MATHEMATICS OF COMPUTATION
VOLUME 60, NUMBER 202
APRIL 1993, PAGES 495-514

ON THE RATE OF CONVERGENCE
OF THE NONLINEAR GALERKIN METHODS

CHRISTOPHE DEVULDER, MARTINE MARION, AND EDRISS S. TITI

ABSTRACT. In this paper we provide estimates to the rate of convergence of
the nonlinear Galerkin approximation method. In particular, and by means of
an illustrative example, we show that the nonlinear Galerkin method converges
faster than the usual Galerkin method.

1. INTRODUCTION

The nonlinear Galerkin methods originate from recent developments in the
study of the long-time behavior of dissipative partial differential equations. It
is well known that this behavior depends in an essential manner on certain
nondimensional bifurcation parameters, such as the Reynolds or the Grashoff
numbers for the Navier-Stokes equations (NSE). For small values of these pa-
rameters, the solution converges as ¢ — +oo towards rest or towards a stationary
solution u,. However, for large values of these parameters, the dynamics of the
system, in general, becomes nontrivial. In particular, even if the driving forces
are time-independent, the system may display a time-dependent behavior. The
solutions converge to a set, the global (universal) attractor, which is compact
and invariant under the flow of solutions. This set is the mathematical object
describing the permanent turbulent or chaotic regime. An important question,
from both dynamical and numerical points of view, is then how to approximate
the global attractor. As a partial answer the concepts of inertial manifolds (IM)
and approximate inertial manifold (AIM) have been introduced. Let us write
the partial differential equation as an abstract differential equation operating in
some Hilbert space H :

(1.1) gd—ltf+VAu+R(u)=O.

We consider a basis of H consisting of eigenvectors of the basic linear dissi-
pative operator 4. We denote by P, the orthogonal projection of H onto
the space spanned by the first m eigenvectors of the operator 4. Also, we set
Qmn =1- P, . By applying P, and Q,, to (1.1), one obtains the equivalent
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system
dp
E+VAP+PmR(p+Q) =0,
dq
E +vAq + QmR(p +Q) =0.

An inertial manifold (see Foias, Sell, and Temam [17]) is a finite-dimensional
manifold, .# , which is positively invariant under the flow and attracts all the
solutions at an exponential rate. It is sought as the graph of a suitable function
&: P,H — Q,H. If such a manifold exists, it contains the global attractor,
and the dynamics on .# is completely described by the system of ordinary
differential equations

% +vAp + PyR(p + ®(p)) =0,

which is called the associated inertial form (see Constantin, Foias, Nicolaenko,
and Temam [6], Foias, Nicolaenko, Sell, and Temam [15], Foias, Sell, and
Temam [17], Foias, Sell, and Titi [18], Mallet-Paret and Sell [38], and the
references therein).

Unfortunately, the existence of IM is not known for many dissipative partial
differential equations, including the 2-D Navier-Stokes equations. However,
note that in the latter case, the existence of an inertial form has been derived
recently in the 2-D case with periodic boundary condition, see Kwak [35]. Also,
except in very special cases (Bloch and Titi [1]), in general, one will not be
able to find the explicit form of the inertial manifolds, even if they exist. A
substitute, and perhaps computationally more convenient, concept is that of
approximate inertial manifold (Foias, Manley, and Temam [13, 14], FoiaAs/, Sell,
and Titi [18]). An AIM of order ¢ > 0 is a finite-dimensional manifold .Z such

that the solutions enter in finite time an é¢-neighborhood of M . In particular,

this neighborhood contains the global attractor. Therefore, .# provides an
approximation of order & of the global attractor. The AIM are obtained as
graphs of functions ®,p,: PnH — Qn,H ; the associated approximate inertial
form is then the ODE

dp

(1.2) =7 T VAP + PuR(p + Papp(p)) = 0.

The simplest AIM turns out to be the linear space P, H for which ®,p,(p) =0.
Nonlinear AIM providing a better-order approximation than P, H have been
considered by several authors: Foias et al. [13, 12, 14, 18], Marion [39, 40], Titi
[55, 56], Jolly, Kevrekidis, and Titi [32, 33], Temam [50], and Debussche and
Marion [7]. In particular, in the last two references, a method for constructing
sequences .#; of AIM providing better and better orders of approximation is
presented.

The nonlinear Galerkin methods consist in introducing approximate solutions
lying on the AIM. One looks for approximate solutions of the form u, =
VYm+ Zm , Where z,, = ®ppp(Vm), OF z,, is a finite-dimensional approximation
of ®,pp(Vm); here, y,, is given by the resolution of the approximate inertial

form

d
";Tm‘f'VAym'FPmR(ym'f'Zm):O'
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Convergence results for such schemes have been obtained by Marion and Temam
[41], Jolly et al. [33], and Devulder and Marion [8] for spectral bases. More
general bases (finite elements, finite differences) are considered in Marion and
Temam [42], Temam [52], and Chen and Temam [4] (in this regard, see also
Foias and Titi [23]).

The improvements of the nonlinear Galerkin method over the usual Galerkin
method are evidenced by numerical computations that show improved stabil-
ity and accuracy, and a significant gain in computing time; see Brown, Jolly,
Kevrekidis, and Titi [3], Foias, Jolly, Kevrekidis, Sell, and Titi [12], Jauberteau,
Rosier, and Temam [31], Jolly et al. [32, 33], Dubois, Jauberteau, and Temam
[9], and Dubois, Jauberteau, Marion, and Temam [10]. Also an improved sta-
bility condition for these schemes is obtained in Jauberteau et al. [31]. For
other computational aspects of the nonlinear Galerkin method, see Graham,
Steen, and Titi [25]. Also, see Foias, Jolly, Kevrekidis, and Titi [24], Shen [46],
and Temam [52] for other stability issues.

In this paper we are interested in deriving error estimates for the nonlinear
Galerkin methods. We consider the 2-D Navier-Stokes equations. We start in
§2 by recalling basic results on the functional setting of these equations. Section
3 contains our main results. We consider an abstract AIM, .# = graph ®@,,, of
order ¢ and the corresponding nonlinear Galerkin method. We obtain in §3.1
error bounds in various norms for this scheme in terms of ¢. In these estimates,
the influence of the spatial discretization is clearly evidenced. In §3.2 we remark
that if one assumes, as in Heywood [28], and Heywood and Rannacher [29], that
the exact solution is exponentially stable—which usually is difficult to check—
then one can obtain error estimates that are uniform in time. We will report
the details of this result in a subsequent work. In §4, our results are applied to
various AIM that have been constructed. Some corresponding technical proofs
are given in the Appendix. Our results justify rigorously the improvements of
the nonlinear Galerkin methods with respect to the Galerkin method. For the
latter method, in the spectral case that we consider here, the error is of the
order of (logAm)/Am+1 (Am = mth eigenvalue of the Stokes operator), while
it is of the order of (logAx)*/A%,,,, a > 1, for nonlinear Galerkin methods.
The value of o depends on the order of the AIM used in the corresponding
approximate inertial form (1.2).

2. THE 2-D NAVIER-STOKES EQUATIONS AND DYNAMICAL SYSTEMS

We consider the 2-D Navier-Stokes equations in a bounded domain Q c R2
with the appropriate boundary conditions, which we will discuss later:
ou

@2.1) E-—yAu+(u-V)u+Vp=f,
V-u=0,

where the kinematic viscosity v > 0 and the body forces f are given. The
unknowns are the velocity # and the pressure p.

It is well known that the Navier-Stokes equations with the appropriate bound-
ary conditions are equivalent to a functional differential equation

du

T +vAu+ Cu+B(u,u)=f,

(2.2)
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in a certain Hilbert space H , for instance see Lions [37], Temam [47, 48], and
Constantin and Foias [5]. Equation (2.2) is similar to (1.1) with

R(u) =Cu+ B(u, u) — f.

We denote by (-, -) the inner product in H and by || the corresponding
norm. Here, A is the Stokes operator, which is a selfadjoint positive operator,
with domain D(A) dense in H . Moreover, A~! is compact, and as a result the
space H possesses an orthonormal basis w; of eigenfunctions of the operator
A: Aw;=Awj, j=1,2,..., where 0<4; <A <--- <A, =00 as n— o0.
More precisely, there are positive constants ¢;, ¢; such that

(2.3) clks%’iSQk fork=1,2,...
1

(see Métivier [43]). We denote V' = D(A!/?) and the corresponding norm in V'
by ||-|| = |4'/2+|. The linear operator C depends on the boundary conditions.
If equations (2.1) are supplemented with periodic or homogeneous (nonslip)
boundary conditions, then C = 0. Otherwise, in the case of nonhomogeneous
boundary conditions, the operator C satisfies

(2.4) (vAu + Cu, u) > of|ul]®

for some o > 0, where a depends on v and the boundary condition (see Hopf
[30], also see Lions [37]). Moreover, there exists a positive constant X such
that

(2.5) |Cu| < K||u| foralluelV.

Hereafter, the constants ¢;, ¢, ¢3, ... are positive constants which are dimen-
sionless, while K will denote a generic constant which might depend on the
physical parameters of the equation. The bilinear operator B(u, v) enjoys the
following properties:

(2.6) (B(u,v),w)=—-B(u,w),v) foralu,v,welVl,
(2.7) 1(B(u, v), w)| < cslu 2] 2|v]| jw]'2w]'? forallu,v, weV,

|(B(u, v), w)| < calltlloollv]l ]

2.8
(2.8) forallue D(A),veV, andwe H,

[(B(u, v), w)| < caful [v] |w]leo
foralue H,veV, and w € D(4),

where | - ||oo denotes the L>°(Q) norm. Applying the Brezis-Gallouet [2] in-
equality, one finds that (2.8) and (2.9) become

(2.9)

Auf2 \ 2

B s s S 1 1 TP

a0y 1B, w) < sl ol jw] (1-+10g {28 )
forallue D(A),veV, andwe H,

1/2

vl

B(u,v), < v 1 +log —5+—

1B ), )l < clul ol ] (1+10g el

forallue H,v eV, and w € D(A).
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We will also need the following inequality borrowed from Titi [53, 54]:
w2 >1 /2

v]124:

foralue V,v € D(A), and w € D(A).

We recall that for uy given in H , the initial value problem (2.1), with the
initial condition #(0) = ug, possesses a unique solution defined for all ¢ > 0
and such that

(12 1B ), Aw)l < el o] w] (1+1og

u € FRy; Hyear) N LE(0, 003 V).
If, moreover, uy € V', then

u € F(Ry; V)N Lo (0, 00; D(4)).
For further results concerning the existence, uniqueness, and regularity of solu-
tion to the NSE, we refer to Constantin and Foias [5], Foias and Temam [22],

Henshaw, Kreiss, and Reyna [26], Heywood [27], Ladyzhenskaya [36], Lions
[37], Temam [47, 48], and references therein.

Remark 2.1. Other dissipative equations can be treated as (2.2), for instance the
2-D Bénard convection problem, 2-D and 3-D convection in porous media (see
Graham et al. [25]), 2-D Magneto-hydrodynamics equations, the Kuramoto-
Sivaskinsky equation, etc.

3. ERROR ANALYSIS FOR THE NONLINEAR GALERKIN METHODS

In this section, we consider an AIM of order ¢ > 0 and derive error estimates
for the corresponding nonlinear Galerkin method. Section 3.1 deals with the
approximation of a general solution of the Navier-Stokes equations, while in
§3.2 we consider the case of a stable solution. Applications of our results to
various specific AIMs can be found in §4.

3.1. The general case. As mentioned in the introduction, we introduce the
orthogonal projection P, on the space spanned by the first m eigenfunctions
of the Stokes operator A, and let @, =1 — P,,.

Let ®,p, be a function from P,H (= P,V) (or from P,By(0, M), where
By (0, M) denotes the ball in V' centered at the origin and of radius Af;) into
Q,,V which is supposed to be Lipschitz continuous,

(3.1) [Papp(P1) — Papp(D2)Il < Il|p1 — P21l
for all p,, p, in P,V (orin P,By(0, M;)).

We assume that .# = graph(®,,,) is an AIM of order ¢ > 0. More precisely,
we suppose that, for any solution u(z) of (2.2) such that

(3.2) lu(t)|| < M; forallt >0,
we have that
(3.3) |Qmu(t) — Papp(Pru(2))|| < & forall£>0.

In the applications,NBV(O, M) is an absorbing ball for (2.2). Then, clearly,

(3.3) implies that .# is an AIM of order ¢. Indeed, every solution enters, in
finite time (for ¢ > T, = T«(up)) in the ball; then, for ¢ > 7, we have

disty (u(t), #) = ngf/‘ lu(t) = v|| < ||u(t) = (Pmu(t) + @app(Pmi(2)))]|
< N|Qmu(t) — Papp(Pmu(2))|| < &.
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Consider the approximate inertial form based on ®,pp,

dym

+ PnuB(ym + q)app(ym) > Ym + q)app(ym)) =Pnf,
or eventually the slightly different form

dy
(3.4b) a'm +VAYm + PnC (Y + Papp(Ym))
+ PmB(ym + (Dapp(ym) s Ym) + PmB(ym > (I)app(ym)) =Pnf.

The following theorem gives an error estimate in the norm of H for the
nonlinear Galerkin method.

Theorem 3.1. Under assumptions (3.1)-(3.3), let u(t) be a solution of (2.2),
(2.13) such that

(3.5) lu()|| < M, forallt>O0.
Suppose that y,,(t) is a solution of (3.4a) (respectively of (3.4b)) which satisfies
Ym(0) = Ppuo and
(3.6) lym(@) < My forall t > 0.
Then
|(2) = (Ym(2) + Papp(Ym (D))
e’L

t t
< [(1+212) [ el as+ 2] 2,
0 Lm lm+l

where L,,, A, and By, are given by (3.10), (3.12), and (3.13), respectively.

Remark 3.2. The condition (3.5) means that we approximate solutions lying
inside the absorbing ball By (0, M;). Since all solutions enter in finite time
in this ball, and we are interested in long-time integration, this is not a serious
restriction. Besides, the general case (any #, sufficiently regular) can be handled
in the same manner if one allows the constants /, M|, and ¢ in (3.1), (3.2),
(3.3) to depend on uy; one can then show that the estimate (3.7) holds.

Proof of Theorem 3.1. We denote p = Pyu, ¢q = Qui, Y = Y, UV =y +
Dapp(¥), 0 =p=y, Ap = = Dapp(P) , Az = Papp(0) —Papp(y) , and A = A +4;.
We will only consider (3.4a); the same treatment works for (3.4b).
From (2.2) and (3.4a) we have

(3.8) %’—(ti +vAd + Py,Cé + Pp(B(u, u) — B(v, v)) =0.
By taking the inner product of (3.8) with § and using (2.4) and (2.6), we
conclude that
1d|6)?
2dt
This inequality together with (2.7) and (2.6) yield

1d|5)
2 dr

(3.7)

+alld|? <[(B(S, u), &)+ (B(A, u), &)| +[(B(v, A), 9)l.

+alld]* < cslo| I8 [lull + |(B(Ar, u), 6)] + |(B(Az, ), 9)]
+(BW, ), A+ (B, 9), Ba)| + |(B(Papp(¥), 6), A)l.
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Then, using (2.7), (2.9), and (2.10), we get

1d|6)? /
SO0 1 ao1? < s 101 il + st BOILLY?
59) + clAal || 2 ] 8]/ )18) 2
' + esy 1611 1A | Ly
+ eslyl Iyl 2181 4] 2 14,1
+ €31 @app ()2 Papp (0)II' 2115 1A 2 A2,
where
(3.10) L = (1 +log ’;’:”)
Because of (3.1) and (3.3), inequality (3.9) gives
1d|6)2 cse
SO 1 a1 < cola 101l + -2l 1O + st 0
m+1
Cs€
+ 2 IVIISILA? + sty 2y ] 28]/ /2
m+1
c3€ el
+ 5 [Papp W 18] + — 75~ [ Papp ()1 1611
}“m+1 lm+l

By Young’s inequality,

1d|6 3c? 3 27cil
LABE L ool < (—3||un2+—c§12||u||2 e L
2y 305 2 3C5 2
(3.11) + a||5|| || "L + — Il 1*Lom
3c 3c2l
||<I>app(y)||2 3 ||<Dapp(y)|| 210)%.
Denote
6c2 6c3l 27c
(3.12)  Ap(1) = 3|| I?+ = II ull> + =52 Iyl 2[lylI* + aop(V)1*
and
6¢c? 6¢c2 6c2
(3.13) Bn(t) = ~ 2l + =2 WP + 7 [@anp ()
Then, by Gronwall’s Lemma, and since 6(0) = (3 11) gives
(3.14) B < ELm / [ anrdep () ds.
m+l

This inequality together with (3.14), (3.1), and (3.3) yield (3.7). O

Remark 3.3. The time-dependent term in the right-hand side of (3.7) can be
evaluated easily from the a priori estimates for (2.2) and (3.4). Moreover,
notice that these estimates will not involve the term sup,sq ||#()]|?> but its time
average, which is much smaller. Also, notice that this estimate (3.7) does not
involve at all the term |Au(z)|. We will refer to this observation later in Remark
4.1, when we will compare our estimates with those of Rautmann [44, 45].

In the next theorem we give an upper bound for the Dirichlet norm of the
error.
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Theorem 3.3. Assume that u(t) and y(t) are as in Theorem 3.1. Then
(3.15) Jlu(t) = () + Papp(Y()))II* < ((1 +21)/ eJi Andeg (S)dS+2>
0

where A,, and B,, are given in (3.17) and (3.18), respectively.
Proof. We will use the same notation as in Theorem 3.1. We take the inner
product of (3.5) with 4 and obtain

Lo, | 46> < |(C3, AS)| +|(B(3, u), A)| +|(B(A, u), A9)]

2 dt
+|(B(v, A), A9)| +|(B(v, 9), AJ)|.
From (2.5), (2.12), and (2.7) we have

1d|d|

, Auf? \
3 A+ 40P < K11 1401+ ol (1 +1op - ) 140

lleell >4
+ sl A) Yl | A0] 12 432 5)' 2
+1(B(y, 4), A9)| + |(B(Papp(y) , A) , 49))]
+|(B(y, ), A9)| +|(B(Papp(¥) , 9) , AI].

Applying (2.10) and (2.7), we obtain

/2

1d|4]* 2 ( | Aul? )‘

< —_

T dr +v|Ad]* < K||]||AS] + csll]] |ull l+10g”u”% |AJ|
1/2

Ay|2 )

+ c3|Al| ||| | 4] + ¢ (1+lo —l

3l|A] f|ull |46] + ¢s||y |l T

x (1911 + llAl)1 44
+ 3| @app ()] 2| @app (V)11 2 (1011 + 1AL 4]/ 43/28]1/2.

From (3.1) and (3.3) we have

Ld|ol?

2\ 172
3O+ 145 < K101 1401 + ol (1+ tog ) 140

llaef>2

IAyI2 2
el ( +log 1> [(1+ 1)]6] + £]|46]
+ c3(e + ||| [|ul| |A5| + c3[(1 + D)||6]] + &][|Papp (V)] [4S].
By Young’s inequality we get

2 ~
(3.16) A0 1 20140 < An(OIOI + Bn(02?,
where
~ 6K2  6c2 Aul|? 6¢3/?
Ant) = 2+ S (14 g 7l ) + 23
(3.17)

6c2(1+1)2 Ay|? 6c21+l2
+Ssllr L) + ST o)

P
1+1o
DIt o8y,
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and
|4y

~ 6c2 6¢2
3.18 B, (t) = =3 ||ul?+ = 2(1+lo——

6¢2
)+ 10

By Gronwall’s Lemma, (3.16) implies

t 1 ~

(3.19) l6()|I1* < ( / el Andeg oy ds) e
0

Therefore, (3.15) follows from (3.19), (3.1), and (3.3). O

Remark 3.4. Here again, we remark that the error estimate in (3.15) involves
only the logarithm of the |4u| norm of the solution, not |Au|.

3.1. Stability and uniform error bounds in time. It is observed that the error
bounds in (3.7) and (3.15) are growing exponentially in time. Since certain
solutions of turbulent flows for high Reynolds numbers are unstable, one should
expect such growth in the bounds. Indeed, if, for instance, u(f) = u; is an
unstable hyperbolic steady state, then it is natural to observe, at least for a short
time, exponential growth of certain small perturbations about u,. If, on the
other hand, one assumes that the exact solution u(¢) is exponentially stable, as
in Heywood [28] and Heywood and Rannacher [29], then one can get a time-
independent upper bound for the error in (3.7) and (3.15), without changing
the accuracy in the space discretization. We will report the details of this result
elsewhere.

4. APPLICATIONS

4.1. The Galerkin method. In the classical Galerkin method, the equations are
projected on the linear space .#, = P, H . This linear manifold can be viewed
as the simplest AIM.

More precisely, let us consider equation (2.2) with C =0, and let %, be an
initial value such that |up| < Ry, ||up]| < Ry. There exists a time 7j, which
depends on Ry, R;, and the data (v, |f], 4;), such that

(4.1) lu(t)| < My, |u@)| <M, forallt> Ty,

where Mj,, M; are independent of uy but depend on (v, |f], 4;) (see for
instance Constantin and Foias [5] and Temam [47]). Alternatively, (4.1) means
that the ball By (0, My) (respectively By (0, M;)) is an absorbing set in H
(respectively in V).

According to Foias et al. [13, 14], the time 7 can be chosen so that g, =
O u(t) satisfies
(4.2) lgm ()]l < KLM2A7Y2 forall t > Tp.

m+1
Here, K depends only on the data (v, |f], 41), and L, is given by (3.10).
Since [|gm(?)|| = disty (u(?), PnH), (4.2) yields that .# = P,,H is an AIM of
order ¢ = KL,',,/ZA_'/ 2 Obviously, for .4, one has ®,p, = 0.

m+1
The approximate inertial form associated with .4 is the standard Galerkin
procedure for (2.1):
dym

(4.3) 7tV AYm + PuR(ym) = 0.
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The a priori estimates for (4.3) are well known. In particular, the following
uniform-in-time bound can be derived:

lym(®l < M; forallt>T,,

where T, is as above.
This shows (3.3). Theorems 3.1 and 3.3 apply and provide the estimates

t t 2
)=y < ([ eF OB (s)ds + )
0 L 'q'm+l
t t~ -
lu(t) = ym(@)]12 < (z+ [ Am(ﬂde,,,(s)ds) Ly
0 lm+l

where Ly, Am, Bn, Am,and B, are given by (3.10), (3.12), (3.13), (3.17),
and (3.18), respectively.

Remark 4.1. The above estimates are consistent with the convergence result of
Foias [11]. In comparison with the error bounds of Rautmann [44, 45], we im-
prove in the time-dependent term. This is achieved, as we observed in Remarks
3.3 and 3.4, by not involving |Au(t)| or its time average, unlike Rautmann [44,
45]. Because, even in the case of homogeneous boundary conditions, the bounds
available for |4u(t)| depend exponentially on a power of the Reynolds number
(see, for instance, Constantin and Foias [5] and Foias and Temam [20]). On
the other hand, in establishing this improvement we pick up the extra L,,-term
in the spatial error, which is only logarithmic in A,,. Moreover, in view of the
example of Titi [55, 56], and provided f € L2, the above estimates are sharp,
asymptotically in m, as m — oo, up to a logarithmic term. This observation
makes the nonlinear Galerkin methods, below, more accurate than the usual
Galerkin method. It is worth mentioning, however, that if the forcing term
in (2.1) with homogeneous or periodic boundary conditions, is more regular,
then one can improve the estimate (4.2) and consequently the above estimates
(see Jones and Titi [34]). A similar observation is valid for nonlinear Galerkin
methods.

4.2. Nonlinear Galerkin methods. The above AIM, /% , is a linear space.
The simplest nonlinear AIM, .#; = graph®,, is given by the resolution of the
Stokes problem (with homogeneous or periodic boundary conditions)

vAq+ QnR(p) =0, ie., @i(p)=—-(vA4)"'QuR(p).
According to Foias et al. [13, 14], the following estimate holds:
1Qmu(t) — ®; (Puu())|| < KLyA L, forall t > T,

m+1

where T; is as above. This shows that /Z is an AIM of order ¢ = KLml;,iL, .

In particular, .#] is of better order than .4 . ~
The nonlinear Galerkin method (3.4b) associated with .# is introduced in
Marion and Temam [41], while (3.4a) is studied in Devulder and Marion [8].
In both cases, the existence of a constant M depending only on (v, |f], 4))
such that
lym@)I < M forall t > Ty
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is derived (in the case of (3.4b) the above holds provided m is large enough,
depending on up). This guarantees (3.3) and, together with other a priori
estimates, yield the following convergence results:

Ym+®P1(¥ym) - u as m — oo in L?(0, T; D(A)) and LP(0, T; V)

(4.4) strongly forall 7 >0 and all 1 <p < 40,

and
(4.5) Ym+Pi(ym) > u as m — oo in L°(R"; V) weak-star.

Here, the initial data u, is assumed to be given in V' (see Marion and Temam
[41] and Devulder and Marion [8]).

The Lipschitz property (3.1) for ®; with / = KAm 41 1s proved in the Ap-
pendix.

Theorems 3.1 and 3.3 apply here and give the following error bounds for the
nonlinear Galerkin approximation induced by ®; :

|u(t) = (Ym(t) + PLYm (D))

(4.6) K n(0di g 2 | kL3,
[(l+l:,{il>/0 efA 0d B, (s)ds + J lan ,
[4(t) = Ym(t) + D1 (Ym()))|1?
(4'7) K ! '~m 7)dt KL2
[(1 + /1,1,{:1) /0 el An()d Bm(s)ds+2} 7

with L,,, A, Bm, m, and Bm respectively given by (3.10), (3.12), (3.13),
(3.17), and (3.18). It follows from (4.6), (4.7) that the order of the spatial
discretization is improved by comparison with the Galerkin method (see §4.1
above).

Another simple AIM was introduced by Foias et al. [18], known as the Euler-
Galerkin AIM, and which was used in real computations by Foias et al. [12] and
Jolly et al. [32, 33]. Nonlinear Galerkin methods of the type (3.4), induced by
the Euler-Galerkin AIM, were applied to the Kuramoto-Sivashinsky equation
and studied analytically as well as computationally in Jolly et al. [32]. More
involved AIM have been introduced in Foias and Temam [21], Temam [50]. In
particular, in Temam [50] (see also Debussche and Marion [7]), a method for
constructing a sequence of manifolds .#; = graph ®@; , which is providing better

and better orders of approximation as j increases, is presented. At step j, /1
is such that

(4.8) Qmu(t) — @;(Pnu(t))|| < K;LYT22792712 gorall ¢t > Ty,

m+1
where K; depends on j and on the data (v, |f|, ;). The precise definition
of the ®; s is recalled in the Appendix, where the property (3.1) is proved with
I=1 _K;A;,‘j;‘, where K/ depends on j and the data (v, |f], 4). It is clear
from (4.8) that as j increases, Z provides a better-order approximation to
the solution: for some fixed m, the solutions may not be closer to % , for

j' > j, than to /2; , but this holds for m large enough.
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The associated nonlinear Galerkin method (3.4a), is considered in Devulder
and Marion [8], where the estimate (3.3) is proved and convergence results
similar to (4.4), (4.5) are derived.

Therefore, one can apply Theorems 3.1 and 3.3 and obtain the following
error bounds:

[u(t) = (Ym(t) + @i (ym (1))

K2\ gt o 2 | KL
< j [ 4m() dz jm
< (1+/11/2 )/0 e Bm(s)ds+Lm T

m+1 m+1

lu(t) = Ym () + @;ym(O)I?
27J+1
j m

K! L ~ KsL
= [(1 * o )/0 el OB, (5 ds + 2| L7

j+2 2
m+1 m+1

where L,,, Ay, B, /Im , and Em are given by (3.10), (3.12), (3.13), (3.17),
and (3.18), respectively. Clearly, for increasing j, the order with respect to m
of these estimates improves.

4.3. Other nonlinear Galerkin methods. The above methods correspond to
manifolds whose equations are explicit with respect to the unknowns. Here we
present numerical schemes associated with implicit AIMs.

The first manifold that we consider is the analytic manifold .Z*, which
contains all the stationary solutions of (2.2). Denote B,, = P,By(0, M),
where M, satisfies (4.1). According to Foias and Temam [19], Foias and Saut
[16], and Titi [55, 56], for m large enough, there exists a mapping ®°: %, —
0.,V which satisfies

@ (p) = (vA)" (@S — QuC(p + *(p))

(4.9)
- OmB(p +®(p), p + P°(p))),

forall p € %, .

The manifold .#° = graph®* has been studied from the point of view of
AIMs in Titi [55, 56], where it is shown to be of the order of ¢ = K L,',,/ 2/1,_"1/ 12 .
Moreover, Jolly et al. [32, 33] used this manifold to demonstrate the compu-
tational efficiency of the nonlinear Galerkin method (see also Graham et al.
[25]).

In Titi [55, 56] it is shown that ®° is a Lipschitz manifold. Using the
usual energy estimates, one can easily show that (3.4a) has a global solution
for initial data in %, . Such analysis has been carried out in Jolly et al. [33]
for the Kuramoto-Sivashinsky equation. In the case of (3.4b), using techniques
similar to the ones in Devulder and Marion [8], one can show the existence of
a constant M, depending only on (v, |f|, 4;) and an integer 77 depending
on (v, |f|, A1) and ug (through |[uo|) such that, if m > /, problem (3.4)
together with y,,(0) = P,uo possesses a unique solution y,(t) defined for all
t > 0 with

(4.10) ym(8)]l < Mo for all £ > 0.

This guarantees (3.2) (with M, replaced by M)). The estimate (4.10) enables
us to derive convergence results analogous to (4.4) and (4.5).
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Finally, it is easy to derive the Lipschitz property (3.1) for & with [/ =
KL 2

Theorems 3.1 and 3.3 apply and yield the following error bounds for the
nonlinear Galerkin scheme:

|u(t) = (Ym(2) + @ (ym(1))?
t t 7
< [(1+KLm)/ e_/; Am(T)der(s)ds_i_i KL2 ’
0

)
m+1 L] A1

lu(2) = (Ym () + @ (ym(2)

Ll/2
m+l

A more involved implicit AIM is given by the resolution of the system

Py + VAP + PnC(p+q) + PuB(0 +4,P+4q) = Puf,
(4.11) vAq! + QmCps + Qm(B(0§, P +4)+ B(p + 4, 1)) =0,

a4l +vAq+QmC(P+q)+ QB0+ 4, P +4) = On/.
According to Devulder and Marion [8], for every p €%, and m large enough,
(4.11) possesses a unique solution (p0 , 4}, q) with p0 € PV, ql € QnV
and g € 0,,By(0, M;). We set g = <I)( ). Then, # = graphdJ is an AIM of
order ¢ = KLmA;,il . The corresponding nonlinear Galerkin method (3.4) is
studied in Devulder and Marion [8], where property (3.6) is checked as well as
convergence results analogous to (4.4), (4.5).

Lastly, property (3.1) holds with / = Klmﬂr/l" . Therefore, by applying The-

orems 3.1 and 3.3, we obtain the following error bounds for the nonlinear
Galerkin methods:

|u(t) — Im(D) + PYm(2))]?

t i
1+ K ) [ el ant0drg (a5 2
/11/2 0 Lm
m+1

4(2) = Ym (1) + P(Ym (1)1
m(T)at KLan
[(1+ - )/ [ Anwdr g ()ds+2] e

m+l

NI
/ [ Anodtg (o ds 2 ff"”.

m+1

KL},
PR

4.4. Remarks on the discretization of the manifolds. The methods (3.4a) or
(3.4b) involve the equation z = @,,,(y) of the manifold. Generally speaking, in
order to compute ®,,,, we need to compute infinitely many Fourier coefficients.
This prevents us from directly using the schemes in real computations. Here
we make some remarks on the discretization of the equation of the manifold.
First we note that from a practical point of view one can mainly use the
schemes in the case of periodic boundary conditions where the eigenfunctions
of the Stokes operator are known. They correspond to the usual Fourier modes.
Then it is easy to check that if p € P,V , one has B(p, p) € Pym)V , for some
a(m) < oo. Consequently, all equations for implicit AIMs in §4.2 turn out
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to be discrete equations. For example, the equation for .#; is an equation in
P,m)V . Therefore, one can replace without any change in (3.4a), (3.4b), @y,
by (Paim) — Pn)®app , where the function a(m) depends on the AIM under
consideration. In particular, the error estimates are the same as above.

For implicit manifolds the situation is less straightforward. However, these
manifolds are constructed using the contraction principle. Therefore, they can
be approximated by simple explicit functions, thanks to the successive approx-
imations procedure and, as above, the approximating equations turn out to be
discrete equations. Estimates of the error in such approximations can be found
in Titi [55, 56].

In the case of general boundary conditions (which is not realistic from a
practical computational point of view, as already noted), the equations of the
manifolds can still be discretized by using N modes, but N must be large
enough so that the error due to this discretization is of the same order as the
error of the nonlinear Galerkin method. For example, for the manifold @° in
(4.9), it is shown in Titi [56] that N must be of the order m3.

APPENDIX. PROOF OF THE LIPSCHITZ PROPERTY FOR THE MANIFOLD ./%_,

Our aim in this appendix is to prove the Lipschitz condition (3.1) for the
nonlinear Galerkin methods presented in Devulder and Marion [8]. For the
sake of simplicity we consider the case C =0.

These methods are associated with the approximate inertial manifolds .#;
constructed in Temam [50], a construction which we will now recall. The mani-
folds are defined recursively; they are obtained as graphs of functions ®; map-
ping P,V into O,V .

The first manifold, g, = ®;(p), satisfies (see §4.2)

(A.1) vAq + OmB(p) = Omf, where B(p)=B(p, p).
Then, g; = ®y(p) is the solution of
(A.2) vAgQ + OmB( + q1) = O/,

where ¢, is given by (A.1). Generally, at step j, for j > 3, g; = ®;(p) is
given by

(A.3) q}_2+vAG+ QmB(p + qj—1) = Qmf.

Here, the q} are approximations of ‘f—g , where ¢ = Q,,u. To define them, we
must introduce two families g/, p}, where the q} approximate in some sense

%} , while the pj’i approximate %’5 , with p = P,u. At the step j, i.e., when

we want to determine ¢; from (A.3) (j > 3), we construct the sequence

(A'4) pj—]—Zi, i=0,"° ,[(J_ 1)/2]a
for increasing values of i, and then the sequence
(A'S) q_;:—Zia l=[(.]+1)/2]9-a1a0a

in decreasing order of i. Of course, at that stage, the similar sequences with
j replaced by k < j — 1 are already defined. For i = 0, we have 17?-1 =p,
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) = g; forall j. And we also set for convenience q(k_l) =gk =0 forall k.
The sequence (A.4) is determined by the following recursive formula:

1 .
l k k j—k i—k
Z (k) P B(D7_ ok + dj— 12 » p}—1+2i—2k + q;l‘—l+2i-—2k)
(A.6)j,,' k=0

. ; P,f fori=0,
+p;'tl3—2i + VAp_;—]—2i = { Om for i>1
which gives explicitly pj".t'_,,_zi for i=0,...,[(j—1)/2]-1. Then the sequence

(A.5) is defined by
qgj—2i = 0 fori= [(]+ 1)/2]:

i
i k k i—k i—k

Z (k) OmB(Dj_1 ok + di-1-2k> P; -1 p2i-2k + 41 12i-2k)

(A.7)j’,' k=0

. . P,f fori=0,
+ q]l'tlz__zi + Vqu"_2i = " .
0 fori>1.

The order of the manifold g; = ®;(p) is given by the estimate (4.8) proved
in Devulder and Marion [8].

Here, we seek to prove the Lipschitz property (3.1) for the .#Z;’s. We first
need the following lemma, which gives in particular estimates on the nonlinear
operator ®; valid in the absorbing ball By (0, M) for (2.2).

Lemma A.1. Let j > 1 and let p € P,By(0, M,). Then, for 1 < k < j, the
families (A.4) and (A.S5) satisfy the following estimates:
() For i=1,...,[(k—1)/2], the term p,_,_,, given by (A.6); ; satisfies

i 1 ai—1/2
(A8).; Ph_y_ail < Kie, M 20 12

where K ; > 0 denotes a constant depending on the data (v, |f|, A1) and on

k, i, while oy ; >0 depends only on k,i.
(ii) For i =[(k+1)/2], ..., 0, the function q._,, given by (A.7); ; satisfies

(A9)k i |Aqli(_2i| < Kllc,iMfk"lliHM

m+1 >
where K, ;20 denotes a constant depending on the data, k and i, while
Bi.i > 0 depends only on k, i.
Proof. This lemma is a variant of Lemma 3.1 in Devulder and Marion [8], and
its proof will be omitted. 0O

We will now show that ®; is Lipschitz continuous. More precisely, we seek
to show that the following estimates hold.

Lemma A.2. Let j> 1 andlet p, p € P,By(0, My). Then, for 1 <k < j,
the families (A.4) and (A.S), defined for p and p, are such that
@ for i=1,...,[(k-1)2],
i~1/2

(A.10) |Pli_1_2i _PAIi—l—zil < Kk,iM:Ik"AmH llp = Bll;
(i) for i=[(k+1)/2],...,0,
(A1), (g} — )| < Ki My 2o - bl
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where K ;, K} ;, denote constants depending on the data, k and i, while
Yk,i» Ok, depend onlyon k and i.

Remark A.3. The inequality (A.11); o together with the spectral inequality
(A.16) give

(A.12) 1®;(p) — ®;(B) < ljllp — Bl forall p, p € PuBy (0, My),
where
(A.13) =K Mo

which is the desired Lipschitz property.

Proof of Lemma A.2. In the sequel, we will need the following properties of the
nonlinear operator B (see Constantin and Foias [5], Temam [47]):

(A.14) |B(u, v)| < cqlu|'?||u)|'/?||v||'/?|4v|"/?> for all u € V and v € D(A),

(A.15) |B(u, v)| < cg|u|'?|Au|'/?||v|| for all u€ D(4) andv € V,
and the spectral estimates
A Ap| < |pll < AY%p|  forall p € P,H,

(A-16) AT 4u) > Jlull > AP u|  for all u € D(4),
A2 Aq) > Nlgll > A2 gl forall g € O H

Let j > 1 be fixed and let p, p € P,By(0, M;). The proof of estimates
(A.10)k,;, (A.11); ; will rely on an induction argumenton k, 1 <k < j.

(a) Initialization of the induction (k = 1). For k = 1, there is nothing to
prove as far as (A.10) is concerned. Next, (A.11) reduces to an estimate for
(49 - ¢9) . But we have

and therefore
v|A(g? - a0)| < |B(p —p. p)|+ BB, p - D)l
Hence, using (A.15) and (A.16), we get

. 2cg A4
|A(q? — )| < = ” li”/“MII pll,

so that (A.11); o holds.

(b) The induction argument. We now assume that estimates (A.10), ; and
(A.11)x; have been proved up to level kK — 1, and we seek to prove them at
level k.

Following the determination of the families (A.4) and (A.5), we will first
prove (A.10); ; for increasing values of i, and then for (A.11); ; by induction
on [ for decreasing values of i.

(b.1) Proof of (A.10); ;. For i = 1, (A.10), ; is an estimate for
(pi_3 —P}_;). But we have

(Dh_3—DE_3) =vAD —p) + Pu(BBH+30_ ) —Bp+4)_))).
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Hence,

IPi_3—Pi_sl SvIAB —p)|+ BB —P+4d_, —aP_,, P +a)_))l
+|B(p + q/?_l ,P—D+ q/?_l - (i;?_l)l

Using Lemma A.1 and the same techniques as in Devulder and Marion [8], one
can then prove (A.10); . The details are left to the reader.

Next, assuming that estimate (A.10), ; has been proved up to level i
(i > 1), we want to prove it at level i + 1. But we have

P1i+_13_2,~ —ﬁlitlg,_zi = VA(ﬁli—l—Zi _pli—l—Zi)

i .
i . i i

+ (1) OmB (S 1y + dk—1-21 = De—1-21 P/'c-ll-zi+21 + qllc—ll—2i+21)

=0

i

i I I i1 i1
+ (1) OmB(Pic_1—21 + D—1-21> O 1 _nigor T A1 _ivar) s
=0

where J), = (p., — p!,) and AL, = (g, — g},). All the terms in the right-hand
side can be estimated as in Devulder and Marion [8], by using Lemma A.1,
(A.10)i,; for 1</ <i,and (A.11),_; ; for 0</<i.

(b.2) Proof of (A.11)y ;. For i = [(k + 1)/2], the inequality (A.11); ; is
obvious, since g;_,; = §i_,; = 0. Assuming now that (A.11); ; has been
proved for j =[(k+1)/2],...,i+ 1, we can prove it at level i asin (b.1). O
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