent norm

k=111
h
||U||1;(Qz,) = {Z Z m(K}; U K! i Dlmvi

i=0 j=1

12
k—11-1
+3 ) m(KEUKE ,j)|/tzvij|2} .

i=1 j=0

In the definition of || - || 12t » We adopt the convention that empty sums, cor-
responding to k =1 or / =1, are equal to zero.

3.2. Discrete Garding inequality. The main result of this subsection is the
discrete Garding inequality stated in Theorem 1 below. The proof of this relies
on some technical lemmas, and proving these is our first objective.

The following lemma establishes the connection between hypothesis H2 and
some familiar regularity conditions from the theory of finite element methods,
and will play an important role in the subsequent analysis.

Lemma 1. Suppose that the family F = {T"} satisfies H2. For K € h . let
hy denote the length of the shortest side of K, and let o), j=1,2,3,4,

denote the interior angles in K . Then there exist two positive constants ¢ and
T, independent of h, such that for all Kt e 7", T"e F,

(4) hK”'/h}(h <0
and
(5) |cosa,|<1-7, j=1,2,3,4

Proof. Let us first prove (4). Consider a partition .7 € ¥ and a quadrilateral
K! € Th. If ki, > pgs, then (4) immediately follows from H2(ii) with

o =c¢. If, on the other hand, h}{,, < pg+ (and therefore ¢y > 0), then,
denoting by h}é!, the length of the side of K,.” opposite the shortest, we have
that h}é’,, > pgr. However, thanks to H2(i), ;é," < }{‘,, + 2¢com(K!), and
therefore

(6) Pin < pgn < hign < hign + 2com(KP).
Since h = max{hw|K! € "} approximates zero, we can assume, without

restricting generality, that & < 1/(4coct). Thus, pgr — 2com(K") > pia/2,
and, according to (6),

hKh hKh
1 1

— <2 (=:0).
h}{{, = pgr — 2com(K}) T L (=0)

In order to establish (5), let us denote by 4, B, C, and D (labeling in the
anticlockwise direction) the vertices of K € ", and let # denote a circle

contained in K! with diameter equal to ' px+ - Let O denote the center of this
circle. We can assume, without restricting generality, that the smallest interior
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angle in the quadrilateral K,." is at vertex A. Let us construct the two pairs
of tangents from 4 and C to the circle # and denote their intersections by
B' and D’'. Since ZDAB > £D'AB’' and, by assumption, the smallest interior
anglein K/ k is at vertex 4, we have thus obtained a lower bound on the smallest
angle. It remains to bound the cosine of the angle ZD’'AB’ from below in terms
of g and PKh -

Let Z denote the point at which the tangent 4B’ touches the circle, and
note that ZAZO is a right angle. Then

14Z| _ [4Z|
04] ~ (ZOP +[4Z?)'/>
and, thanks to H2(ii), it follows that cos ZOAZ < 2¢;/(1 + 4c2)!/2. Since
LDAB < m/2 and £4D'AB' =2/0AZ , this implies that
0 <cos£ZDAB < cos £D' AB’
2¢y ) 4c? — 1
(1+4c2)12) a2+ 1
Assuming, without restricting generality, that ak < a , for 1 <k<[l<4,

cos LOAZ =

< cos2 (arccos

we have thus proved that

2
0<cosal,<l-—-—= _.
=0k = 1+ 4c?
Clearly, « <27z/3 and a <7t—aK . Hence,
—1<cos 2 <cosal,<1- 2
2= "0k =T = T T

2 <005a <COSa <l1- 2
1+ 4c? 1+4c12'

In order to estimate cosa?

~1+

K let us first note that if ok K and aK,, are two

interior angles at diagonally opposite vertices of K” , then, by virtue of H2,
|cosak, — cosal,| < 8c0m(K{’)(pK;.)‘ < 8cocrhyn.
Suppose that a* k € {1, 2,3}, is diagonally opposite to a*,. Then it

K" K’
follows that

k

4 _ 4
€O s = COS Alg

+ (cosa, — cosak,)
1

1

2
>—1 — -8 .
=T (1 + 4c? CoClhKf)

We can assume, without restricting generality, that

1 1
<—-— < —].
= 8coci (1 + 4c) (_ 4C001)

Then, noting that a » > m/2, we obtain

—1+;<c05a < 0.
1+4c1

Thus, we have proved (5) for j=1,2,3,4,with 7= (1+4c¢})"!. O
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Let us recall from §3.1 that, for a partition " € % , HI implies the ex-
istence of two integers M (h) and N(h) such that " consists of M (h)
columns and N(4) rows of quadrilaterals. Thus, each quadrilateral in the
partition can be labeled by an index ij, and we shall write KZ , 0<i <
M(h) -1, 0<j<N(h)—1. Let K\ € 7" be a quadrilateral with vertices
Xij, Xiy1,j> Xit1,j+1> Xi j41, and denote by nf;, nY', ), nf; the unit outward

ijo> iy oo Vijo
normals to the East, West, North, and South side of K respecnvely Let us

ij>

define

cj=—xl  —xbla-n,  i=0,...,M(h), j=0,...,Nh) -1,

eij=—xly, j—xlla-nf;,,  i=0,...,MMh) -1, j=0,...,N(h),
with the convention that nM(h . =(-1,0) for j =0,...,N(h) -1, and
nls’ = (0, -1) for i=0, M(h) - 1.
Lemma 2. Suppose that the family F satisfies hypotheses H1 and H2. Then
(7 lciv1,; — cijl < 2colalm(KP),
(8) ler, j+1 — eij] < 2colalm(K]),
9) civ1.j—Ci1jl <2c0|a|m(Kh UKh L)
(10) lei, j+1 — €, j—1] < 2colalm(K}, UK! ).

Proof. We begin by establishing (7); the proof of (8) is analogous. Thanks to
hypothesis H2(i),

w h h
i1, 41 i+l,j|ni+l,j - |xi,j+l - xijlnij

= 2|a| dist(P Kh > Q) < 2colalm(K]).

lciv1,j —cijl < |a| |x

Inequalities (9) and (10) follow from (7) and (8) by the triangle inequality. O
Lemma 3. Suppose that the family F satisfies hypotheses H1 and H2. Then

(11) | ca— n, 1,j°

a| < 8coct|alh)
Jori=1,...,M(h) and j=0,..., N(h).

Proof. Let us consider the quadrilateral K[\ € 7" . Then, by H2(i),

1
E E h h h h
i —miy ;] < —| b le” = X5 il = X e — X ]

i j 1, j+1

1

(12) + —h—zdlst(PKh Py QKh)

|xij lj+l|

< diSt(PKh s QK" ).
|x?j = X{ 41l Y Y
Analogously,
4
(13) |n5 - nf_l ,jl dlSt( Kh 5 QKh)
|xz+l ,J xi+l,j+l|
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Combining (12) and (13), and using hypothesis H2, we obtain
4|a| dist(PK;; , Qgn)
1 1)

|n5"a_n{5—lj'a|5 h P h h
max(|xj; = X; s X0 =Xy )
m(Kh)
< dcgla| < 4cocy|alhgn .
1

u

Applying (4) with ¢ = 2¢; (as in the proof of Lemma 1), we obtain (11). O

Lemma 4. Let ¢, = min(a,, a,)/|a|, and assume that hypotheses H1 and H2
hold with ¢, := ¢, — 8coc?(1 + 2¢9) > 0. Then

h h

(14) Civ1,j +Cij = 2020a] X4y e — Xipy il
h h

(15) e, j+1+eij > 200a] [x{y o —X{ 4l

Jor i=0,...,Mh)—1 and j=0,..., Nh)—-1.

Proof. We shall only prove the first of the two inequalities. It is clear that
a. nﬁ”;(h)yj =-a- "ff(h)-u and

(16) a-myy ;= (ar, @) (1,0)=a; >cla| (>0).

For 0 <i<M(h)—-2 and 0 <j < N(h) -1, it follows from (16) and (11)
that
M(h)—1
E

— E E E
asnf=a-nf, ;- ) (a-nf-a-ng, )
k=i+1
Mh)—1

> |a| [ ca—8coc? > My

k=i+1 ~
Thus, using (7), we conclude that
Civt,j+Cij = 2¢iy1,j — (Civ1,j = Cij)

h
>2a- n5|xf’+l L+l T x?+1,j| — 2|ajcom(K}})

M(h)—1 h2,
h h 2 !/ 1)

22|a| |X,~+l’j+l —Xi+1,j| Ca—SCOCI Z hK/f —Coh,
k=1+1 / Kt

By virtue of (4) with ¢ = 2¢;, the last term in the brackets can be bounded
from below by —d4coc?h’, . Hence,

1 K’f;
M(h)—1
h 2 B oh
civt,j+cij > 20al Xty o =Xyl [ ca—8cocd D IxE —xt,,
k=0

However by H2(i),

j—1
h h h h h h h h
Ixij — Xity | < [Xio — Xy ol + ZI X 1 = Xin | — X — X1l
=0
N(h)—1

< [xfy — Xty ol + 2¢0 Z m(K}),
=0
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and therefore,
M(h)—1
(17) SO —xl, I<1+20, j=0,...,N(h).
i=0
Employing inequality (17) yields
(18) Cirt,j +Cij 2 20l xfy i1 = XEh l(ca = 8eoct (1 + 2¢0))
for i=0,..., M(h)—2, j=0,..., N(h)—1. In fact, according to (16), the

result (18) is also valid for i = M(h)— 1 and j =0, ..., N(h)— 1. Setting
€2 1= ¢ — 8coc?(1 + 2¢p) , we obtain (14). O

Recalling the definition of the set Qﬁ, from §3.1, we denote by yi; the
characteristic function of Qﬁ o1, X(X) = Xor, (x) . The proof of the stability
of the finite volume method (3) is based on the following discrete sharp Garding
inequality.

Theorem 1. Let ¢, = min(a;, ay)/|a|, and assume that hypotheses H1 and H2
hold with ¢, = ¢, — 8coc}(l + 2¢co) > 0. Then, for all k and I, 1 < k <
M(h), 1 <1< N(h),

(19) ReB"(v, xiuP"v) > — 4colall[vlly gy
= zcolalllvl g , + sealal vl s, qny Vv € Z2.

Proof. Let K!' € 7", and denote by nf, n/, n, n the unit outward nor-
mals to the East, West, North, and South side of K h respectlvely
We shall first consider the case when 2 < k < M (h) , 2<1< N(h). Recall-

ing the definition of the sesquilinear form B”, we can write
B"(v, yuPMv) = / [V - I"(av)|y P v dx = / [V - I"(av)|P"v dx
Q Ql,

k—11-1

1 _
= ZZ (/BK" I"(av) - nds) <_—m(K{’j) . vdx) ,

i=0 j=0

where @ denotes the complex conjugate of v . Since I"(av) is a linear function
along each side of the quadrilateral K ,’; , the contour integral appearing in the
last expression can be evaluated by the trapezium rule, thus yielding
B"(v, xuP"v)

k=11-1

(aV)it1,j+1 - 0f + (aV)i41, j - MF
—ZZ |xz+1 Ll T z+1 il 5

i=0 j=0

h (av);, j41 - n +(av)u nl/;/
+ X}, jy — X3l 2

) (av)is1, js1 - + (aV); g1 - N
+XE1, e — X4l 3

(av)iy1,j - 0f; + (av);; - } )
Vij»

h
+ X041, — X3l )
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where ¥;; = uv;; . Shifting the indices in the i-summation in the first term and
in the j-summation in the third term, and noting that (av)y, ;.1 = (av)p,; =

(av)it1,0 = (av); 0 =0, nf = -n%, ., and n = —nf ., we obtain
k=11-1
(av);, j+1 + (av); S
B"(v, xuPhv) = D D IXE i, — x| > Lol (0 — Biy )
i=1 j=0
k=11-1
(av)ip1,; + (av);j g, . N
+ Z Z |X?+1,j - X?j' l j2 L mg (01 = 0, j-1)
i=0 j=1

-1
= IXE - X f(av)k,j+l+(a'v)kj W
i+

kj 3 CMUk-1,j
=0
S p @)1+ (AV)y g
_ZIXHI,I_Xill 5 T -1
i=0
k=11-1
= -3 D Cijtavij(1aBis1,j — H2Tiz1, )
i=1 j=0
k=11-1
) DO e v (i, a1 — w10 jo1)
i=0 j=1
-1 k-1
+ 3 G2k Th1,; + D €t Vit 11
=0 i=0

Hence, shifting indices again and observing that
1ij = S (Vi + Vi 1) = Spa(vij +vig ),
we obtain
=a
B"(v, yuP"v) = 3 DO {—Cijiavijiaist  j + Civr, jH20ij f2Vis1 , j}
i=0 j=0
=y

t3 Z Z{-eij#1vij#1'l7i,j+1 + e, j 1 0ij Vi, j1}
i=0 j=0

-1 k-1
1 1
+5 > ckjluovi)* + 3 > euluval.
=0 =0

Since Re(af) = Re(@p), this yields

k=11-1
Re B (v, yi P"v) = 3 Z Z(Cm ,j — Cij) Re(uavijla Uiy, )
i=0 j=0
k=11-1
+3 DD (e o1 — eij) Re(uivijm i j11)
i=0 j=0

-1 k-1
1L , 1 )
+ Ezockjmﬂ)kjl + Egez’lmlvill .
Jj= =i
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Using the identity

2
— a+p|” 1
Re(af) =2|——| - E(IOtI2 +181%)
we obtain
Re B"(v, yi P"v)
k—11-1 k—11-1
=ZZ(C:+1 j = cij)luvij|? +Z (ei,j41 — €ij) il
i=0 j=0 i=0 j=0
1k—l -1
~ 2 YD (v, — i) (20 + i )
i=0 j=0
1k—l -1
~ 3 oD (e e —e)(mvy? + vy, 1 2)
i=0 j=0
= =
+§ch1|,u2'vk1| +35 Zelllﬂlvzll
j=0 i=0
k—11-1
= [(civ1,j — cij) + (er, j+1 — €:j)]|uvyj|?
i=0 j=0
1 k—11-1 k—11-1
_Z (c1+l ,j — Ci—1 ])l:uZUI_Il +ZZ ez Jj+l — € j— l)llulvljl
i=1 j=0 i=0 j=1

-1 k-1
1
t3 {Z(ij + G, 2P + > (en + ei,1—1)|#1’Ui1|2} .

Jj=0 i=0
Employing (7)-(10), we find
ReB"(v, y Ptv)
k—11-1
> —dcolal Y > m(KE) vy
i=0 j=0

=0 j=

k—11-1
- —C()lal m Kh UK[ L= l)l.ulvljl
(20) =0 =1

k—11[1-1
+3 S mKh UKL, ])lﬂzvu|2}

i=1 j=0

j=0 i=0

-1 k—1
1
t2 {Z(ij +ck—1,j)|,u2'vkj|2 + Z(eil + ei,1—1)|.ulvi1|2} .

Applying (14) and (15) to bound the last two sums in (20) from below, and
recalling the definitions of the mesh-dependent norms || - || b@h) s | - ||,20(QZI) ,

and |-, 0,0 We obtain (19) for 2< k < M(h) and 2<I< N(h).
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Now let us consider the case when at least one of the two indices k and /
equals 1. Suppose k=1, 2<[/< N(h);thecase [ =1, 2 <k < M(h) is dealt
with similarly, and the case when both £k = 1 and / = 1 will be considered
separately.

Thus, we assume that k = 1, 2 </ < N(h). By the same argument as in
the case when k > 2, we obtain

-1

-1
1
ReB"(v, x P'v) =Y (e, j+1 — e, j)luvoj)* - 3 > (€0, j+1 — €0, j—1)| 11005
=0 j=1

=
1 1
+3 > cijlugvy? + (e + eo,1-1)|tmvoll*.
=0

However,
cij 2 calallx} .y —x1l,
leo, j+1 — €oj] < 2colalm(KE;),
leo, j+1 — €0, j—1| < 2cola|m(KE; UKL ;_)),
eor + €0,1-1 > 2¢alal[x}; — x¢yl,
and therefore,
Re B"(v, 1 P"v)

-1 -1
1
> ~2colal Y m(Kd) mvo;|* — scolal D m(Kg; UKS ;- 1)lurvo;|”
j=0 j=1
-1

1
+ §C2|a| |x’1’, - }“g1||#17’01|2 + Z |x{l,j+l - x’1'j||#2’Ulj|2
j=0

With the definitions of the mesh-dependent norms || - || L@t > |1l 1@t > and
Il L(6,9") in mind, this yields
ReBh(U > XllPh'U) > - 2CO|3|||U||122(Q';1)
~ Saolallvl} g, + delallvl g gn) VO € 2
for 2 </ < N(h). Analogously, when /=1 and 2 <k < M(h),
ReBh(v > XklPhU) > - 2CO|a|“'U”122(Qzl)
~ Saolallvll g ) + ealallvl g, qp Vo € 21
Let us finally consider the case kK =1, / = 1. In this instance,
Re B"(v, x11P"v) = Leio|uaviol® + Leor|mivoi|*.
Noting that
cio > colallxty —xbol,  eor 2 calalixf; — xGyl.,
we obtain
ReB"(v, x11P"v) > %c2|a|||v||f2(a+%) we#h 0
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3.3. Stability. In order to complete the stability proof initiated in the previous
subsection, we need a bivariate discrete Gronwall inequality asserted in Lemma
6 below. Its proof relies on the following univariate discrete Gronwall lemma
which is easily proved by induction.

Lemma 5. Suppose that (a;), (b;), (¢;), and (d;) are four sequences of nonneg-
ative real numbers such that the sequence (c;) is nondecreasing, and

i1
a,'+b,-§c,-+2d,~aj, i>1, do + bo < co.
j=0

Then
i—1
a;+b; <ciexp Zdj , i>1.
j=0
As a consequence of this, we obtain the following result.

Lemma 6. Suppose that C is a nonnegative constant, and (a;;), (bi;), (cij),
(aj), and (Bi), i, j > 0, are five sequences of nonnegative real numbers such
that

-1 k-1
G+ b+ <C+ Y ajb+ Y Bicy,  k,1>0,
=0 i=0

with the convention that empty sums are equal to zero. Then
(21)  ags + by + ey < Cmin{exp(4; + By exp(4;)) , exp(By + A;exp(By))}

for k, | > 1, where

-1 k-1
A=Y o, Be=> B, k,I>1
j=0 i=0
Proof. Let us fix k, and apply Lemma 5 to obtain
k-1
akr + b+ < (C +> ﬂiCﬂ) exp(4,),  k,l>1
i=1
Now fixing / in this inequality and applying Lemma 5 again, we get
ag; + by + ¢y < Cexp(A4; + By exp(4))).
Repeating the process by first fixing / and then k, we obtain
ag + by + ¢y < Cexp(By + A; exp(By)).

Finally, (21) is arrived at by taking the minimum of the right-hand side terms
in the last two inequalities. 0O

Lemma 7. Suppose that the family 9" € F satisfies hypotheses H1 and H2.
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Then
- m(K} UK}
}j MELOR) cae2), 1<k < M),
0<1<k 1 |xH_1 j— X4l
2<I<N(h),
k—1 h h
m(K! UK!
> max a ';f)gsc%(uzco), 2<k< M),
i=1 0<jsl-1 |xz ,j+1 Xi;

1 <I< N(h).
Proof. We shall only prove the first inequality; the proof of the second is anal-
ogous. Let us consider a partition I = {K/|0 < i < M(h)~-1, 0<j <
N(h) —1}. Then, by Lemma 1,

m(K UK )
h2 h
= m(Kh) +m(K} ;) < W"+W~' Wy X
z] 1

2 h h h h
S ooy = Xigl + x5 = xi,j—1|)|xi+1,j = Xjj]
<o?( max |x! . —xl|+ ), —xh
> (OS[SM(h)l i,j+1 ll 0<i <M(h| z] 1| | i+1,j 1]|

Therefore,
m(K" UK,"] ")
max -
o<isk—1 - |xf,; ;= x|

2 h h h h
<o max X; — X::| + max X —X; .
= <0SiSM(h)| i,j+1 Ul OSigM(h)I ij i,j 1|

Summing through j =1,...,/— 1, we obtain

) N(h)—1

<2* ) max X!

-1 (Kh UKh |
. —_— x..
— 0<i<M(h) L+l Ty

(22) max Lol

= osisk—1[xf ;= x|

for 2 <[ < N(h). The sum appearing on the right-hand side of this inequality
is estimated in the same way as (17) was arrived at:

N(h)—1

<"
max |x” <1+ 2c¢p.
2:(:) 0<1<M(h| e Xl < 0

Substituting this into the right-hand side of (22) yields

-1 h h
m(K:~UK" .
( =) < 20%(1 + 2¢p)

J
for 1 <k < M(h) and 2 <! < N(h). Since o = 2c;, this gives the desired
inequality. O

Now we are ready to prove the main result of this section.
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Theorem 2. Assuming H1, problem (3) has a unique solution u"(-,t) € %" .
If, in addition, H2 holds with ¢, := c; — 8coc}(1 + 2¢o) > 0, then

1612, iy + 2l 1E, L o,0

< a3l (O) ) + 111, @) »
where @ > 3(1+8cola|), c3 = exp{cs+csexp(cs)}, and cs = 16coc2(1+2c)/cy .
Proof. The existence of a unique solution is proved constructively. Let K ,”J €
Ih, TheF  and choose p = xy+ in (3). Then (3) becomes a single ordinary
1

(23)

differential equation involving u*(x/;, 1), w"(xt, ;, 1), u'(xt, .. .1), and
ub(xt ; |, 1), the values of u”(-, t) at the four vertices of K}
Let us assume, to begin with, that i = j = 0. Since u®(xl, 1), u(x/y, 1),

and u”(x} , 1) are determined by the boundary condition for all ¢ > 0, they
can be eliminated, thus yielding a single linear first-order ordinary differential
equation for u”(x? , t). This uniquely determines u*(x”,, ) forall > 0.

In the same way, sweeping through all K ,’; from left to right and bottom to
top, we can determine u”"(x!;, t) uniquely for any pair (i, j) of nonnegative
integers, 1 <i < M(h), 1 < j < N(h). The nodal values uniquely determine
u" on the whole of Q.

In order to establish (23), we first note that forany k and /, 1 <k < M(h),
1<I<N(h),

(24) ||th||L2(Qg,) = vlly@ey Yo € L2(Q),
BU h _ 1 d 2 1
29 Re(G7 ) = ol Vo€ HYLQ).
Choosing p = y;,P"v in (3), and employing (19), (24), and (25), we obtain
d
E“uh(t)”i(gzl) - (1 + 8CO|a|)”uh(t)”122(Qll:I)
~ colalll ()l g, + calalle (I ) < 1D

Letting w > %(1 + 8cpla|) , multiplying by exp(—2wt), and integrating over the
interval (0, ¢), gives

t
_ 2 —
e 2wt||uh(t)||12(gzl)+Cz|a|/0 e 2w1||uh(‘f)||[22(3+921) dt
t
2 -2 2
< IO gy, + [ €Oy de

t
—2w1||,,h 2
colal | e u"(7)||% dr.
+ 0| I/O ” ( )”12(921)

Now take the supremum over ¢ > 0 to get

1 —2wt ||,k 2 1 = 2 t)|,,0 2
3 supe YNt Ol g, + 32lal e (D0, 1
> o . i
—2wt
(26) < |lu (0)||,2(%) +/O o2 ||f(t)||12(92,)dt

o0
=2wt||,,h 2
+ ¢ e D% dt.
OIal/O ”u ( )”12(921)
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Letting
B2 < 2
C = 2uh O q +2 /0 72 £(0)| 1t
a =0, Bo=0

2¢p m(K} UK} )
o= — max - I
C2 0sksM(h-1  |Xp,, =Xy
8 2¢p ma m(Kj UK}, )
k = h h bl
Cy 0<I<N(h)—1 |xk’,Jrl —xk1|

@ = sup e‘z“"lluh(t)lli(gh )

bk,—cz|a|2|x,+” x| / =2l (xyy, D) dit,
=0

1 1

= calal SIXE Sy — x| / 2! i (xg;, D dit
j=0

for 1 <k < M(h) and 1 <[ < N(h), and setting ayo = ag = bxo = by =
co=¢o =0 for 0<k <M(h) and 0 </ < N(h), we can write (26) as
-1 k-1
Gt + b+ S C+ Y ajbi+Y Bicu,  0<k<M(h), 0<I<N(h)
j=0 i=0

(empty sums are equal to zero). Applying Lemma 6, in tandem with Lemma 7,
and letting ¢4 = 16coc3(1 + 2¢o)/c2 , we obtain

g + by + iy < C - exp{cq + caexp(cq)}.

Recalling the definition of C, ay;, by, and cy; , we obtain the inequality (23)
with ¢;3 = exp{cs4 + csexp(c4)}. O

On a tensor-product nonuniform mesh, H1 is automatically satisfied and,
since each K/, € 7" is a rectangle, H2(i) also holds with co = 0. In this case,
Theorem 2 can be improved: stability can be shown to hold without assuming
H2(ii). More precisely, we have the following result.

Theorem 3. Suppose that F = {T*} is a family of rectangular partitions of Q
and let @ > 1(1+8cola]) (=31). Then
||uh||ioo,w(12(9)) + Ca|a|||uh||%z,w(12(a+n))
< 2] (0) 1) + 211113, @)
Proof. Choosing p = P"u" in (3), noting that (20) implies
Re B"(v, P'v) > Lcal|v]|} 5,0y W0 € %2,
and using (24) and (25), we obtain

1d 1 1
2dtllu Dl + Ecalalllu"(t_)lli(am) < §|Iuh(t)lli( ||f )

(27)

for all ¢ > 0. Multiplying by e~2%! and integrating, we obtain (27). O



376 ENDRE SULI

4. CONVERGENCE

In §3, the stability of the finite volume method has been proved under the
hypotheses H1 and H2. Here we investigate the accuracy of the scheme (3). We
begin by stating some preliminary results.

Lemma 8 [3, Theorem 4.3.2]. Let D and D be two bounded open subsets of
R" such that D = F (5), where F is a sufficiently smooth bijection with a
sufficiently smooth inverse F~1: D — D.

Then, if the function v: D — C belongs to the space WPI(D) for some integer

[ >0 and some p € [1, oo], then the function © = v o F: D — C belongs to
W!(D), and there exists a constant C such that

101l 5, < ITe- 12 Il v € Ly(D),
[0lyy 5y < CITE- 12 0y Fly ) 0lwpmy s v € WD),
101y25) < Cll- n||‘L{:(D (IF1,, 5V lwzm) + 1F Ly 30 lwg)
v € WA(D),
[0lys5) < CIE-1 12 0)IF 13, 5 10wy + 1F iy 51 F Ly )10 lwon
+ |F|W°3°(D)|U|W;,'(D)),
v € W(D).

Lemma 9. Suppose that the family of partitions F = {T "} satisfies H2, and,
for Ke T, Alet Fx denote the bilinear isoparametric mapping from the refer-
ence square K = (0, 1)2 onto K. Then Fx is a bijection, and there exists a
constant C = C(cg, ¢1), independent of hg , such that

Filyy @ < Chx s |Fkly, @ < Chi,  |Fxlyy 2 =0,
|F¢ k) < Chg!, [ Trely @) < Chi
”JFK”Loo(i(\) < Ch P ”JFk“lllLoo(K) < ChE .

Proof. In §4.3 of [3], the same result is stated but assuming (4) and (5) instead of
H2. According to Lemma 1, H2 implies both (4) and (5). Hence the result. O

According to this lemma, a family of partitions % satisfying hypothesis H2
is 1-strongly regular in the sense of Zlamal [17].

The next lemma is a simple consequence of the continuity of the trace oper-
ator T: H'(K) = Ly(0K) (cf. [1, Lemma 5.19]).

Lemma 10. Let K = (0, 1) x (0, 1). Then there is a positive constant C such
that for every w € H3(K)

0] < CUW ) + W] 2)

The main result of this section is the following theorem.

Theorem 4. Suppose that the family of partitions F = {T "} satisfies hypotheses
H1 and H2 with ¢, := ¢, — 8coc}(1 + 2¢co) > 0, and let u € HL(H*(Q)) N
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L, (H3(Q)), where @ > 1(1 + 8cola|). Then
= 8| iz + 1 = @212, 02
< Chz(”u”H,},(HZ(Q)) +ullL, 3 @)) s

where C = C(c, ¢, C2, |a]).
Proof. Let n=u—1I"u and & = I"u—u". Then u—u" = n+&. We begin by
estimating & . Clearly,

o¢ h _ _(9n

(5 p)+ 5 m=— (G 4v-@n,p)

forall p in .#". Thus, ¢ is the solution of problem (3) with f replaced by
—(On/ot +V - (an)). By virtue of Theorem 2,

(28)

2 2
€N, o) T 218N, .0

P 2
< C(co, ¢1, ) (II&(O)IIi(m 3;7 +V-(an) ) :
Ly, w(h(Q))
Noting that [|£(0)]|;,) = l11(0)]l,(@) > and using the triangle inequality, yields

[l — uh”Loo,w(Iz(Q)) +llu—u ||Lz,w(12(a+n))

(29) < Cleo, e, 2, |a]) <||’7||Loo,w(12(9)) + 7L, oo, + 1100)l4 @)

an
3 + IV - (@an)llz, 00 >>)-
Ly, o(b()

The first four terms on the right are easily estimated by using the Bramble-
Hilbert lemma [3, Theorem 4.1.3] and Lemma 8, together with the bounds in
Lemma 9:

+

(30) 10| Lee o) < Clcos )PP Ull L, a2 ) »
(31) 0L, o)y < Cleo, e)h?|ullr, e,
(32) 1700)lliy@) < C(co, c1)h?||uoll gy »
(33) |5 < Cleo, eyl gy

LZ w(12 Q))

where h = maxgcg+ Ak .
The nontrivial part of the proof consists of estimating the last term on the
right-hand side of (29). Thus, we consider

1 1 —1 o ga
(34) W/I(V-(an)dx— W}/@?JFK(DFK) a nnds.
The expression on the right-hand side of (34) can be decomposed as follows:

1 o
W/afJFK(DFK) a‘n”ds

— JFK(§) 1/ JFK()C())
—/al?{M(K)(DFK) (8) — - (DFx) ™! (% )}a ni ds

) m(K)
” Tr(%0) :f((;(;) (DFx)™!(%0)a- nids

=T+ 71>,

(35)
+
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where Xy is an arbitrary but fixed (interior) point in K . We begin by estimating
T . Let us define the following two matrices:
_ m(K)
/G
Recalling the well-known inequality

Il4~" = B']| < |[4 - Bl I[4~"IB~ I,

where |[-]|] denotes the matrix norm subordinate to the Euclidean norm on
R?, and denoting by §, the point § € K at which |[[A~! — B~!]| (being a
continuous function on 8K) reaches its maximum value, we obtain
[DFK(XO) 3 DFK(§0)] Jre (X0) I (50)

Jr(X0) Ik (S0) m(K)

x |[(DFg)~" ()IIl(DFx) ™" So)1llalllFll 57,
< {lJFK(S‘O) - JFK(XO)”FKlwolo(;(\)

m(K)

@ PEOE),  B=g

(DFx)(Xo)-

71| <

12
|K|WK)

+|[DFx (%0) — DFx (So)llI Tl )}l I—rr_z_(—lr” I, 0%

because (DFg)~!(%) = D(Fg (x)). Now by virtue of Lemma 9,

|TI|SC(co,c1>h2"( {hxl T (50) — T (0)]

(36) + hi|[DFg(%0) — DFx (So)l} 1Al 52,

h2
< C(CO, C])lal ||'7||L1(3K

By H2(ii),
|T1| < C(CO’ cl)lalllfl”l‘l(aff)'

The application of the Bramble-Hilbert lemma to the expression on the right
gives
|T1| < C(co, c1)lal|#]

and thence, by Lemma 10,
ITh| < Clco, co)lal(|@ o ) + 18]

H2(9K)’

H3(K
Returning to the original variables, using Lemmas 8 and 9, we obtain
(37) |T1] < Clco, c1)lalhxllull k) »

which is our final bound on T;.
Let us consider

JFK(XO) - PR P
7y = 228 (D) (o) /31?m7ds,

the second term on the right-hand side of (35). Define the vector

- J;—K((,(’%i;l(DFK)-‘(xo)a.
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Then, with 4; and A4, denoting the components of A4,

T3] = 1A1 (/A ddis- [ ﬁd5€2>
0K 0Ky

+A2< _ Rds - Aﬁdfcl)‘,

0Ky 0Ks

(38)

where 812'5, 8I?W (resp. 8I?N, 8125) denote the East, West (resp. North,

South) side of K , oriented in the positive y (resp. positive x) direction.
Applying the Bramble-Hilbert lemma, we obtain

L s 031

fdx, — fdx| < C|lzo—= ,
g e OX0%2||, =
0Kg OKw 122 LK)

PR . s 31
L hdxi— | fdx| < Cllamas ,
oKy okKs 0% 0%2 11,

where C = C(cp, ¢;). Changing variables, using Lemmas 8 and 9, and employ-
ing H2(ii), we get

(39) _ddt - [ qds| < Chilulmg.
0K oKw

(40) _ddsi- [ dsi| < C g,
K 9Ks

Using again Lemma 9 and hypothesis H2(ii) gives

(41) |4;] < Clalhg!, |4>| < Clalhg!.

Thus, from (38)-(41) we obtain

(42) |T2| < Clalhgl|ull g3 k)-

Now (37) and (42) provide the desired bound for the expression appearing on
the right-hand side of (34):

1 —1 e
(43) ‘_HTI{)/BEJFK(DFK) a‘nf]dS
From (34) and (43) we get

1
itz LY - @) x| < Clalbilitio.

< Clajhx ||ull g3 (x)-

and so
(44) IV - (an) |l < Ch*alllullsq) »

where h = maxgcg+ hg . Substituting (30)-(33) and (44) into (29), we obtain
(28). O

For a family of tensor-product nonuniform partitions, hypotheses H1 and
H2(i) are automatically fulfilled, and the error estimate (28) holds with ¢ = 0.
However, the constant C appearing on the right-hand side of the estimate is still
dependent on c;, which might suggest that allowing the constituent rectangles
in the partition to be thin and elongated damages the accuracy of the scheme. In
the next theorem we show that this is not the case by removing the dependence
of C on ¢.
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Theorem 5. Suppose that F = {F "} is a family of rectangular partitions of Q,
and let u € HY(H*(Q)) N Ly, (H*(Q)), where w > 1. Then

llu =tz ooy + 4= Pl Jwmo.0)
< C(laDR*(|ul gy ey + 1L, o @)-

Proof. Following the same route as in the beginning of the proof of Theorem
4, but using Theorem 3 instead of Theorem 2, we conclude that

(45)

lu— Loy oy + Nl — uhlle,w(12(3+Q))

<C(la +
(46) < C(lal) <||’7||Loo,w(12(9)) 1711, (200, 2)

0
+1n(0)ll @) + HE +(V - (aﬂ)l\Lz,w(lz(Q))> .

Ly, w(L(9))

It remains to estimate the terms on the right-hand side. Consider |1, q), and
note that

(47) ﬁ/{(ﬂdx=/l?f7dfc.

Using the Bramble-Hilbert lemma, we get

/A Ads
K
Returning to our original variables, we obtain
/A idi
K
Thus, by (47) and the definition of the norm || - ||,(q)

(48) 171l < Ch?|ul )

where C is a uniform constant. Similarly,

< Clall.p(i)

< Clm(K)1™ i |ul k)

(49) 17lln6,0) < Ch2|u|H2 0,Q) 5
on 2
s o <

‘9 i)
The last term on the right-hand side of (46) is handled as follows:

1 _a 811 a _81
—m(K)/KV (an)dx = —(K) 8x1 dx + mK) Jx 932 dx
(1) a 377 s
- h(” 8x1 h(Z)/ 8%,

where 4’ and A denote the lengths of the horizontal and vertical sides of
the rectangle K, respectively. By virtue of the Bramble-Hilbert lemma,

on i
/ 00Xy dx 8x1

<C X <Clz5

b

H(E)

‘9 X2 lini)
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where C is an absolute constant. Returning to our original variables, we get

2 ﬁgf < (RN + WO Dl
(53) (sqmm)r‘ﬂ{(h}?’) AL ROl

From (51)—(53) we obtain that

iy LY - @ x| < Cltm T A e

Hence,
(54) IV - (an)lln) < Clalh?|ul s q)-
Substituting (48)-(50) and (54) into (46), we obtain (45). O

This result is consistent with the experimental evidence presented in [13],
which suggests that the accuracy of the cell vertex scheme is insensitive to mesh
stretching in the coordinate directions.

5. CONCLUSION

We have demonstrated that the cell vertex finite volume method for a time-
dependent linear hyperbolic equation in two spatial dimensions is second-order
accurate on a quadrilateral partition, provided that each quadrilateral is an
O(h?) perturbation of a parallelogram, and that the partition is regular in the
usual sense. Moreover, it has been shown that on a tensor-product nonuniform
partition, second-order accuracy can be maintained without assuming regular-
ity. Similar results hold for cell center finite volume approximations of elliptic
equations [16] and cell vertex approximations of steady hyperbolic equations
[10, 15]. The extension of the developments presented in this paper to linear
hyperbolic systems will be a subject of future investigation.
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