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ABSTRACT. Consider the sequences {un} and {v,} generated by u,,, =
DPun — quy—y and V,4y = PpUn — qUu_y, K > 1, where ug=0,u; =1, v9 =
2,v; = p, with p and ¢ real and nonzero. The Fibonacci sequence and
the Lucas sequence are special cases of {u,} and {v.}, respectively. De-
fine rn = U, q/un, Rn = Vpyq/Un, where d is a positive integer. McCabe
and Phillips showed that for d = 1, applying one step of Aitken acceleration
to any appropriate triple of elements of {r,} yields another element of {r,}.
They also proved for d = 1 that if a step of the Newton-Raphson method or
the secant method is applied to elements of {r,} in solving the characteristic
equation x? — px + g =0, then the result is an element of {r,}.

The above results are obtained for d > 1. It is shown that if any of the
above methods is applied to elements of {R,}, then the result is an element
of {rn}. The application of certain higher-order iterative procedures, such as
Halley’s method, to elements of {r,} and {R,} is also investigated.

Fibonacci and Lucas numbers appear repeatedly in the works of the father of
computational number theory, D. H. Lehmer, who contributed also to numerical
analysis, notably [5]. To his memory is dedicated this extension of results of
McCabe and Phillips [6] and Jamieson [4] about applying iterative formulas for
solving nonlinear equations to ratios of generalized Fibonacci numbers.

1. INTRODUCTION
Let p and g be real and nonzero. Define the generalized Fibonacci sequence
(1.1) up=0, uy=1, uUpg1=puy—qun_1, n>1,
and the generalized Lucas sequence
(1.2) Vo=2, U =D, Unyi=DUn—qUn1, n>l.

Let d be a natural number. If u, # 0, define the ratio

(1.3) Tn = Uppd/Un-
If v, # 0, define the ratio
(1.4) R, =v,,.4/0n.
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Related to the recurrence relation appearing in (1.1) and (1.2) is the charac-
teristic equation
(1.5) x*—px+q=0.

If the equation has two real and unequal roots, then when 4 = 1, the sequences
of ratios {r,} and {R,} converge to the root of larger modulus. If there is a
double root, then the sequences {r,} and {R,} converge to this root. McCabe
and Phillips determined the condition for a generalized Fibonacci sequence
to have no zero members; a necessary condition is that equation (1.5) have
complex roots ([6, p. 554]). Their analysis can be adapted readily to generalized
Lucas numbers, by Lemma 3 below.
If o and B are the roots of (1.5), then they satisfy ([3, equation (1.4)])

(1.6) a+B=p, af=q, (a—pB)?=(a+p)?-4ap=p*—4q.

If o =4, then
(1.7) 2a=p, o*=q=(p/2)?, p*-4g9=4a>—-4a*=0.

Lemma 1 ([3, equations (2.6), (2.7)]). If a and B are the distinct roots of (1.5)
and n >0, then

Up = (a" - M /(a—p) and v, =a"+ p".
Lemma 2. If « is the double root of (1.5) and n > 0, then u, = n(p/2)"~!
and v, =2(p/2)".

If d > 1, and the roots of (1.5) are real, then the sequences of ratios {r, =
Uyrq/Un} and {R, = v,,4/v,} will converge to the dth power of a root of
(1.5). In other words, the sequences of ratios {r,} and {R,} converge to a
root of
(1.8) x2— (o + BOx + (@f)? =x® —vgx + 9% =0,
by Lemmas 1 and 2 and (1.6) and (1.7).

Define the Aitken transformation by
(1.9) Alx, x', x") = (xx" = x"?)/(x = 2x" + x").

Define the secant transformation S(x, x’) for equation (1.8) by
x(X? —vgx' +q%) - x'(x> —vgx +q%) _ xx'—gq*

(x2 —vgx' +g9) — (X2 —vgx+q?)  x+x' —-vg’
and the Newton-Raphson transformation N(x) for equation (1.8) by
(1.11) N(x) = x — (x* = vgx + g)/(2x —vg) = (x* = ¢%)/(2x — va).
McCabe and Phillips proved that, if d = 1, then

(1) A(Fy—ty Tny Tnyt) =T2p if 1y #0,

(i1) S(rn, tm) = Tngm if Fogm #0,
(iil) N(ry) = ryy if 1y, #0.
It is now possible to state the extensions. As long as division by zero is
avoided, then
(1) A(rn—t s ns rn+t) ="un, A(Rn—t , Ry P Rn+t) =TI,
(11) S(rna rm)=rn+m9 S(RnaRm)zrn+ma
(111) N(rn)=r2na N(Rn):r2n,

(1.10)  S(x, x") =
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for any natural number d. The idea of considering d > 1 is due to Jamieson
[4], who applied it only to the ordinary Fibonacci sequence.

The other extension is to apply the Halley transformation H(x), whichis a
third-order refinement of the Newton-Raphson transformation:

H(r,,)=r3,,, H(Rn)=R3n.

Note that in the latter case the image is a ratio of generalized Lucas numbers.
The Newton-Raphson and Halley transformations are two members of a certain
infinite family of transformations; proofs applicable to the infinite family will
be given.

Applying any of these transformations to elements of the sequence {R,},
where (1.5) has a double root «, gives rise to division by zero. In this situation
R, = (p/2)¢ = o for every n > 1; i.e., R, is the root of (1.8), by Lemma
2 and (1.7). In this case the ratios are constant, so the sequence is trivial. In
the sequel the transformations will be applied to R, under the assumption that
(1.5) has distinct roots.

Section 2 contains a list of elementary relationships about generalized Fi-
bonacci and Lucas numbers. In §3 the Aitken transformation is studied. Section
4 is devoted to the secant transformation. Section 5 begins with the presenta-
tion of the Halley transformation. Then an infinite family of transformations,
which includes those of Newton-Raphson and Halley, is investigated.

2. PROPERTIES OF GENERALIZED FIBONACCI AND LUCAS NUMBERS
For n >0 define v_, =a" + f~". Then by (1.6) and Lemma 1,

(2.1) @"V_p = (@B) "y = f" + " = v,.

Similarly, if equation (1.5) has distinct roots, define u_, = (a="—~")/(a—f).
Then by (1.6) and Lemma 1 ([3, equation (2.17)])

(22) G"tn = (@) Uy = (B" — a")/(@~ B) = ~Uin.

Formula (2.2) is applicable also if equation (1.5) has a double root, forif u_, is
defined by —n(p/2)™""!, then ¢"u_, = —n(p/2)~""'(p/2)*" = —n(p/2)"" =
_un.

It is easy to verify that the recurrence relations in (1.1) and (1.2) are valid
also for negative subscripts.

Lemma 3 ([3, equation (4.10)]). If n is an integer, then u, = UnVp.

Lemma 4. If n, m, and e are integers, then

(@) Unselln—e — U2 = —q" U2,

(b) Untelm — UnUmye = —q" UeUn—m ,

(€) UnselUmse — Q°UnUM = UeUnimie

(d) Unte — q°Un—e = Vnlle,

(€) Unte — Velln = —q°Up—e.

On the right side of statements (a)—(d) of the following lemma, there appears
the factor p2 — 4¢. If (1.5) has a double root, then p? —4g =0, by (1.7). It
suffices to show in the case of a double root, accordingly, that the left side of
each of these statements vanishes.
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Lemma 5. If n, m, and e are integers, then
(a) UnteUn—e — ’03 = qn—e(pZ - 4‘1)“3 s
(b) Un+eUm — UnUm+te = qm(pZ - 4q)ueun—m s
(€) Vn+eVUmse — q°VnUMm = (172 —4q)UeUnimae
(d) Vnse — qVn—e = (p2 —4q)un,,
(€) Unte — VeUn = —q°Up_e.
Lemma 6. If n, m, and e are integers, then Uy oVm — UnUmie = @ UeVn—m.

Lemma 7 ([3, equation (4.13)]). If n is an integer, then u,(v2 —q") = Uzy.

3. THE AITKEN TRANSFORMATION

Theorem 1. Let n > t > 0 be integers, and assume that division by zero does
not occur. Then (A) A(Fn—y, I'n, Fnit) = Fans  (B) if equation (1.5) has distinct
roots, then A(R,_;, R,, Ryys) = Fap-
Proof. We prove only part (A). The proof of part (B) is similar. By (1.3) and
(1.9),

"'n—t"nyt — rrzt
Fn—t — 2Fn + nyy
_ (Un—tvd/Un—t)(Unyivd[Untt) — (Uns+d/Un)?

Un—rid/Un—t = 2Upniq/Un + Unyrrd]Unse
un—t+dun+t+duzz - un—tun+tuﬁ+d
Un[Un—rrdUnUnss — 2UnyqUn—(Unys + UnyrydUn—tUn]

A(rn—u Iy, rn+t) =

(Un—tya¥nyird — uf,+d)u;21 — (Un—tUnse — u%)u%”d
Un[(Up—rdUn — UniqUn—1)Unte — (UnsdUntt — Unyrratin)Un—(]
—(]n_t+du,2u%, +qn—tut2u3+d
UnUg (@™ Uilpgy — qnutun—t) ’

by Lemmas 4(a) and 4(b),

2 d,,2
_ ut(un+d—q uy) _ UilgUppyg
UnUg(Unss — Q'Un—;)  UnUgUplly

by Lemmas 4(c) and 4(d),

= Upntd/U2n = T2n >
by Lemma 3 and then (1.3). O

4. THE SECANT TRANSFORMATION

Theorem 2. Let n and m be positive integers, and assume that division by zero
does not occur. Then (A) S(rn, Fm) = Faym; (B) if equation (1.5) has distinct
roots, then S(Ry, Ry) = Fpim -
Proof. We prove only part (B). The proof of part (A) is similar. By (1.4) and
(1.10),

RyRm —q? (Unsd/Vn)(Vmid /Um) — q‘

S;(Rn, Rm) = =
d(Rn, Rm) Ry+Rpm— Vi VUnig/Un+ Upmid/Vm — Vg
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— Un+dVUm+d — qd'Un'Um _ (p2 - 4q)ua'un+m+d
UntaUm + Un(Umid = VaUm)  UnidVUm — 4%0nUpm—g’

by Lemmas 5(c) and 5(e),

(172 — 4q)UgUp i mid _ Unim+d _
(p? — 4q)ugUnim Untm
by Lemma 5(c) and then (1.3). O

5. THE NEWTON-RAPHSON AND HALLEY TRANSFORMATIONS
The Halley transformation for the equation f(x) = 0 is given by ([1, p.

131])
H(x) =x = f(x)/1f"(x) = f(x) /" (%) /21" (x)]-
Applying the Halley transformation to equation (1.8) yields
x2—vyx +q9
(2x —vg) — (X2 —vgx + q?)/(2x — va)
o x3=3¢% +v4q?
C3x2-3ugx +v2—gd’

Hx)=x-
(5.1)

An infinite family of transformations, which includes those of Newton-
Raphson and Halley, will now be investigated. To this end, define the ho-
mogeneous polynomials in y and z by

h
h
(52) W Ty a2 == 3 () 0 Hua
k=0

Lemma 8. For i=0,1, 2, ..., h define
RS Gl g0
E(i) = ”514”2( k )(—u,)"uf’;‘;—kudk_f_,,,
k=0

Then E(i) is independent of i.
Proof. It suffices to show that if 0 < i < h -1, then E(i) = E(i +1). By
definition, (/) =0 if kK <0 or k > j. Thus

h—i . )
. P h—i-1 h—i-1 K h—ik
E(i) = ufiq”z [( k ) + ( k—1 )} (=) u/ ™ Uak— it

—i—1 .

o h—i-1 i

=uhq" ( K )(—uz)kuﬁ'ﬂ/’ Ui p-u
h—i—1 .

- h—i-1 ; ——j—

+ uhq" ( . )(—ut)’“ufﬂrd' T givd

h—i—1 .
i i h—i-1 ko, h—1—k—1
= u;q” Z ( k (=) u,+dl (UiyaUak—f—it — Welldksd—f—11)
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h—i—1 .
; i h—i—-1 i
= u:j+1q(l+1)t Z ( k )(_ut)kuil_'_af 1 kua'k—f—(i+1)[,
k=0

by Lemma 4(b),
=FE(i+1). O

Theorem 3. If u; #0, then Ty 5 q(us, Urrq) = Unrss-
Proof. By Lemma 8,

uhg= Ty ¢ alue, uyg) = —E(0) = —E(h) = —uhg"u_p,_ ;.
By (2.2),
Ty, r.a(ts, Upyg) = Upyp. O

Lemma 9. For 0<i<h, i even, define

h—i .
. . h—1i i
F(i) = uig" ( K )(—Uz)kv,"+j Fuak—f—ir-
k=0

For 0<s<h,s odd, define

t k h—s—k
s) = —uyq’ Z( )( V) ,+ds Vdk— f—st-

Then F(i)=G(i+1) if i<h, and G(i+1)=(p>—4q)F(i+2) if i<h-1.
Proof. We have

—i—-1 h—i-1 i
= udQ”Z [( ) + ( k—1 )] (—v) ol Fug_ri
iithllh_l_l K, h—i—k—1
=uUyq Z K (—vo)kvr) (VerdUdk—f—it — Villgksd—f—it)
k_

h—i—1
1 (i h—i—-1
=_uld+lq(l+1)l Z ( X )( ,Ut)k,vth+d —k— lvdk—f—(i+l)ta
k=0

by Lemma 6,
=G(i+1).

Continuing,

h—1— , .
Gli+1)= _ui+lq(l+l)t ZI:I (h —I- 2) + (h = 2) (—Ut)k'l)h—l_k_l’l)dk
d k k-1 t+d —f=(+1)t

k=0
NS - i =2 ph=1—k=2
= —ulflglitht H- ( K )(—Ut)k rd - (UipdVak—f—(+ 1)t — V¥dk+d— f—(1+ 1))
k=0
h—1-2

h—i-2
= uf2q 2 —ag) 3o (1T 7)o ol T v g
k=0
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by Lemma 5(b),
=(p*-49)F(i+2). O
Theorem 4. Assume uy # 0. If h is even, then
Th. 7.4V, Viva) = (0 = 4@)" P upsy.
If h is odd, then

Ty, r.a(es Viva) = (0% = 4q) D2y .
Proof. Apply Lemma 9 [4/2] times:
If & is even, then

wha T, ;,a(vr, i) = —F(0) = —(p> — 49)F (2) = —(p* — 49)*F (4)
== —(p? = 4)"?F (h) = —ulq" (> — 49)"*u_ps.

By (2.2), Tu.r.a(Ve, Viya) = (02 — 49)" 2 up g
If A is odd, then

uha™ Ty 1.4V, v4a) = —F(0) = —(p* — 4q)F(2)
=..=—(p?—4g)"V2F(h - 1)
= —(p? - 4q)""V2G(h) = (p* - 49) "V 2ulhg" vy

By (2.1), Ty s.a(Vr; Vpyq) = (0* — 4q) D0y, . O

Define ok
h (h z ) B
_ad =z
7 k§0 (k) (—y )
; .

AAIC I

Multiply the numerator and the denominator of the fraction by u;h(— )

&n(z/y) =

h (h
—h,d k h—k
-uy"q ( )(—y 2" ug—
a kz=:0 k ) €D T a4, 2)
ad(h _ C Th0,4, 2)°
—uy" 3 (k)(—J’)kZh Fugp
k=0
The immediate consequences of Theorems 3 and 4 are:

Theorem 5. (a) Assume that ug # 0 and uy, # 0. Then gy(Uprq/us) = Unrya/Un:-
(b) Assume that uy #0, v, #0, and vy # 0. Then

nlvia/v) = {

Theorem 6. If n is a positive integer, and division by zero does not occur, then
N(rn) = N(Ry) = ran.

Proof. In view of Theorem 5, it suffices to show that g,(z/y) = N(z/y), where
N(x) is given by equation (1.11). By (5.3),

(5.3) gn(z/y) =

Unird [ Une » h even,
Vhevd [ Vht » h odd.

—q4(2Pu_g+y*ug) _ 2ua - q%y’uq
—(=2yzug + y2upg)  2yzug — yiugvg’

&(z/y) =
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by (2.2) and Lemma 3,

_(z/y)?-q¢ _
=327y =, = N(z/y). O

Theorem 7. If n is a positive integer, and division by zero does not occur, then
H(ry) = r3, and H(Ry) = Rap.

Proof. Inview of Theorem 5, it suffices to show that g3(z/y) = H(z/y), where
H(x) is given by equation (5.1). By (5.3),

—q4(23u_q + 3y’ zuy — y*uzq)

—(=3yz2uq + 3y2zusg — y3usq)

_ Zlug = 3y*zq%uq + y3qtugv,

 3yz2uq — 3y2zugug + y3ua(v] - q4)’

&(z/y) =

by (2.2), Lemma 3, and Lemma 7,

(z/y)3 = 3q%(z/y) + 4%vq

- 3(z/y)2 = 3(z/y)vg +v3 — ¢ =H(z/y). O

Remark. Theorem 3, with f =0 and d = 1, resembles a formula given by H.
Siebeck, cited in [2, p. 394].

I wish to acknowledge helpful suggestions from my colleagues Professors H.
Furstenberg and S. Shnider.
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