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SPECTRAL METHODS FOR PERIODIC INITIAL VALUE PROBLEMS
WITH NONSMOOTH DATA

PRAVIR K. DUTT AND A. K. SINGH

ABSTRACT. In this paper we consider hyperbolic initial value problems subject
to periodic boundary conditions with nonsmooth data. We show that if we filter
the data and solve the problem by the Galerkin-Collocation method, recently
proposed by us, then we can recover pointwise values with spectral accuracy,
provided that the actual solution is piecewise smooth. For this we have to
perform a local smoothing of the computed solution.

1. INTRODUCTION

Spectral methods give very highly accurate approximations to hyperbolic
problems with smooth solutions. The naive use of spectral methods on hy-
perbolic problems with discontinuous solutions, however, produces oscillatory
numerical results. The oscillations arising directly from the discontinuity have
a Gibbs-like high-frequency character. It has been known for some time that
these oscillations are in themselves not insurmountable but contain sufficient
information to permit reconstruction of the actual solution. This is achieved
by a filtering of the computed values.

A detailed examination of the effect of filtering for linear systems of hy-
perbolic equations with periodic boundary conditions and discontinuous initial
data was made by Majda, McDonnough, and Osher [6]. They showed that for
problems in one space dimension it was possible to achieve a convergence rate
of infinite order by a proper filtering of the intial conditions and also by apply-
ing a filtering during derivative evaluations. However, in two space dimensions
this infinite order of accuracy can be obtained only in a domain which excludes
the region of influence, and this region spreads linearly with time. Moreover, it
is not clear as to how to handle problems where there are discontinuities in the
forcing function.

As opposed to global smoothing, one can postprocess the solution obtained
by standard Collocation or Galerkin methods by a local smoothing in order
to recover spectral accuracy. The idea is based on the observation that while
the pointwise convergence of a high-order polynomial approximation to a
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discontinuous solution is very slow, the convergence in a weighted mean is very
fast. Local smoothing will be carried out by a convolution in physical space
with a localized function and hence by a weighted mean which approximates
exceedingly well the exact values of the solution.

From a mathematical point of view, convergence in the mean can be mea-
sured in terms of a Sobolev norm of negative order. It can be shown that the er-
ror between the computed and exact solution in a negative Sobolev norm decays
at a rate which depends only on the order of the norm. The idea was originally
developed by Abarbanel, Gottlieb, and Tadmor [1], Gottlieb and Tadmor [5],
and Mercier [7]. In their formulation the approximate solution is obtained by
first solving a system of ordinary differential equations arising from either the
Galerkin or Collocation method, and then postprocessing is applied to the com-
puted solution of this semidiscrete system of equations. We are not aware as to
how this procedure would deal with problems in which there are discontinuities
in the forcing function also, instead of just in the initial data.

In [3, 4] we proposed an alternative formulation for solving hyperbolic par-
tial differential equations which we shall refer to as the Galerkin-Collocation
method; this method is spectral in both space and time. In this approach the
partial differential equation and initial and boundary conditions are collocated
at an overdetermined set of points, and the approximate solution is chosen to
be the least squares solution to the overdetermined set of equations thus ob-
tained. It has been proved that for problems with smooth solutions the error
decays spectrally in space and time, and computational results for this have
been provided in [4]. In this paper we show that for hyperbolic problems with
periodic boundary conditions it is possible to recover pointwise values with
spectral accuracy using the Galerkin-Collocation method, even when there are
discontinuities in the initial data and forcing function, as long as the actual
solution is piecewise smooth. In another paper we intend to publish, we hope
to extend the theory developed here to general initial-boundary value problems
using Legendre and Chebyshev expansions in space and time.

We now outline the contents of this paper. In §2 we define the Sobolev
spaces we shall work in and describe the energy estimates in negative Sobolev
norms which are needed in this paper. In §3 we briefly describe the Galerkin-
Collocation method and prove that the error between the approximate solution
computed by this method and the actual solution in a negative Sobolev norm
decays at a rate which depends only on the order of the norm. In §4 we explain
the filtering procedure proposed by Abarbanel, Gottlieb, and Tadmor and show
how it can be applied to the approximate solution we obtain by the Galerkin-
Collocation method to recover pointwise values of the solution with spectral ac-
curacy. Finally in §5 we present computational results for the proposed method.

2. ENERGY ESTIMATES FOR HYPERBOLIC INITIAL VALUE PROBLEMS
WITH PERIODIC BOUNDARIES

We consider hyperbolic initial value problems with periodic boundary con-
ditions. Hereafter, x denotes the vector x = (x1, X2, ..., Xz).

Let Q = (0, 2n)¢ be the space domain and J = (—1, 1) be the time interval
we are considering. Consider the initial value problem (IVP)
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d
Lu=u,—Y Ay, —Bu=F for(x,t)eQxJ,
i=1

u=f for(x,t)eQx{-1}.

Here, u is a vector-valued function with values in R? and A4;, B are matrix-
valued functions. Moreover, 4;, B are smooth functions of x and ¢ and
periodic in x; with period 2z, for all j = 1,...,d, and f and F are
periodic in each space coordinate with the same period but are not necessarily
smooth.

Before we proceed to describe our numerical method and prove its conver-
gence, we need to review some a priori energy estimates which have been proved
for solutions of the system (2.1). The interested reader is referred to [8, 9] for
details.

Let u and v be vector-valued functions of x and ¢ and 2n-periodic in
each space direction. Then we denote

12
(u, vV)axys = // wvdxdt and |ullo oxs = (// u)? dxdt) .
QxJ QxJ

Here, |u| denotes the Euclidean norm of u if u is a vector and |4| denotes
the induced matrix norm if A4 is a matrix. Similarily, we denote

1/2
IIulls,ng=(// > |D;:D,ﬂu|2dxdz) ,
QxJ

|aj+B<s

(2.1)

where a = (o, az, ..., og) is a multi-index and D¢u = D! --- D3%u. In the
same way we define
1/2
u)? dx) .

(u, V)ax{+1y =/ wvdx and |ullo,ox{z1} = (/ﬂ

Qx {1} x{x1}

Let

X{:El} la|S5

1/2
lulls, @xqx1y = (/Q > |Dgu|2dx) ,

where « is a multi-index as above.

We can now state the a priori energy estimates conveniently in terms of the
Sobolev norms we have just defined. Let y be the solution of the hyperbolic
IVP with periodic boundary conditions

(2.2a) Ly=¢ for(x,t)eQxJ,

(2.2b) w=60 for(x,t)eQx{-1},

where ¢ and 6 are smooth functions and periodic in space. Then for all inte-
gers s > 0 there exists a constant Cs, which depends only on the smoothness
properties of A;, B such that the estimate

(2~3) ”V/"s,QxJ + ”'//”s,ﬂx{l} < Cs(||¢||s,QxJ + ”0”s,Qx{—l})
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holds. Henceforth we shall use C and C; as generic constants. Next, we need
to state a version of (2.3) for negative Sobolev norms.

Let w be a function of x and ¢ which is periodic in space. Let H = {¢: ¢
is a smooth function of x and ¢ which is periodic in x and has compact
support in t}. We define

w
lwll-s,axs = sup l(_;_?L)M
¢eH ”¢”s,ﬂx]

Then H_; qx; is defined to be the completion of H with respect to the above
norm. Similarily, we define

(W, d)axi-1}
wil — _ = sup ———mmmm@.
ol—s, axg-1y = S0 S

With these definitions we can now state the energy estimates in “negative”
Sobolev norms. For any s > 0 there exists a constant C;, which depends
only on the smoothness properties of 4;, B, such that

(2.4) lwll=s,axs + I¥ll-s, ax{1} < Cs(IBll—s, @xs + 101l =5, @x{-1}) »

where y is the solution of (2.2), for all ¢ and 6. For the sake of completeness
we shall provide the proof of (2.4) below, which is very similar to an analogous
result proved by Rauch in [8].

We consider the following hyperbolic IVP with periodic boundary conditions:

d

(2.5a) L'w=-w+ Y (Afw)y, - BTw =y for (x,)eQxJ,
i=1

(2.5b) w=u for(x,t)eQx{l},

which is the adjoint of (2.2). Notice that for this problem we let time run
backwards. The following energy estimate is then valid for the solution w of
the adjoint problem:

For every s > 0 there exists a constant C; which depends only on the
smoothness properties of A4;, B such that

(2.6) lwlls,@xs + lwlls,ax{-13 < Gs(lxlls, axs + lalls, axi1y)

holds.
Let w be the solution of (2.2). An integration by parts yields

(2.7) (v, L*w)axs = (Ly, w)axs + (¥, w)Qx{—l} - (v, w)Qx{l} s

since the integrands are periodic in space.
Let w be the solution of the adjoint IVP with periodic boundary conditions

(2.8a) L'w=y for(x,t)eQxJ,

(2.8b) w=0 for(x,t)eQx{l}.

Then by (2.7) we have

(2~9) |('//, X)Qle < “LW”—s,QxJ X ”w”s,QxJ + ”'//”—S,QX{—I} X ”w”s,Qx{—l}~
But using the estimate (2.6) we have

lwlls, @xs + lwlls, @x{-13 < Cslixlls,@xs >
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and this together with (2.9) gives

(2-10) |(‘//’ X)Qx.ll < Cs(”L'//“—s,QxJ + ”‘//”—s,Qx{—l}) X ”X”s,QxJ-
Thus, from (2.10) we obtain
(2-] 1) ”‘//”—s,QxJ < Cs(”L'//”—s,QxJ + ”W”—s,Qx{—l})'

Next, let w be the solution of the adjoint IVP with periodic boundary condi-
tions

(2.12a) L*w=0 for(x,)eQxJ,
(2.12b) w=upu for(x,t)eQx{1}.

Then (2.7) takes the form

(2.13) (¥, Waxqy = (Ly, Waxs + (¥, W)ax{-1}
and by (2.6) the estimate

(2-14) ”w“s,QxJ + “w”s,nx{—l} < Cs”ﬂ”s,nx{l}
is valid.

Now (2.13) and (2.14) give

(v, Waxyl < GUILY-s,axs + W=, ax{-13) % lulls, ax 1} »
from which we obtain

(2.15) Iwll-s,ax(1y < CsUILW -5, axs + Wl -5, @x{-1})-
Combining (2.11) and (2.15), we get (2.4).
3. ERROR ESTIMATES FOR BLENDED FOURIER-LEGENDRE METHODS
FOR PERIODIC PROBLEMS WITH NONSMOOTH DATA

Henceforth we shall take Q = (0, 27x), since the results we state carry over to
the general case Q = (0, 27)? in a straightforward manner. We now introduce
some notation. For each integer N we denote by ITV the space of algebraic
polynomials in the variable ¢ of degree up to N. For each integer M we
denote by SM the space

SM = span{e’**| - M < k < M}.

Then we define the space VM-V as the tensor product

M,N _ . _ Y Z imx
VMN = 3610, )= " ame™ La(t)p

n=0m=—M

where L,(t) is the Legendre polynomial of degree n. Henceforth we shall
assume that there exists a constant A such that

1/A < MJN < A.

For any function w periodic in x, which also belongs to L2(QxJ), let PM:Ny
denote the projection of w into (VM-N)y je.,

N M 0o 00
PMNoyy = Z Z Wmne'™* Ly(t), where w = Z Z Wmne ™ Ly (1).

n=0 m=—M n=0 m=—o0
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Henceforth we shall denote PM-Nw by wM-V.
The following results are well known [2, p. 293]. If w € Hy qx,, then

3.1 lw =" Mo axs < CN¥||wllk, axs-
Moreover,
(3.2) @™ Mo, axs < llwllo, axJ-

Also we have
(3.3) lw —@" M| axs < CN*Fllwlle, axs,
for all 0 </ < k. Next, we introduce the norm
lwlls, 00, @xs = max ( ess sup |D;wa|) :
at+B<s \ (x,neQxJ
Then we have
(3.4) lw =T M 00,057 < CN* Kk, 00, 0x7 5

forall 0</<k.
If s(x) is a periodic function belonging to L?(Q), we define

M
PM:0s = N spemr =M,
m=—M
where s(x) =Y __ sme'™*.
Similarly, if A(t) € L*(J), we define

N [
PONh =S h,La(t)=F", where h(f) =3 huLa(2).

n=0 n=0
We have results similar to (3.1)—(3.3) for the above. Let

—PM_I’N—IA FM—I,N—I
- s

=2M—1,2N-1 [ - R—M-1 -
F = pM-1,2N-1f ]2 — pM-1,01

—M-1,N-1

A =PM—1,N—IB

We define the differential operator
—M-1,N-1 —=M-1,N—1
IM Ny =w,— 4 wy — B w
We choose as our approximate solution
N M ‘
’UM,N € (VM,N)P — {¢ ¢(x, t) — Z Z amne'men(t), Amm € RP} ,
n=0 m=—M

which minimizes
—2M—1,2N-1
FMN (M Ny = // |LM.NyM.N _F 2dxdt
QxJ

M,N L PM-L o
# [ e =T o ax

over all wM-N ¢ (VM.N)P = The above problem reduces to obtaining a least
squares solution to an overdetermined set of equations obtained by collocating

(3.5)
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. . —2M—1,2N— L .
the modified equation LM:NoyM.N — F2M=12N=1 1 4 the initial conditions at

an overdetermined set of points. We briefly explain this.
Let xM = mi/M, 0 < i <2M —1, and let {t}'};—, .~ be the Gauss-
Lobatto-Legendre points with 79 = —1 and 7y = 1. Notice that

(LM-NyyM, N _fZM—l»ZN—l) € (V2M-1,2N-1yp

and oMo
(WM Vx, —1) -7 e (s2m-ty,
Hence we have that

(3.6)
2N M1 IM—1,2N-1
M M, N s . Nk 1 -
NN WM Ny =37 > g MM MMV - F YoM, P
j=0 =0
aM—1

—2M—1
+ 3 pMwM N a1y M

i=0
where aff N and BM are appropriate constants obtained from the Gauss-
Lobatto integration formulae. Thus, obtaining a solution to (3.5) is equivalent
to solving a least squares problem. It has been shown that if we choose our
approximate solution v™-¥ such that it minimizes the modified functional

2N 4M—1
oy M,N —2M—-1,2N—-1
NN WM Ny =" > g V|(LwM N ~F YoM, YP
j=0 i=0
4M—1
—2M~—1
+ 3 BMM N M, -1 - T e,
i=0
then we would be committing, in addition, only a spectrally small further error.
There is therefore no need to filter the coefficients 4 and B in practice. The
interested reader is referred to [4] for further details. We are interested in
another aspect of this minimization procedure. Our approximate solution v™-¥
is the unique polynomial belonging to (V*-")? which satisfies

// (LM-NyM.N _ FZM—I’ZN—I)*(LM,NyM,N)dxdt
QxJ

(3.7) oM
+/ MNP MV gy 0,
Qx{-1}

for all yM-N ¢ (VM.Nyp
We shall now use the above relation to prove that

—=2M—-1,2N-1 _
”LM’N’UM’N—F ”—s,QxJ S CSNI s
and Mot
”vM’N - fz ”—s,Qx{—l} < Cle_s )

for any s > 1. In addition to this, we shall also prove

—2M—1,2N—-1 _
”LM’Nu -F "—s,QxJ < CsN s
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and oMt
Hu—fl l-s,ox{-1} S CN~*.

With these results established, we can prove Theorem 1, and the reader is ad-
vised to proceed directly to the theorem at the end of this section and continue
his perusal of how these results are established only afterwards.

We first need to establish an upper bound on ZM-N(vM-N)  Let wM N(x, t)
= 0. Then

IM—1,2N—1

— —2M—1
ZMN (WM < |[F 13,00 + 17 Wiy
< |IFI§,0xs + ”f”%lx{—l} ,
by virtue of (3.2). Hence we can conclude that

(3.8)

(3.9) AMNoyM. Ny < C.
To estimate ||LM-NyM.N _ 7y ’2N_1||_S,QXJ , we need to bound
M,N M,N__ZM—I,ZN—I
|(L v F 5 ¢)QXJ| for ¢ € H.
#lls, @xs
Consider the periodic IVP
(3.10a) ILM:Ny = ¢ for(x,t)eQelJ,
(3.10b) w=0 for(x,t)eQx{-1}.
Then y is a smooth function, and using estimate (2.3), we have
(3.11) l¥lls,axs < Csll#lls, axs

where C; is a constant which depends only on the smoothness of the coefficients
of the modified IVP and hence of the original IVP.

Let QM-N be the projection operator that maps functions belonging to H N
Hy qx; into VM:N defined as:

QM Ny is the unique element of V™V such that

. N
lw— QM Nw| qxs = SM‘nglf;M‘N lw —s™ NIy axs.

. Then it is known that

(3.12) lw = @M Nwll;,axs < CN'*lwlls, ox-

Let yM-N = QM-Ny . Now
(LM’N,UM’N_FZM—I,ZN—I,¢)QXJ

_ (LM’NUM’N_FZM—I,ZN—I, LM Ny)an,

= (LM:NyM.N _ FeM-1,2N-1 , LM N M. Ny

—=2M—1,2N—-1 ~
+ (LM MMV - F , LM (g — g™ M))ay .

But by (3.7),

M,N, M,N _F2M-1,2N-1 . pr N ~M N
(L" %y -F , L W Jaxs

—M-1
+(’UM’N—f2 , M M)awi—1y = 0.
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Now since y =0 for (x, t) € Q x {—1}, we may write

—2M-1 o —2M-1 -
(UM’N—fz LM Ny = (vM’N—f2 LMV — a1y

Hence we can conclude that
—2M—1,2N-1
(LM NyM-N _F s Plaxs

(3.13) = (M N Ty - M Mg o1y

—2M—1,2N-1 -
+ (LM NyM.N _F LMV (g — g™ N))g .

Now using (3.12), we can conclude that

ILM-N (y — M- Nlo, axs < CN'5|wlls, axu-
And applying (3.11), we may write
(3.14) ILM-N(y — MMl axs < CN'™5[18]l5, ax -
But

—2M—1,2N-1 ~
(LM -NoM.N _F , LMN (g — MM )gu

. —=2M—-1,2N-1
(B15) < ILM Ny — MW o gs x LM NpMoN _F lo, axs

< G N |dlls, 07 »
by (3.9) and (3.14).
Next, we estimate
—2M-1
|(’UM’N“J'J2 N —w)asi-yl-

From (3.9) we have that
—2M—-1
(3.16) MY = M axieny < C.

Now
1™ Y —wllo,axi-13 < CIFM™ Y — w1 axs,
by the trace theorem; and so by (3.12) we obtain
1™ N — wllo,ax{-13 < CN'"S|wlls, axJ-
Using estimate (3.11) once again, we conclude that

(3.17) 19MN — wlo, axi-13 < CN'5|1Blls, axs-
Hence, applying (3.16) and (3.17), we get
—2M-1 _
(3.18) MNP N ool < GNl8lls, axo-

Combining (3.13), (3.15), and (3.18), we obtain

(LM VM N TR g0 0l < NIl ks
and this gives us the required estimate
(3.19) LMV MN TR g < G,

Next, we estimate
—2M—1
o™~ — M ey
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Consider the periodic IVP

(3.20a) IM:Ny =0 for(x,t)eQxJ,

(3.20b) w=un for(x,t)eQx{-1}.

Then y is a smooth function, and using estimate (2.3), we have
(3.21) l¥lls,@xs < Csllulls, @x{~13-

Let yM.N — QM.Ny  Now

—2M-1 —2M-1

(UM’N—JJ s )Qx{-1} =(UM’N—f2 M M)aw i1y
—2M—1 N
+ (M- — f2 c v — M Ng o1y

But by (3.7),

—2M—12N-1 N —22M-1
(LMNyMN _F LMNGMN) g g+ @M T Moy =0
And since LM Ny =0 for (x,t) € Q x J, we may write

M,N, M,N _ F?M-1,2N=1 .y N ~M,N
(L v -F aL v )QXJ

—=2M—1,2N~1 N
= (LM-NyM.N _F , LMN (M N — y))ay.

Hence we can conclude that
—2M-1
(’UM’N—f2 > B)ax{-1}

—2M-1 o
(3.22) = ("N - fz s W — '//M’N)Qx{-l}
—=2M—-1,2N—-1 ~
+ (LM MMV —F L LNy — M M)
Thus, we can show
—2M-1
(3.23) oM — P augony < GN'™,

using (3.22) and the arguments employed earlier.
We now need to estimate
—2M—1,2N—1

ILMYu —F ll-s, Q%7

We know that u satisfies u,'— Au, — Bu = F in the sense of distributions.
Accordingly, we may write

624 IM.Ny, _FZM—I,ZN—I . (LM’Nu—Lu) B (FZM—I,ZN—I _F)
_ _(ZM—I,N—I — Ay — (EM—I,N—I _Bu- (FZM—I,ZN—I _F).
Now by (3.4),
—M—1,N—1 _
(3.25) |l4-4 lls, 00, @xs < CsN7°||All35, 00, Q%7 >
and so
—M—1,N—-1
(3.26) 4 lls, 00, @x7 < Cll4ll35,00,0x7 5

for M and N large enough. Let us show how to estimate the various terms
in (3.24). It is known [2, p. 431] that the projection operator has the property

that
—2M—1,2N—-1 _
(3.27) |F - F l=s,axs < CN*||F|lo,@xs-
—M—1,N—1

Next, we shall estimate ||(B—B )u||—s,qxs - For this we need a lemma.
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Lemma 1. Let A€ H o qx; and v € H_; q.;. Then Av € H_ oy, and
(3.28) l4v]l-s,axs < Csll4lls,00,0x7 X [V]l-s,QxJ-
Proof. We have
(Av, d)axs = (v, A*P)axs,
by definition. Hence,
[(Av, $)axs| _ |, A*Paxs| _ |(v, A*d)axs|  4°¢ls,axs
#lls, axs llglls, @xs l4*Blls, @xs #lls, axs
And this gives

||A*¢||S,QXJ

|[4v]l(-s),axs < sup x [[v]l-s, axJ-
”( 5),Qx ”¢”s,QxJ | s, Qx

peH
Now it is easy to see that
A*
sup |4*@lls, ax s
pei  |9lls, axs
This gives us the required result. O

< CS”A”s,oo,QxJ-

Thus, we obtain

—=M-1,N-1 +=M—-1,N-1
I(B-B Jull—s,axs < Cs||B— B

But
—~M—1,N—1
lull—s,axs < llullo,oxs and |[|B—B

Hence, we obtain

"s,oo,QxJ X |||l =5, @x7-

”s,oo,QxJ < CsN_s”B”3s,oo,QxJ-
—M-1,N—-1 _
(3.29) I(B—-B ulls, 00, Qx5 < CNT7.

Next, we estimate [|ux||_s,oxs - Let ¢ € H. Then (ux, d)axs = —(u, ¢x)axs
since both u# and ¢ are periodic in x. Hence,

[(ux, Dlaxs| _ (u, ¢x)QxJ|.

"¢||S,Q><J h ”¢”s,9><.l
But ||¢xlls—1),axs < |#lls,@xs - And so we can conclude that
|(ux 5 ¢)Q><J| |(u > ¢X)Q><J|

sup < sup
oei  |Plls, axs sl | Dxlls—1,0x7

which gives us

(3.30) luxll—s, xs < Ull-s+1,Qx7-
But
(3.31) lull —s+1,0x7 < llullo, ax.-
And so by the lemma just proved we get

—M—1,N—1 _
(3.22) (4 -4 Yixlls, 00, Qx5 < CsN 7.
Combining all these estimates, we get the required result
(3.33) LMV = FM g < N7
Also we have [2, p. 432]

—oM-1

(3.34) =725, axqo1y < CN7.

We can now prove our main theorem.
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Theorem 1. Let v™-N be the solution obtained by minimizing #M-N(wM-N)
as described in (3.5). Then for all s > 0 the estimate

(3-35) ”u - vM’N“—s,Qx{l} + ”u - vM’N”—s,QxJ < CSNI_S

holds.
Proof. We have by (3.19) that

—=2M—-1,2N-1 _
”LM’N’UM’N - F ”—s,QxJ < CSNI s

Moreover, by (3.33) we know that

LM Ny - PR g < NI,
Using the triangle inequality, we obtain
(3.36) ILM-N (= oM M) s s < CN'5.

Finally, we have
—2M -1
=M Ny agory S =7 s axion
—2M—1
(3.37) +IFY = oMM aegen
< GN',
using (3.23) and (3.34). Therefore, using estimate (2.4) along with (3.36) and
(3.37), we conclude that
”u - vM’N”—s,Qx{l} + ”u - vM’N”—s,QxJ < Cle_s- 0

4. RECOVERING POINTWISE VALUES WITH SPECTRAL ACCURACY

In this section we briefly describe how the local smoothing proposed by Abar-
banel, Gottlieb, and Tadmor can be used to recover pointwise values with spec-
tral accuracy at any point in a neighborhood of which the actual solution is
smooth. If we wish to recover the values at ¢ = 1, the local smoothing is partic-
ularly simple. Suppose we wish to obtain the value of the solution at the point
(x0, 1). We assume that there exists a neighborhood

J={x:|x - x| < J}

in which the actual solution u(x, t) is smooth. Let p(x) be a C§° function
with support in the set J and such that p is nonnegative everywhere and
p(xg) = 1. Choose K = M# with 0 < # < 1, and let DX(¢) denote the
Dirichlet kernel

K sin((2K + 1)£/2)
- : , 2mn,
DK=Y el = { SinZ/2) ¢ 7 2mn
j=—K 2K +1, &E=2mm.
Then, to obtain the regularized version of v™-V at (xq, 1), we define
2n
(4.1) RuM-N(xq, 1)=51;c- DX(xy — x)p(x)v™ N(x, 1)dx.
0

It has been proved in [2, p. 433] that if
llu — vM’N"—s,Qx{l} < CsM_sH >
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then
(4.2)  |u(xp, 1) = RvM:N(xy, 1) < Ci(1 +log M)M~S*! 4 CyM—5+1+Bs
where the constants C; and C, depend upon the Sobolev norms of p and u
over the interval J. A balance of the errors is achieved by putting g = 1/2,
in which case we obtain

|u(x0, 1) - RvM’N(xO » l)l = ﬁ(M—S/z-H) s

which proves that u(xp, 1) can be approximated with spectral accuracy starting
from the knowledge of the Galerkin-Collocation approximation v™-V
Suppose now that we wish to recover the value of the solution at an interior
point (xp, tp) . We assume that u(x, ¢) is smooth in the set O, where
O={(x,t):|x—x0| <3, |t—1to] <e}.

Let p(x) be a C§° function with support in the set J = {x: [x — xo| < d},
which is nonnegative everywhere and such that p(xp) = 1. Similarly, let #n(¢)
be a Cg° function with support in the set K = {t: |t — | < &}, which is
nonnegative everywhere and satisfying #(to) = 1. Choose K = M# and L =
N? with 0 < B, y < 1/2. Let DX(£) denote the Dirichlet kernel and EL(z, 7¢)
denote the Legendre kernel

L

E*(z, 7o) = ) (j + 1/2)L;j(v)Lj(%0)-
j=0
Then, to obtain the regularized values of v™-¥ at (xo, ty), we define
1

RoM-¥(x0, 1) = - / [ DX(xa=x)EE(L, t)p(om(ewH ¥ (x, D dxdt
X

Once more it can be shown that Rv™-¥(x,, ty) approximates u(xg, to) with
spectral accuracy, and an optimal balance of the errors is obtained by choosing

B=y=1/3.
5. COMPUTATIONAL RESULTS
In this section we demonstrate the efficiency of the method proposed in this
paper.
Example 1. Consider the problem
U —a(x, Uy - b(x,t)U=F(x, t)

subject to periodic boundary condition U(0, t) = U(2%, t) and initial con-
dition U(x, —1) = g(x). We assume that g(x) has a discontinuity in its
derivative.

Case 1. Consider
_ (1412t +sin(x), 0<x<m,
U(x’t)_{(1+t)t—sin(x), n<x<2m,
and take a(x, t) =0.5 and b(x,t) =0.0.

Case 11. Consider
1 i <x<
U(x,t)={( +t)sTn(t)+x, 0<x<m,
. (1+¢)sin(¢) + 2 — x, n<x<2m,
and with the same a(x, ¢) and b(x, ?).



658

P. K. DUTT AND A. K. SINGH

The results of smoothing the spectral approximation of U(x, ), with M =
128 and N = 17, are shown in the tables below.

8.

Case I
x, =%v+1/2)
v equals |U(xy, 1)=V™n(x,, 1) | |Ux,,1)—RV™"(x,, 1)
4 1.47 (-3) 2.69 (-8)
5 1.88 (-3) 2.28 (-8)
6 2.32 (-3) 2.67 (—8)
Case Il
X, =%v+1/2)
v equals |U(xy, 1)=V™"(x,, 1) | |U(x,,1)—RV™"(x,, 1)
4 1.12 (-3) 2.88 (—8)
5 1.11 (-3) 4.19 (-8)
6 1.28 (-3) 4.48 (-8)
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