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A B,-SEQUENCE WITH LARGER RECIPROCAL SUM

ZHENXIANG ZHANG

ABSTRACT. A sequence of positive integers is called a B,-sequence if the pair-
wise differences are all distinct. The Mian-Chowla sequence is the B,-sequence
obtained by the greedy algorithm. Its reciprocal sum S* has been conjectured
to be the maximum over all B,-sequences. In this paper we give a B,-sequence
which disproves this conjecture. Our sequence is obtained as follows: the first
14 terms are obtained by the greedy algorithm, the 15th term is 229, from the
16th term on, the greedy algorithm continues. The reciprocal sum of the first
300 terms of our sequence is larger than S* .

1. INTRODUCTION

A sequence of positive integers a; < a, < --- is called a B,-sequence or a
Sidon sequence if the pairwise differences are all distinct, or in other words,
if all the sums a; +a; (i = j is permitted) are different. The Mian-Chowla
sequence is the B,-sequence obtained by the greedy algorithm,; i.e., each term is
the least integer greater than earlier terms which does not violate the distinctness
of differences (or sums) condition.

If M is the maximum of reciprocal sums over all B,-sequences and S* is the
sum of the reciprocals of the Mian-Chowla sequence, then M > S* > 2.156.
But Levine observes that

1
n>0 2

and would like to see a proof or disproof of M = .S* [2, pp. 127-128].

The main task of this paper is to construct a B,-sequence which disproves
this conjecture. Most work is done on a personal computer IBM PC/XT. We
state our results in the following two theorems:

Theorem 1. We have S* < 2.1596.
Theorem 2. We have M > 2.1597.

In §2 we prove both theorems. The first 445 terms of the Mian-Chowla
sequence {a; : 1 < i < 445} and the first 300 terms of our B,-sequence {b; :
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1 <i <300} which are used for proving the theorems are given in §3, and the
search procedure used to find our sequence is given in §4.
2. PROOFS OF THE THEOREMS

Theorem 1. We have S* < 2.1596.

Proof. Let
445 1153 | ©

Z— 2=,Z;,;’ S3=.Z a4
Then by computer calculatlons we have
s;=2.15828... < 2.15829
and
1 1 1

< + +oot
asas+dy  ams+di+d; asas +dy+day+ -+ dioros
=0.00110...<0.00111,

where d, = 33, d, = 88, ..., dip0s = 16960 are the first 10708 positive
integers not belonging to the set {a; —a;: 1 <i < j <445}. Put

h=ags+d +dy+---+djg0s = 100005214 and d = dig708 = 16960.
Then

1 1

+d+ h+d+1+d+2+
1

h+kd+kw+ 1)/2

&
IN

o0

2 <Z 2
K+ k(2d + 1)+ 2k = £ {k + 14000)(k + 14001)

NgER n[\"ﬂ8*

x~
Il

N

ad 1
kz:‘: (k+ 14000 k + 14001)
2
= Ta001 < 0.00015.
Thus S* = 51 + 5 + 53 < 2.15829 + 0.00111 + 0.00015 = 2.15955 < 2.1596.
This completes the proof. 0O
Theorem 2. We have M > 2.1597.

Proof. We construct our sequence {b;} as follows: the first 14 terms are ob-
tained by the greedy algorithm. Thus, they are the same as the first 14 terms
of the Mian-Chowla sequence. Let b5 = bi4 + 47 = 229. Note that a;5 =
ais+ 22 =202. From the 16th term on, the greedy algorithm continues. Since

{b15—b,'21SiS14}ﬁ{bj—biilﬁi<jﬁl4}=®,

our sequence is a B,-sequence. The reciprocal sum of the first 300 terms is
greater than 2.1597. This completes the proof. 0O
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3. BEGINNING TERMS OF THE TWO SEQUENCES

The first 445 terms of the Mian-Chowla sequence are as follows:

3 -

9
56
1295
2925
5123
7789
11614
15972
22526
28566
36204
45907
56663
68512
84345
99583
113949
134414
152318
174171
199646
226682
254305
284289
321173
348899
384957
422453
470670
524307
572027
621790
673522
731008
794600
851627
922852
986739
1051733
1145152
1212654
1288613
1384952
1462599

N

2

123

593
1523
3155
5243
8220
11876
16619
23291
29775
38647
47421
58425
68984
87016
101337
114642
134699
152834
177853
201472
229163
260433
290005
323672
362520
387479
433973
474668
527197
582478
624574
6386013
739958
797567
862856
935695
10081C6
10603 44
1147774
1218610
1298980
1388147
1463933

4
148

662
1572
3354
5298
8503
12034
17355
23564
30094
39160
47512
59028
70170
87874
102040
116261
136635
156836
180249
202699
2316%4
261620
293034
324806
366119
390518
434773
475800
535369
583407
627703
691686
740124
80065%
880796
937325
1909835
1086402
1156687
1225019
1306248
1394240
1474658

1821
3591
5751
8730
12931
17932
23881
31311
39223
48297
60576
71365
88566
103626
117177
139964
157150
182071
205325
233570
262317
295037
329181
368235
391462
440619
481476
536903
585871
633442
693169
744403
813959
884725
938876
1016506
1092043
1164278
1227887
1326918
1395346
1496110

13

204
§22
1896
3797
5998
8942
13394
18845
24596
32217
39943
50064
60995
75618
89607
104554
121238
143294
160782
185403
206811
234619
266550
296506
331018
370696
399174
441148
482868
538331
593257
610047
694279
753293
814414
889285
956937
1020306
1096162
1166255
1240777
1333809
1409612
1502217

21

252
916
2029
3998
6374
9882
14047
19071
24768
32620
40800
50902
62205
76793
91718
106947
125492
144874
163010
188314
208748
235152
269195
208414
336642
371542
403920
443779
498435
542020
596837
648858
696931
768134
827123
896691
961353
10284612
1103456
1174751
1247071
1341190
1417336

31

290
970
2254
4297
6801
10200
14534
19631
25631
32912
41882
52703
63129
717571
92887
107205
126637
146605
163502
190726
214435
238727
271511
302663
340901
377450
411847
446065
501084
555275
598426
659179
703162
770113
829129
897160
964857
1033242
1123464
1187057
1258233
1313482
1418943

45

361
1015
2379
4433
6925
10587
14901
19670
26037
34277
42549
52764
64488
79047
93839
108622
129170
147499
164868
190894
217182
240814
274250
305782
343359
380366
412671
456289
508193
564016
599784
663553
711364
773912
839728
904970
970227
1036012
1134057
11953156
1265462
1367480
1423296

66
401
1159
2510
4779
7460
10898
15166
20722
26255
35330
43394
54674
66599
80309
95103
111837
130986
148593
170984
193477
218011
247822
274753
308841
347001
382012
416880
458426
511258
566106
607794
657337
723249
779917
847430
909536
976356
10428138
1136410
1201262
1274089

1372734

1446209

837

81

475
1312
2780
4851
7547
11289
15688
21948
27219
35469
44879
55307
67189
83179
97974
112800
131697
150146
172922
196832
225350
253857
280180
317739
348110
382245
417991
462402
514644
567408
610404
672815
729860
757407
850695
915254
980581
1053881
1144080
1207345
1279515
1374779
1448494



838 ZHENXIANG ZHANG

Remark. We see that 22 does occur as a difference, in fact 22 = a;5—a4 . This
answers a question of Erdés and Graham [1]. But we do not know if 33 occurs
as a difference.

The first 300 terms of our new sequence are:

1 2 4 8 13 21 31 45 66 81

97 123 148 182 229 257 290 312 381 419

467 507 621 721 770 864 927 1050 1178 1289
1457 1561 1615 1774 1507 2090 2164 2263 2309 2539
2800 2538 3035 3310 3380 3738 4043 4239 4439 4726
4851 5016 5169 5289 5490 5760 6646 6843 7015 7442
7674 7986 8284 8506 8772 9240 9778 9996 10344 10431
11614 12263 12687 12984 13516 13628 14462 15089 15409 15651
15843 16248 17803 17988 18943 19118 19925 20583 21013 21052
21639 21972 23418 23896 24375 24557 25511 26162 26504 26827
26997 27787 30183 30655 31111 32618 33304 33394 33597 36231
36635 37572 38579 39307 40172 42490 42945 44117 44712 45918
46451 47209 48109 50129 51876 52603 53226 53978 54634 55209
56172 58002 59622 60226 61723 62429 64083 65305 66454 67232
68376 68965 69467 69834 71342 72357 74931 75408 78410 78804
80465 80977 81899 85789 86303 88765 90296 91867 92825 94246
95038 97985 100549 101393 102896 106706 107722 109182 110300 110826
112294 114453 115132 117807 119010 121309 123560 124680 128649 125208
130147 131841 135031 136835 139607 144905 145300 146501 147326 147546
152056 153457 156069 157702 160454 162156 165033 168582 168846 172201
174579 177225 180299 182838 183432 187888 190545 193228 194415 196471
200123 203926 205545 208826 211391 214065 215912 219163 220080 222866
225828 228312 231729 234870 240374 240715 242989 244055 247540 249272
252053 254674 255953 258048 262213 265401 271626 274063 278059 281693
284081 285408 288025 294965 300778 303944 305303 306944 312834 314028
322154 322889 326892 328809 331976 338379 342067 346155 347540 350057
351529 352261 353556 358624 360002 361672 3696950 370786 371556 378880
387973 392160 393680 398659 399841 409682 14057 422868 423870 426168
427830 432720 437763 446036 446941 453707 455386 462236 466551 469613
470241 474466 480984 485330 489829 494840 498160 501210 511039 517520

4. SEARCH PROCEDURE

We first use a search procedure to find a finite B,-sequence 1 = b; < b <
-+« < byyo with reciprocal sum as large as possible. The procedure contains six
main steps:

(1) For a given integer u (2 < u < 20), use the greedy algorithm to get the
first u terms 1 =b; <by<---<b,.

(2) Let dy < d, < --- be the consecutive integers which can be a candidate for
bys1—by sothattheset {b;, b, ..., b,, b,+1} does not violate the distinctness
of differences condition.

(3) For a given integer v (2<wv <5),let b,y =b,+d,.

(4) Continue the greedy algorithm to get the last 119 — u terms: by, <
buyz <--- < bigo.
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(5) Calculate F, , = Z}:? 1/b; , then go to (3) for another choice of v until
v>S5.

(6) Go to (1) for another choice of u until u > 20.

We find that Fi4 4 =2.15848...> F, , for 2<u <20, 2<v<S5.

Note that the reciprocal sum of the first 120 terms of the Mian-Chowla se-
quence is 2.15686.... Thus, it is reasonable to conjecture that if we extend
the sequence with u = 14, v =4 (b4 = 182, dy = 47, and b5 = 229) to
an infinite sequence, we will get a B,-sequence with larger reciprocal sum than
that of the Mian-Chowla sequence. To prove this we must have enough terms
of both sequences as indicated in §§2 and 3. The Pascal programs for proving
Theorems 1 and 2 ran about 5.5 hours in total on an IBM PC/XT.

ACKNOWLEDGMENTS

I thank Professor Paul Erdés for repeatedly encouraging me to study problems
on sequences. I also thank the referee for his helpful suggestions that improved
the paper, especially for his simpler argument that majorizes s3; in the proof of
Theorem 1.

BIBLIOGRAPHY

1. P. Erd6s and R. L. Graham, Old and new problems and results in combinatorial number
theory, Enseign. Math. (2) (1980), 52-53.
2. Richard K. Guy, Unsolved problems in number theory, Springer-Verlag, New York, 1981.

DEPARTMENT OF MATHEMATICS, ANHUI NORMAL UNIVERSITY, 241000 WuHU, ANHUI, P. R.
CHINA

STATE KEY LABORATORY OF INFORMATION SECURITY, GRADUATE ScHooL USTC, 100039 BEI-
JING, P. R. CHINA



