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PARABOLIC APPROXIMATIONS
OF THE CONVECTION-DIFFUSION EQUATION

J. P. LOHEAC, F. NATAF, AND M. SCHATZMAN

ABSTRACT. We propose an approximation of the convection-diffusion operator
which consists in the product of two parabolic operators. This approximation
is much easier to solve than the full convection-diffusion equation, which is
elliptic in space. We prove that this approximation is of order three in the
viscosity and that the classical parabolic approximation is of order one in the
viscosity. Numerical examples are given to demonstrate the effectiveness of our
new approximation.

1. INTRODUCTION

The purpose of this paper is to develop an approximation of the steady
convection-diffusion equation (1.1) which consists in paraxial (or parabolic)
equations (i.e., equations which are evolution equations in the direction x),

Fw=ax, 2y Ofwu O\ _ . Goy<L. yeR
- ’ y a X a x2 8y2 - B = = ’ y s

(1.1.a) a(x,y)>ay>0,

u(0,y)=U(y) atx=0
with an open boundary condition at x = L of the form

G2, 0% _
ax  0yr

and the requirement that # be bounded at infinity (in ).

Equation (1.1) models, for instance, the concentration of a pollutant or a col-
orant in natural environmental flows (see, for instance, [2]). When the viscosity
v is small, a classical parabolic approximation to (1.1) is made by neglecting
the diffusion in the direction of the flow with respect to the transport term (see,
for instance, [1, 9-11]). We have (p stands for parabolic)

(1.1.b)

_ ou,  0%u,
Z5(up) = a(x, J’)W ~V

up(0,y)=Up(y) atx=0.

=f, 0<x<L, yeR,

(1.2)
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The main numerical advantage of (1.2) is that it can be solved faster and de-
mands less computer memory than (1.1). Indeed, problem (1.1) is elliptic in
space, while problem (1.2) is elliptic only in the direction y .

Let us describe formally the error u, —u. We make an asymptotic expansion
of the form

u=ug+vuy +viup+--- and up = Uy + vy +V2Up + -,

which we introduce respectively in (1.1) and (1.2). We set equal to zero the
terms of each order in v . At order zero we have

Oug 8upo
ags =f and a =1,
and hence u,( is equal to u:
f(s y

uo(x,y) = upo(x, y)

At order one the terms are different, since we have

Gt [ 8 (0 oo (D)

8up1 _d*U, 92 (f
oSt - C20+ [ o (L) samas.

Thus, in the general case the error seems to be of order 1 in the viscosity v .

The goal of this paper is to introduce an approximation of (1.1) of order 3 in
v which is almost as easy to solve as (1.2). It generalizes the case f = 0 and the
case where the velocity a depends only on y, which has been considered in [7,
8]. In §2 we derive the form of the approximation in the case of constant a. We
are able to approximately factor the operator ad, —vA as a product of operators
—v(0x — AT)(8x — A7), where A} (resp. A[) is a positive (resp. negative)
differential operator in the y-direction. The exact form of this approximation
is

8 a v 9? a v 9?2
(1.3) (55 +2a) (5;‘5372) “=1
and is of order 3 with respect to v. When a is not constant, this form yields
an error of order 2. To increase the order of the error, we replace (1.3) by

8 a v d? o v 9?2

(1.4) V(ax ;+56_yz) (8x a8y2>up_f’

where o is to be determined. From the mathematical point of view, factoring
partial differential operators is a well-known technique in the theory of pseudo-
differential operators. However, we use this idea in a somewhat unusual fashion
here, since we are interested in global estimates and we consider singular per-
turbation. Equation (1.4) can be numerically solved by a double sweep over the
computational domain. Solving (1.4) costs only twice as much as solving (1.2)
and is much less costly than solving (1.1). The paper is organized as follows:
in §2, (1.4) is introduced and « is “optimized” with the aid of an asymptotic
development. In §3, we consider the well-posedness of (1.4) and we prove that

and
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the L2-norm of the difference between the solutions of (1.1) and (1.4) is of
order 3 in v and that the difference between the solutions of (1.1) and (1.2) is
of order 1 as mentioned. In §4, we present numerical results.

2. DESIGN OF THE APPROXIMATE OPERATOR

2.1. Form of the approximate operator. We denote by k the dual variable
of y for the Fourier transform in y and by A the dual variable of x for the
Laplace transform in x.

The case when a is a positive constant can be treated by performing a Fourier
transform in y and a Laplace transform in x . The convection-diffusion oper-
ator is transformed to

(2.1) P(A, k) =ar—vi+vk?.
The zeros of this polynomial are

24,2
x+(k)=§";(1+\/1+4’;2”)20,

_ a 4k2p?
A (k)_z—y(l_ 1+ 72 )SO.
Let At and A~ be the pseudodifferential operators in y of respective symbols
At and A~ . We have the exact factorization

(2.3) L =—vLTL,

where £+ =08, — At and ¥~ = 9, — A~ . Problem (1.1) can now easily be
solved with the following boundary conditions:

u(0,y)=Uy(y) and Z~(u)(L,y)=0.

This boundary condition is an exact open boundary condition, see [3]. We intro-
duce w(x, y) =-"(u), so that solving the elliptic problem (1.1) is equivalent
to solving two successive parabolic problems in the x direction (one in the
direction of negative x and the other in the direction of positive x):

(2.2)

Lt (w) = —5 and w(L,y)=0, and then

&L~ (u) =w and u(0, y) = Up(y).
As the operators At and A~ are pseudodifferential, they are difficult to use in
a numerical computation except if spectral methods are used. Even worse, they
are very difficult to generalize to the case of nonconstant coefficients. To use
only differential operators, A* and A~ are approximated for small v by

2 2
}.‘2/1,‘(k)=—i and l+glf(k)=g+£,
a v a

(2.4)

Equality (2.3) becomes

F=vH L -,
where Z* has for symbol (8y — AE(k)) and Z is an error term with symbol
’;74 . When a depends on x and y, we let

o a(x,y) v 0?2 __ 0 v 0?2
dx v +a(x,y)8y2 and T ax  a(x,y)oyr’

(2.5) Zt =
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Then we have
L =—v L L - vIF - iR,
where
19 1 9 L\ 82
26 2= (aman) ™ A= (i) 5

Thus, if we replace the operator . by its approximate factorization —v.Z*.%]~
and consider the following approximate problem:

VA L (up) = f
up(0,y)=Up(y) and L (4,)=0 atx=0L,

we may expect the difference between u and u, tobe O(v?). When a depends
only on y, the error term %, is zero and the difference between the solutions
of (2.7) and (1.1) is a priori of order v3. In the next subsection, we design an
approximate problem which yields an error still of O(v3) when a depends on
X, as in the constant a case.

(2.7)

2.2. Construction of a more precise approximate operator. We introduce a new
function o to be determined, and we define a new approximation

8 a v 92 a v 9?
28) v (a—x‘;+aw) (a‘aw) “=1
up(oay)=U0(y) atx=0,
(2.9) ou, 0%u,
QW—Vayz =0 at x =L

and u, bounded at infinity (in y). We consider now problem (1.1) with the
following boundary condition:

. ou  d%u
(2.9.bis) aa_x"”a_ﬁ_o atx=1L.

We shall look for an a(x, y, v) so that the error e = u —u, is in v3 and the
problem (2.8)-(2.9) is well posed. Let us first remark that we have

ou, %u, 0%u,
“ox 7 ( ax2 = 0y?

1 a—al d%u, v3 9% (10%u
2 - p A p —
T [ax(a)+ va ] 9y @ ay? (a 8y2) /-
To begin with, we write a formal asymptotic expansion of the solutions of (1.1)
and (2.8) in the form

(2.10)

u=ug+vuy +vius+--- and  u, = Upg + Vip1 + VU + - .
We wish to choose « such that
1 1 1 al
(2.11) g(X,yaV)—;[3x<a)+;—;a}

is uniformly bounded, independently of v . Possible choices are

(2.12) a=a+u%’£
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or

(2.13) a=a

Moreover, we require o > 0. This is automatically satisfied for small v for
either choice (2.12), (2.13). From a numerical point of view, it may be inter-
esting to switch between these two expressions according to the sign of a, : this
guarantees that o will be positive for all v at the expense of a loss of regularity.

The results of the identification in the asymptotic expansions are as follows:

06;;0 =/, %=f;

aaaux"1 = Auy, a% = Auy;

a%%’;—z = Auy, a% =Auy;

aaau)’? = Aup, a%l:% = Au,.
o (25).

Here, go(x,y) =g(x,y,0) and ap(x,y)=a(x,y,0)=a(x,y).

Remark. We now relate the value of a given by our procedure to previous
results. For the time-dependent convection-diffusion equation with constant
coeflicients,

ou ou

E+aﬁ-—yAu=0,

Halpern [3] has given the following infinite family of open boundary condition
operators: (;’,97+a%)" . The case n = 1 corresponds to the Euler approximation
of (1.1). If a depends on x and y, n =2, and we reduce our problem to the
stationary case, the open boundary operator becomes
0l a2
Yox  Tox:’
Multiplying (2.14) by —% and subtracting ., we get
ax\ 0 92
(a+1/—a—) 536-—1/@ =0,

which corresponds to the choice (2.12) of «. For a justification, see [6].

(2.14)

3. ERROR ESTIMATES
It is first necessary to consider the well-posedness of the different problems.

3.1. Well-posedness of the approximate problem. We make the following
strong assumptions:

a belongs to W-°°((0, L) x R) and there exists gy > 0 such that

1
(3.1 a>ap>0; f belongs to H*((0, L) x R) and U to C°(R).
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For v small enough, there exists a(x, y, v) such that:

a belongs to W*->*°((0, L) x R),

(32) there exists ap > 0 independent of v such that a > oy > 0,
' for each integer k, a is uniformly bounded in W*-=((0, L) x R),

g defined by (2.11) is uniformly bounded in L*.

Problem (2.8)-(2.9) can be decomposed in two parabolic problems in the x-
direction,
( 8 a v d?
bl 4

and

2
(Z-225)uw=w. w05 = 0.
For v small enough, both problems are well posed since they are uniformly
parabolic for sufficiently small v (see, for instance, [4, 5]), and we have for each
problem a unique solution in H*((0, L) x R). As for problem (1.1)-(2.9.bis),
it is easy to see that for classical solutions the maximum principle holds and
it is thus natural to suppose that there is a unique solution to (1.1)-(2.9.bis) in
H>((0, L)xR).

3.1. Majorations. We set e = u — u,. By subtracting (2.10) from (1.1) we
can see that the error e satisfies

ag_y _8_%4_& _V2 6 l +a_a _azup
dx ox2 " ayr) “\a va | 8y?

v} 82 (18%,
3.3) o (a5t)
de 0%e
e(O,y) O, ag—x‘—l/-a——yz-—o atx=1L.

Under assumption (2.11) we obtain

V2 [8x (é) +a—a} =v3g(x,y,v).

rva

The main result of this section is:

Theorem 3.1. Assume (3.1) and (3.2) and denote by u the solution of (1.1)-
(2.9.bis) and by u, the solution of (2.8)-(2.9). Then there exists vy > 0 such
that for 0 < v < vy there exists M, > 0 independent of v such that (e = u—up)

([ L))" v
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The order in v of the error estimate is the same as when a is constant or
depends only on y (see [7, 8]).
For the proof of the theorem we shall need five intermediate lemmas.

Lemma 3.2. Let e belong to H*((0, L) x R) and satisfy £ (e) = z(x,y,v) €
L*((0, L)xR), e(0,y)=0, and ag—§ - Vg—i‘} =0 at x = L. Then there exists
vg > 0 such that e for any 0 < v < vy satisfies the following estimate:

FlEey
+§2((§%) +(%) +2(8x6y)) //

Proof. We square .Z(e) = z, divide it by a, and then integrate by parts over
the vertical strip. We obtain

[ bty o (e [ 052
dx 8y2 a \0x? ax2 \dx ady?
_//a_£2+”_3_2‘? +V_(?_2_€)

“Jo Jr a \9y? a \9x?
de de v d?e
*”/R(w) oy [ [ 55 (55 - 555)

We now rewrite the last integral:

_2"/ /g: (8x Zg_j:)
<o [ (5o (558)) v [ (55)
(] ()50
= [ (5%) e [ () @2 [ e (3) 5
o [ e L (5) (- |
=[G [ e (D) e [ ()
+2V//8x8y ()gi
LG e L () ()

(3.4)
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Finally, we get the following equality:
L 2
[ (e
0 rRAa ox
S fa(ZE) L (Be) 2 (Le) a2 (e )
“Jo 0y? a \0x? a \0x0y
de e
+V/ (—) i // ()6y2
de de\a—a
+2w / /8x8y <_)5§_2 :L(535> va
+V/ (%) +1// (ﬁ)
x=L 6y x=0 Ox

With the hypothesis on a and «, the ratio £2 is uniformly bounded in v

va

and the last integral of the second line can be controlled by the last integral of
the first line for small . Moreover, by using the inequality &n < (&2 + n?),
we can control the other integrals of the second line, and there exists vy > 0
such that for vy >v >0,

LLbgwy
(L) 2 0

and we get (3.4). O

82 \> w2 [ 8% \’
() +2% (555) )
o0x a \0x09y

To end the proof of Theorem 3.1, we need to estimate the right-hand side of
equation (3.3). Let us introduce w defined by

V(a £+l/82 w=f.
0x v ady?

We first have to estimate the auxiliary unknown w and its derivative with
respect to y. The equation for w corresponds to a parabolic problem in the
direction of negative x . We shall use

Lemma 3.3. Let B(x,y,v) and y(x,y,v) belongto W>->([0, L] xR) and
have derivates of any order uniformly bounded with respect to v. Let q(x,y, V)
be in L>((0, L), L*(R)) for any v in (0, vy). Assume that there exists a
constant C independent of v such that

12
(/qz(x,y,u)dy) <C foranyvin (0, vy) and x in (0, L).
R

For v in (0, vy), let p satisfy

d a v o? 9
_ v e _ e
V(ax V+a8y2+yﬂ +I/}')p q, 0<x<L, yeR,

p(L,y)=0.
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Then, under assumptions (3.1) and (3.2), for v small enough, we have the fol-
lowing estimate:
2 ac
(/PZ(X,y)dy) <~ foranyxin(0,L).
R 0

Proof. Observe first that this result seems natural, since as v tends to zero we
have formally ap = ¢q . It is useful to make the change of variables x — L —x .
The equation becomes, with the same notations,

(6 a v 9?2
v

0
L _yf— - = <x<L
+1/ 5 — VB Vy)p q, 0<x<L, yeR,

p(0,y)=0.
Multiply the equation by p and integrate by parts over R,

v2op v? 9 1_2)2
dx2/”+/( 75'7@() VTP

1 (0p\*
+V2/_(_) =/qp)
rRQ \9y R
so that we have for v small enough

s et (L) ([2)"
e = ( [ e, y>dy)”2 .

VA icc.
dx 2
By Gronwall’s lemma we obtain

Let

We then have

which enables us to conclude the proof. O

With Lemma 3.3, it is easy to establish Lemma 3.4 below. Recall that w is
defined by

8 a vor

Lemma 3.4. Assume (3.1) and (3.2); then for v small enough, w satisfies the
following estimate:

ai—w 2 1/2
(/n<6yf) ""YW) <G Sup 16, e

foranyxm (0,L)andi=0,1,...,4,
with C; independent of v .
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Proof. For i =0, this reduces to Lemma 3.3. Suppose the assertion is true for
some > 0. Differentiating i+ 1 times with respect to y the equation satisfied
by w, we get

_V(a _a v (z+1)6 1NO L ii+1) 92 (1)) w
Ox v a8y2 oy oy 2 0y?\a oyi+!

6l+1f 8w
= oynT +Zﬂ1 XY, )ayj ’
ot lw
W(L’ y)=0,

where the functions f; are uniformly bounded. To complete the proof, it
suffices to apply Lemma 3.3 with

=+ (). r=giirngs ().

aitlf 8w
q 6y,+1+2ﬂjx y’ )6y1

and

We now consider the parabolic equation in the direction of positive x. We
will prove two lemmas.

Lemma 3.5. Let po(y) belong to L*(R), and let f(x,y,v) and y(x,y,v)
belong to W>->([0, L]1xR) and have derivates of any order uniformly bounded
with respect to v. Let q(x,y,v) be in L>((0, L), L*(R)) for any v in
(0, vy). Assume that there exists a constant C independent of v such that

12
(/ g (x,y, u)dy) <C foranyvin (0, v) and x in (0, L).
R
For v in (0, wy), let p satisfy

o v 0? o)

= = <x<

(8x a6y2+yﬁ +uy)p q, 0<x<L,yeR,
p(0,y)=po(y)-

Then, under assumptions (3.1) and (3.2), for v small enough, there exists K
independent of v such that we have the following estimate:

(/sz(x,y)dy)l/zS (/ - )dy)l zeVoKL+ OCK(eyOKL—l)'

Proof. As in Lemma 3.3, we multiply by p, integrate by parts, and get

dvh _ vKvVh < C,
dx

where

b = [0 dy and K =sw{|30, (1)]+[50.0)] i}
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Thanks to Gronwall’s lemma we obtain

(/Rm(x,y)dy)l/zS (/Rpg(y)dy) 1/2 ovKx VCI;(equ_ 1.

Since 0 < x < L and the functions e* and (e*—1)/x are increasing, the proof
of the estimate of Lemma 3.5 is complete. O

We can now estimate the derivatives with respect to v of the solution to
problem (2.8)—(2.9).

Lemma 3.6. Assume (3.1) and (3.2); then for v small enough, there exist con-
stants C; independent of v such that

. 1/2
0'u?
(/Ra—yil(x,y)dy> <C; foranyxin(0,L)andi=0,1,...,4,

with C; independent of v .

Proof. With the help of Lemmas 3.4 and 3.5, the proof is very similar to the
one of Lemma 3.4, and is omitted here. O

To finish the proof of Theorem 3.1, we apply Lemma 3.2 with z equal to
the right-hand side of (3.3), and then Lemma 3.6 to problem (2.8)-(2.9).

3.2. Lower bounds. In this subsection, we shall prove that the difference be-
tween the solution of the convection-diffusion equation (1.1) and the solution
of (1.2) is of order one in the viscosity, for » small enough, when 8,(f/a) is
different from zero. We rewrite both equations:

Fw=ax, 2y (@ﬂz—“) _ 7,

0x dx?  0y?
0<x<L, yeR, a(x,y)>a0 >0,
ou  d%u
u(0, y) = Uy(y) and aps~ 1/5?—0
and
v 9%
V—s = <x<

v(0,y) = Us(y).
For this purpose, we set up, as in §1, an asymptotic expansion of the form
Uu=uy+vu+--- and v=vo+vovy+---.

At order zero, we get

Y f(s, )
0 a(s’y)d

uo(x, y) =vo(x, y) = U(y) +

b

and at order one,

8u1_d2U0 f 0 <j_‘>
8x dy? +/0 (E) 4 ds+6x a (x> 7),
u1(0,y) =
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dv, _ d*U, *or(f -
oTe =G0+ [ gy (5) ends. mon=o.

We now write the difference ¥ — v in the form

and

u—-v={u—-ug—vu} —{v-—vo—vv}+v(u —vp)

(we used the equality of u#p and vy). We can estimate the terms inside the
curly brackets with the help of Lemmas 3.2 and 3.5. Indeed, v — vg — vv; = v,

satisfies
v, 0%, _ ,0%

ax 7 ay?r v ay?”’
and u — uy — vu; = u, satisfies

ou, ?u, 0.\ _

a(x,y) Ix v <W+ y? =v°Au, .

By Lemma 3.2 for ., and by Lemma 3.5 for v., we know that for v small
enough there exist M, and M, (independent of v) such that
6ue 61)9
ox ox

where || - || denotes the L? norm in L?((0, L) x R). Finally,
o~ 1o (1)
0x adx \a

Thus, for v small enough, since dx(f/a) is different from zero, we have
vl 5 2|12 (1)
0x adx \al/|’

4. NUMERICAL EXPERIMENTS

In this section we consider a convection-diffusion problem in Q = (0, 1) x
(0, 1) (see Figure 1). We denote:

F0={O}x(0,1), rl={1}x(031), l"2=(0,1)><{0,1}

a(x, y)

<viM, and <viM,,

> —1/2Mu —vIM, +v

>Y
-2

y lr
1 I2
To Q 0
0 I, 1 X

FiGure 1. Computational domain
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The convection-diffusion problem is:
auy, —vAu=f inQ,

(@1 U= up onIy,
auy —vu,, =0 onIy,
u, =0 onl;.

Starting from a given solution, i, of (4.1), we deduce f and u,. We
compare # with the numerical solutions of the parabolized approximations to
(4.1). These are:

1. “Single-sweep”:

ux—zuyy=z in Q,
4.2) a 4
(4. U= up on Iy,
u, =0 onl;.

2. “Double-sweep”:

a v f .
—Ux+ =V — =V, == inQ
Ty a” v ’

v=0 onl,
v, =0 on I
followed by
ux—%uyy='v in Q,
(4.3) U= on Iy,
uy, =0 onl;.

3. “Optimized double-sweep”:

a v f .
—Vx + SU- Evyy =5 Q,
v=0 only,
’Uy = O on rz
(4.4) followed by
v .
U = —Uyy =0 in Q,
u=ug on Iy,
uy, =0 onl;,.
Here, « is a function which satisfies (2.11). When replacing (4.1) by (4.2) or
(4.3) or (4.4), we introduce a theoretical error which is O(v), O(v?), O(v?),

respectively. We are going to verify these estimates in numerical experiments.
We choose a and @ such that

(i) a depends on x only;
(i) @(x,y) =#(x)cosmy.
With these assumptions, we can write

f(x,y) = fi(x)cosmy,
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and we have, in (4.2), (4.3), and (4.4),
u(x,y)=ui(x)costy and wv(x,y)=wvi(x)cosmy.

Furthermore, the function «, in “optimized double-sweep”, depends on x
only. Now, we may replace (4.2), (4.3), (4.4) respectively by the following
ordinary differential equations:

1. “Single-sweep”:

2
, L vt f
(4.5) { u1+7u1 = in (0, 1),

2. “Double-sweep”:

2
{—q+(f+ﬂly“=éianL

(4.6) followed by

2
{M+%wﬁmimmm
u1(0) =up.

3. “Optimized double-sweep”:

VN C O A
4.7) { v1+(1/+ 5 )vl_ in (0, 1),
’Ul(l)=0
followed by
2
P
(4.8) {u1+ S uy=v; in (0, 1),
u1(0)=u0.

Numerical solutions are computed by using a Crank-Nicolson scheme. It is
well known that this scheme is of second order and is unconditionally stable.
In numerical experiments we choose the mesh width 42 = 10~*, so that the
discretization error is negligible.

For the function « which appears in (4.8), we propose two choices:

1. First choice:
al
a=a+v; ifa >0,
(4.9) 1
LY ]
a=a = ifa <0.
1—1/35

2. Second choice: o 1is such that

(é)l—a<é)+%=0 in (0, 1),

(4.10)
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10 1 8  single sweep
A Oa=a
ofx 3 =« given by (4.9)
|
1 o, O « given by (4.10)
‘A B g
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FIGURE 2. Log of the error as a function of the log of the
viscosity for the first example

In this case, we compute ( é) by using a Crank-Nicolson scheme. (In fact,
we chose g =0 in (2.11).)

If we denote by e the difference between the exact solution # of (4.1) and
the solution of (4.2), (4.3), or (4.4), we define by analogy to Theorem 3.1:

a
N(ex) = /Q ilexlz'

We have performed many numerical experiments. In every case, we obtained
results which are very similar to the results given here. We plot log(N(ey)) as
a function of —logv .

1. First example. Here we have chosen

i(x) = (x — 1)?

and
a(x) = $(3 —cos 50(x — 1)).

We can see in Figure 2 that the error N(ey) is O(v) for the “single-sweep”,
O(v?) for the “double-sweep”, and O(v3) for the “optimized double-sweep”.
The choice (4.10) of « is better than (4.9).

2. Second example. Here we have

ax)=(x-1)2+va’(x-1)-1

and
ax)=1+x(1-x).

When 0 < —logr < 8, we can see in Figure 3 (next page) results which are
similar to the previous ones. For larger values of —logv (or smaller values
of v) we can observe that the choice (4.10) of « is clearly better than (4.9).
We can explain this by the following remark: for the choice (4.10) of «, the
conditions along I'; in (4.1) and (4.7) are similar because a(1) = a(1). This
is not the case for (4.9), and we are not in the conditions of Theorem 3.1.
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FIGURE 3. Log of the error as a function of the log of the
viscosity for the second example
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