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ANALYSIS OF THE FINITE ELEMENT VARIATIONAL CRIMES
IN THE NUMERICAL APPROXIMATION OF TRANSONIC FLOW

HARALD BERGER AND MILOSLAYV FEISTAUER

ABSTRACT. The paper presents a detailed theory of the finite element approxi-
mations of two-dimensional transonic potential flow. We consider the boundary
value problem for the full potential equation in a general bounded domain Q
with mixed Dirichlet-Neumann boundary conditions. In the discretization of
the problem we proceed as usual in practice: the domain Q is approximated by
a polygonal domain, conforming piecewise linear triangular elements are used,
and the integrals are evaluated by numerical quadratures. Using a new version
of entropy compactification of transonic flow and the theory of finite element
variational crimes for nonlinear elliptic problems, we prove the convergence of
approximate solutions to the exact physical solution of the continuous problem,
provided its existence can be shown.

INTRODUCTION

The investigation of transonic flow represents a very interesting part of fluid
dynamics, both from physical and mathematical points of view. The interest
resides in specific phenomena in high-speed gas flow and in the character of
equations describing transonic flow.

Although transonic flow problems play an extremely important role in the
design of high-speed airplanes, turbomachines, and compressors, the funda-
mental general questions concerning the existence and uniqueness of solutions
are still open. Some results in this direction were obtained, e.g., by DiPerna
[11], Morawetz [29], and Feistauer, Mandel, and Necas [15, 16, 17, 18, 32].
The publications [15, 16, 32] emphasize the importance of the second law of
thermodynamics represented as an entropy condition; in [11, 17, 18, 29] the
viscosity method is studied.

In contrast to the lack of theoretical results there exists a series of methods
for the simulation of various types of transonic flow. Here we shall deal with
the numerical solution of the transonic flow model based on the full potential
equation.

Most numerical methods for the solution of transonic potential flow use fi-
nite differences, upwinding in the density and line relaxation, and often apply
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multigrid techniques ([1, 8, 25]). As an extension of this approach, the finite
element method on structured meshes combined again with upwinding in the
density and line relaxation can be considered ([9, 10]).

Remarkable results were obtained by Glowinski, Pironneau, Bristeau, Peri-
aux, Perrier, and Poirier ([24, 5, 22, 23]), who use the finite element method
on unstructured meshes, least squares, and conjugate gradients. The entropy
condition, which is incorporated into the minimization problem as a penalty
functional, separates physical solutions from unphysical ones ([24, 4]). The
convergence of this method for the case of polygonal domains was proved in
Berger [3].

In this paper we shall study the finite element approximation of the tran-
sonic flow problem in a general bounded plane domain € described by the
full potential equation with mixed Dirichlet-Neumann boundary conditions.
In the discretization of the problem we proceed as usual in practice: the do-
main Q with a piecewise curved boundary is approximated by a polygonal one,
conforming piecewise linear triangular elements are used, and the integrals are
evaluated by numerical quadratures. This means, according to Strang ([34]),
that we commit the fundamental variational crimes. In order to improve the
results of numerical calculations, we introduce a more involved version of the
entropy condition.

Using Berger’s generalization ([3]) of the entropy compactification results
obtained by Feistauer, Mandel, and Necas ([15, 16, 27]), and the theory of
finite element variational crimes for nonlinear elliptic problems by Feistauer,
Zenisek, Sobotikova ([19, 20, 21]), we shall present a detailed analysis for the
convergence of entropic approximate solutions to an exact physical solution
of the transonic potential flow problem. Special attention will be paid to the
complete investigation of the convergence of the least squares method with
entropic penalization.

1. CONTINUOUS PROBLEM

1.1. Some fundamental concepts. We shall deal with two-dimensional models
of stationary, adiabatic, homentropic, compressible, irrotational flows described
by the full potential equation

2
(1.1.1) > 5‘?; (b(x)p(|Vu|2)%) =0 inQ.
i=1 i i

Here, Q c R? is a bounded domain that represents the region filled by the fluid,
u is the velocity potential, and p is the density given by the relation

K — 1 1/(x—1) zag
(1.12) p(S)—p() (1——2—‘1—(2)—5') , NS [O, m] s

where po > 0 and ay > 0 are the density and speed of sound, respectively,
at zero velocity, and x > 1 is the Poisson adiabatic constant. The velocity
field is given by v = Vu = (0u/dx;, du/dx;). If the flow is plane, then
b = 1. In other two-dimensional models (flow in a fluid layer of variable
thickness, axially symmetric flow; cf., e.g., [13, 28, 1]) the function b depends
on x =(x;, x;) € Q.
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We usually add to equation (1.1.1) mixed Dirichlet-Neumann boundary con-
ditions

(113 @ wir,=up, (b bEIK(VHP) GE| =an,

where 59—,, is the derivative in the direction of the outer unit normal to 9Q and
Up, gy are given functions. We assume that

(1.1.4) BQ=TDUTN, I'pnI'y =2,

where the sets I'p and I'y are formed by a finite number of open arcs (i.e.,
arcs without their end points) and I'p, Iy denote the closures of I'p and Ty,
respectively.

We assume that the velocity potential u is a single-valued function in Q.
This is true, e.g., if the domain Q is simply connected. In multiply connected
domains (flow past profiles) the situation becomes more complicated, owing to
the fact that # is a multivalued function. We must incorporate the so-called
Kutta-Joukowski trailing condition. For simplicity we do not consider this case.

The study of the boundary value problem (1.1.1), (1.1.3, a-b) is fraught with
difficulties caused by the nonlinearity of equation (1.1.1) and the fact that it is
of mixed type: equation (1.1.1) is '

2
elliptic for |Vu|? < Kz—j_"l (subsonic flow),
1 . 9 2a(2) . :
(1.1.5) parabolic for  |Vu|* = =2 (sonic flow),

hyperbolic for [Vuf* > 2
yperbolic for |Vu| >
We say that the flow in Q is transonic, if there are two nonempty subsets
Q,, Q, ¢ Q such that the flow is subsonic in Q; and supersonic in Q,. The
boundary between Q; and Q, is not known in advance and depends on the
solution of equation (1.1.1). This boundary is usually formed by sonic lines and
shock waves (or briefly shocks), characterized by jumps in the velocity and den-
sity. This means that the velocity potential u is not continuously differentiable
in Q.
Across the shock I' we consider the Rankine-Hugoniot transition conditions
du|”  oul*
@ =71 =37
ot ot

(supersonic flow).

onTl,

(1.1.6)

+

ou
— 2
= p(|Vul?) 3 onl,

(b) p(Iuf?) 3%

where — or + denotes the quantities in front of, or behind, the shock wave
(with respect to the flow direction), respectively. By vertical bars and % and

'a% we denote here the derivatives with respect to the tangential and normal

directions to the shock, respectively.

The fact that transonic flow with shock waves is an irreversible process re-
quires the incorporation of the second law of thermodynamics into our model.
We express it as the entropy condition

+

onI,

(1.1.7) Vul| > |Vl
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which means that the velocity must decrease across the shock wave.

We remark that the transition across the shock is connected with an increase
of the entropy and a rise of the vorticity. Therefore, the model of irrotational
and homentropic flows can only be used provided the quantity |Vu|?> does not
exceed 2a3/(k + 1) too much. Then only so-called weak shocks occur, and
the entropy increase as well as the vorticity production across the shock are
negligible. This allows us to modify the function p(s) given in (1.1.2) close to
the point 2a3/(x +1) and to extend it onto the interval [0, +oc) in such a way
that

(a) peC(0, +o0)),

1\ VD)
) p) = o (1- %) for s € [0, 51
2a;
2 2 2 2
(1.1.8) with s; € 24 , 244 51 is close to —20_) |
kK+1 k-1 K—1

(€©) 0<poo < p(s) < po,
1p'(s)(1 +5) < co,
p'(s) <0 forallsel[0,+o0).

Here, po, po, co > 0 are constants.

Of course, if u is a solution of equation (1.1.1) with the modified density
p satisfying (1.1.8), then the corresponding velocity field v = Vu has physical
sense, provided

(1.1.9) [Vul?> < sy.

1.2. Formulation of the problem. In the following we shall assume that the
boundary 6Q is Lipschitz continuous and piecewise of class C?. By the sym-
bols Ck(Q), C*(Q), LP(Q), LP(8Q), Wk-P(Q), etc. we shall denote the
well-known spaces of continuously differentiable functions, Lebesgue and
Sobolev spaces of measurable functions, equipped with their usual norms
(see, e.g., [26, 31, 6]). We set C5°(Q2) = {v € C>*(Q); suppv C Q}, where
suppv = {x; v(x) # 0} is the support of v. Beside the norm in W1:2(Q),

1/2
(1.2.1) lullw:.2q) = (/ (u2+|Vu|2)dx) ,
Q
we shall use the seminorm
1/2
(1.2.2) [ulwr.2q) = (/ |Vu|2dx) .
Q

The concept of the above spaces will also be employed for other open sets, and
we shall use a similar notation.
By meas we shall denote the two-dimensional Lebesgue measure.

1.2.3. Assumptions on data. (A) There exists a domain Q c R? and constants
by, by such that

QcQ, beCYQ), 0<b <b<bh <+ inQ;
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(B) gv: Ty — R, gy € L°(T'y), gy is piecewise of the class C? on Ty if

I'p =2, then
/ an dS = 0;
oQ

(C) up:Tp - R!, up = u*|r, , where u* € W' (R?) (the restriction u*|r,
is meant to be in the sense of traces on 9Q); if I'p = o, weset u* =0.

1.2.4. Classical formulation. For simplicity, let us assume that Q is a simply
connected domain (e.g., in the form of a channel) and that there exists only
one shock wave in Q represented by a smooth arc I' such that Q - TI' =
Q- uUQ*t, where Q~, Q* are disjoint nonempty domains. Let us consider the
flow direction from Q~ to Q*. Then we can introduce

1.2.5. Definition. A function u: Q — R! is a classical solution of the transonic
flow problem in Q, if

1. ue CYQ),

= -3t

2. ulQ e C¥Q),

3. u satisfies (1.1.1) in Q- UQ™* and (1.1.3, a-b) on 9Q,

4. u satisfies (1.1.6, b).
We say that u is a physical solution, if it satisfies (1.1.7) on T" and (1.1.9) in
Q- uQ*t.

Let us note that (1.1.6, a) is automatically satisfied if (1) and (2) hold.
1.2.6. Weak formulation. Let us introduce the spaces

(@) 7 ={veC®Q);suppv c QUTy} ifp#a,

(1.2.7) _ .
by 7 = {v € C>Q): / vdx:O} i Tp = o
Q
and set
.2
(1.2.8) V=7""" _ the closure of 7" in W"2(Q).

1.2.9. Lemma. We have
() ¥ ={ve W 2Q);vjr, =0} if Tp+#2.
b) V={veWwW"2(Q); [qudx=0} if Tp=2.

The proof of case (a) can be found in [12]; in case (b) we use regularization
(cf. [26], [31]). O

1.2.10. Lemma. There exists a constant ¢ > 0 such that
||u||W1,z(g) < élulwl,z(g) Yuel.
Hence, |- |w1.2qy is anormin V equivalent to the norm | - |y .2(q) -

The proof follows from Friedrichs’ or Poincaré’s inequality in the case 1.2.9,
(a) or (b), respectively (cf. [31]). O
Further, let us define the forms

(1.2.11) a(u,v) = / bp(|Vu>)Vu-Vvdx, u,vewh?Q),
Q

(1.2.12) L(v):/ avvdS,  vewhQ),
'y

which are linear with respect to v .
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1.2.13. Lemma. There exist constants ¢, a > 0 such that for all u,v,w €
wi2(Q)

(@) la(u, v)| < cllullpr.2g)llvliw .2 g,

(b) a('U b 'U) 2 aIIUI%/VI,Z(Q) H

(c) la(u, w) —a(v, w)| < clu—vlp1.2g)lwlw g,

(@) [L)] < cllvllwr 2 gy - »
Hence, the functions a(u, -) (u€ W'2(Q)) and L are continuous linear func-
tionals on W1-2(Q).

The proof follows from properties (1.1.8) of the function p and assumptions
1.2.3 (A), (B). See, e.g., [3]. O

The weak formulation of the problem can be derived in a standard way.
Starting from the classical solution in the sense of Definition 1.2.5, we multiply
(1.1.1) by an arbitrary v € 77, integrate over Q, apply Green’s theorem, and
use (1.1.3, b), (1.1.6, b), (1.2.8), and Lemma 1.2.9. We obtain the following
problem: Find u: Q — R! such that

(a) uewh(Q),
(1.2.14) (b) u—ureV,
(¢) a(u,v)=L(v) VYvelV.

We call u a weak solution of problem (1.1.1), (1.1.3, a-b), (1.1.6, a-b).

It is easy to show that problems 1.2.5 (1)-(4) and (1.2.14, a—c) are formally
equivalent. This means that the classical solution u satisfies (1.2.14, a—c) and
conversely, a weak solution satisfying conditions (1), (2) of 1.2.5 is a classical
solution. However, the concept of a weak solution is more general, and it can
also be used for transonic flow with several shock waves.

1.2.15. Weak formulation of the entropy condition. In order to get a physical
weak solution, it is necessary that this solution fulfills condition (1.1.9) and
satisfies, in addition, the entropy condition (1.1.7) in a suitable sense.

Glowinski and Pironneau ([24, 5, 22, 23]) originally suggested an equivalent
form of the entropy condition (1.1.7), which reads

(1.2.16) —/Vu-VvdeK/vdx Vv € C°(Q)*.
Q Q

Here, K > 0 is a suitable constant and
(1.2.17) Co(Q)" = {v e C§°(Q); v > 01in Q}.

This condition has a very strong compactifying property, as has been pointed
out in [15, 16, 32]. Nevertheless, its discrete analogue on unstructured meshes
causes sometimes instabilities near the solid wall boundary, where the super-
sonic pocket occurs. Therefore, it was suggested to apply condition (1.2.16)
with test functions from C>®(Q)* instead of C5°(Q)*. However, this modi-
fication is no longer consistent with the original (1.1.7) and moreover, in our
numerical experiments we observed that its discretization causes convergence
problems of the numerical scheme on the inflow and outflow boundary.

In order to overcome these various difficulties, we shall develop a new ap-
proach, which has good properties both from the theoretical and numerical point
of view.
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We assume that the Neumann boundary I'y is split into two parts I",’v and
I'}, satisfying
vl =0, qan|r, # 0.

We assume that I'}, and I’} are unions of a finite number of open arcs.
In order to reformulate condition (1.1.7), we introduce the following sets:

(1.2.18)

(1.2.19) &t ={veC®Q);suppv c QUIY, v >0in Q},
_ wil2
(1.2.20) Er=27" @
Using the techniques from [12], we can show that
(1.2.21) E*={veW"*(Q);v|r,un, =0, v >0in Q}.
Now the modified entropy condition has the form
(1.2.22) —-/Vu-VvdxsK/vdx Vv e &*.
Q Q

In view of (1.2.20), we can also use v € E* as test functions in (1.2.22).
Further, it is evident that (1.2.22) implies (1.2.16). If we assume regularity of
the solution # and the shock wave I' mentioned in Definition 1.2.5, then by
virtue of (1.2.18) it is possible to prove the equivalence of (1.2.22) and (1.1.7).

In view of the above considerations we define in W!-2(Q) the closed convex
subset of admissible functions

s {“ €W 2(Q) ; |Vl i) < 51,

(1.2.23)

—/ Vu-V.'vdng/ vdx Vv 68’*}
Q Q

and introduce the following

1.2.24. Definition. We say that u: Q — R! is a weak physical solution of the
transonic flow problem, if it satisfies (1.2.14, a—c) and, moreover, u € qofl“, x for
some K >0.

2. DISCRETE PROBLEM

2.1. Triangulations and finite element spaces. Let us consider systems
{Qn}re©,m) (ho > 0) of polygonal approximations of Q and triangulations
{In}ne(0,n) Of Qn with the following properties:

(a) the vertices of Q, lie on 8Q,
(b) ., is formed by a finite number of closed triangles,

© Uu=UT,
TES
(2.1.1) (d) ifTy,T,eT,, Ty # T, theneither T NT, =2 or
T N T, is a common vertex or a common
side of Ty, 1>,

(e). if T €. 9, then at most two vertices of T lie on
Q.
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We denote by g, = {P;, ..., Py,} the set of all vertices of 7, and let
(@) 0,CQ,0,n0Q,CoQ,
() TpnTy,TynTy Cap,
(2.1.2) (c) the points of 8Q, where either the condition of C3-

smoothness of Q or the condition of C?-smoothness
of gy are not satisfied, are elements of gy,.

By A7 and O we shall denote the length of the maximal side and the magnitude
of the minimal angle of T € .7}, respectively. We set

2.1.3 h= = mi .
(2.1.3) aneig,:hT, Oy %lsl;hﬁr

We shall assume that the system {7, }4c0,4,) 15 regular. This means that there
exists ¥y such that

(2.1.4) B, >0 >0 Vhe(0,h).

= - =0 =1 o = = =0
By I'p,, I'y,, FN,, , and FN,, we denote the approximation of I'p, I'y, 'y,

=l .
and T'y, respectively.

Approximate solutions to problem (1.2.14, a—c) will be sought in the finite-
dimensional space of conforming piecewise linear elements

(2.1.5) X;, = {vp; vy € CO(Qy), vy is affine on each T € ,}.
The space V' will be approximated by
(@) Vi ={vs € Xp; vplr,, =0}

={v, € Xy, vu(P)=0VP,eo,NIp} ifI'p+#a,

(b) Vh={'vheXh;/ .vhdx=0} ifTp = o.

Qp

(2.1.6)

By wy,, i=1, ..., N;, we denote the basis functions in X, with the property
'll)hi(Pj)=5,'j, i,j= l,..., Nh.
We further denote by r,: 0, — X, the operator of the Lagrange interpolation:

(2.1.7) v € Xy, (r)(P)=v(P) VP,eo, forv:a,—R.

2.2. Finite element discretization of the problem. Let the form a(u, v) be
approximated by

(2.2.1) ap(u, v) = / bp(|Vul*)Vu-Vvdx, u,vewH Q).
Q

In order to approximate L(v), we shall introduce an approximation gy, : I:N,, —
R! of gy . Let x, x5 be the local Cartesian coordinates in the neighborhood
of a side S c 0Q, of a triangle T € 9, adjacent to 9€;, such that x‘f and
xf are measured in the tangential and normal direction to S, respectively.
Now (provided 4 € (0, ko) and hq is sufficiently small), the arc X C 9Q
approximated by the side .S, can be expressed by the graph of a function xf =
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e (x5), x5 €0, s(S)] (s(S) = the length of S). Then for S c Ty, and
T c Ty we define gy,|s as

(2.2.2) an, (x7) = an (x5, o3 (x7))

and put

(2.2.3) Ta(op) = / anudS,  ve W Q).
N,

h
We note that from the assumption that 8Q is Lipschitz continuous and piece-
wise of class C? it follows that (cf. [14, §3.3])

(2.2.4) oSS <ch?,  xF €0, s(S)]

Here and in the sequel, ¢ denotes a generic constant independent of 4, which
can have different values at different places.
From the Sobolev imbedding theorems ([6, 26, 31]) it follows that

(2.2.5) wher(Q) c CO(Q) forp e (2, ]
Therefore, each v € W!-7(Q) is for r > 2 defined on the set g, and we can
construct its Lagrange interpolant r,v .

The approximation of the Dirichlet boundary data u* € W' *(R?) is given
by
(2.2.6) u, = rpu* € Xp.

Now we could already formulate the discrete problem of (1.2.14, a—c). How-
ever, in practice the integrals in (2.2.1) and (2.2.3) are evaluated by numerical

integration. We write
@ [ Fdx= Z/Fdx,
Q, Tez /T

(2.2.7) kr
(b) / Fdx ~meas(T)S oy (Flxr ) if F e CO(T).
T k=1
Here, x7 y € T and wr ; € R'. We shall assume that
(a) wT,k > Oa

kr
b) > ori=L.
k=1
Similarly, we evaluate integrals over 'y, :

(a) FdS= ) /SFdS,

r —
b S CrNh

(2.2.8)

(2.2.9) ks
(6) [FdS=s(5)3 ps.;Flxs,;) if F eCs),
S -
Jj=1
where x5 ; €S, Bs,; €R! and S C ho is a side of a triangle T € .9, . We
assume that

(2.2.10) the order of the integration formulas (2.2.7, b) and

(2.2.9,b) is > 1.
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If we approximate the forms @, and L, by means of (2.2.7, a-b) and (2.2.9,
a-b), then for u;, v, € X;, we get

(@) an(up, vy) =Y meas(T)p(|(Vity|7) ) Vty|r
T€T,
kr
(2.2.11) : Vvhlrjz_; or,jb(xr,;),
ks
(b) Lu(vp) = Y s(8))_ Bs.jan, (xs, ) vn(xs, ;).
SCFNh Jj=1
Note that if all x7 j €9, and x5 ; € 9, NTn, then for practical computations
it is not necessary to extend the function b outside of Q and to introduce the
approximation gy, of gy .
From the results of [20, Theorems 2.2.4 and 2.2.7] it is known that because
of (1.1.8), 1.2.3, (2.2.8), and (2.2.10), the following estimates hold:

lan(un » V) — an(un , V)| < ch(1 + [[ugllwr 2@, VAl 2,

2.2.12
( ) Vup, vy € X, Vh € (0, ho),

(22.13)  |La(v) - Lu(on)| < chllvallmr.a,) Von € Xi, ¥h € (0, ho).

In view of later considerations we shall add to L; a continuous linear pertur-
bation functional #,: ¥}, — R! which has the property

(2.2.14) fim{ sup AL L
h=0 ) vevy Vnllwi.2gq,)
’U;,#O

(Its form will be specified later.)
Now we come to

2.2.15. Discrete problem. Find u,: Q, — R! such that
(@) up € Xy,
(2.2.16) (b) up—u, eV,
(¢) an(un, v) = Ly(vi) + Z4(vn) Yoy € Vi
Using the same techniques as in [19, 21], we can prove the solvability of
problem (2.2.16, a—c):

2.2.17. Theorem. For each h € (0, hy) there exists at least one solution u, of
problem (2.2.16, a—c) which satisfies the estimate

lunllwr.2q,) < €, h € (0, ho),
with ¢ independent of h.
In the discretization of the entropy condition (1.2.22) we can proceed in a
natural way, leading to

—/ Vu, -Vu,dx <K | v,dx
Q Q,

Yu, € E} = {’Uh € Xy; ’l}hlthU

(2.2.18)

o =0andv, >0in Q).
N
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However, it will be convenient to generalize this condition in the following way:

2.2.19. Definition. Let K > 0 be an arbitrary fixed constant. A function
u, € X, satisfies the discrete entropy condition, if

2220) - [ Vu,-Vopdx <K / ondx + p(h)|[Vallzece, Von € Ef
Q; Qp

where y: (0, hg) — [0, +00) and
(2.2.21) hlg& y(h) =0.

2.2.22. Definition. We say that u;: Q, — R! is a physical approximate solu-
tion of the transonic flow problem if it satisfies (2.2.16, a-c) (where %, has
property (2.2.14)) and

up € 029 ¢ 1 = {0n € X3 |Vohlli~(q, <51 and g, satisfies

(2.2.23) ) o
the discrete entropy condition(2.2.20)}.

Let us remark that Theorem 2.2.17 does not guarantee the existence of a so-
lution that satisfies, in addition, the discrete entropy condition and the uniform
pointwise estimate for the gradient. Therefore, we shall reformulate the discrete
problem in a suitable way which takes these features into account.

2.3. Least squares method with penalization. In this subsection we shall refor-
mulate the problem of finding a physical approximate solution as a minimiza-
tion problem. This approach was introduced by Glowinski and Pironneau in
their paper [24]. (Cf. also [3, 4, 5, 22, 23].) Instead of seeking the solution uy
of (2.2.16, a—c) satisfying (2.2.23), we shall solve an appropriate minimization
problem.

Let us denote A4; = meas(suppwy,), i =1, ..., N,. Further, we define the
set '

(2.3.1) Gy = {P€ay: P ¢ TpuTy).

Now we introduce the positive functional .%: X, — R! by

Filon) =5 [ 198 on)Pdx

2
2| hme) |
+= — =] Ver-Vwpdx—-K [ wydx )
22,4;?[ o, VOn v o, U

P€dy

(2.3.2)

where 4 > 0, K > 0, ¢ > 0 are arbitrary but fixed constants and (¢)* =
max(z, 0) for ¢ € R!. The function &, := &,(¢,) is defined as a solution of the
discrete weak Poisson problem

(a) éhGV;,,

2.3.3
( ) (b), /Q V¢, - Vopdx = ap(@p, vy) — Lyp(vy) Yo, € V.
h
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The functional %, can be considered as a cost functional with (2.3.3) as
the corresponding state equation. Note that the function &,(¢,) is a weighted
residual of the expression a, (¢, vy)—Ly(vy) . Clearly, if % (¢,) = 0 for some
Qn € U+ Vi :={up € Xp; up = u; + 25, z € V}, then &,(¢) =0, and gy, is
a solution of (2.2.16, a—c) with #, =0.

In order to incorporate the discrete entropy condition (2.2.18), Glowinski
and Pironneau introduced the penalty functional #,: X, — R!

AN . _ ’
(2.3.4) PBu(op) = 3 Z fo [( /Q;. Vo Vwy, dx — K o, Wy, dx) ]

Pi€dy

However, they considered the case ¢ =1 and 6, = g, N Q. It had been ob-
served in Berger’s paper [3] that the case ¢ > 1 leads to a convergence problem,
provided Q is a polygonal domain. Without the incorporation of %, into the
functional % one obtains nonphysical solutions with expansion shocks as a
minimizer of %, (see Glowinski and Pironneau [24] and Berger, Warnecke,
and Wendland [4]).

We now define a family of functions {u;}s¢(0,4,) by the solution of the
discrete minimization problem
(2.3.5) J(up) 1= min  F(¢n).

¢h€uh+Vh
“V¢h"3_00(nh)352

Here, s, € [0, co) is an arbitrary but fixed constant. The functional _%, is
continuous, and its minimum over the finite-dimensional closed bounded set
Ko, n = A{@n; 00 € uj + Vj, |[V¢h||%m(gh) < s} is obtained in at least one
element u;, € K, , .

For our further considerations we shall introduce the following definition and
mention some results which will be used later.

2.3.6. Definition. We say that the family {%,} of triangulations is quasiuni-
Sform if each triangle T € 9}, contains a circle of radius c¢;/ and if it is contained
in a circle of radius c;4. Here, ¢; and ¢, are constants independent of 4 and
T.

The following estimates can be derived for a quasiuniform family of trian-
gulations (cf., e.g., [6]):

Cc .
(2.3.7) ||th‘.||Loo(gh) < 7’ i=1,..., N,
(2.3.8) ch? < 4; < Ch?, i=1,..., N,
c
(2.3.9) N < 73

Here, ¢, C are positive constants independent of #4 .

Now we shall prove that the family {u,} defined by (2.3.5) satisfies an esti-
mate which already looks similar to the entropy condition (2.2.20). The tech-
nique of the proof is similar to the one for Theorem 4.1 in Berger [3].

2.3.10. Theorem. Let {F}he(0,n,) be a quasiuniform family of triangulations,
or more generally, let {J,} be such that (2.3.9) holds. Then the family
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{un}ne,ny) Of solutions of the minimization problem (2 3.5) satisfies the in-
equality

~ | Vup-Vodx <K | v,dx+c/Py(up)h® Hvpll= (g,
(2.3.11) Q Q

Yuy, GE;.

(The constant ¢ > 0 is independent of h.)

Proof. Let v, € E;f. Then, by the definition of %,(u;,) and the Cauchy in-
equality, we obtain

—/ Vu, -Vuo,dx —K | v,dx
Q

Q,
= Z vy(P, ( / Viup - Vg, dx — K | wy, dx)
P;cay Qp
+
< Z ’Uh(P)< / Vuy, - Vwy, dx — K/ W, dx)
P;€dy
+
< ”'Uh”Loo(Qh) Z < / Vuy - th dx - K Wh, dx)
Pieay Q,
1/2
A¢
< ”Uh”Lw(Q,,)\/Nl:{Z i [(—/ Vuy - Vwy, dx—K/ Wp, dx)‘“] 2}
Peé, @ Q

2
< lonllzean VN _max, A7) | 2P (un)

Using (2.3.8) and (2.3.9), we immediately obtain (2.3.11). O

2.3.12. Remark. If Tp = & or u* = 0, then it is easy to prove that %, (u;)
is uniformly bounded by a constant independent of 4 (see [3, Lemma 4.1]).
Hence, (2.3.11) implies that for these cases

(23.13) = [ Vup-Vupdx <K [ vpdx+ch* |uplle,) VUi € Ef

Q Q,
is valid, and for ¢ > 1 the solutions of the minimization problem (2.3.5) satisfy
the discrete entropy condition (2.2.20), (2.2.21).

3. CONVERGENCE

Here we shall deal with the convergence of the approximate finite element
solutions u; of the transonic flow problem to an exact solution, provided # —
0. The main tools are the compactification properties of the entropy condition
(discovered by Feistauer, Mandel, Necas [15, 16, 27] and generalized by Berger
[3]) and the analysis of the finite element variational crimes for nonlinear elliptic
problems by Feistauer, Zenisek, Sobotikova [19, 20, 21].

3.1. Preliminaries. In the sequel we shall consider a family {F,}rc0,n,) Of
triangulations of the domains €, and assume that /g > 0 is sufficiently small.
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We set
G.L1) 0 =Q-0y, 15=0Q,-0.
By [14, Lemma 3.3.4],
(3.1.2) meas(wy, U T,) < ch?.

If T € 9, is aboundary element, i.e., an element adjacent to 9, with vertices
PI,Pf € 0Q and Pf € Q, N Q, then by T we shall denote the curved
triangle with two straight sides PTP, PTPI and one curved side ), C 9Q
with endpoints PT, PJ . We call T'¢ ideal element associated with T .

If we replace all boundary triangles in .7, by their associated ideal elements,
we obtain the ideal triangulation Zlid of the domain Q, associated with .7, .

Let v, € X, . We define its natural extension T, € C(Q,UQ) as T, = v,
on Q, and Uy = p|gi, where p is the polynomial of order < 1 satisfying
plr = vi|r. It is evident that T, € W1-»(Q) for p € [1, o] (cf. Ciarlet [6,
Theorem 2.1.1]). B

In [20, Lemma 3.3.13], the following estimate for the approximation L, of
the form L was proved:

~ 3
(3.1.3) |Ln(vp) — L(Tg)| < chZ||vpllwr2@,y>  Vn € Xis B € (0, ho).
Further, by a technique analogous to [20, Lemma 3.3.12], we prove that
(3.1.4) [Thlw.p(wpuz,) < Ch P llonllwrogg,) »

[Tall Lo oy < H*Pllonllwr.oi,)
Yu, € Xy, Yh € (0, hy), Vp € [1, oo].

Here and in the following, the constant ¢ is independent of 4 and v, but
it can depend on p in general. For the proof of (3.1.5) we need the uniform
theorem on traces in W1:7(Q,), which is a consequence of similar arguments
as in [14, Theorem 3.3.6] and [26, Chapter 6]: For p € [1, o] there exists a
constant ¢ > 0 such that

(3.1.5)

(3.1.6) v, < cllvllwo, veWhP(Q,), he (0, hy).
3.1.7. Lemma. We have
(3.1.8) vallw.2 @, < clvnlwizq,) YU € Vi, Yh € (0, ho)

with ¢ independent of v, and h.

Proof. In the case I'p # @ (cf. (2.1.6, a)) the assertion is a consequence of the
discrete form of Friedrichs’ inequality ([35]).
Let I'p = @. Then V) is defined by (2.1.6, b). For v, € V},, let us set

L 1 _
(3.1.9) Uy =Ty — meas(Q) /Qv;, dx.
It is evident that 7, € V' (see (1.2.9, b)) and, by virtue of Lemma 1.2.10,
(3.1.10) ”ﬁh“%Vl,Z(Q) < ézlﬁhI%Vl,Z(Q)'
Now, using the relation

(2 2 712 2
[Tnliw1.2) = |Valw.2(,) + [U131.2(00,) = [VIW1.2,) >
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similar relations for ll'ﬁhl|iz(ﬂ) and [,7,dx, estimates (3.1.4), (3.1.5), and
(2.1.6, b), we find that

v ~ 2
10411720y = 3 ("’Uhnfz,z(n) -c (/ |'vh|dx> )
wWpUT,

1 2 210 112
2 5(lvallz @,y = A 10alln 2@y) 5

(3.1.11)

(2 2 2
Onl31.20) < Va2, + CPIVRlln 2, »

|Oal31.2) = VAL, — VAl 20,)-
From (3.1.10) and (3.1.11) we get
(- Ch)uvh"%VI,Z(Qh) < é2(|Uh|%w,2(n,,) + Chuvh"%Vl-Z(Q,,)) )

which immediately yields (3.1.8), provided & € (0, hy) and hy > 0 is suffi-
ciently small. O

In the same way as in [21] we define the ideal interpolation Ii¢: C°(Q) —

W1.7(Q). The construction of the interpolant Iidv to v € C(Q) is described
in [21, Definition 5.1.1], and is based on [20, Lemma 3.3.4] and the results from
Zlamal [36]. For our further considerations the following property is important.

If T € J, is a boundary triangle with vertices P7, PJ € 0Q, T¥ is the
ideal element associated with 7', and X c 8Q is the curved side of 7'¢ with
end points P, PT, then we have the implication

(3.1.12) v(PT)=v(Pf)=0=>1%=0 onZX.

If we proceed in the same way as in the proof of [36, Theorem 2], where we set
k =2 and work in W*-?(Q) (p €[1, ]) instead of W*-2(Q), we get the
estimate

(3113) "I}ildﬁh _vh"Wl,p(Qh) < Ch||’Uh"W|,p(Qh) Yu, € Xp Vh € (0, ho)

From (3.1.12), (1.2.21), (2.2.18), and the construction of Ii¢ (see [21, Defini-
tion 5.1.1] and [20, Lemma 3.3.4]) we can see that

(3.1.14) vy € Ef = )%, € E*.
Further, for v, € V},, define 9, € V' in the following way:
(a) Oy = I}i,dﬁh ifI'p#a2,

(3.1.15) . 1 _ .
(b) vh—vh—m/‘!vhdx ifI'p=2.
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Then we have
3.1.16. Lemma. For p € [1, oo] there holds

(3.1.17) 10h — Tnllwr .oy < chllvallwr.og,y Yn € Vi, YR € (0, ho).
Proof. Provided I'p # @, the assertion (3.1.17) is a consequence of (3.1.13).

Let I'p = 2. Then
/ﬁth'
Q

=(meas(Q))1/”“1|/ vhdx+/ mdx—/ v,,dx'.
Qh Wp

Th

10k = Thllw1.0(@) = (meas(Q))!/7~!

If we use the assumption that v, € V,, which means that

/ vhdx=0,
Q

then from the Holder inequality, (3.1.2) and (3.1.5) we get the estimate

9n — Tnllwr.p(@) < ch?||Vallwr.ny)
with ¢ independent of v, and /4. Hence, also (3.1.17) holds. O

In the sequel, for v € W1:7(Q) we shall denote by v, the extension of v.
That is, v. € W1:P(R?), v:|q =v, and

(3.1.18) lvellwr.omey < EllV w1 .p(@) s

where ¢ is independent of v and p (cf. [31, Chapter 2, §3.7]).
By [7, Theorem 6], [19, proof of Lemma 3.1.3], and (3.1.4), (3.1.5) we have
the following approximation results:

3.1.19. Lemma. Provided v € W!P(Q), we have

h—0
@) |lve —rvllwroq,) — 0 forpe(2,00),
(®) v —=70llwire — 0 forpe(2 ; ),
(3.1.20) (© lrvllwiny < clvllwing forp € (2, ol
(d) |lrpvllze@, < IVlize(@)»
@) 7vllwir@ < clvilwing Jforp € (2, ],
where ¢ is a constant independent of v and h € (0, hy). O

Because of later considerations, in addition to the Lagrange interpolation
we introduce its modification I1,: g, — V), defined in the following way: For
v:o, — Rl we set

(a) Muv=rv ifl'p+#w,

(3.1.21) ) Mo =ryw

m o, rh'l)dx lfrD-:Q.
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3.1.22. Lemma. If p € (2, ) and v € VN W1-P(Q), then

h—
@) |lve = po|lwr.ni, =%0,
(3.1.23) ®) [lv —Tollwr.n@ =00,

— h_'
© v = (o) Iwi.o@ =°0.

The proof obtains from (3.1.20, a), (3.1.4), (3.1.5), and a similar technique
asin Lemma 3.1.16. O

Now let us draw our attention to the solutions u; of problem (2.2.16, a—c).
We assume that u}, = r,u* and u* € W!*°(R?). In view of (2.2.16, b), the
solution u; can be written in the form

(3.1.24) up =u,+z,, wherez,eV.
Similarly as in [19], we define the function u} € W' 2(Q) associated with u, :
(3.1.25) uy, =ty + 2,

where Z, is defined by (3.1.15).
In view of (3.1.20, c and ¢) we have

(3.1.26) lurllwr.eu s 1ERllwr 0@ < €5 he (0, hy), pe[l, ]
Let s, >0 and

(3.1.27) VupllLo@,) < V2,  h€(0, ho).

Then, of course, also

(3.1.28) V#pllL=@ < VS2,  h€(0, ho)

and

(3.1.29) lunllw. @, > 1Enllwr.=@ < ¢, h € (0, hp).

Further, ), — %, = 2, —Z;, z, = up,—u*, and u, = U, + (4, —Uy) . From this,
(3.1.17), (3.1.27), (3.1.29) we get the estimates

zallwi.p @, < €5

(3.1.30)

ety — @nllwr.o i) < chllzallwrr@,y <ch,  he€(0, ho), p €, o0],
and
(3.1.31) IVl @) < V52 + lty = Billwr. ()
<Vs+ch, he(0,h).
Hence,
(3.1.32) lyllwroy <c,  he(0,ho),pell, ol

This implies the existence of a subsequence {u;, } and a function # such
that

hn - 0+ s
(3.1.33) uj, — u x-weakly in WH>(Q),
uy,, — u weakly in WH?(Q), p €[1, o).
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The aim of our following considerations will be to prove strong convergence of
u;, and to show that the limit « is a solution of the continuous transonic flow
problem.

3.2. Compactification by the discrete entropy condition. The proof of conver-
gence of the approximate solutions u, to a solution of the continuous problem
will be based on the following fundamental theorem:

3.2.1. Theorem. Let q € (2, 00) and G, € (W'4(Q))" (= dual to the space
W1.4(Q)) be a sequence satisfying

(3.2.2) G, — G weakly in (W'1(Q))
and
(3.2.3) Ga(v) < Lilvll=@) V0 € C(Q)*,

where L is a constant independent of v and n. Then
(3.2.4) G, — G strongly in (W1-P(Q)) forall p>q.
Proof. See Berger [3, Theorem 5.1]. O

We remark that the first version of this theorem was proved in [15] for the
case ¢ = 2, L = 0, as an extension of Murat’s result [30]. Theorem 3.2.1
represents a generalization of [27, Lemma 3.1].

Now we prove the first convergence result:

3.2.5. Theorem. Let {u,}, h € (0, hy), be a family of physically admissible
approximate transonic flow solutions. This means that for each h € (0, hy), the
approximation u, satisfies (2.2.16, a-c) and u, € (o;’l‘{ Kb Then there exists
a subsequence {uy,} such that

(3.2.6) u, — u strongly in W'?(Q) Vpe[l, o)

(where w), is defined in (3.1.25)) and u is a physically admissible solution of
(1.2.14, a—c) satisfying u € 24 . Moreover,

(3.2.7) hl’.il_l}O luec — up,lwrr,) =0,  peEIL, 00).

Proof. (I) Let g € (2, co) be arbitrary and fixed. Let us consider the subse-
quence {uy,} and the function u satisfying (3.1.33). For simplicity we shall
write & := h, in the sequel.

We define the linear functions G, G,: W1H49(Q) — R!:

@) Gy(v) = —/ Vity - Vry dx—K/ rvdx,
Qh Qh
(3.2.8) veWhi(Q), he (0, k),
() G() =—/Vu-Vvdx—K/vdx, v e whaQ).
Q Q

By the Holder inequality, (3.1.27), where we set s, := 51, and (3.1.20, c), we
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get
(32.9) |G, |Gy < clvllwrae), veWDIQ),he (0, k),

which means that G, G, € (W1-4(Q)) .
(IT) Now we show that

(3.2.10) Gy — G weakly in (WH4(Q)), if h — 0.
For arbitrary v € W1-9(Q) we have

|Gr(v) - G)| <L+ L+ 1,

where
I, = Vuy, -« V(ryv — vc)dx‘ +K (rpv — vc)dx' R
Q Q
I, = Vuh-chdx—/Vuﬁ,-Vvdx‘+K/ vcdx—/vdx',
Q Q Q, Q
I; = / V(u, —u)-Vudx|.
Q

By (3.1.20, a), (3.1.27), and the Holder inequality, we have I} — 0 for # — 0.
By (3.1.33) also I3 — 0. Further,

I, < Vuy-Vu.dx —/ Vi, - Vv dx‘
Q

/ vcdx—/vdx‘+'/ V(u},—ﬁh)-Vvdx'.
Q, Q Q

If we use (3.1.2), the Holder inequality, (3.1.29), (3.1.30), and the absolute
continuity of the Lebesgue integral, we find that

Qy

+K

125/ V- Voeldx +K [ |eldx +chllvllwr.oq — 0.
WUTY

WUty

Hence, (3.2.10) is valid.

Since the functions u, satisfy the discrete entropy condition, (2.2.20) and
(2.2.21) hold. There exist constants L > 0 and &, € (0, hy) suchthat y(h) <L
for all h € (0, k). For arbitrary v € C§°(Q)* we have r,v € E; and thus,
by (3.1.20, d) and (3.2.8, a), we get

Gy(v) < L||v|lL=(g), v e Ce(Q)*, he (0, hy).

We see that the assumptions of Theorem 3.2.1 are satisfied, and since g > 2
was arbitrary, it follows that

(3.2.11) G, — G strongly in (W!?(Q))’ forall p > 2.
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(III) We use the relations obtained by a recurrent process:

(a) |u-— u;tI%Vl,Z(Q) = /;:V(u —u}) - V(u—uy)dx

1

A

=/Vu-V(u—u}l)dx—/Vu},-V(u—uZ)dx’
Q Q

(b) /K;Vujl -V(u—uy)dx
2

=/QVu;,-V(u—r,,—u)dx+/§;Vu;,-V(rh—u—ﬁh)dx

3

N\

+/QVu;, -V(up —uy)dx,

© [ Vi, V(-7 dx

4

= [ V0~ - VT - T dx + [ V-V (T - T dx,
Q Q
@ [ 9%,V dx
Q

(3.2.12) = o, Vuy - V(rpu—u,)dx

5

7 -

+/ ViZ,,-V(r;,—u—ﬂ;,)dx-/ Vuy - V(rpu—uy)dx,
Wp Th

() — | Vu,-V(rpu—uy)dx
Q,
=Gh(u—ﬂh)+K/ (r;,u—uh)dx
Qy
6 7 8

AN A

= G(u—u,) + G, — Ty) + (Gy — G)(u — y)
+1</(rh—u—a,,)dx
Q

9

+K/(rhu—uh)dx—K/ (Pl — T0p) dx,
Th Wh

10 11

A

5 A(m—m)w=/Q<m—u—u)dx+/n<u—uz>dx

12
e e,

+/(u;,—ﬁh)dx.
Q
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All the terms in (3.2.12) denoted 1-12 tend to zero, if &~ — 0. This is

a consequence of the following table, where we introduce the formulas and
estimates which imply the convergence of the particular terms 1-12:
(3.1.33)
(3.1.31), (3.1.20, b)
(3.1.31), (3.1.30)
(3.1.20, e), (3.1.29), (3.1.30)
(3.1.20, c and e), (3.1.27), (3.1.28), (3.1.2)
. (3.1.33)
. (3.2.9), (3.1.27), (3.1.30)
. (3.1.28), (3.2.11)
. (3.1.20, c and e), (3.1.29), (3.1.2)

10. (3.1.20, b)

11. (3.1.33)

12. (3.1.30).
Hence, |u—u},|w1.2) — 0 if A — 0. From (3.1.33) and the compact imbedding

Wh2(Q) —— L*(Q) it follows that |lu — u}||;2) — O and thus,
(3.2.13) lim [ — 4l 2y = .

O NAU R W

The sequence uj, is bounded in W!*°(Q). By the Lebesgue theorem, (3.2.13)
implies
(3.2.14) }lli_llr(!)"u—u;luwl,p(g) =0, D E [l, OO).

Further, from the relations
llun — uC||€VI,p(Qh) = |lup — u"iVl,p(Q_wh) + |lup — uc”iyl.p(th) >
(3.2.15) l|uen — uc”Wlm(z,,) < “uh"Wl,P(t,,) + lucllwr ez s
Nun — tellwr.o(@-w,) < 18h — ullwr o)
< Nan — wyllwr .oy + Nty — ullwro ) s

(3.1.4), (3.1.5), (3.2.14), (3.1.29), (3.1.30), and (3.1.2) we obtain (3.2.7).

(IV) Now we show that u is a physical solution of problem (2.2.16, a~c).

(a) Let ¢ > 0 be an arbitrary number. Then by (3.1.31) (where s; := 51),
there exists 4, € (0, Ay) such that

[ViyllL=@) < V51 +& Vhe (O, k).

By virtue of (3.2.6) we can extract a subsequence from {Vu;,} which converges
to Vu a.e. in Q. Hence, we have || Vu|| ) < /51 + ¢ for each ¢ > 0 and
thus,
(3.2.16) IVt ooy < 51

(b) Let v € &* (see (1.2.19)). Then r,v € E;f, and by (2.2.20), (3.1.20, d),
and (3.2.8, a),
(3.2.17) Gy (v) < y(W)[v]lL=(@)-
Using the strong convergence G, — G in (WLH?2(Q)) (p € (2, 0)) and
(2.2.21), we immediately get from (3.2.17) the relation

G(v)=—/Vu-Vvdx—K/'udx§0,
Q Q
which is (1.2.22). Thus, u € 929 .
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(c) In order to prove that u satisfies (1.2.14, a—c), we observe that ), —u} =
2y eV, uy,—u,u, — u* and thus, 2, - z:=u—u* in WH2(Q). Since V
_is a closed subspace of W!:2(Q), we have u — u* € V, which is (1.2.14, b).
(d) For the verification of (1.2.14, a,c) we shall consider an arbitrary v € 77
and denote v, = II,v € V. Using (2.2.16, c), (1.2.11), (2.2.1), and (3.1.15,
a-b), we can write

(3.2.18)
a(uy,, 0p) + [a(uy, , Uy) — a(uy,, 0)] + [a(iy , Ty) — a(uy,, y)]

+[ bp(|Vun|*)Vuy, - Vo, dx — / bp(|v7,,|2)vm,~vvhdx]
Th Wp

+ [an(up , vi) — an(up, va)l
= L(Ty) + [Ln(vy) — L(TR)] + [Ly(vh) — La(vn)] + Z5(vp)-
In view of Lemma 3.1.22, we have 7, 9, — v in W?(Q) for p > 2, and

hence also in W!-2(Q). From this, Lemma 1.2.13, (2.2.14), and the fact that
uj, — u, it follows that

}lln‘éa(u;; ) ’ah) = a(u’ ’U),

(3.2.19) . _ .
lim L(©y) = L(v),  lim#(vs) = 0.

Using Lemma 1.2.13, (3.1.17), (3.1.30), (3.1.4), the boundedness of #u,, U,
in wh2(QuU Q,), (2.2.12), (2.2.13), and (3.1.3), we find that all terms in
the square brackets in (3.2.18) tend to zero if # — 0. This, and (3.2.19),
immediately imply that the relation a(u, v) = L(v) is satisfied for allv € 7.
Now from the density of 7 in V' and the properties of a(u, -) and L we see
that (1.2.14, a,c) holds. O

3.2.20. Corollary. If there exists only one physically admissible solution u €
q);’,d’ x of problem (1.2.14, a—c), then we do not need to confine ourselves to
subsequences of the family {u}he(0,n,) , and we have

. ! — =
lim ju, — ullwr () = lim fluy — ellwr .o, =0

Jor pe[l, o).

3.2.21. Remark. The assumptions on approximate solutions may seem rather
strong, but they are necessary to guarantee their physical admissibility. In the
following, Theorem 3.2.5 will be used as a tool for proving the convergence of
solutions of the minimization problems.

3.3. Convergence of solutions of the minimization problems. In this subsection
we shall deal with the convergence of the solutions of the minimization problems
(2.3.5). For this purpose we must introduce the Ritz projection P,: W!-2(Q) —
u, + V), defined by

(@) Pyu€ X,
(b) Puu—uyev,,

(c) VPu-Vu,dx = Vu,-Vo,dx Vv, €V,
Q, Q,

(3.3.1)
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3.3.2. Lemma. Provided u € u*+V, u* € W"°°(Q); and u;, = ryu*, we have
(a) }lzi_lglPhu = Uclwr2q,) =0,
(3.3.3) (b) }lll_ff(l) |Pyu — uIleZ(Q) =0,

(©) ”Phu”Wl’Z(Q,,) , ”m”WlJ(Q) <c Vhe (0, h).

Proof. Let u€ u*+V . Then we have u=u*+z with zeV, Pu=uj +z,
with z, € V},, and for any y, € V,, we obtain

Ptk — 3 20, = /Q V(P — ug) - V(] — uf) dx
h
+/ V(Pyu—uc) - V(zp — xp)dx
Qy

+/ V(Pyu—u.) V(xp— z.)dx.
Qy

This, the Cauchy inequality, the fact that z, — x;, € V},, and (3.3.1, c) yield the
relation

|Phte — uclw 2,y < Uy — U¥|wi2q,) + leelt;’;. [xn = Zelwr.2q,)-

By (3.1.20, a), the density of 7" in the space V', and the property (3.1.23, a)
we get the assertion (3.3.3, a). The result (3.3.3, b) is obtained on the basis
of (3.1.2), (3.1.4), and the absolute continuity of the Lebesgue integral (cf.
(3.2.19)).

Further, using the relation Pu = u; + z,, z, € Vj, (3.3.1, ¢) with v, :=
zp, (3.1.8), the boundedness of the family {u;}, and (3.1.4), (3.1.5), we get
(3.3.3,¢). O

We now formulate our second fundamental convergence result.

3.3.4. Theorem. Let the following assumptions be satisfied.
(a) Problem (1.2.14, a—c) has exactly one solution u € (o;'ld’ x Jorsome K >0.
No other solution of (1.2.14, a—c) satisfying the entropy condition (1.2.22) exists.
(b) There exists a constant s, > s; such that

(3.3.5) IVPullioq, <52, € (0, ho).

(c) We choose e €1, 3).

(d) The family {F}ne(0,h) is quasiuniform.
Then the solutions {u,} of the minimization problems (2.3.5) converge to u in
the following sense:

(3.3.6) ,lll_f_f(ll lluy, — ullwr.r @) = 0,
(3.3.7) lim [|uy, — ellws @) =0,

where ) was defined in(3.1.25) and p €[1, o0).
Proof. (1) We shall show that all u,, h € (0, hp), satisfy (2.2.16) with an
appropriate choice of the functional #, with property (2.2.14). Let us put

(3.3.8) Z(vp) = ap(un , vp) — Ly(vy), vy € V.
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By (2.3.3) we have

(3.3.9) Z(vp) = / Ven(up) - Vopdx, vy €V,
. Q,

and in order to prove (2.2.14), it suffices to show that
(3.3.10) &n (un)lw.2,) — 0 if h— 0.

From the definition of the minimization problem (2.3.5) and assumption (3.3.5)
we obtain the following inequality:

_ 1 2 _ -
0 < F(un) = 31Sn(Un)lgn .2 (q,) + Fn(un) = o A
(3.3.11) 1904200, <52
< F(Pyu) = 3 (Pa) 31,2,y + FPn(Path).

(1) First, we shall deal with the term %, (P,u). By (2.3.4) we have

2
In 1 "
6312 AE0=5 T & [(- /Qh VPu-Vu, dx - K [ wy, dx) ] .

Pi€dy Qy

For P; € 6, let us consider the expression
(3.3.13) Ii:=— [ VPu -Vw,dx—-K [ wydx.

Qy Qp
If I'p # @, then wy, € ¥}, and by the definition of P, we have
(3.3.14) I =— Vue-Vwy, dx — K | wy,dx.

Qh Qh
However, the same is valid if I'p = @, because

Wy, 1= Wy, — ae—a—s—(—gi;)- o, Wh, dx € Vi
and Vw,, = Vwy, .
Now, in view of (3.3.14), we can write
(3.3.15) L=I'+I}+1},
where
I} =- / Vu- VI, dx — K / YW, dx,
Q Q
I} = / Vu - V([Wy, — W) dx + K / (18w, —wy,) dx,
(3.3.16) 2 e
B=[ Vu-Vo,dx+K | Wydx
Wp Wp

—/ Vue - Vwy, dx—K/ Wy, dx.
Th Th

It is evident that wy, € Ej for P, € &, and, by (3.1.14), Il%w,, € E*. Hence,
since u € p24  , we have

(3.3.17) I'<o.
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Further, from the quasiuniformity of the family {;}nc(0,ny), (2.3.7), (2.3.8),
(3.1.13), and the assumption that ||Vu||%°°(9) < s1, it follows that

1< VA [ IVUD, - w)ldx + K [ |8, - Ty dx
(3.3.18) Q . Q
< chllwp, w1, < ch# <ch?, he (0, hy).

Using (2.2.4), we deduce that
(3.3.19) meas[(wy, U t;) N supp Wy, ] < ch?,

which together with (2.3.7) yields the estimate

(3.3.20) |7 < (% + c) meas[(wy, U t) N suppWy,] < ch?, h e (0, hy).

Of course, if P; is not a vertex of a triangle T € .9;, adjacent to 9%, then
(3.3.21) I’=1}=0.
By (3.3.15)-(3.3.21) we have

IF <IN+ D)+ I)*
(3.3.22) ch? if P,eé,NT and T € J, is a triangle adjacent to 99,
< .
~— L0 otherwise.

Set Ny =card{P, € 6,; P, € T, where T € 9, is a triangle adjacent to 9€);}.
As {J }ne(,ny) is quasiuniform, there holds

(3.3.23) Ny <

S o

Now, from (2.3.8), (3.3.12), (3.3.13), (3.3.14), (3.3.22), (3.3.23), and assump-
tion (c), we obtain the estimate

(3.3.24) Py(Paut) < cgN;h-Zeh“ <ch3 % 0 ifh—0.
(2) In the following we shall consider the expression
|éh(Phu)|W1,2(Qh) as h — 0.

Using Lemma 3.1.7, (2.3.3, a-b), (1.2.14, a—c), (1.2.11), and (2.2.1), we get for
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& =&y (Pyu) the estimate
€31 .20,) < W30y = / V&, - V& dx
= ay(Pyu, &) — Ly(&) — a(u, &) + L(&,)

1
<lan(Pyu, &) — an(Pyu, )| +

2

/ bp(|[VPu*)VPyu - VE, dx
Th

(3.3.25) ) 3 . 4
bp(VE) VP - VE, dx‘ +1a(Ba, &) - a(Prid, &)

Wy
6

5
+|ﬂ(Phu &) —a(u, fh)|+|Lh(fh) Lh(fh)l
7 8

A

+ | La(&r) — L(En)| + |L(ER) — L(EA)] -

The terms in (3.3.25) denoted by 1-4 and 6-8 are bounded by c||&]lw1.2q,)
as we can prove on the basis of the following table with the relations which yield
the particular estimates:
(2.2.12), (3.3.3,¢)

3. (1.1.8, ¢), 1.2.3(A), Cauchy inequality, (3.1.4), (3.3.3, c¢)
4. 1213a (3.1.17), (3.3.3, ¢)
6. (2.2 13)
7. (3.
8. 1.

1.
2.,

2 13 d, (3.1.17).
We next estimate the fifth term. In view of 1.2.13c, this term is bounded by

c| Pyt — uly.20)lElw.2(0)-

Further,

Enlwr.2q) < 1 — Enlwr ) + [Ealw 2 »

1l .2y < 1ali.a,) + 1€hT3 2wy)-
From this, (3.1.17) and (3.1.4) we get a bound of term 5 in the form

c|Pyu — ulwr.20)Ehllw.2@,)-
Summarizing the above results, we have
I€h1151.2,) < €(h + [Pott = ulyrr 2@ Erll w20,

and hence, by virtue of (3.3.3, b),

(3.3.26) ln(Prd) .2,y — O if & — 0.
(3) The relations in (3.3.11), (3.3.24), and (3.3.26) imply that
(3.3.27) %Ié;,(u;,)lfy.,z(gh) + Py(up) = 0 if h— 0.

This means that (3.3.10) is valid and thus, {u#;}sc(0,, i a family of solutions
of (2.2.16, a—c) with 7, satisfying (2.2.14).
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(II) Now we come to the entropy condition. From (3.3.27), assumption
(c), and Theorem 2.3.10 it follows that the functions u; satisfy the entropy
inequality (2.2.20) with the function

y(h) ==/ Py(up)h*",

which has property (2.2.21). Finally, we apply Theorem 3.2.5 (where we substi-
tute s, :=s;) and Corollary 3.2.20, and we immediately get (3.3.6), (3.3.7). O

3.3.28. Remark. By a more involved technique it is possible to extend Theo-
rem 3.3.4 to the case of a regular family of triangulations, provided it satisfies
the conditions N, ~ 1/h? and N} = 1/h.

In the case I'p = @ the main results remain valid if instead of the spaces 7~
and V), defined in (1.2.7, b) and (2.1.6, b) we use

%={vec<>°(§);/a vdS=O}

Q
and

V},={'UGX;,;/ v,,a’S:O},
aQ,

respectively.

3.3.29. Remark. Concerning assumption (3.3.5), we refer to the result of Ran-
nacher and Scott [33], where they prove the stability of the Ritz projection in
wl.p(Q) for all p € [2, oo]. According to the authors of [33], it is possible
to extend this stability result to more general boundary conditions and to the
case of a piecewise smooth boundary, provided the corner angles do not exceed
some critical values.

3.3.30. Remark. In the proof of Theorem 3.3.4 it has been shown that the
limit case ¢ = 1 is still allowed. This is an improvement of the results of
Berger [3] achieved by our refined analysis. Nevertheless, since the function
y(h) = /P, (up)h*~! determines how well u; satisfies the entropy condition,
the choice ¢ > 1 seems to be more suitable. For ¢ > 1 the convergence
y(h) — O is faster than for ¢ = 1, when y(4) can tend to zero very slowly.
On the other hand, owing to the variational crimes, it is not possible to choose
¢ > 1.5 in domains with curved boundaries.

The numerical experiments in calculations of transonic flow past NACA 0012
profile are in agreement with our theoretical results. They show that the choice
¢ = 1 gives a too flat velocity distribution along the profile. If we take & > 1, the
results are better and closer to the results obtained by finite difference methods
(cf., e.g., [3]). However, the choice ¢ > 1.5 leads in some cases to instabilities
and slow convergence of the iterative process for obtaining an approximate
solution. If we choose ¢ € (1, 1.5), these problems disappeared.

BIBLIOGRAPHY

1. B. Arlinger, Axisymmetric transonic flow computations using a multigrid method, Lecture
Notes in Phys., vol. 141, Springer-Verlag, Berlin and New York, 1981, pp. 55-60.

2. H. Berger, Finite-Element-Approximationen fiir transonische Stromungen, Dr. rer. nat. Dis-
sertation, Universitit Stuttgart, 1989.



520

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

HARALD BERGER AND MILOSLAYV FEISTAUER

. ——, A convergent finite element formulation for transonic flow, Numer. Math. 56 (1989),

425-447.

. H. Berger, G. Warnecke, and W. Wendland, Finite elements for transonic flows, Numer.

Methods Partial Differential Equations 6 (1990), 17-42.

. M. O. Bristeau, R. Glowinski, J. Periaux, P. Perrier, O. Pironneau, and G. Poirier, Appli-

cation of optimal control and finite element methods to the calculation of transonic flows
and incompressible viscous flows, Numerical Methods in Applied Fluid Dynamics (B. Hunt,
ed.), Academic Press, New York, 1980, pp. 203-312.

. P. G. Ciarlet, The finite element method for elliptic problems, North-Holland, Amsterdam,

1979.

. P. G. Ciarlet and P. A. Raviart, General Lagrange and Hermite interpolation in R” with

applications to finite element methods, Arch. Rational Mech. Anal. 46 (1972), 177-199.

. J. D. Cole and E. M. Murman, Calculation of plane steady transonic flows, AIAAJ. 9 (1971),

199-206.

. H. Deconinck, The numerical computation of transonic potential flows, Ph.D. thesis, Vriji

Universiteit, Brussel, 1983.

H. Deconinck and C. Hirsch, Transonic flow calculations with higher finite elements, Lecture
Notes in Phys., vol. 141, Springer-Verlag, Berlin and New York, 1981, pp. 138-143.

R. DiPerna, Convergence of the viscosity method for isentropic gas dynamics, Comm. Math.
Phys. 91 (1983), 1-30.

P. Doktor, On the density of smooth functions in certain subspaces of Sobolev space, Com-
ment. Math. Univ. Carolinae 14 (1973), 609-622.

M. Feistauer, On irrotational flows through cascades of profiles in a layer of variable thickness,
Apl. Mat. 29 (1984), 423-458.

—, On the finite element approximation of a cascade flow problem, Numer. Math. 50
(1987), 655-684.

M. Feistauer, J. Mandel, and J. Necas, Entropy regularization of the transonic potential flow
problems, Comment. Math. Univ. Carolinae 25 (1984), 431-443.

M. Feistauer and J. Necas, On the solvability of transonic potential flow problems, Z. Anal.
Anwendungen 4 (1985), 305-329.

____, Viscosity method in a transonic flow, Comm. Partial Differential Equations 13 (1988),
775-812.

—, Remarks on the solvability of transonic flow problems, Manuscripta Math. 61 (1988),
417-428.

M. Feistauer and V. Sobotikova, Finite element approximation of nonlinear elliptic problems
with discontinuous coefficients, M2AN 24 (1990), 457-500.

M. Feistauer and A. Zenisek, Finite element solution of nonlinear elliptic problems, Numer.
Math. 50 (1987), 665-684.

_, Compactness method in the finite element theory of nonlinear elliptic problems, Numer.
Math. 52 (1988), 147-163.

R. Glowinski, Lectures on numerical methods for nonlinear variational problems, Springer-
Verlag, Berlin and New York, 1981.

—, Numerical methods for nonlinear variational problems, Springer-Verlag, Berlin and
New York, 1984.

R. Glowinski and O. Pironneau, On the computation of transonic flows, Functional Analysis
and Numerical Analysis (H. Fujita, ed.), Japan Soc. for the Promotion of Science, 1978,
pp. 143-173.

A. Jameson, Acceleration of transonic potential flow calculations on arbitrary meshes by the
multiple grid method, AIAA Paper 79-1458 (1979).

A. Kufner, O. John, and S. Fucik, Function spaces, Academia, Praha, 1977.

J. Mandel and J. Negas, Convergence of finite elements for transonic potential flows, SIAM
J. Numer. Anal. 24 (1987), 985-996.



28.

29.

30.

31
32.
33.

34.

3s.

FINITE ELEMENT APPROXIMATION OF TRANSONIC FLOW 521

R. Mani and A. J. Acosta, Quasi two-dimensional flows through a cascade, Trans. ASME
Ser. A, J. Engrg. for Power 90 (1968), No. 2. ‘

C. Morawetz, On a weak solution for a transonic flow problem, Comm. Pure Appl. Math.
38 (1985), 797-818.

F. Murat, L’injection du cone positifde H-' dans W19 est compacte pour tout q <2,
J. Math. Pures Appl. (9) 60 (1981), 309-322.

J. Netas, Les méthodes directes en théorie des équations Elliptiques, Masson, Paris, 1967.
—, Ecoulements de fluide: compacité par entropie, Masson, Paris, 1988.

R. Rannacher and R. Scott, Some optimal error estimates for piecewise linear finite element
approximations, Math. Comp. 38 (1982), 437-445.

G. Strang, Variational crimes in the finite element method, The Mathematical Foundations
of the Finite Element Method with Applications to Partial Differential Equations (A. K.
Aziz, ed.), Academic Press, New York, 1972, pp. 689-710.

A. Zenisek, Discrete forms of Friedrichs’ inequalities in the finite element method, RAIRO
Numer. Anal. 15 (1981), 265-286.

.=+ M. Zlamal, Curved elements in the finite element method. 1, SIAM J. Numer. Anal. 10

(1973), 229-240.

UNIVERSITY OF STUTTGART, MATHEMATICAL INSTITUTE A, PFAFFENWALDRING 57, D-7000
STUTTGART 80, GERMANY

CHARLES UNIVERSITY PRAGUE, MATHEMATICAL INSTITUTE, SOKOLOVSKA’ 83, 186 00 PRAHA 8,
CZzECH REPUBLIC
E-mail address: feist@cspguk11.bitnet



	Cit r36_c36: 


