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FINITE ELEMENT APPROXIMATIONS
OF NONLINEAR ELASTIC WAVES

CHARALAMBOS G. MAKRIDAKIS

ABSTRACT. In this paper we study finite element methods for a class of prob-
lems of nonlinear elastodynamics. We discretize the equations in space using
Galerkin methods. For the temporal discretization, the construction of our
schemes is based on rational approximations of cosx and e*. We analyze
semidiscrete as well as second- and fourth-order accurate in time fully dis-
crete methods for the approximation of the solution of the problem and prove
optimal-order L? error estimates. For some schemes a Taylor-type technique
is used so that only linear systems of equations need be solved at each time step.
In the proofs we need various estimates for a nonlinear elliptic projection, the
proofs of which are also established in the paper.

1. INTRODUCTION

In this paper we shall study finite element methods for a class of problems
of nonlinear elastodynamics. In particular, we consider the following initial-
boundary value problem: Let Q be a bounded domainin RY, N=1,2, 3,
with smooth boundary 8Q (Q is viewed as the reference configuration of a
homogeneous elastic body), and let 0 < T < co. We seek a displacement
function u: Q x [0, T] — RY such that—index notation and the summation
convention will be generally employed—

i)i(X, t) = aaSia(Vu(x3 t)) +ﬁ(x3 t) in Q x [Os T],
(1.1) u(x,t)=0 ondQx|[0,T],
u(x,0)=u(x), wu(u,0)=u'(x) inQ,

where dots denote differentiation with respect to ¢ and 9, = 8/9x, . Further-
more, S is a given smooth N x N matrix-valued function defined on RV*¥
which characterizes the material—the Piola-Kirchhoff stress tensor—and f is
the body force. Also, u® and u! are given smooth functions which represent
the initial displacement and the initial velocity, respectively. For a complete
discussion of the physical background of the elasticity equations, cf., e.g., [15].

We shall discretize (1.1) in space using Galerkin methods. For the tempo-
ral discretization, since (1.1) is a wave-type equation, the construction of our
schemes is based on rational approximations of cosx and e*, cf. [1]-[3], [5].
We shall analyze semidiscrete as well as second- and fourth-order in time fully
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discrete methods for approximating the solution of (1.1). Before describing the
results in detail, we proceed to introduce notation and list our assumptions for
the problem.
We shall assume that the stress tensor S has the following properties, cf.
[10]:
S is the gradient of a scalar-valued “stored energy function”. Hence, if
0

Aiajﬂ(n) = F) Sia(rl)a ne RNXN,

J

we shall assume that the elasticities A;,jp satisfy
(Sla) Aiajp = Ajpias 1<i,a,j,B<N.

In addition, we assume that a strong ellipticity condition is satisfied in an open
set @ in the domain of 4;,js, i.e., that there is a positive constant M; such
that

(S1b) Aijs(MCalplil; > M|

forall ne€ @ and &, { € RY. Here, |-| denotes the Euclidean norm on RY .

Following standard notation, we let W*:? := W$:2(Q)N be the usual Sobolev
space of vector-valued functions whose generalized derivatives of order up to s
belong to LP(Q)N. We denote the corresponding norm by || - |ls.p, by |+ ls.p
the seminorm of order s, and put HS := W*$-2 with norm | - ||;. Also (-, ),
resp. || - ||, will denote the inner product, resp. norm, on L? := L*(Q)V or
LY(Q)N*N | while || will be the norm on L. In addition, let H} be the
subspace of H' consisting of the elements of H! that vanish on 9Q in the
sense of trace.

Assuming (Sla, b), Dafermos and Hrusa [10], and Chen and v. Wahl [8],
establish the existence of a unique local solution to the problem (1.1). In par-
ticular, the main result of [10] can be stated roughly as follows: Let A, g
and f be sufficiently smooth and let u e H™, u' € H™! for some integer
m > [N/2]+ 3. Assume further that (Sla, b) hold, that the initial data satisfy
the natural compatibility conditions of order m, i.e., that the initial values of
time derivatives of # up to order m — 1 (as computed formally in terms of
u® and u' using (1.1)) vanish on 4Q, and that Vu°[Q] C & . Then there is a
T > 0 for which (1.1) has a unique solution such that

ue[)Cm ([0, T1; H¥).
5s=0

By the Sobolev imbedding theorem the solution will be classical provided m >
[N/2]+ 3. We shall therefore assume in the sequel that the above assumptions
are fulfilled for m sufficiently large to allow a unique solution u of (1.1) to
exist which is smooth enough for our purposes. Furthermore, we assume that
there is an open convex set .# , with .# C & , such that Vul[Qx [0, TIICc #
(see the proof of [10, Theorem 5.2]). If ¢ is the distance of .# from 6¢& , and
M= {n e RN inf 4 |n— 0| <}, we let

Z:={®ec L@V d(x) e #, x Q).
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We will need Z in the error analysis; this is the set which is expected to contain
the gradients of the approximations of u; thus, (S2b) below will hold for these
functions.

We now define the following forms:

N

a(, v) =Y (Su(V4),%wi), ¢, weH,

i,a=1
and
N
aw;d, W)= Y. (Aiajp(V0)3p¢j, dati), v, ¢, weH.
i,a,j,p=1

Using (S1) and the definition of Z, we have
(S2a) av; p,y)=a(v; vy, ¢), v,¢,yeH.
Further we assume that for My > 0 we have
(S2b) a; ¢, ¢) > Mo|V|?, v,¢eH',VveZ

(S2b) is a stronger assumption than (S1b). In particular (S1b) implies that
a; ¢, ¢) > Mo||Vel*> — ullgl|?>, u >0,v, ¢ € H', Vv € Z. We note, how-
ever, that the techniques of this paper can be extended so that our results are
valid under this weaker condition. A variational form of the problem (1.1) can
now be stated as follows: Find u(-, ¢) € H, 0 <t < T, such that

(it(t), v) +au(t), v) = (f(2),v), VveH;,
u(x, 0)=ul(x), a(x,0) =u'(x), xeQ.
Finite element discretization. We shall approximate the problem (1.2) by the
finite element method, using, for the discretization in space, the usual piecewise
polynomial shape functions, cf. e.g. [9, §2.2]. Specifically, for 0 < h <1
we assume that we are given a family S, of finite-dimensional subspaces of
W'l n H} such that for some integer r > 2 and small 4,

(i) infyes, (lv — Il + Al — 21} < Chololls, 1<s<r, veH NH.

Now let 4: H! — S, be the nonlinear operator defined by
(1.3) (Av, x)=a(v, x), VXESh
Also, for given v € H!, we consider the linear operator L(v): H' — S given
by
(1.4) (L), x)=a(v; ¢, x), VX€Sy, s€H"
Further, we assume that the following inverse inequalities hold:

(ii,a) There exists a positive constant Cp such that for every x € .S

IVl < Coh~"lixll and [VXloo < Coh™ |xloo-
Note that as a consequence of (S2b) and the definition of L(v) there exist
positive constants C;, C, such that
CIIVXI? < (L)x, 2) < G x))?

holds for all v € H! with Vv € Z and x € S.

(1.2)
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(ii,b) There is a constant C; such that for every x € S
IVXloo < Csh™N2|| Vx|l and |¥loo < Csh™N|x]l.

Let P: L? — S;, denote the L2-projection operator onto S),. Then, a con-
sequence of the assumption (i) is that there exists a constant C such that
(i)
lv — Pv|| < ChS||v)s, 1<s<r, ve HNnH}.
We define now a nonlinear elliptic projection of the solution u of (1.1),
denoted by W(z) (or w(t) in §4) as follows. For 0<¢< T, let W(¢) € S, be
the solution of the nonlinear system

(15) a(W(t)> X)=a(u(t)a X)a VX € Sp.

It is known, cf. Dobrowolski and Rannacher [12], and Rannacher [19], that
the equation (1.5) has a locally unique solution W (¢) € S, for 0 <t < T.
Furthermore, W has the following approximation properties:

(iv,a) There exist constants Cs(u) that depend on u such that

lu(®) - WOl < G(wh*,  2<s<r,

and
[u(t) = W(t)|oo < Cs(u)h®|log h|?"), 2<s<r,

where 6(r) =0 if r>2 and 6(r) =§ +1>0 if r=2. (For a proof of these
estimates, cf. [12] for r > 2 and [19] for r = 2 with a different technique.)

In addition, we shall prove in §5 that for the time derivatives of W there
holds

(iv,b) lu(t) = W) < Cs,j(w)h*, 2<s<r, j=0,1,....

Finally, we shall suppose that there exist constants C;, independent of 4,
such that

W) IWO@Dl,00 < C; j=0,1.

In §5 we shall establish that (i)-(iv) imply (v) under the restriction that r —
N/2-1>0.

Summary of results. We consider first the semidiscrete analog of problem (1.2)
on Sy, namely the problem of finding u,: [0, T] — S}, such that

(16) (ah> X)'l'a(uh’ X)=(f> X)> VXGSh,

given initial values u;(0) and i,(0) approximating #° and u' in S),.
In §2 we shall show that the problem (1.6) has a locally unique solution and
that the optimal-order L? error estimate
,
(max lu(t) = un (Il < C(w)h
holds, under the assumption that r— N/2—1 > 0 and for an appropriate choice
of initial approximations.

For work on semidiscrete approximations to scalar nonlinear wave equations
of the form v, + Z,’i, 0;iF;(Vv) = g, cf. [11].

In §3 we construct two two-step fully discrete schemes to approximate (1.1)
in time as well, that are based on second-order accurate approximations to the
cosine. They are both second-order accurate with respect to the time step k.
Computing the approximation U” € S, of u(t,), t,=nk, n=0,1,...,J,
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t; = T, with the first scheme requires the solution of a system of nonlinear
equations for each n, while the second scheme only requires solving one /inear
system of equations for each n. Under certain smoothness assumptions on the
solution of (1.1), we show in §3 that these approximations satisfy

_Jn r 2
opax [lu(tn) = U] < C(A" + &%),

under the restrictions:
a) k=o0(h'/?) and h"~1/2 = o(k), when N =1,
éﬂ) k=o(h), r>2,and h"~! =o(k), when N =2 and
(y) k=o0(h*?), r>3 and h"~3/2 = o(k) when N =3.
In [6], Bales and Dougalis analyzed fully discrete fourth-order accurate in
time cosine schemes for the nonlinear scalar wave equation

N
(L.7) Uy — Y 05(ai;(v)8v) + ao(v) = g(v)
i,j=1

and proved optimal-rate L? error estimates in space and time. Our general
plan of error analysis in §3 follows that of [6]. We shall consider only second-
order accurate schemes since, owing to the special form of the equations of
nonlinear elastodynamics, it is not clear how to construct useful fourth-order in
time cosine-type schemes. Note that in [17] up to fourth-order accurate cosine-
type schemes have been analyzed for the equation (1.7) in the more general case
where the function g depends on #, and Vu as well.

In §4 we shall study single-step fully discrete methods for the approximation
of u that have temporal order of accuracy 2, 3, or 4. In order to construct
these schemes, we first write the semidiscrete problem (1.6) as a first-order in
time system of ordinary differential equations, that we then discretize in time
using methods based on rational approximations of the exponential, cf., e.g., [1,
3]. With suitable choices we derive fully discrete schemes in which computing
the approximations (g;:) 2 (L‘g:;) needs only the solution of /inear systems of
equations at each time step. Moreover, in §4, we prove that if the quantity
k='h=N/2(h" 4+ k¥) remains small as k, A — 0, then

(1.8)  max (|lu(ty) — UF|| + lli(tn) — US|)) < c(h" + kY), v=2,30r4,
0<n<J

i.e., that an optimal-order in space and time L? error estimate holds for the
approximations of the displacement u as well as of the velocity #. (Note that
the restriction that k='A=N/2(h" + k¥) remains small as k, A — O follows, if
v = 2, from the mesh conditions (a), (f), (y) stated previously. If v =3 or
4, it follows e.g. from the weak mesh condition that k*~! = o(AN/2), h'—N2 =
o(k) provided that r > §.

In [4], Bales considers the nonlinear scalar hyperbolic problem (1.7) and
analyzes fully discrete schemes of up to fourth-order temporal accuracy that
are generated by rational approximations of e*. Under the restriction that
r>3 and v >3 for N =2, 3 he proves optimal-order L? error estimates for
the approximations of v. The general plan of our error analysis in §4 follows
that of [4], and also that of Bramble and Sammon [7], in which fully discrete
approximations for parabolic problems are analyzed. However, in our analysis
we use a stronger norm for the estimates. This preserves the optimal order of
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convergence, cf. Lemma 4.1 below, and also allows us to handle the effect of
the presence of Vu in the operator S in a satisfactory manner. (Of course,
we must require that k~'A=/2(h” 4+ k¥) be small, a restriction inherent in the
problem itself rather than in the techniques used for the error analysis, cf. the
analogous restrictions in §§2 and 3.) Note also that, if one applies our technique
in the case of Bales’ schemes for (1.7) one can prove the analogous estimates,
but without the restrictions r >3, v > 3.

2. SEMIDISCRETE APPROXIMATIONS

As stated in the Introduction, the continuous-in-time finite element approxi-
mation (semidiscrete approximation) u,: [0, T] — S, of the solution of (1.1)
satisfies the following initial value problem in S}, :

(ﬂh,X)‘l‘a(uh,X):(f,X), VXGSh, OStST,
up(0) = ud, uy(0) = uj € Sp.
We have now the following result:

Theorem 2.1. Let u be the solution of (1.1). We assume that r — N/2-1> 0
and that the initial values ug, u,‘, € Sy, have been chosen such that

(2.2) llufy = W (Ol + Il = W(O)I| < ch,

where W (t) is the solution of (1.5); then the semidiscrete problem (2.1) has a
locally unique solution that satisfies, for a constant ¢ independent of h,

lun(2) —u(@)|| < ch”

(2.1)

max
0<t<T

Proof. Let up—u = (u, — VI_/)+(W—u) =: 6+ p. Then, using (1.2), (1.5), and
(2.1), we have

(2.3) @, 0)+a(un, x)—aW, x)=—=(p, x), Vx€Sh

In the sequel we shall use the following formula (Taylor’s theorem): If
Vv, Vw € Z, there holds

N 1
0
(24) Sia(V0) = Sia(VO)+ 3 0p(v;-w)) /0 > Sa(Vw+ (V0 -w)) d.
J.B=1 J
Since Z is convex, the term in the integral remainder is well defined.
Let us assume for a moment that Vu, € Z. Then, since for # sufficiently
small, VW € Z as a consequence of (ii,b) and (iv,a), we have, using (2.4),

1
a(un, 1) —a(W, ) =/ aW +1(up - W); 0, )dt, 1 €Sh.
0
Hence, (2.3) takes the form

1
(2.5) (9,x)+/0 AW +t(up— W); 8, x)dt = —(5, %).

Given W = W(t), we consider a form defined for ¢, v, x € S, (with
V¢ € Z) as follows:

1
A(¢;w,x)=/0 AW + 16— W); v, x)d.
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Consider the following subset of Y := C([0, T]; H')n C([0, T]; L?):

F={y: [0, T]> S,
where max (ly/(1) = W(Dll + 19/(1) - W()]) < C.()h",

and Vy(1)eZ, 0<t<T},

where C,(u) = C, is a positive constant which will be specified later. It is
obvious that .# is not empty, since W € % . Also, if a sequence {y,}32, C .F
converges in Y to y € Y, we see easily that y € .# . Hence, .# is a closed
subset of Y .

With this notation, define a mapping .#" on .# as follows: If ¢ € %, the
image /" (¢) =: u, is given by the relations

(2.6) up(0)=ud, 440)=ul, fort=0,
and uy(t) € Sy, for 0 <t < T, such that

where 64 = uy — W . In order to complete the proof of the theorem, it suffices
to show that .#" has a unique fixed point in ¥ . Indeed, if v, is this fixed
point, then v, satisfies (2.5) and Vv, € Z; therefore v, satisfies (2.3) too, i.e.,
is a solution of (2.1). Furthermore, since v, € ¥ , the approximation property
(iv,a) implies that maxo<,<7 ||vn(t) — u(t)|| < ch”.

We will establish the existence of a unique fixed point in .¥ by showing
that the pair ¥, /" satisfies the assumptions of Banach’s fixed point theorem,
namely that

(a #(F)cs,

(b) # is a contraction with respect to d(-, -),
where for ¢, y € 7, d(¢, y) = maxo,<r(¢(t) — w(®)ll + l16(t) — v ()I]) -
(Note that we can show, by a similar argument as in the proof of (b) below, that
if u, and @, are two solutions of (2.1) with Vu,, Vii, € Z and |ju — u,||,
llu—idt,)) < Ch", then uy, = iy.)

For (a), we first observe that .#" is well defined. Indeed, if ¢ € ., since
VW belongs to Z, the element W + 7(¢ — W), 0 < 7 < 1, is such that
V(W + t(¢ — W)) € Z, and the bilinear form A(¢; -, -) is symmetric and
positive definite. Hence, the relations (2.6) and (2.7) describe u4: [0, T] — S},
uniquely as the solution of an initial value problem of a second-order system
of ODEs. )

Now putting y =0y in (2.7), we have for 0<t< T

(écf)’ 0¢) + A(¢; 0¢’ 047) = —(ﬁ’ éd)):

or

1 6,12+ 46; 05, 6,))

N 1
. A 1
==, 60+ 3 5[ Ol (TW TG = W05, 005.0)dr.
ia,j,B=1
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Since A(¢; -, +) is positive definite, integration yields for 0<¢t< T
(2.8)
16411 + Mol|VO4(1)1|

t t
< c(lB4(0) |12 + 165(0)12) + ¢ /0 1312 ds + /0 16,]12 ds

N t pl
+ Z l/' / (at[Aiajp(VW + V(¢ — W))]6,0¢ B> 6,04, o) drtds.
i,a,j,ﬂ=12 0 Jo ’ ’
From (iv,b) we have fot 1pI>ds < ch? . Also, (2.2) and (2.6) give ||0‘¢(0)||2 +
164(0)]|? < ch? . Finally, to estimate the last term of (2.8), observe that

01(Aiajg (VW + 1V (¢ — W)))

N

0A;,; . S

= > FEEWW + V(¢ — W), (Wi + (i — Wi)).
k,y=1 a”ky

Using the fact that the values of VW + 1V (¢ — W) lie in a bounded set of

RN*N | the smoothness of A;4jg, and (v), (ii,a,b), we have that

N 1
1

> 5 | OlAwis (VW + 2T~ W))10y60,5. 005,0) v
i,a,j,B

< W, oollOsl1F + €l — Wi, oollO4113

< cllOgll} + ch™' M2 — W 1164117 < cll41F 5
where in the last inequality we used the fact that, since r > 1 + N/2, ¢ €7,
we can choose an Ay such that for & < hy we have ch~!"N2||¢ - W| < 1 for
0<t<T.

Combining the above estimates in (2.8), we have

105(2)1I> + Mol V84 (2)II> < ch? + C/O (164117 + 1164117) ds.

Hence, using Gronwall’s lemma, we obtain that for some constant Cj(«) inde-
pendent of &

10l + 1041l < Ci(w)h",  0<t<T.

Now tracing back constants through the previous estimates, we observe that the
constant Cj(u) does not depend on C,(u#) and on ¢. Consequently, setting
C.(u) := C1(u) in the definition of .# , we have

165D + 1050l < Cu(w)h”,  0<t<T.

From (iv,a), (ii,a), we conclude that there is an A#; > 0 such that for 4 < h;
we have |Vu(t) VW (t)lo < 6/2. Consequently, choosing 4, > 0 so that
for h < hy, |Vuy(t) = VIW(t)lw < ch 2040l < cCu(u)h™ N2 < §/2,
we obtain that Vu, € Z. Hence, we establish the validity of (a) by choosing
h<h,= min{ho, hl s hz} .

For the proof of (b) let R =¢ — ¢’ and © = u,; — uy , where ¢, ¢’ € 7.
Then (2.7) gives
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Letting y = ©, in the same way as before we get

(2.9)
18(0)]1> + Mo|| VO ()2

t t
< [18IPds+c [ 14@'5 65, 6) - (63 0y, ©)}ds
0 0
N 1 t 1
e 3 4 / / Ol Aiajs (VW + 796 — W))190;, 0,8;) d1 ds.
ia,j,p=1 2Jo Jo
For h < hy and ¢ € ¥ we have
N 1 1
> 3 | @lAwis(TW + 296 - W15, 0.0 d1 < IR
i,a,j,pB
Now using (ii,a,b) and the fact that A,,jz; are smooth (and in particular
Lipschitz), we have

|4(¢'; 041, ©) — A(¢; 6, ©)]

N 1
) /0 (Aiajg (VW + TV(& — W358, , 8aO) d
i,a,j,pB

N 1
-3 /0 (Aiajg (VI + V(b — W))3s0, ;. 8.0;) d7
i,a,j,pB
<cllV(g = 10411, 00lIVOI < cy(B)|VR]| 8],
where y(h) = h"=1=N/2_In the last relation we used that ug € .7 .

Combining the above estimates, and applying Gronwall’s lemma in (2.9), we
have, since 8(0) =0(0)=0,

max (18l + I8 < 7(h)Ca(u) max (IR0

Since r — 1 — N/2 > 0 we can choose an h; such that for A < h; we have
y(h)Ca(u) =: L < 1; i.e., taking h < min{h,, h3}, we see that (a), (b) hold,
and so the proof of the theorem is complete. 0O

3. TWO-STEP FULLY DISCRETE SCHEMES
OF SECOND-ORDER TEMPORAL ACCURACY

In this section we shall construct two fully discrete schemes for the approx-
imation of the solution of (1.4). These schemes are based on second-order
accurate rational approximations to the cosine, cf. [2, 5, 13]. For real x we
consider a rational function of the form
1+ pyx?
1+¢gx2°
approximating cosx . For accuracy purposes we assume that p; = ¢q; — 1/2,
which implies that in general r(x) = cosx + O(x*), as x — 0. We shall also

r(x) = @>0,
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assume that ¢; > 1/4, which ensures that the stability condition |r(x)| <1 is
satisfied for all x € R. Let k > 0 be the (constant) time step and ¢, = nk,
n=0,1,...,J, Jk =T. As a consequence of the second-order accuracy
of r(x), for every smooth function y = y(¢) on [0, T] we have (with y() :=
d’y/dt))

3.1) I =Eqaid})¥(tnn1) + ¥(tn-1)) = 2(I = k?p187)y(tn) + O(k*y™).

Motivated by the above relation and (1.4), we can now define the following
fully discrete schemes. We first seek V/ € S,, 0 < j < J, approximating u/ =
u(tj) for 0 < j < J by defining recursively V**' e S, for n=1,...,J -1
as the solution of the nonlinear system of equations

(V2P L vt )+ k2 qia(VY x)
(3.2) =2k pia(V", x) + K qia(V"", x)
=k @f™ =2 f"+a S x0), VXES,
where V0, V! will be given in S, and f":= Pf(t,).
We may also construct a scheme that requires solving only linear systems of

equations for each n: Consider first the following Taylor formula for v, w € Z
and each pair of indexes i, a:

al 6S-
Sia(VV) = Sia(Vw) + Y p(v; — =2 (yw)
Jj.B=1 ip
(3.3) + Z 9p(vj — ;)0 (v — W)
J,B.k,y=1
! asia

X ——— (Vw + V(v — w)) d1.
o Onjp 6’7k7( ( )

For a given function y(¢) defined on [0, 7] let
(3.4) Pl = 2pn — pnl,

(Then for y smooth enough, p"+! — y"+! = O(k?).)

Now putting v = u}*! and w = #}*' in (3.3), dropping the last term of
the resulting equation (presumably of O(k?)), and using (3.1), (1.4), and (3.4),
we arrive at the following fully discrete scheme: Seek UieS,, 0<j<J,
approximating #/ = u(t;), by defining U"*! € S, as the solution of the lmear
system

(Un+l —_2U" 4+ U1 , %) +k2q1€1(l7”+1; Unt! — [’jn+1 , %)
(3.5) +k2qa(U™!, x) - 2k*p1a(U", x) + k*qia(U™!, x)
=kX(qf "™ =2p0f "+ /" X)), VX ESH,

with U9, U! givenin S),.
In the sequel we shall first analyze the error of the method (3.5) and show
that, if the initial values U°, U! are chosen so that

(3.6) IE' = E° + K2(|E|IF + 1B I1D) < ck? (K> + )2,
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where E/ = U/ — W7/ , then

n_ r 2y
Dax, NU" —u(ta)ll < c(h” + k%),

under the assumptions (a), (), (y) of §1. A similar result, cf. Theorem 3.2,
holds for the solutions V" of the nonlinear scheme (3.2).

For the error analysis we shall compare U" with the nonlinear elliptic pro-
jection W™ of the solution u(t,) of (1.1), defined by (1.5). We shall need the
following consistency result, the proof of which can be found in the Appendix
of [18]; see also [16].

Lemma 3.1. For h sufficiently small and 1 <n < J — 1 there holds
(Wn+l 2w 4wl )+ quI&(’Wn+l : wn+l _ ’Wn+1 , X)
+ K2 qa(Wt, 1) - 2k2pa(W", 1) + K*qia(W"=", 1)
=—An, )+ @S =2pif "0 f " 1), VX ES),
where A, satisfies
[(Ans X)| S ck*(K* + kR + B) (x| + kIIVXID,  x €Sy O

Now let E" = U" — W" . Then, using (3.5) and Lemma 3.1, we obtain for
X € Sh

(En+l _2E™" +En—l , X)
+ kqu[&(ﬁ”+1 : ynrt! — gn+l %) — &(/Wnﬂ : wntl _ pyn+l , 0]
+ K2 [a(T™, x) - a(W™!, 1)1 - 2k2pi[a(U", x) — a(W", 1)]
+EqfaUm, ) —aW" ! 0l=(An, x),  1<n<J -1
For purposes of easy reference, we rewrite Taylor’s formula (3.3) as

(3.7)

(3.8) a(¢, x)—aly, x)=ay;¢-v,x)+blo-v.x),
where we have assumed that V¢, Vy € Z, ¢, v € S, and where
N
bg—w, )= Y, <3ﬂ(¢j — ¥;)0 (b — i)
iva,j,B.k,y=1
1 9S4

X —— (V¥ + V(¢ — dt,0,x | .
A anjﬁanky( 7 (¢-w)) )

Using the fact that S;, are smooth functions, we have that
(3.9) (=, 1) <clV(P—¥)llV(d — W) VII-

Let us assume that VU"*!, VU"+! € Z. Then it is easy to verify, using
(3.8), that

[&(('jn+l; unrtt — ﬁn+l  X) — &(Wn+l; wntl _ /W"'H 101
+ [a(f]n+l » X) — 61(11'17"""1 , )]
(3.10) - &(’Wnﬂ o 0Las B 78 B
+ [&((7n+1 : Unt! — (’]n+l ,X) - &(’Wnﬂ : Unt! — [7”+1 s 101
+ (O™ — Wt ).
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Starting from (3.7), using (3.10), and applying (3.8) for ¢ = U/, w = W/,
Jj=mn,n—1, we finally come to the following error equation, which holds for
all xS, if VU/€Z, j=n,n—-1, VU e Z:

Gy B 2ETHET ) £ KW g BT - 2pi B 4 g B )
' =B, X)+(Bf, X)+ By, X)+(An, x), 1<n<J-1,
where
BI: - _ qlkZ[&(f]n+l : Unt! — ﬁn+1 , X) _ &(Wrwl; Unt! — (’]n+l , X)],
B} = — K[qb(U™! =W, x)=2p b(U"=W", x) + qib(U"' =W"L, 1],
B} = — qik*{[a(W™'; ™, x) —a(W™; E™Y, x)]
+lawr BN ) —a(wr ETTY 0

Choosing y = E"™! — E*~! in (3.11), using the symmetry of a(¢; -, ),

V¢ € Z, summing from n=1to M, 1 <n<M<J-1,and estimating the

B} terms, we can prove the following proposition, whose proof is also given in
[18], [16].

Proposition 3.1. Assume that the initial values U°, U! € S}, are chosen so that
(3.12) IE' — E°)2 + K2(IVE|? + ||[VEC|?) < ck?(k? + h™)2.

IfU", 0<n<M+1<J,existin S, and satisfy VU" € Z, 0<n< M, and
VU™l €Z, 1 <n< M, then, there exists a positive constant ¢ independent of
h and k such that
(3.13)

gM+l < CMk(k2 + kb 4+ hr)2k2

M
+ck Y {IE™ = E" P+ KP(IVE™ P + |VE" | +|[VE"" %)}

n=1

M
+¢Y KA VE™ oo + [VE™! 2 4+ |VE"|oo + [VE" ! |0)
n=1
X (IVE"™ 2+ |[VE"|? + |VE" %), 1<n<M,
where
(3.14) & =|E" - E" Y2 + k*Mo(q1 + p1)/2||V(E" — E"1)||?

+k*Mo(q1 — p1)/2|V(E" + E")|)?
and M, is the constant appearing in (S2b). O

We are now ready to state and prove the convergence result for the scheme
(3.5).

Theorem 3.1. Assume that the initial values U®, U' € S, satisfy (3.12), and
suppose that k, h satisfy the mesh conditions (o), (B), (y) of §1. Then there
exists a positive constant C independent of h and k such that

n _ < r 2
(3.15) o?naéJ”U u(ty)|| < C(h" + k*).
Proof. We observe that if the terms |VE/|o, j=1,..., M, in (3.13) can be

bounded by k, then applying Gronwall’s lemma, we are led to (3.15). In order



APPROXIMATIONS OF NONLINEAR ELASTIC WAVES 581

to do this, we will use an induction argument. The induction hypothesis on M
is

I U/esS,, j=0,1,...,M,and VU/ € Z, j=0,1,..., M, and
vU* eZ, j=1,2,..., M,; '

(IT) for j=1,..., M there holds |VE/|, <k.

It is easy to see that (3.12) and (ii,b) give (I), (II) for M = 1. Suppose now
that (I) and (II) hold for some M, with 1 < M < J — 1. Then the hypotheses
of Proposition 3.1 are fulfilled, and (3.13) gives

M+1
&1 < C'kz(k2 +kh™ 1 4 hr)Z +ck Z En,n—l ,
n=1
where
Epn1 = ||E" = E™Y|2 + K3V (E" + E")|? + K|V (E" - E"~)|2,

When ¢, > 1/4 it follows that p; +¢q; > 0 and q; — p; > 0. Hence, we can
choose a kg such that for k < k; we have

M
Eper,m < Gk (K2 + kR + h')? + Cuk ZEn,n—l ,
n=1
where C, is a constant independent of 4, k but also independent of M . We
shall follow this convention in the sequel as well; i.e., C, will denote a positive
constant, not necessarily the same at any two places, but always independent of
h, k,and M.
The discrete Gronwall lemma now gives
(3.16) Enp1,.n < Cok*(K? + kh™! + h")2 exp(C.kn)
) < CkY2K2+kh— ' +h")?, n=1,2,..., M.
Since ||E"|| < X7, IIE7 — E/=Y|| + ||[E°||, taking square roots on both sides of
(3.16), and using (3.12) once more, we have
(3.17) IlE™| < Cu(k? + kR + h"), n=0,1,2,..., M+1.
Now (ii,b) and (3.16) give
IVEMH oo < Coh=P|VEMH ) < Coh™MP (k2 + k™' + )
and R
[VEM*2| o < C.h=N2(k2 + kh™' + 7).
From our hypotheses we have |VEM+!|., |VEM+2| < §/2 for sufficiently
small 4 and k. Taking s small enough so that |WM+! — yM+l)
|WM+2 _ gM+2) < §/2, we have VUM*! VUM+2 ¢ Z, ie., that (I) is
valid for M + 1.
For the proof of (II) we observe first that (3.16), (ii,b) give (C3 is the constant
in (ii,b))
[VEM* < Csh= NP\ WEMHY | < C3Ch~M2(k2 + kh™ ' + h7),
and we distinguish the following cases:

(1) When N = 1, then from our assumptions it follows, for sufficiently small
k and A, that [VEM*!| <k, i.e., that (II) holds.
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(2) When N = 2, the assumption (f) of §1 yields
3C;Ckh™' <1, 3CCh™2h" <kh™ and r>2,

and therefore that [VEM*1|, <k.

(3) When N =3, for [VEM+!|, < k to hold, it suffices that 3C3C.kh=3/2 <
1 and 3C;C. A h=32 < k or 3C3C.h~3h" < kh=3? < (3C3C,)~!. This rela-
tion is a consequence of assumption (y) of §1 for small 4.

In conclusion, therefore, we have proved that (I), (II) hold for M + 1, and
thus (3.17) holds for any M with 0 < M < J — 1; the proof of the theorem is
complete. O

Remark. A possible choice of the starting values U°, U! is: Let U° = W?°
and U' = WO + kPu' + k2Pu®(0)/2, where P is the L? projection on Sy,
and u®(0) is computed using (1.1). This choice requires the solution of one
nonlinear system. One can verify that the U?, U! defined above satisfy (3.12).

A completely analogous result holds for the nonlinear scheme (3.2). In par-
ticular, we have the following theorem whose proof is given in [18], [16], and
is carried out using Banach’s fixed point theorem.

Theorem 3.2. We assume that the initial values V°, V' € S, for the scheme
(3.2) satisfy (e"=V"-W")
(3.18) lle! — %2 + k2(||ve'||® + || Ve®||?) < ck?(k? + h")2.

If k, h satisfy the mesh hypotheses (o), (B), (y) of §1, then for every n, 2 <
n < J, the solution V" of (3.2) exists in S, . Moreover, there exists a constant
C independent of k, h such that

(3.19) max [|[V" — u(ty)|| < C(h" +k2). O

0<n<J

4. HIGH-ORDER SINGLE-STEP FULLY DISCRETE SCHEMES

In this section we shall construct high-order in time single-step fully discrete
schemes to approximate the solution of (1.1). To motivate the construction,
consider the semidiscrete approximation of u, u,: [0, T] — S, which satisfies
(1.6) with given initial values u,(0) and #,(0) in S, . If

o (5. 7= (2),

the semidiscrete equation can be written as a first-order system
(4‘1) (%,taQ)_(M%I,Q):(Faq)), Vq)GShXS},,
where & : S, x S, — S;, x ), is the operator defined by

Y1 Y2 41
o = , €S, xS,
(Wz) (—Avn) (Vlz) b=

and A has been defined by (1.3), and where by (-, -) we denote the L2 x L2
inner product as well.

The fully discrete schemes which we are going to construct are based on up to
fourth-order accurate rational approximations to the exponential. Following [1,
3, 4], we consider the rational function 7(z) = P(z)/Q(z), where P and Q are
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relatively prime polynomials of degree up to two, given by P(z) = 1+p1z+p2 z2,
Q(z) = 1 + q1z + q»z%>. We suppose that 7 has the following properties of
accuracy and stability: There exists an integer v, 1 <v <4, such that
(Ri) F(z) —e*| < clz|”*!,  |z| =0,
(Rii) [7(z)| <1 for z €iR.
An immediate consequence of (Rii) is that
(Riii) Q(z)#0 for z € iR

It is easy to see now that for any smooth function y = y(¢) and k > 0, there
holds
y(t+ k) +qiky'(t + k) + @:k*y" (t + k)

= y(t) + p1ky' (1) + p2k2Y" () + O(k*H y¥+D).

Motivated by (4.2), we proceed to the construction of the scheme. The first
derivative %}, , is given by (4.1). For the approximation of the second deriva-
tive we have

0= () )+ ()o9). wesies

The definition of A yields for x € S,

EN: aS;
(0(Aup), 1) = (2
i,a,j,p=1 aﬂ]ﬁ
= a(up; iy, x) = (L(up)ity, X)-
From the above relations we have for ¥ := %(t,), t,=nk, k=0,1, ... ,J,
Jk=T,

(403) ?/”+1+kq1.52/ 7/n+l+k2q2.%/?/”+l z?/”+kp1.5/ yn +k2p2M/?/n+F”,

(4.2)

(Vup)Opity; 3aXi>

where we denote

P K2(qf "~ paf ™) )
K(@uf " = pif ")+ k(o f O+t = py f (O)

fni=Pf(ty), fOn .= Pf(t,), and &': S, x S, = S, x S is the operator

defined by
—Ay, ¥
(Y=Y (D enns
7] —L(y1)y2 Y2 b= oh

Let U € S, be the approximation of u(¢,) which we shall compute from our
scheme. Also let U n+1 e a linear combination of previous values U/, n-m<
j < n, which approx1mates u(tn41) ; for the specific formula cf. (4.6) below.
Starting from (4.3), putting v = U"*' and w = U"*' in the Taylor formula
(3.3) and dropping second-order terms with respect to V(Up*! — Ur*ly, we
finally obtain the following linear fully discrete scheme to find approximations

U~ (4in), U €Sy xSyt Let U/ €Sy xSy, 0<j<n<J—1,begiven.

(4.4)
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Then define U™ € §), x S;, as the solution of the following linear system
Un+l + kql°§;+lUn+l + k2q2°<};i] Un+l

(4.5) _ (kzlhAﬁfH'l) <k2‘12L(Uf'+l)(71”+1)
kq AU kq L(Ur+)Ur+!
—(U"+kp A U™ + k?p,/'U™) = F",
where

= (0] I
«-CZnH = (__L(f]lnﬂ) 0) .
Our aim, now, is to show existence, uniqueness, and convergence of these
approximations to the solution u of (1.1) as k, 2 — 0. In particular, we shall
prove in this section that if k=!A="/2(h" + k) is small then, cf. Theorem 4.1

below,
max (||u(ty) — Ul + |i(tn) — UF|)) < c(h” +k").
0<n<J

We first introduce a family of norms to be used in the error estimations. If
w(t) := W(¢) is the elliptic projection of the solution u(¢) of (1.1), defined by
(1.5), we denote

_ (w(®)
7 (t) .= ('IU(t)> €Sy xSy
and 7" := # (t,). We define now the following inner product in S; x Sy:
Suppose that 4 is sufficiently small to ensure that Vw” € Z, and let ® =
(4, ¥= (%) € Sy x Sy . Putting
(@, ¥)n = (L(w")1, ¥1) +(d2, ¥2), 0<n<J,
we observe, since S, C H} and L(w") satisfies (ii,a), that ((-, +)), is an in-

ner product on S, x S;, with corresponding norm ||®|2 := (L(w")é;, ¢1) +
(#2, ¢2) = [|ILY2(w™)dy||I> + |42]>, 0 < n < J. Define now two operators of a

—

form similar to %, :

o I >3 o 1
G = (—L(w”) 0‘) and %, = (—L(’lf)""'l) 0) .
We observe that ((Z,®, ®)), =0, V@ €S, xS

Consistency. Assume that for a smooth function y = y(¢), the approximation
prl ~ yrtl s defined for n > 3 by

(4.6) P =y +ay" T 4 a3y a3,

where the numbers a;, a3, a3, ag are chosen such that [p"+! — y"+l| < ck”
for every n, 3 < n < J-1. (Obviously, we may take a4y = 0 if v = 3,
a4=a3=0 if 1/=2,CtC.)

We have now the following result.

Lemma 4.1. For 3<n<J -1 and h sufficiently small, we have
w1 + quZHW‘nH + kquZ%i—anH
B (kzquwnH) N (kzqu(’lfJ”"'l)’lfJ"H)
kq1A1ﬁ”+1 kqlL(lf)”+l)1ﬁ”+l
— (X" +kp AW+ Kpp ' H )= F"' —T,,
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where T, € S satisfies

ITulln < ek (K2h™" + k2B =3 + K3h™2 + 1) + ckh"(1 + kh™").

Proof. For the terms of first order in k we have, choosing / small enough to
ensure Vw(t)€Z, 0<t< T, that

~ 0 0
4.7) ka7 - (kqlAw"“) * (kqluw"“)w"“) ~kps 7T
. : 0
=kqd " —kp A V" + (kqlB(’w'H'l , wn+l)) ’

where the operator B: S, x S, — S, is defined as follows: For every x € Sh,

(4.8)
N

B@. v, 0= D (3ﬁ(¢j — ¥;)0y(Pk — Vi)

i,a,j,B,k,y=1
L 88Si,

x | —2—(Vy+1V(p—w))dT, OaXi| -

For the estimation of B(w"t!, w"+!) we use (v), (iv,a,b), (4.6), and the
smoothness of Sj, , so that

[(B(w™!, @), )

N
< Z (aﬂ[(w}tﬂ _ u;g+1) _ (QD;'+1 _ 127'“)]
i,a,j,B,k,y=1
x By(wpt! — WO, dai)
N
i DD ICARL i
i,a,j,B,k,r=1
x Qy[(wpt! — upt!) = (W = U, Gati)
N
X @t = e = agTHIT dat)
i,a,j,B,k,y=1

< k" RNV x| + ek Vil for x € Sy,

! aSia

_Iia gyprtl poy(wt —wt))dr and i:=(i, o, j, B, Kk, 7).
A 3’1]_,38”,”( ( ) (

1 =
Using (ii,a), we conclude

(4.9) k|[B(w™!, &™) < k"t (kh'=2 + k*h7Y).
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In order to complete the estimation of the right-hand side of (4.7), we just
substitute kq,.&/ Z "\ —kp &/ X" by

kql.% W'H'l - kpl.,Q/ "

(4.10) _ ( kg™t — kpy™ \ 0 )
-~ \kq Pir+! — kp, Pii" kg fr+! —kp fr)’
where we have used that Aw” = Au" and (1.1) (Au" = f" — Pii™).

For the estimation of the terms with coefficient k%, we observe, using (3.3)
and (4.8), that

(4.11)

kzngilW”“'l B <k2q2Awn+l _ kzqu(’lf]”"'l)’lf]"“
n

0 ) —kzpzda/'W"

2 n+l  ,nn+l
— quZ‘Q//Wrwl _ k%)z%'%n + ( k ‘IZB(w , W ) )

k2gy[ L(w+1) — L(wn+1)]n+!

From (ii,a), (4.9) we have

(4'12) k2||L‘/2(w”+‘)B(w”+‘ , w"+l)|| < Cku+1(k2hr—3 + k3h_2).

Also, the definition of L(-) and relations (4.6), (iv,b), (v) give

I([L(w"*) = L@" )™, 0| < cllw™! — @™ |1 [w™* 1 oIV X|

< c(ll(w™! —w™*h) — (@™ =@+ =2t vl
<ck"h + k)| Vgl

Hence, using (ii,a), we obtain

(4.13) K2L(w™") = L@"™ )] || < ck*! (kh™").

For the other terms of (4.11) we observe that differentiating Aw = Au with
respect to ¢ and using (1.1), we obtain

—k2g, Awmt! + k2p, Aw”
2 logrn+l _ 1.2 togn _ ) s
kg 'MW k*pr ' W (_k2q2L(w”+1)u'1"+1 + kzsz(w")w")
_ (kzqu(ﬂ"'“ - ’l])""'l) — k2pzp(an _ wn))
B 0
" k2gwnt! — k2p,wn 3 k2(q2fn+1 —paf"™
k2g, PuCin+1 — k2p, Py(n k2(gyf (On+l — p, () )

Using (ii,a), (iv,b), we have

(4.14)

(4.15) K2|| L 2 (wm Y [P+ — w™ )| < ckh"(kh™Y).
Note also that
i+l n wn+l — qn ) ( 0 )
(4.16) 7 v = (P(un+l —an) + P[(wn+! — gn+l) — (n — )] )

where (iv,b) again gives

(4.17) IP[(w"+! — 4™y — (w" — i™)]|| < ckh'.
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Summarizing, we need finally an estimate for

wn+l —w" qlwn+1 _plwn

I = <P(un+l - un)) + k(qlP[iZ"‘rl —Plil"])

k2 QW — prw”

(4.18)

Using (4.2), (ii,a) and (iv,b), we obtain, putting p(z) = w(t) — u(t),

ILY2(w™ ) [(w™! + kg™ + kK2gau™t!) — (" + kpyi™ + k2pyw™)]|
<l (Wt + kg™t + k2gai™tt) — (u” + kpyi + K2pyii™)||y
+cll(p" + kg " + kP ") — (p" + kp1p™ + k*p2p™)
< ek (1 + A,

Also, from (4.2) we have

IPL(i" + kqyit"! + k2qau®m Yy — (i + kpyit” + k2pau®m)]|| < ck*1.
Therefore, we obtain
(4.19) I a1 < ck”+.

Now combining (4.7)-(4.19), we obtain the desired result. O

The basic error equation. Let E” = U” — 7" . Using the fully discrete scheme
(4.5) and Lemma 4.1, we have for 3<n<J -1,

En+1 +kql(2+lUn+l _zHWnH) + quZ(%—IUnH _zilwnﬂ)
~ (quz[(AﬁInH _ L(['jln+l)[71n+l) _ (A’lf)""'l _ L(QD"+1)QD”+1)])
K L(AD — L) D) — (a1 — L+ )ins1)]
—E" 4 kp (XU —A W) + K2py('U" — L' W) + T
In the sequel we assume that VU”, VU{'“ € Z. Then it is easy to verify that
_ (L((’]InH)UInH _ L(,wn+l),wn+l) _ (A[’}Inﬂ _ A'lf)nH)
+ (L(U'lnﬂ)("]lnﬂ _ L(’li]""'l)'lf)”"'l)
— —L(’LD""'I)(UI"H _ ,wn+1) _ B(ﬁlnﬂ , ’lD"H)
— O = O = L™ - O],
and
L(ﬁln+l)U2n+l _ L(wn+l)wn+l — L(QI)"+1)(U2"+1 _ wn+1)
+ (LD = L@™ ) UgH.

Noting also that AU — Aw" = L(w")(U' —w")+ B(U}', w") and L(U")UJ -
L(w")w" = L(w")(U} —w") + (L(U]") = L(w"))U} , we come to the basic error
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equation: If VU, VU!"*! € Z, then there holds
(4.20)

Entl 4 quZHEnH + kzquZilE"“
= E" + kp1 L E" + k*p)LPE"
(k2qzlL<c7r+‘><U;'+l = O = L@ (U - ff{'“)])
kg [L(OP") (U = O+ — L@+ 1)U - O]
K2A[qB(UM!, 1) — p, B(UP, w")]
(k[qlBa?r“ , wr+l) — p B(UT, w")])

- (kz{qz(L(ﬁf’+‘) - L(w”“))Uz”*?— pa(L(UY) = L(w)) U]+ 1“”)

= E" + kp1 G E" + kK2pyLRE" + AT + A+ AL 4+ T, 3<n<J-1.

Now letting
Oui1 = QkZiv1), Qn=0Q(k%), and P, =P(k%),

we can give the error equation (4.20) the form
(4.21) Onnt EM = BE" + Nl + AJ + A3 +T",  3<n<J-1
Properties of the operators é,, , On, P,. In what follows we shall show some
properties of the operators occurring above. First note that
@ 1Pl < (1 + k)P, VP €Sy xSp

Indeed, from the definition of |- ||,+1 we have ||®|2,, = (L(w™!)¢;, ¢1)+
(¢2, ¢2) ; hence (v), (ii,a), (S2b), and the definition of L(v) give
19151 — 1N = ([L(w™") — L(w"™)l¢1, 1)
<ck  sup  i(s)]1,0llVELI < ck(L(w™)é1, ¢1) < ck| P2,

SE[[;...] )tn+l]

or |®J7,, < (1+ck)IPI; < (1+ck/2)*| @I}, which gives ().

n+l1
An immediate consequence of (I), of the fact that .%, has purely imaginary

eigenvalues, and of the stability assumption on 7 is that
(II) NP2 ®@lnt1 < (1 + ck)Qn@lln, VP €Sy xS

We also need an estimate for ||(Qn41 — é,,+1)(1)|||,,+1 . For this, first observe
that

B 0
(Qrs1 = Ori))® = kay ([L(wn+l) - L(w"+1)1¢1)

[L(wn+1) — L(wn+1)]¢}
+ k242 ([L('UAJ”"'I) — L(w"“)]¢2> .

Relations (v), (ii,a) give
I([L@™!) = L(w™ gy, )| < ck  sup  [(s)]1, 0l VLl VX

SE€[th—15In1

< ckh=Y (L(w" ey, ¢1) ||l
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and k2([L(&"™) — Lw™)]dz, 2)| < ck(k2h=2)ligll Izl Similarly, using
(ii,a), (v),
KLY @™ L@™) - L™ ), 2)]
<k’ sup ()1, aoll Vil [VLV2(w )y

SE€[tn—1 511
< ck(k*h=2)(L(w"™ )¢y, ¢1)' 2| x|l
Since now ((4®, @), =0, V® € S, x S),, we have for any ® € S), x S,
1Qn+1®@l741 = L2 (™ )11 + (g — 2q2)K2||L(w™ )by |12
+ @k L2 (w2 + 1217 + (af — 2g2) k2| LY > (w" ) a2
+ g3k L(w™ )y |1%.

Note that if v > 3, then (4.2) implies that ¢, = 1¢q; —
ward computation shows that if ¢ = 0 for v =2 (n
g? —2g, >0 for v =2, 3, 4. Therefore, we have

(1) 1Qnt1®ll2 41 > P71, VP € Sy x She

Consequently, we have proved the relation

(V) 1(Qns1 = Oni))®@llnst < ck(kh™ + k2h)|Qns1®Pllns1, VP € S x Spe
Now using (4.21) and (I)-(IV), we finally obtain

1Qnt1 E™ nst = IPaE™ st + 1(Qns1 = Onst) E™ st
+ AT + A7 + A3+ Tl
< (L4 ck)IQnE™In + ck(kh™" + K2h™2) | Qpist E™ 4t
+IAT + A3+ A+ T lpr, 3<n<J -1

Convergence. At this point, to complete the first phase of the error estimations,
we need estimates for ||A}||,+1, i = 1,2, 3. This is done in the following
proposition, the proof of which can be found in [18], [16].

Proposition 4.1. Assume U, U™', U™ € S, x S, and VU, VU € Z.
Then for 3<n<J -1 there holds

1Qnt1E™ Mlns1 < (1 + ck)IQnE" |1
+ ck{kh™! + k2072 4 (h=' + kb ) ET |1 0o Qa1 E™ s
(4.23) +ck{kh™' + K272 + (W' + k™) (|EM 1 oo + |ER1 00)
X ("lQnEn“ln + |||Qn—lEn_1|||n—l + |||Qn—2En_2|||n—2
+1Qn—3E"ln-3)}
+ k" (1 4+ kb=  + K2h 3+ K3h™2) + ckh"(1+ kh™Y). O
We are now ready to state and prove the following convergence result.

Theorem 4.1. We assume that U/ € S, xSy, j=0,1, 2, 3, have been chosen
in such a way as to satisfy |Q;E’||; < c(k¥ +h"). Then forevery n, 4<n<1J,
the element U" € Sy x S;, exists uniquely as the solution of theA linear system
(4.5). Let kh™' < a for some o >0 and k='h=N2(h" + k¥) < C, where C is

. Hence, a straightfor-
real restriction), then

o o=

(4.22)
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a sufficiently small constant and suppose that the rational function F(x) satisfies
(Ri), (Rii). Then, there exists a positive constant ¢ independent of k, h such
that

n < v r
orgnnang NOnE" In < c(k” + A7),

and consequently

max (lu” = Ul + 1" = UF1) < c(K” + h").
Proof. We shall show the desired result by inductionon M, 0< M < J —-1.
The induction hypothesis on M is

(a) U/ existin SyxSy, j=0,1,...,M,and VU/ €Z, j=0,1,..., M,
and VU € Z, j=1,2,..., M +1;

(b) for j=1,..., M there holds |VE/|, < k.

Since |Q;E’||; < c(k¥ +h"), j=0,1,2,3, we have the validity of (a) for
M = 3. Also, using (ii,b), we see that |EJ|; o, < ch~NM2(h"+k¥), j=0, ..., 3,
which gives (b) for M = 3, taking k~'A=N/2(h" + k¥) sufficiently small.

We observe first that if (a) holds, then (ii,a) gives that .{Z;Hl has purely
imaginary eigenvalues. Therefore, by (Riii), UM*! exists in S, as the unique
solution of the linear system (4.5).

Suppose that (a) and (b) hold for some M with 3 < M < J —1. Then the
assumptions of Proposition 4.1 are fulfilled and (4.23) takes the form

1Cn 1 E" st < (1 + Cak)IQnE™ In + Cokll Qnat EM lnst
+ Cok(NQn 1 E" Mner + -+ + 1Qn=3E" || n-3)
+ Cik(kY +h"),
where the constant C, is independent of /, k but also independent of M . In
the sequel, C, will denote a positive constant, not necessarily the same at any

two places, independent of 4, k, and M.
Letting ¥” = ||Q,E"||» , we have for sufficiently small k that

YW < C k(P 4+ P 4+ Ck(KY + BT, n=3,...,M.

Using now ¥/ < C, (k¥ +h"), j=0, ..., 3, and summing from n =3 to M,
we get

M
PMH < Cu(k” + 1) + Cok YW
j=0
The discrete Gronwall lemma therefore gives that

(4.24) WM+ < C (k¥ + h") exp(C, kM) < Co (kY + h").

Now (4.24) and (ii,b) give (a) for sufficiently small 4, k. Choosing C small
enough, we get, using again (4.24) and (ii,b), that |[EM*!|; , <k, ie., that (b)
holds for M + 1. Consequently, (a) and (b) hold for every M, 3<M < J.
Hence, (4.24) holds for every M, 0 < M < J — 1. Now using (III), (ii,a),
(iv,a,b), and the Poincaré inequality, we complete the proof. O
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Remark. We may choose the starting values as UP = w®, U = Pu' and for
j=1,2,3:

=w +PZ(]k) Z( l+l (O

The terms u("™)(0) are computed in terms of the 1n1t1al data, using the equation
(1.1). With this choice we have ||Q;E/|; < c(k” + h"). We omit the proof.
5. APPROXIMATION PROPERTIES OF THE ELLIPTIC PROJECTION

In this section we shall justify, under certain assumptions on S, the prop-
erties (iv,a,b), (v) of the nonlinear elliptic projection W (¢), which has been
defined in §1 as the function in S, satisfying

(5.1) a(W(t), x) =a(u®), x), Vx €S, 0<t<T.

For the existence and uniqueness of W and the validity of (iv,a), we refer to
Dobrowolski and Rannacher [12] and Rannacher [19]. Also, it can be proved,
Rannacher [20], following the analysis of Rannacher and Scott [21], that

(RS) =W, < ch™.

In the sequel we shall use (RS) to avoid the restriction hypothesis r—N/2—1 >0
in the proof of (iv,b) for j = 1. However, our proof of (iv,b) for j > 2 needs
this assumption. .

We proceed now to show (iv,b), (v) for j = 1. Differentiating (5.1) with
respect to ¢, we get

(5.2) a(w(t); W(t), x) = a(u(t); u(t), x), VX €Sy, 0<t<T.

For the H! norm estimate we first assume that /4 is small enough to ensure
that VW € Z. Using (5.2), (ii,a), (S2b), and (iii,a), we obtain

Mo|V(W —)|> <a(W; W —u, W — 1)
=a(W; W —u, Piu—u)
+[a(u; @, W—Piu)—a(W;u, W— Pi)]
< ch W — |y + ch™ Y P(W — a)||;.
Hence, since ||Pv||; < c||lv|l; and S, C Hj, we have
(5.3) \W —a|, <ch™™', r>2.
The relations (iii,a) and (ii,a) give (v) for j = 0. For j =1 we have, cf. [6],
IW 11,00 S IW = itlly 00 + llitll1,00 < IW = Xll1 00 + 2t = Xll1,00 + €
< ch™P(\W — il + llie — xIl) + llt = Xll1,00 + ¢ for any x € Sj.

If the element ¢ € S, satisfies ||¢—i||1, < ch’™!, putting in the above relation
X = ¢, we have
W11, 00 < ch™=N271 1 c.
Hence, (v) holds for j=1if r—N/2-12>0.
In the sequel we consider the following linear boundary value problem: For
given g € L2(Q)V let v € H} be the solution of

(5.4) au;v, ¢)=(g,9), YpeH;,
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where u is the solution of (1.1). The problem (5.4) has a unique solution
v € H} , which satisfies the elliptic regularity conditions, cf. [14],

(5.4a) vllks2 < cliglle, & 2>0.

Now let v, be the solution of the following discrete problem in S, : Find
vy, € S), such that

(5.4b) a(u; v, x)=(&,2)s VX E€Sh;
then it is known that we have, cf., e.g., [12],

(5.52) v = vall + Allv — vally < CH 0]\,
(5.5b) v = vhlloo + 2llv = villi, 00 < CA'[1og A’V |[V]l7, o0 ,

where 6(r) =0 if r>2 and 6(r)=% +1>0 if r=2.
We return now to the error # — W . For the proof of the L? estimate, let ¥
be the solution of the boundary value problem

Then we have ) )
|| — W||2 =a(u;¥Y,u-Ww).

Also, (5.2) gives a(u; u—W,x)=a(W; W, x)-a(u; W, x), x €Sy . Hence,
if ¥} is the solution of the discrete problem in S, corresponding to (5.6), we
obtain

(5.7) llu=W|P=au;¥Y -, u—W)+[a(W; W,¥,) —a(u; W,¥,)].
From (5.3), (5.5a), and (5.4a) we see that
(5.8) |a(u; ¥ =¥, u— W)| < ch||Plh"~" < ch'||u— W].
For the estimation of the last term of (5.7) we first observe that
|a(u; W, W) —a(W; W, ¥,)|
<la(u; W—i,¥y)—a(W; W —i, W)l +la(us; u, ¥y) — a(W; i, W)l
<la(u; W—ua, ¥y —¥)—a(W ;W —u,¥, -
+lau, W—u,¥)—a(W, W —u,¥)|
+la(u;u, ¥y -¥)—aW;u,¥,-¥)|+|a(u; u,¥)—a(W;u,¥)
=:a; +a; + a3 + as.
Since |u — W|;,»~ < ¢, we have as in the proof of (5.8),
a=|au; W—u, ¥, -¥)—aW ;W —u,¥,-¥)| <ch'|u-W|.

For the term a, we distinguish the following cases:
(a) N=1;then ||¥|;, 00 < C|¥|l2, and hence

ay=au; W—u,¥)—aW; W —u,¥)| <ch||u—-W|.
(b) N =2, 3; then, using (RS), we obtain
ay =la(u; W—u,¥)—a(W; W —u, ¥)| < ch”2||\¥|ly < ch'||ie — W]
Since |#|;, . < ¢, there holds

as=la(u; u, ¥, =) —a(W;u, ¥, — V)| < ch’||¥|2 < k||l — W|.
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For the estimation of a4 we shall use the following Taylor formula: For
v, w € Z there holds

av; ¢, y)—a(w; ¢, y)

N
0A;;
= > (67(Uk - wk)3ﬂ¢ja—”ﬂ-(vw), 3al//i)
i,a,j,B,k,y=1 Nicy
N
+ > (65(1’1 — w;)0y(Vk — Wk)Op P,
i,a,j,B,k,y,l,0=1
' 0iajp
—E (Vw + 1V (v — w))d7, day;
0 3'7153'7ky( ( ) Vi

= b(’U, w, ¢9 l//)+d(’U, w, ¢, '//)
Taking # sufficiently small to ensure that VW € Z, we apply the above formula
for W,u,¥ and u,u,¥:
a=laWwW;u,¥)-a(u,u,¥)|=b(W,u,u,¥)+dW,u,u,?¥).
For the estimation of b(W, u, u, '¥) we use the Gauss-Green Theorem and
the fact that S, C H}, and obtain

al 0 Ajq
/ > {@kwjawﬂwm%W%m—mﬁdx
Qi a,j. .k, y=1 Ty
< Cllill2, coll#llz, co ¥l W = ul.
Since u is smooth enough, using (5.4a) and (iii,a), we obtain
bW, u,u, ¥)| <ch'|lu-W]|.

In the same way as before we estimate the term d(W, u, &, ¥): In partic-
ular, if
(a) N =1, then, since ||¥|li 00 < C||'¥l2, we have

|d(Ws u, u’ lP)I < Chr"u_ W”>

|b(W, u, u, ¥)|=

and if
(b) N =2, 3, using (RS), we see that

AW, u, i, ¥)| < ch 2|l < ch'lli— W

Summarizing the above estimations for a,, a,, a3, and a4, we obtain

(5.9) a(W s W, W) —a(u; W, ¥y)| < ch'|li— W
Combining (5.7), (5.8), and (5.9), we finally conclude
(5.10) lie— W < ch,

which is (iv,b) for j = 1. The proof for j > 2 is given in [18], [16].
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