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STABILITY OF THE DISCRETIZED PANTOGRAPH
DIFFERENTIAL EQUATION

MARTIN BUHMANN AND ARIEH ISERLES

ABSTRACT. In this paper we study discretizations of the general pantograph
equation
Y'(t) = ay(t) + by(6()) +cy'(6(t)), >0,  y(0)=yo,

where a, b, c,and y, are complex numbers and where 6§ and ¢ are strictly
increasing functions on the nonnegative reals with 6(0) = ¢(0) =0 and 0(¢) <
t, ¢(t) <t for positive ¢. Our purpose is an analysis of the stability of the
numerical solution with trapezoidal rule discretizations, and we will identify
conditions on a, b, ¢ and the stepsize which imply that the solution sequence
{yn}2, is bounded or that it tends to zero algebraically, as a negative power
of n.

1. INTRODUCTION

In this article we shall consider, in the most general form, the generalized
pantograph equation

(1.1) Y'(t) = ay(t) + by(0(1)) + cy'(#(1)), t>0,  y(0)=yo,

where a, b, ¢, and y; are complex and where 8 and ¢ are sufficiently smooth
“delay” functions on the nonnegative reals which increase strictly monotonically
and satisfy 6(0) = ¢(0) = 0 and 6(¢) < ¢, ¢(t) < t for positive ¢. Thus,
(1.1) is a differential equation which couples function values and derivatives on
distinct time levels. When ¢ vanishes, (1.1) is called a delay equation and the
term cy’(¢(t)) is called the “neutral” term. Our principal focus in this paper is
the case of proportional delays 6(¢) = g¢ and ¢(¢) = pt, where ¢ and p are
between 0 and 1. The equation (1.1) can also be considered for vector-valued
y and matrices a, b, ¢, but we will dispense with this generalization here.

There are many applications for the generalized pantograph equation. Here
we only mention applications in number theory (Mabhler [15]), in electrodynam-
ics (Fox et al. [9]) and the collection of current by the pantograph of an electric
locomotive (whence its name; cf. Ockendon and Tayler [18]), and in nonlinear
dynamical systems (Derfel [6]). A more comprehensive list features in Iserles
[12].

Delay differential equations with constant delays, i.e., ¢ =0 and 6(¢) = t—7,
where one also prescribes y’s values on (-7, 0), have been investigated exten-
sively in the past (see, for instance, Bellman and Cooke [1, 2] and Hale [10]).
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However, the analysis of stability of the analytic solution and the numerical
solution of a discretized form of (1.1) when the neutral term is present and
0(t) = qt and ¢(¢) = pt (or even with more general forms of § and ¢) has
only recently come of age. We mention the paper by the second author [12]
concerning the stability of the analytic solution of (1.1), two articles by the au-
thors [3, 4] about the stability of numerical solutions when 6(¢) = ¢(¢) = L™'¢,
where L > 1 is an integer, and the reader is referred, for further contributions
to the subject, to Carr and Dyson [5], Fox et al. [9], Feldstein and Jackiewicz
[8], Katc and McLeod [14], and to Morris, Feldstein, and Bowen [17] for other
special cases of (1.1). Stability analysis of the exact solution of (1.1) is the
theme of two forthcoming papers, Feldstein et al. [7] and Iserles and Terjéki
[13].

In the present paper we shall provide sufficient conditions on a, b, ¢, and
the stepsize 4 so that the solution of (1.1), when discretized according to the
trapezoidal rule (there will also be a generalization of this approach in our last
section), is bounded or majorized by a sequence that decreases algebraically.
When deriving discretizations for differential equations with delay terms it is
usual to find values of y(6(¢)) and y(¢4(¢)) at gridpoints by polynomial inter-
polation (Meinardus and Niirnberger [16]) unless 6(¢) and ¢(¢) happen to be
on the grid themselves. This will be an essential ingredient to our approach
too. We will study conditions that admit the solution of a trapezoidal rule dis-
cretization to be bounded or algebraically decreasing first, and we will identify
conditions for these two properties to hold for general § and ¢ and for the
case of two proportional delays () = gt and ¢(t) = pt, respectively. These
are our topics in the following and in the third section. In the fourth section
we will give conditions such that the solution vector of a general nonstationary
recurrence relation, the trapezoidal rule being a special case thereof, is bounded.
The case of proportional delays only will be covered in that part of our work.

2. BOUNDEDNESS FOR GENERAL MONOTONE DELAYS

In this section we will derive conditions which imply that the solution se-
quence of a discretization of (1.1) is bounded. These conditions will depend
on a, b, c, the stepsize h and the size of the derivatives of 8 and ¢ and
their inverses. In order to facilitate the presentation of our results, we deal with
the case ¢ = 0, i.e., the “pure delay” case; first. Therefore, suppose that 6 is
a differentiable, strictly monotonically increasing function on the nonnegative
reals such that §(0) =0 and 6(¢) < ¢ forall ¢ >0, and define y :=6~!. Our
present aim is to establish a framework to extend the trapezoidal rule approxi-
mation to the solution of (1.1). In order to identify the recurrence relation for
our discretization, we integrate (1.1) and obtain

¢ o)
@1 Y0 =yo+a /0 y(t)dr+b /0 v (t)y(2)dt.
This implies that, for all nonnegative integers 7,
(n+1)h O((n+1)h)
(22)  y((n+ Dh) = p(nk) +a / y(x)dt +b W' (1)y(x) d.
nh O(nh)

Let y, denote our approximation to y(nh) for a given stepsize 4. We dis-
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cretize the first integral in (2.2) with the trapezoidal rule, viz.,

(n+1)h

(23) [ vode 3+ ).
n

It requires more effort to provide a trapezoidal rule approximation of the second

integral in (2.2) as a linear combination of yjg(nn)/a; and Yig(nny/my+j, for some

positive j, . In order that the recurrence relation becomes explicit for large »,

we always require that

(2.4) [6(nh)/h)+ jn<n+1,

except for n = 0, when j, = 1, and perhaps for a further finite number of »’s.
In those instances we allow equality instead of the inequality in (2.4). We label
the n»’s for which (2.4) is an equality as n; (=0) < n; <--- < ny. We note
that (2.4) can always be achieved for n > 0, since 6(¢) <t for positive ¢. Our
strategy is to find the values of y at the endpoints 6(nk) and 6((n + 1)h) of
the range of integration of the second integral in (2.2) by linear interpolation.
Hence, it is desirable to have h[6(nh)/h]+ j,h as near as possible to 8((n+1)h)
without violating (2.4). Since the choice of j, clearly depends on 6, we leave
it open how to choose it for general 6, bearing in mind that j, = 1 is always
possible. We obtain

0((n+1)h)
(2.5) /0 - V' (0y(1)dT = Buyig,) + anVis, i), »
where we define
(2.6) On = 0(nh), On:= 97

and
Qp = jn-l(enﬂ - en)(%('///(en)én + '/’I(0n+l)én+1)
- %(V/I(en) + '/’l(en+l))[én]) >0,
Brn = (Ons1 = 02)(3(W'(6n) + W' (6n41))(1 + J7 '[0n])
- '2’}7('//(071)5'1 + '//l(en+l)0~n+l)) .

We obtain the recurrence

(2.7) VYn+1 = Ryn + S(,Bny[é”] + any[én]+jn) )
where R and S are the quantities
1+ Lha b
2.8 = 2 and S=-——.
(2:8) 1—1ha 1—tha

In order that (2.7) always has a nontrivial solution, we require that S # a; !
for j=1,2,...,J. We obtain the following result.

Theorem 1. If we denote w = sup,cz, (an + |Bnl), then {yn}2, is a bounded
sequence if |R| + w|S| < 1. Moreover, the bound

(2.9) @ < A6 oo ¥ lloo(1 + 116" lloo)
is true provided that (|6l and ||| are finite.
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Proof. Except for (2.9), the assertion of the theorem immediately follows from
(2.7) and from the definition of @w. So we only need to prove (2.9) in order
to establish this theorem. Because of 6’s monotonicity and the mean value
theorem, it is true that

(2.10) 0<6py1 — 60, <h|6]lco-
We may now obtain a bound on @ as follows. Employing (2.10), we have

an S hl0 loohn,  1Bnl < AIO'llool 3 (¥ (On) + ¥/ (Bns1)) = Anl s

where
An = J GV (60)0n + W' (Bn1)Bni1) — $(W'(6n) + ¥ (6ns1))16)) ,
which is positive. We deduce that
an + | Bnl < hll6'llo max(ly’lloo , 124n = 39" (6n) = 3% (Bns1)]) -

Furthermore, using the fact that |0 —([0,,]+ Jn /2)[ < Jn /2 for positive integers
Jn » We see that the second expression in the maximum is at most

Q211 (W lloo + i W' (0n41) 81 = ¥/ (Br1)0n] < ¥ lloo(1 + [16']loo) »

because of the bound (2.10). Hence, we obtain the bound (2.9) for w as
required. O

In view of the left-hand side of (2.11), the influence of the choice of the j,’s
may be reflected in the bound on @ by replacing (2.9) by

< h[l0'llo (llw'lloo + sup [j;‘lw’(9n+1)| sup l9’(t)l]) :
n>0 te€[nh, (n+1)h]

Corollary 2. The solution sequence of (2.7) is bounded if

—2Rea
2.12 bl 10|l oo o1 +10'l0o) < .
(2:12) I I el e+ 16'o) < e

Proof. We need to show that |R| + w|S| < 1 under the condition (2.12). Sub-
stituting the values for R and S from (2.8) shows that we need to require

(2.13) w|b| < |1 — tha| - |1+ thal.
Multiplication of both sides of (2.13) with

|1 — Lha|+ |1+ Lha|
and employing (2.9) yields (2.12). O

We shall see later (Theorem 6 in §3) that (2.9) gives a bound which is optimal
for the case 6(¢) = gt and irrational g, whereas it can be slightly improved for
0(t) = gt and rational q.

We continue the analysis by taking the neutral term into consideration. Now
let ¢ also be a strictly monotonically increasing function on the nonnegative
reals with ¢(0) =0 and ¢(¢) < ¢t for positive ¢. Let ¢ be twice differentiable,
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and denote { := ¢~!. We now integrate (1.1) and employ integration by parts
to obtain

t o(t)
W) =yo+a /O y(r)yde+b /O W' (1)y(2) d1

(1)
e {y(¢(t))£’(¢(t)) — ol/(0) - /0 0y () dz} .
This implies that
(n+1)h 0((n+1)h)
Y(n + 1)h) = y(nh) +a /h Y1) dt+b /0( . VEyede
+ep(@((n + DI (B((n + 1)h)) — cy($(nh))T ($(nh)

¢((n+1)h)
.y / "()y(t)de.
@(nh)

We have to supply a trapezoidal rule approximation of the third integral as a
linear combination of yiynny/n; and Yig(nn)/nj+k, for some k, > 1, where

(2.14) [¢(nh)/h)+ kn <n+1,

except for n =0 (when ky = 1) and perhaps for a further finite number of n’s.
Again, we then replace the strict inequality by equality in (2.14). We define the
set {A, A1y, ..., Aix} as the set of indices n where (2.14) holds as an equality,
fiy being 0. The integral is dealt with in the same way as in (2.5), and linear
interpolation will also be used to approximate the fourth and fifth terms on the
right-hand side. As a result, the expression

6((n+1)h)
/0 "(D)y(t)dt — y(@((n + DA ($((n + 1)h)

(2.15) (nh)
+y(6(nh))¢' ($(nh))

is approximated by
(2.16) Br¥ig,) + Gn¥ig ik,

where ¢, and $. are defined in a way analogous to the definitions of 6, and
0, in (2.6) and where

&n = kn—l(¢n+l - ¢n)(%(5”(¢n)$n + C”(¢n+l)¢3n+l) - %(CII(¢n) + £’I(¢n+l))[‘l~5n])
+ kg (L (8n)Pn — ' ($ns1)Pner) + ki ' [@n)(C' (Bns1) — $'(Dn)) 5
Br = ($ne1 = $n) (L7 (8n) + " (bner)) (1 + £[Bn))
- 7}(;(4”(‘15'1)(571 + " ($ns1)Pns1))
— ki (C'(Bn)Bn — O (Sne1)Bnsr) + (1 + Kk ' [Ba]) (' (dn) — ' (Pns1)) -
We obtain the recurrence
(2.17) Vny1 = Ryn + S(,Bny[(;n] + any[é,,]+j,,) - T(Bny[(;"] + &ny[&n].,.k”) )
where
(2.18) T =
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In order that (2.17) always has a nontrivial solution, we require that S # a;j‘
for j=1,2,...,J except for the j’s with nj € {fi;, Az, ..., Aix},and T #
—‘;k‘ for k =1,2,..., K except when 7 € {n, ny, ..., n;s}, and finally
anS — & T #1 for nj =fy.

We may now state the next result of this section.

Theorem 3. If we denote @ = sup,cyz, (|an| + |B4) and recall w’s definition
from the previous theorem, then {y,}°, is bounded if |R|+ w|S|+ ®|T| < 1.
Moreover, the estimate

(2.19) @ < hll¢lloollE"lloo(3 + 11¢'lloo) + 211¢"lloo [1"lloo

is valid provided that ||¢'|lo, I{'llcc, and |1{"|lcc are all finite.

Proof. Again, the assertion of the theorem follows from (2.17) and our defini-
tions of w and &, except for the bound (2.19). We get this estimate by the
same methods as in Theorem 1 and by using the following two estimates:

kn—llcl(‘bn)(‘l;n - [‘lgn]) - Cl(¢n+l)(q§n+l - [&n])
< kn_ll(cl(‘ﬁn) - c/(¢n+l))($n - [$n1)| + k,,-IIC'((ﬁ,,H)(q;,, - q;n+l)|
S I Nooll#lloo + 1€ Tloo Ml lloo

and

k;llcl(¢n)(kn + [‘.;Sn] - ‘.;Sn) - CI(¢n+l)(kn + [‘gn] - Q'S,H.])l
S AN oo ll8 Moo + 1 looll#"lloo -

Here we have also used the fact that |k +[¢,]— .| < max[k, 1] for nonnegative
integers k. The theorem is proved. O

Instead of the estimate (2.19), we may bound @ above by
@ < 2h[1¢lloo 1" llo

+sup [kn_l ({hll¢'lloolC”(¢n+1)l + 2|8 (¢ns) 1}

x sup |'()|+h  sup IC"(¢(t))¢'(t)I>}

t€[nh, (n+1)h] t€lnh , (n+1)h]
in order to exhibit the dependence of this boundon k,, n=1,2,....
Corollary 4. The solution sequence of (2.17) is bounded if
151+ 16" lloo [|¥" loo (1 + 116" lloo) + I + 18" lloollE" oo (3 + 11¢lloo)

—2Rea
+2|c|hY|¢’ Nloo < .
el 16 el e < e T

We shall see in the following section that the bound (2.19) is attained in the
case of proportional delay, i.e., ¢(¢) = pt.

So far we have chosen to approximate required values of y by linear in-
terpolation at the points where they are needed for the discretization but not
available (i.e., for the trapezoidal rule approximation of the second integral in
our equation and for the approximation of (2.15)) and to evaluate the delay
functions and their derivatives always exactly, because they are available. The
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values of the coefficients a,, B,, &», and B,, are expressed much more sim-
ply, however, if we use linear interpolation to the whole respective integrands
and the other terms in (2.15), and therefore we want to record them here too.
They are

an = jn ' (Ons1 — 0,,)(%(5,, + Ons1) — [02) W' (AL6n + jnh) > 0,
Bn = (9n+1 - Hn)(l +jn—l[én] - ﬁ(én + én+l))'/’l(h[én])

and

C’\Vn = kn—l(d;n+l - d;n){(%(d;n - $n+l) - [&n])hcn(h[ésn] + knh)_cl(h[én] + knh)} s
B = (Bnst = o) (1 + K ' [Bn] = 2 (B + Busr))AL" (RG] + ki 'L (MIBnD)} -

Suitable bounds on @ and @ may now be obtained in the following manner:
We note that

an < hO ool Noohn s 1Bal < A1 ool llool 1 = Al

because of (2.10), where
An = Ji ' (5(0n + 0p1) ~ [6a])
which is positive. A bound on 4, is obtained by writing
An = Ji'(On = [0a]+ 5(Bns1 — 6n)).

Using the fact that 6, — [9,,] <1, we have

An<y' (143 sup J0(O]) < Jp'(1+ 3116 lleo) -
t€lnh , (n+1)h]

The consequence is the bound

@ < h16']|looll¥' |0 SUP [j,,"' (2 + sup  |0'(0)] - jn):l
n>0 t€[nh, (n+1)h]
S A0 Nloollw lloo (1 + 116" llo) -

We get the bound

o <

3

t€[nh, (n+1)h]

up [k,,“ (h(Z—kn)||¢’||oollC”lloo + sup |¢'()|

* {1 oo IS oo + 1L (RLa] + Knh)] + |£l(h[(2’n])|}>:|
< Al lloollE oo (1 + 116" llo0) + 211¢"lloolI € lloo

in an analogous way.
The analysis of this section allows us to consider, for example, the case

, 0<r<1,
9(z)={q v
t—-1+g, t>1,
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and, for instance, ¢(t) = pt, both ¢ and p being between O and 1. Thus, we

have
) 0<t<1,
vo={1 5.
N R
O

It follows that ||6'||.c = 1 and ||¥’|lc = ¢~!, and (2.9) supplies a bound on @
which is similar to the one that occurs when we have proportional delay 0(¢) =
qt. The present extension is interesting because it combines the proportional
delay with constant delay.

We can further generalize the above example by admitting general piecewise
linear functions 6 : If 6 is piecewise linear, strictly monotonic and continuous
with knots at 0 = xp < x; < x < --- and values 6(x;) = ¢, , where ¢, is zero,
then it is straightforward to see that

Ck — Ck—1
16'llco = sup ——
% k0 Xk — Xk—1
and Y — x
k — Xk—1
l¥'lloo = SUp =——

k>0 Ck — Ck—1
if the knots and function values are such that both of these values are finite. In
this fashion, any continuous 6 can be approximated with any accuracy, because
the set of piecewise linear functions with free knots is dense in C(R,).

3. STABILITY AND ALGEBRAIC DECAY FOR PROPORTIONAL DELAYS

In this section we will identify exactly the constants w and & of the previous
section for 6(t) = g¢ and ¢(¢) = pt in (1.1), thereby sometimes weakening the
requirements that lead to bounded sequences and sometimes confirming that the
estimates (2.9) and (2.19) on w and @ are the best possible. We also obtain a
condition that affirms algebraic decay of {¥,}2, i.e., |yx| = O(nf) for some
negative S, and thus admits the conclusion lim,_,.,y, = 0. It follows from
the work in the previous section that we have the system

yo=1,
(3.1) Vne1 = Ryn + hS((1 - an)y[qn] + any[qn]+1)
+ T(Yipnj+1 — Yipn)) » nezly,

where we took y(0) =1 and where R, S, and T have been defined in (2.8)
and in (2.18), and

an=an(q)=q(n+3)—[gn]>0, n=0,1,....

Here we have chosen j, = k, = 1 in (2.5) and (2.16). General choices of j,
and k, can be accounted for by replacing a, by «,/j, and T by T/k,, and
Vigni+1 > Yipn+1 DY Vignitj, s Vipnj+k, » TESPECtivVely, in (3.1), but we will dispense
with this straightforward generalization. We require that 1 — %th —T+#0 in
order that (3.1) possesses a nontrivial solution.
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In order to state the two principal results of this section, we define
n(q) == sup{an + [1 — anl}.
nez,
Note that 7(q) = w/h in view of w’s definition in the statement of Theorem
1. Further, @ = 2 in the present case.

Theorem 5. If
—2Rea
Lha| + |1+ Lha|’

(3.2) 2h~ el + n(g)|b] < T

then the solution sequence of (3.1) is bounded. If strict inequality holds in (3.2),
then there exists an algebraically decaying majorant to {y»}2,. Specifically, for
positive n there is a constant that does not depend on n such that

(3.3) [Vn| < const x n!%m/p. a4 |

where
A= |R|+hn(q)|S|+2|T| < 1.

In particular, lim,_,,y, =0.
Theorem 6. The function n(q) has the following values:

1, q=K/Land K <2,
(3.4) n(q) = 1+q—%, g=K/LandK >2,
1+gqg, q irrational .

(When q =K/L, we assume K < L and (K, L) are relatively prime.)

Theorem 6 shows that the estimate (2.9) on w we found in the previous
section is best possible for the setting of proportional delays and irrational g .
We are aware that irrational numbers cannot be represented on a computer,
but we believe that it is sensible to consider irrational numbers nevertheless,
because in this way we make sure that we know what happens if we are very
near an irrational number.

It is perhaps worthwhile to make a comparison between our results above
and the results of the authors’ earlier paper [3], where we have considered the
case ¢ = L™!, L > 1 an integer. If ¢ = 0, for instance, it is shown in
the latter paper that, when A is small enough, then Rea < 0 and |b| < |q|
are sufficient for lim,_. y» = 0. Our present requirement (3.2) (with strict
inequality) is both worse and better than Rea < 0, |b| < |a|: It is worse, since
the set of values of b is considerably smaller, although we note that it is just
the right range of values when a is real and negative and ha > —2. On the
other hand, it is better because it covers the full range of g € (0, 1) and since
algebraic decay to zero, which is stronger than lim,_,.y, = 0, corresponds
to the correct asymptotic behavior of the pantograph equation (Iserles [12]).
The roundabout method of proof of Buhmann and Iserles [3], which employs
harmonic analysis and ergodic theory, does not provide any useful information
on the rate of decay.

Proof of Theorem 5. As far as the boundedness assertion is concerned, we just
need to show that |R| + n(q)A|S| + 2|T| < 1 under the condition stated in
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the theorem, and this is done in the same way as in Corollary 2. Now to the
assertion (3.3): For a given n > 0, let m be the number of times we can
apply the iteration defined through (3.1) without making any of the indices
zero. Then, clearly,

(3.5) [¥n| < const x(|R| + An(q)|S| + 2|T))™*!,

where the constant in (3.5) does not depend on m or n. We can find a lower
bound on m in the following way. Suppose p < ¢; the other case can be
treated in the same way. The quantity [pn] is greater than pn — 1. Therefore,
we can find a lower bound on m by looking for the largest m such that

m
p"n — pr“ >0.
j=1
Equivalently, we may require

m
(3.6) m+log,, Y p'~' <log,n.
=1

Inequality (3.6) is certainly fulfilled if we get
1
m +log, ), -p <logy/,n.
Therefore, m = log, /p 1+ log, /p(l — p) is an appropriate choice. Hence, the
estimate in the statement of the theorem is true. 0O

The proof of Theorem 6 requires more effort; it will occupy the rest of §3.
Our first observation is the following.

Proposition 7. It is true that a, < 1+ 1q forall ne z,.
Proof. For every n there exists an /, € {0, 1, ..., n— 1} such that

1, L+1
2 < .
n_q< n

Therefore, we have [, < gn < [, + 1. It follows that [gn] = /,, and we thus
have

an=qn+3q—-hL<(+)+3q-L,=1+1q.
This proposition is proved. 0O '

Note that, in particular, a, < % , a bound that can be approached arbitrarily
close for some values of g € (0, 1). For instance, we may choose ¢ = 1 — ¢,
where 0 < ¢ < 1. Then we may take a; = 3(1 —¢).

It follows at once from Proposition 7 and from «, > %q that

(3.7) 1<n(g)<1+gq.

In particular, we have another proof of (2.9) in the present circumstances. We
will now establish the exact expressions asserted in Theorem 6. In the case of
rational ¢’s we derive

p(q) = sup ay
nez,
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(and hence n(g)) explicitly. To this end, let

_K
q—L’

where 1 < K < L and (K, L) are relatively prime. Now note that, for any
integer n,

(3.8) T | I T

Since the group Z/(LZ) is generated by K when K and L are relatively prime
([11]), it follows from (3.8) that

p(q) = %q+sup (E_IE - [ZE]) =1lg+ E
nez \ L L 2 L
From this we obtain the following result:
Proposition 8. If g = K/L, then

1, K<2,
3.9 =
(3.9) 0 {1+q—%, K2,

nkK [n_Ig} _ nK modL

We now have to deal with the remaining case, namely, irrational g . We note
that if g is irrational, then the sequence {gn — [gn]}2, is equidistributed in
[0, 1] (Pélya and Szegé [19, p. 88]). Hence, for every & > 0 there exists an n,
such that

1 —¢e<gn,—[gn.].

Thus, we get
an, >1+3q9—¢.

Note that ¢ < 1¢ implies a,, > 1, and therefore
@) > an 4 11— = 2g, 1> 144~ 2.

Since ¢ > 0 can be made arbitrarily small, it follows that #n(q) > 1 + g and
hence, in view of (3.7), also that

ng)=1+gq
for irrational g . Thus, the proof of Theorem 6 is complete. O

We remark that it follows at once from our analysis that # is discontinuous
everywhere in (0, 1). Forlet g € (0, 1) be rational, ¢ = K/L. Then 1+gq -
n(q) = Mf—zl . Let ¢* € (¢ — ¢, g +¢&) be irrational. Then

n(g*) —n(q) > 1+q—n(q)—e=2m{f—’2}—e

and all the irrationals in the neighborhood of g are bounded away from it.

4. BOUNDEDNESS OF THE SOLUTIONS FOR PROPORTIONAL DELAY

In this section, we consider the numerical stability for the more general re-
currence relation

N M Q
(4.1) Vn+1 =Z"1)’n—1+ Z a nVigm+t + O Bi¥ipms
=0 =—M' =—Q'
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instead of (3.1). Appropriate starting values have to be provided to begin this
recursion. Here, p,q € (0, 1), the r;, o ,, and f; are complex numbers,
and

aj, n = filgn —[gn]), l=-M,-M+1,...,M, neZ,.

The trapezoidal rule is a special case of (4.1). We require that [gn] + M and
[pn] + Q are always at most n for large enough n, n > N, say, so that the
recursion is explicit for large n. We suppose also that 1—qa; , — B, is nonzero
forall n, /,and m such that [gn]+/=[pn]+m=n+1,that 1 —q; , #0
for all n, / such that n+ 1 = [gn] +/, and finally that 1 - §8,, #0 for all n,
m such that n+ 1 = [pn] + m. We denote

N Q
=Y Inl and =) |8

1=0 =-Q'
Since we have the estimate

N M Q
sl S Y10l Wactl + D N ul igmal + D 181 Vionaal »

1=0 =—M' =—Q’

it follows that for n > N

M
Vn+1l < (r*+t*+ Z |a1,n|) Un

=—M'

where v, := MaX;-_ maxM’,Q'], — max(M’, Q'}+1,...,n |V;| - From this we obtain for
n>N

M
(4.2) Un+1 smaX{l,r‘H”r > |a1,n|}”"'

=—M'

Therefore, numerical stability, i.e., boundedness of the y,’s, is provided if we

can ensure
n—1
H(r +t+z|a11|)<l nezs,

j=0 I= B
or equivalently,

(4.3) —Zlog (r + 4+ }: oy ,|) <0.

=M

If ¢ is irrational, then the equidistribution theorem which we have already used
in §3 implies that

—Z(r +t 4+ Z |a,,|)

Jj= I=—M'

/log (r +*+ Z |f1(t)|) dt+o(1), n— oo.

I=—M'

(4.4)
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Thus, we obtain the uniform boundedness condition

1 M
(4.5) /Olog (r*+t*+ 3 |f1(t)|) dt <0,

I=—M'

which is sufficient because (4.5) and (4.4) imply (4.3) for large enough n. When
restricted to the cases studied in the previous section for irrational g, we obtain
the bound

(4.6)
(IR| + h|S| + 2/ TI) IR+ 0HSI=2TI(|R| 1 (1 + g)h|S] + 2T RH+(1+ohiSL+2iT]
< edhIS|

as a sufficient condition for stability.
If ¢ is rational, viz., ¢ = % , we exploit the following result:

Propogition 9. Denote qn—[qn] by &,. Then for every me {0, 1, ..., L—-1}
and N € Z, there exists a unique | € {0, 1, ..., L — 1} such that

. m
(4.7) aﬁLH = -L— .

Moreover, | is independent of N .
Proof. Expression (4.7) is equivalent to

K -~ K - m

which, in turn, is equivalent to

gl :=Kl—L[£(L—l] =m.

Note that N has disappeared altogether.
Let us suppose that /;,/, € {0,1,...,L -1}, b > I, exist such that
g(ly) = g(ly) . This is the same as

(4.8) Kh-1)=L ([KTIZ} - [EL’—‘D .

Let Kl; =d;L+cj, ¢cje{0,1,...,L—-1}, j=1,2. Then (4.8) implies
¢1 =c¢;,and hence K(/, — ;) = L(d, — d;). We obtain

K dy-d;

L hL-I~’
and this contradicts the requirement that (K, L) are relatively prime (recall
that 1 </, —/; < L-1). We deduce that the set {g(0), g(1), ..., g(L-1)}
consists of distinct numbers. Thus, since g(j) € {0, 1, ..., L — 1}, it follows
that the set is a permutation of {0, 1,..., L — 1} (in other words, g is a

bijection of the cyclic group G;_;). In particular, there exists / such that
glh=m. O
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We have proved that

.y L-1
(a0}t = permuaton of {£]
L Jj=0

Hence, we may deduce that a sufficient condition for uniform boundedness of
{y n}:io iS

L-1 Iy j
4. * * J <
(4.9) H ety ﬁ(L>’ <1,

Jj=0 |=—M'

or equivalently, by taking logarithms,

1 L-1 M
(4.10) E}Z:alog ety

I=—M'

(D)) <o

Thus, we remark that expression (4.5) can be considered as a limiting case of
(4.10): if K;/L; - q ¢ Q (i — oo) then, clearly, L; — oo (i — oo) and
(4.10) becomes the trapezoidal rule approximant of (4.5). (If the f;’s are at
least C?, the convergence of the trapezoidal rule is assured by the Peano kernel
theorem.) We sum up our observations in the following theorem:

Theorem 10. The solution sequence to the recurrence relation (4.1) is bounded if
(4.5) or (4.10) hold, depending on whether q is irrational or rational.

Finally, we take a look at the case of rational g in the context of §3. Then
(4.9) reads

L-1
(4.11) TTURI+p;nIS|+2T)) < 1,
j=0
where K42i K40
. K+2j _K+2j . B
Pi=—1— +'1 7| je{0,1,...,L—1}.

Note that if j < L—[$(K+1)], then j; =1; otherwise p; = (K+2j—L)/L.
It follows that (4.11) is the same as

[(K-1)/2] .
(1+K—2] h|S]| )Sl.

L
(IR| + hIS| +2|T]) ]I=Il L IR+ hS|+ 2]
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