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CIRCULANT PRECONDITIONERS FOR TOEPLITZ MATRICES
WITH PIECEWISE CONTINUOUS GENERATING FUNCTIONS

MAN-CHUNG YEUNG AND RAYMOND H. CHAN

ABSTRACT. We consider the solution of n-by-n Toeplitz systems T,x = b
by preconditioned conjugate gradient methods. The preconditioner C, is the
T. Chan circulant preconditioner, which is defined to be the circulant matrix that
minimizes |[B, — Tn||[r over all circulant matrices B, . For Toeplitz matrices
generated by positive 2z-periodic continuous functions, we have shown earlier
that the spectrum of the preconditioned system C, !7T, is clustered around
1 and hence the convergence rate of the preconditioned system is superlinear.
However, in this paper, we show that if instead the generating function is only
piecewise continuous, then for all € sufficiently small, there are O(logn) eigen-
values of C; !T, that lie outside the interval (1 —¢, 1 +¢). In particular, the
spectrum of C, 1T, cannot be clustered around 1. Numerical examples are
given to verify that the convergence rate of the method is no longer superlinear
in general.

1. INTRODUCTION

An n-by-n matrix T, is said to be Toeplitz if it has constant diagonals, i.e.,
[Thlj, k= tj— forall 0<j, k <n. Itissaid to be circulant if we further have
[Thlj,n—1 = [Tn]j+1,0 forall 0 < j < n—1. In this paper, we consider the
convergence rate of the preconditioned conjugate gradient method for solving
Toeplitz systems T,x = b with circulant matrices as preconditioners. Strang
in [13] showed that for such a method the cost per iteration is of O(nlogn)

operations. In contrast, superfast direct Toeplitz solvers require O(n log2 n)
operations (see, for instance, Ammar and Gragg [1]). Thus, one has to analyze
the convergence rate of the iterative method in order to compare it with direct
methods.

To analyze the convergence rate, which is a function of the matrix size n,
we assume that the given Toeplitz matrix 7}, is the n-by-n principal submatrix
of a semi-infinite Toeplitz matrix 7 . The function f which has the diagonals
{tj}??____oo of T as Fourier coefficients is called the generating function of the
sequence of Toeplitz matrices {7,}52,. Chan and Strang [5] proved that if the
Strang preconditioner S, [13] is used, the method will converge superlinearly
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702 MAN-CHUNG YEUNG AND R. H. CHAN

whenever f is a positive function in the Wiener class, i.e., when the sequence
{£j}2_o is absolutely summable. The superlinear result is established by first

showing that the spectra of the preconditioned matrices S;'7, are clustered
around 1.

Since then, several other circulant preconditioners have been proposed and
analyzed under the same assumption that the 7, are generated by a fixed func-
tion f (see T. Chan [9], Huckle [10], Ku and Kuo [11], Tismenetsky [14],
Trefethen [15], and Tyrtyshnikov [16]). The most notable one is the T. Chan
preconditioner C, [9], which is defined to be the minimizer ||B, — T,||r over
all circulant matrices B,. Here, || -||r denotes the Frobenius norm. The pre-
conditioner C, has a distinct advantage over S, in that C, is always positive
definite whenever T, is (see Tyrtyshnikov [16]). Chan [2] proved that under
the Wiener class assumption, the spectra of C;7'T, and S, '7, will be the same
as n tends to infinity, and hence for sufficiently large 7, the preconditioned
system C,;'T, converges at the same rate as the system S;!7, provided that
f is in the Wiener class.

However, in our recent papers, we have shown that the two preconditioners
are fundamentally different. By using Weierstrass’s theorem, we showed in [6]
that if the underlying generating function f is a positive ‘2z-periodic continu-
ous function, then the T. Chan preconditioned systems C,!7, have clustered
spectrum around 1, and hence the systems converge superlinearly if the con-
jugate gradient method is employed. But the proof used there does not work
for Strang’s preconditioner. In [7], we resorted to a stronger form of Weier-
strass’s theorem, namely the Jackson theorem in approximation theory, and we
were able to show that the Strang preconditioned systems S, ! 7,, have clustered
spectrum around 1, and hence converge superlinearly whenever f is a positive
2z-periodic Lipschitz continuous function. One explanation of this fundamen-
tal difference, though not a formal mathematical proof, is that we can associate
the Strang preconditioner S, with the Dirichlet kernel whereas the T. Chan pre-
conditioner C, can be associated with the Fejér kernel (see Chan and Yeung
[8]). It is well known in Fourier analysis that if f is 2z-periodic continuous (or
respectively Lipschitz continuous), then the convolution product of f with the
Fejér kernel (or respectively the Dirichlet kernel) will converge to f uniformly
(see, for instance, Walker [18, pp. 59, 79]).

In this paper, we will consider functions f that are not positive 2z-periodic
continuous, but only nonnegative piecewise continuous. We will show that for
these generating functions, the spectra of C,!7, will no longer cluster around
1. More precisely, we show that for all sufficiently small € > 0, the number of
eigenvalues of C,;!T, that lie outside (1 —€, 1 +¢€) will be at least O(logn).
If moreover f is strictly positive, then we can show further that the number
of outlying eigenvalues is exactly O(logn). Numerical examples are then given
to demonstrate that for the preconditioned systems the number of iterations re-
quired for convergence does increase like O(logn), and hence the convergence
rate of the method cannot be superlinear in general. In view of the explanation
made in the preceding paragraph, it is interesting to note that for piecewise con-
tinuous f its convolution product with the Fejér kernel will no longer converge
to f uniformly.

The outline of the paper is as follows. In §2, we list some of the useful lemmas
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that will be used in later sections. In §3, we show that for piecewise continuous
generating functions f the number of outlying eigenvalues of the matrix 7,,—C,
is atleast O(log n), and hence the spectra of 7,,—C, cannot be clustered around
zero. Using this result, we prove in §4 that the spectra of C,!7, cannot be
clustered around 1 for any nonnegative piecewise continuous function f. We
then prove in §5 that if f is strictly positive, then the number of outlying
eigenvalues of C;!T, is exactly O(logn). Numerical results are given in §6 to
illustrate how the discontinuities in f affect the rate of convergence. They show
that the convergence rate is no longer superlinear, and in general the number
of iterations required for convergence increases at least like O(logn) when n
increases. Concluding remarks are given in §7.

2. PRELIMINARY LEMMAS

Let .4, be the space of all 2z-periodic Lebesgue integrable real-valued func-
tions defined on the real line R. For f € .%,, its Fourier coefficients are
defined as

W= [ FOd0,  k=0,%1,%2,....

Let J,[f] be the n-by-n Toeplitz matrix with the (j, k)th entry given by
ti—k[f1, 0< j,k <n,and @[f] be the n-by-n circulant matrix that mini-
mizes ||C, —Z,[f1l|r over all n-by-n circulant matrices C,. The matrix &,[f]
is called the 7. Chan circulant preconditioner and its (j, /)th entry is given by
cj—i[f1, where

(n = Kt f1+ ktr_nlf]
alf]= { , 0<k<n,

n
k15 O0<-k<n

(see T. Chan [9]). In this paper, we will consider the spectrum of %,~'[f17,[ ]
as n goes to infinity for piecewise continuous functions f € %%, . Since f is
real-valued, ¢_;[f] = #[f] and hence 7,[f] and %,[f] are Hermitian matrices
for all n. For f € %A, let fmax and fuin be its essential supremum and
infimum, respectively.

Lemma 1. Let f € %, With fmax # fmin. Then forall n > 1,

fmin < ;Lmin(f%;[f]) < ;Lmin(%t[f]) < Amax(gn[f]) < imax(%[f]) < fmax ’

where Amax and Amin denote the maximum and minimum eigenvalues, respec-
tively.

Proof. For the two strict inequalities, see Chan [3, Lemma 1]. For the other
inner inequalities, see Tyrtyshnikov [16, Theorem 3.1]. O

Notice that if frax = fmin, then F[f] = G,[f] = fmin - In, where I, is the
n-by-n identity matrix. Thus, in the following, we assume for simplicity that
f is nonconstant.

Given a Hermitian matrix 4, we use N(e; A) to denote the number of
eigenvalues of 4 with absolute values exceeding €. A sequence of Hermitian
matrices {Ap}n=1,2,. is said to have clustered spectra around o if for any
€ > 0, there exists a ¢ > 0 such that forall n > 1, N(e; A, —aly) <c. If
a =0, we simply say {A4n}n=1,2,.. has clustered spectra.
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Lemma 2. Let A, and B, be n-by-n Hermitian matrices and A and u be any
positive numbers. Then

(i) N(4;£pdn) =N@A/u; An),
Proof. (i) is trivial and (ii) can be proved by Cauchy’s interlacing theorem (see
Wilkinson [20, p. 103] or Widom [19, p. 11]). O

It follows immediately from Lemma 2 that if {4,} and {B,} are two se-
quences of Hermitian matrices with clustered spectra, then {aA, + fB,} also
has clustered spectra for any real numbers o and 8.

Lemma 3. Let {An}n=1,2,.. beasequence of Hermitian matrices. If sup, ||An||r
< oo, then {A,} has clustered spectra.

Proof. Since ||4,||% is equal to the sum of the square of the eigenvalues of 4, ,
it follows that for any given € >0, N(e; A,) < sup, [|4a]l%/€2. O

Lemma 4 (Chan and Yeung [6, Theorem 1]). Let f € %, be continuous. Then
the sequence of matrices

An[ﬂE%[ﬂ—%[ﬂ, n=1,2,°-',
has clustered spectra.
Lemma 5 (Widom [19, p. 30]). Let H, be the n-by-n Hilbert matrix

1 1 1 -
L3 3 - 5
101 o1
2 3 n+l
Hn= %
n  n+l 2n—1 -

Then for any 0 < € <, we have
N(e, Hy) = %logn osech“% - (1+0(1)),

where o(1) tends to zero as n increases.

Lemma 6. Let [ € %, be bounded. Define #,[f] to be the n-by-n Hankel
matrix with entries given by

EZARIINERUT R j,k=0,1,...,n—1.

Then || ZL/ M2 < 1 flloo -
Proof. By Nehari’s theorem [12, Theorem 1], the infinite Hankel matrix #[f]
satisfies

1215 = max, {x*ZLTZ1f1x} < /1%
=
Hence, for any n-vector y with ||y|l» =1, we have

171 2 07, OZUT#IA (} ) 2 v AL,

In particular, [|Z[f]l2 <[ fllo. O
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3. SPECTRA OF Au[f]

In this section, we prove that if f € .4, is piecewise continuous, the spec-
trum of A,[f] = F,[f]1—-%.[f] cannot be clustered around zero. More precisely,
we show that N(e; A,[f]) > O(log n) . For simplicity, we will present the proof
for the case » = 2m. When n is odd, the proof can be modified accordingly.

Before we start, let us give a brief motivation of our proof. Suppose we have
an f € .%, which has only one jump discontinuity at & € (—z, #]. Then by
adding multiples of the function g(#) defined in Lemma 8 below, the sum of
the functions will be a 2z-periodic continuous function. In view of Lemmas 2
and 4, we then only have to consider N(€; A,[g]). In Lemma 8, we will show
that the spectrum of A,[g] is basically the same as the spectrum of the Hilbert
matrix H, with only small norm perturbation. Hence, by Lemma 5, we get the
result. The proof below, however, will be more complicated because we need
to show further that if f has multiple jumps, then the outlying eigenvalues
derived from one jump will not be canceled by the outlying eigenvalues from
the other jumps and thus leave us with a clustered spectrum.

Let f € %, be a piecewise continuous function with points of discontinuity
in (—z,n] at -n<6;<---<6, <m and jumps

o = lim f(0) — lim £(8), k=1,...,v.
0—40;: 0——»0,(

Let the biggest jump be at 6y, i.e.,

| = max |ag|.
|tk | lSkSVIkl

Insert v arbitrary points ¢, ¢, ... , ¢, into {6y, 6, ..., 6,} such that
—I<P1<O1<Pr<br<---< ¢, <0, <m.

Define the functions

[0+ =04, —n <0< b,
“wy‘{e-n-eh, O, <0<,
rO’ —7T<0§¢k,
b=k 4 <0<,

) 26k — &)
e O <6< ,
W -6 <0 Pkn
an . ¢k+l<0§n’

for k=1,2,... ,v—1,and

0, _7[<GS¢V’

0—¢u
N7 L N l/<0$0u’

a®=1{26,-¢) °

0—n 0, <0<,

2n-0,)’
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if 6, <m or
0 — ¢,
— - <
Wvm U=
&(0)=4¢0, <0< 9y,
0_¢u
Y e v<0<m,
by ° '
if 6, = n. All functions g(0), Kk =0, 1, ..., v, are to be extended into

functions in %, .
Now we write f as

(4

v 14
67
f=f+—7f°go+ E Ok 8k — 7’;080— z O 8k »
k=1

k=1

where

S = _19 k=k09
k"{l, k # ko.

Then we have

a v v
(1) Ayl f1= A2 {f*- 71(030 + Zakakgk} - %Azm[gol — Ay [Zakfskgk]-
k=1 k=1

In the next three lemmas, we consider the limiting behavior, as m tends to
infinity, of the eigenvalues of the three terms in the right-hand side of (1),
respectively.

Lemma 7. The sequence of matrices

a v
{Azm f+ %go + Zakakgk] }
m=1,2

k=1 -
has clustered spectra.

9Ly ene

Proof. By Lemma 4, it suffices to show that the function

14
«
f+ —71:’ & + E O 8k
k=1

is a 2z-periodic continuous function. However, from the definitions of g,
k=0,1,...,v, it is clear that the function is already 2z-periodic and that
the points 6;, j=1,2,..., v, are its only possible points of discontinuity in
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(=m, n]. However, for 6; # 6, , we have

Jim | £(6) + = £0(6) + Y eudii(6)
—Y; k=1

= Jim | £(0) + 2£0(0) + D audigi(6) +a;05,(6)
J k=1

k#j
. a 3 1
= fim S0)+ T 00) + L0+ 3009
ki
. a - 1
= Jlim, 1(0) + —0g0(0)) + ) axd - 0~ 509

k=1
k#j

= gli.ngl+ f(0)+ %zkﬂgo(o) + > o0 gi(6) + @;0,2(6)
"L k%)
-

= lim [f(8)+ a?k"go(o) + Zakfskgk(a)] .

'
667 | k=1

At 6y, , we have

lim |f(6) + 2k g0(6) + Zakﬁkgk(ﬂ)]
0—->0k0 T k=1

= lim | £(0) + 222.g0(6) — ko 81 (60) + Y kI8 (0)

0—»0,‘_0 k=1

k#ko

= lim f(0)+ 2% .z — o+ 3 -0
0=, 4 2 k=1
k#ko

. g, 1 -
= 01_1% fO)+—2(-7) - (—5) o, + E oy - 0
k#ko

r

= m | £(0) + 2 g0(6) — s, 8i(6) + 3 k0 8k(6)

0—-00;'0 k=1
L k#ko
= lim | /(6) + -a7"°go(0) + Zakékgk(ﬂ)} . O
k L k=1
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Lemma 8. Let & be an arbitrary point in (—n, nt). Let g € %, be defined by

o) — 0+7n-¢&, -1<0<E,
g()_{e—n—é, E<0<m.

Then
(2) AZm[g] = Aym + Bom,

where A, and B,,, are both Hermitian matrices with

(3) N(e; Aam) = —logm sech‘ < (1+o0(1))
forany 0<e <m, and
(4) sup || Baml|lF < 2+ 2vIn2 < 0.
m
Proof. The Fourier coefficients #,[g] of g are given by
1 k6 O, k = O,
t Oe "do=¢ i .
k[g]l= 271, g( ) { %e—lké’ k==+1,+2,
Thus, the first row of Aj,,[g] is given by
1 .
(0, 5 (1-1081 = tam—1[8D), -, ﬁ(t_,'[g] - m—-jl&)),
2
. m (f 2m+1[81 — 11[8]))
je—i2m—1)¢ je—i2m=i)X e
_<0,———2—’;l—_—1——,...,—"—'—2m—7—,...,"—le )
—i(2m—-1)¢ _ zé s —i(2m—j)¢ _ ijé s —iE _ i(2m—1)¢
+(o0,Xe ) e ) . iet=e A
2m 2m 2m

Let Ay, and B,, be the 2m-by-2m Hermitian Toeplitz matrices with their
first rows given by

—i(2m—1)¢& jo—i2m—j)§ .
© (0. =g i)
and
(6) | | e .
0 i(e—z(Zm—l)f —ef) i(e—t(Zm—])f — eiid) i(e"é _ el(zm_l)f)
’ 2m T 2m T 2m ’

respectively. Then we have Aj,,[g] = A2y + Bam . From (6), we have

~ m ) . . 2
||Bzmni= 5= (am — | g et — i)
]=

(7)
—Jj _2em-1)

m

< 4.

|/\
S M§
5
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We next partition A5, as
= 0 U Vv, 0
Ao = g D
2 [U;, 0]*[0 Vm]

By (5), we see that V), is a Hermitian Toeplitz matrix with its first row given

by

0 je—i2m—1)¢ je—i2m—j¢ je—ilm+1)¢

( 2m—1 T Tam—j o "W)
Hence,

m_l je—im—j)E |2 | jei2m—j) 2

2 _ P e O

(8) m—1 m_]. m—1 1 2m—1 1
=2 5 <2 .<2/ —dx < 2In2.
P 2m — j) = 2m — j m X

Thus, if we define
By, = B,,, + V0
2m = D2m 0 Vm )
then, by (7) and (8), we have
1BamllF < [|1BamllF + V2| VullF < 2 +2VIn2.

It remains to show that the matrix
~ ~ - Ve O 0 U
AZmEAZm[g]_BZm=A2m +BZm—BZm=A2m_ [ 6n Vm] = [U* Om]
m

satisfies (3). To prove that, we first define

0 1
I = 1 ,
1 0
P, = diag(1, e®, ..., elm=2¢ pilm=1))
and
Qm = diag(—ie™™¢, —je~im=1¢  _je=2 _jp=i¢)

It is straightforward to check that U, = PyH,J,QOm , where H,, is the Hilbert
matrix defined in Lemma 5. Hence

4 [0 Un]_[By O 0 HupJy][P, 0

m=luy o]~ [o oy)|JeH, O 0 QOn
_1[pr o0 [1,,, 1,,,] H, 0 1[I, Jn [P,,, oJ
- 2 0 Q:n Jm _Jm 0 _Hm Im —Jm 0 Qm

1[ P, Py, HH,,, 0 ”P,,, J,,,Q,,,J.

T2100Im —Qudm| | 0 —Hy||Pw —J0nOm
Since
1 [Pm JQO}
\/§ Pm —JQO
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is an orthogonal matrix for all £, we have that A,,, is orthogonally similar to
b ]
0 -—-Hyl’
By Lemma 5, assertion (3) follows. O
Lemma 9. The matrix Ayy[Y ;_, cx0i8k] can be written as

9) Aom [XV: akakgk] = Doy + Eom,
k=1

where D,,, and E,,, are Hermitian matrices with

00 ¥(8,5,,) o

and

(11) Slr:lp”EZm”FSC<OO

for some ¢ independent of m.
Proof. For simplicity, let us write

h = Zakékgk.
k=1
Define W,, to be the m-by-m Toeplitz matrix
lm[h] tm—l[h] s ll[h]
(12) Wy = | tmilh] t,[h]
tam—1[h]  tam—2[h] tmlh]

It is clear that the entries of the Hankel matrix W,,J, are just Fourier coeffi-
cients of the function A(6)e~9 . Therefore, by Lemma 6, we have

W dmll2 < sgplh(ﬁ)e"iol = [|Alloo ,
where by the definitions of 2 and g, 1 <k <v,
(6]
o = 1A(B1,)| = 2l
Hence, if we let
[0 -,
pon= [ 5"
then we have
(07
1Danllz = Wl = 1Wondm il < Wl ol < 1] :

Thus, N(lag,|/2; Dam) =0.
It remains to show that E,,, = Ayu[h] — D, satisfies (11). To estimate
|E2m||F , we partition the Hermitian Toeplitz matrix Ay,[h] as

X, Y,
A2m[h] = [Y* X”:] .
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Clearly, X,, is an m-by-m Hermitian Toeplitz matrlx with its first row given
by

1
(0, —E(t—llh] — tam—1[h]), %n-(t—z[h] —tam-a[h]), ...,

(13) I

2m
and Y, is given by the m-by-m Toeplitz matrix
(14)

(t—ms1lh] - tm+l[h]))

2 (t-m[h] — tm[h]) Lt [h] = tma[h) ... 2L(e- zm+1[h]—t|[h])
'z_:,)(t—m-H[h] - tm+1[h])

] = tomalh]) A (alh) = tamealh]) oo 2 (tomlh] ~ tmlR))

Therefore,
Ey — X W+ Yy
We+ Yy Xm i

and hence
(15) | EamlF = 211 XmllF + 21 W + Yl -

By direct computation, the Fourier coefficients ¢;[#] of h are given by

A { L e—if _ o=iitk  p—iitkn — p—ilbk
tilh] = — ) oy 2ie 0% + — + - }
A = g5 2 e =007 ' (Beni 00

it ity aiin il
ayé,.,{z.e_ijg,,_i_e i — e ”“ﬁ L ¢ T _ e ’{ },
4rj (0, — ¢)J (m—6,)j
j==x1,%2,...,when 6, <zn.If 6, =7, then

+

~ij8k _ p=iite  p—iitkn _ oiik }

1 v—1 3 e
t~h=—.§ O 2ie 0% 4 — + .
it 4nj ak k{ o (O — ¢k)J (Prer1 — Ok)J

4 o 0,0, {ze”" + e e~ lm _ e—l{¢v N e~ o — el.jn } ,
4nj (= ¢u)J (@1 +m)Jj

j==1,+£2,.... In either case, there exists a constant ¢ such that

1t[h)l < =

II j=41, 2, ...

Hence, by (13),
2

m—1
Xl =23 (m - J’—(t—J[h] tome,[H])
j=1

1 = ~afc c )
< - hd
(16) < g 2 (m =) (C+3=)
m— m—1 2 m—1
m-—j ) j 2¢ 5
= 2¢? =2c — <=9V j<ec
o @m- )? j;( +Jj)? T m? o
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Moreover, by (12) and (14),

-1
W + Yolf = Z(m J)

+j 2

tm—j[h] + (t—m—j[h] = tm—;[h])

m—1 m —j 2
+ 3 (= )|t ] + —%—a_mﬁlhl ~ tmij 1))
j=1
m—1
. +
= (m—J)‘mZ ]t—m—j[h]+ m tm
Jj=0
mol m=j m+j
+ (m - J) 2 t—m+_][h] + 2 tm+_][h]

1 m-—1
Sz 2m D+ Plt—mej B + (m = tm— (A1}
=0
m—1
+ZI’% (m— j){(m— J)It—m+j[h]|+ m+])|tm+j[h]|}
Jj=1
c? m—1 2 m—1 ,
S (m—J)+W (m—j)=c*.

Putting this and (16) back into (15), we have ||Exp|lr <2c. O

We now combine Lemmas 7-9 to show that the spectra of A,,,[f] cannot be
clustered.

Theorem 1. Let f € %, be piecewise continuous with points of discontinuity in
(-m,n] at —n <6, <---<6, <n and jumps

o = lim f(6)— lim f(8), k=1,...,v.

Define |ai,| = max <<y |ax|. Then for any 0 < € < lok,|/4, there exists a
constant b, independent of m, such that

N(e: Aomlf]) = (1 +0(1)) logm - sech™ (1 + lil) b,
where o(1) tends to zero as m increases.
Proof. Putting (2) and (9) into (1), we find

6
kOAZm = {AZm [f+——g0+z akakgk:I __"BZm—EZm} D2m _AZm[f]
k=1

= G2m - D2m - A2m[f] B

where

Gom = Aom [f+ —8& + Zakékgk} - ——Bzm — Eym.
k=1
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We note that by (4), (11), and Lemmas 7 and 3, the sequence of matrices {Ga,}
has clustered spectra. Moreover, by Lemma 2 and (10),

N (1l 4 26 %o, ) < N(es Gam) + (1l Dan ) + Nees 20l

= N(e: Gan) + (2L D ) + Nees Aanl 1)
= N(€; Gam) + N(€; Aom[f])
for all € > 0. Thus, by (3),

e Ame>>N(' fal | g “Azm)—N(e;Gm
(|ak0|+46

=N 2oe] T, A2m) — N(€e; Gam)
= 404 o(1)) logm - sech- (1 2¢ )-N(e; Gom)
n lotkg |

for all 0 < € < |oy,|/4. Finally, since {Gn} has clustered spectra, it follows
that forany 0 < € < |ay,|/4, there exists a constant b such that N(¢; Gam) < b
for all m. Hence, the theorem is proved. 0O

4. SPECTRUM OF THE PRECONDITIONED SYSTEMS

In this section, we consider the spectrum of the preconditioned matrices
%, [f17.[f]1. We note that by Lemma 1, f should be nonnegative to guarantee
that J,[f] and %,[f] are positive definite. When %,[f] is positive definite,
&Y 2[f] is well defined and &, [f19,1/] is similar to the Hermitian matrix

A TV f]%’” 2[f]. The following theorem shows that the spectrum of
G PANGLN 2 = &7 LGNS P - I
cannot be clustered around zero.

Theorem 2. Let f € %, be nonnegative and piecewise continuous. Let its points
of discontinuity in (-n,n] beat —n < 0; <---< 6, <7 with jumps

ax = lim f(0)— lim f(0), k=1,...,v,
0—'0; 0—->0k

and |ay,| = max k<, lax|. Then to any € with 0 < € < |ay|/4l|fllo, there
corresponds a constant b such that

N(e; G VALNGLNY) 2 %(1+0(1))log— sech™! (%+2€|1Lf|:°°> -b,
ko
where o(1l) tends to zero as n increases.

Proof. For simplicity, we write A,[f] and %,[f] as A, and &,, respectively.
For any nonzero vector x, let y = A% ?x . Then
*%—I/ZA,,% IAng 1/2 yx%—ly
X*Xx x*x
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If y # 0, then by Lemma 1,

* —_ *%_l * —_ * 1 *
(17) y?i,‘y=y——f—loyy21mm(?n Heyty > Yy
yry Jimax
Since this is trivially true also for y = 0, we always have
&7y, Ly L xE g
X*X 7 fmax X*X  fmax xX*x
Let z = %,,_l/ 2x . Notice that z # 0 since x # 0. Therefore, we have
y*&ly 5 | *Avz _ 1 z*Az z*z
X*X 7 fmax X*X fmax  Z*zZ X*X
Since again by Lemma 1,
z*z X' lx

1
= > A (E ) > —
X*X x*x = Amin(B ) 2 Smax’

it follows that
x*g’—l/ZAngn—lAngn—l/Zx _ y*gn—ly S 1 . Z*A%Z
X*x xX*x T fRx z*z
Hence, by the Courant and Fische; theorem (see Wilkinson [20, p. 101]), we
have, for any nonzero vectors {vi }}c;i in C",

& VA E T AT P x 1 z*Alz
max > max o Ee—
x#0 x*x x#0 fmax z°z
X€{V), . 01t X€(U) e 0ot
* A2
- max R BN
z#0 f;rzlax z*z max

#
ZE(C,I,H’U] yeen s C,lﬁ’l)j_])l

where the eigenvalues A; are ordered as Ay > A2 > -+ > 4, . Since {v Yz} are

arbitrary, again by the Courant-Fischer theorem, we have

_ . _ 1
W& PAE AT 2 7 - A;(A2).

Therefore, for 0 < € < |y, |/4/max »
Nie: & P0E) = N2 (&P ) (& P )
= N(€2; & a8 M)
2 ¥ (25 E) = N(Rue?s 42) = N3 )
Hence, by Theorem 1, we have

N(e; & Pan% 1) > i(1 +0(1))log 2 - sech™! (l i+ 26fma"> —b. O
T 2 2 lakol

5. BOUNDS ON THE NUMBER OF OUTLYING EIGENVALUES

In this section, we show that if f is strictly positive, then the number of
outlying eigenvalues of &, '[f17,[f] cannot be more than O(logn). We begin
with the following lemma.
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Lemma 10. Let f € %, be piecewise continuous with points of discontinuity in
(-n,m]lat -n<0,<---<6, <7 andjumps o, k=1, ..., v. Then forall
sufficiently small € > 0, there exist positive constants ¢, and c,, independent
of m, such that

crlogm < N(€; Aom[f]) S crlogm .

Proof. For k=1,2,..., v, we define
. [ O0+7m—6, -1<0<6,
g"(e)‘{e-n-ek, o <O<m,

and write f as
r-{reEang-San

It is easy to check that the first term on the right side is continuous. By Lemma
8,

o . \ N
Aol f1= Ao [f+ > o gk} = reboml&d
k= k=1
- af . - «
= Aom [f+ > ﬁgk} -3 2—71:-(Ak,2m + By, 2m) >
k=1 k=1
where Ay 3, and By ,, satisfy the properties in (3) and (4), respectively.

Hence, by Lemmas 2-4, for any 0 < € < “ft|ay | (where as before |ay,| =
max<k<, |ak|), there exists a positive constant ¢ such that

N(e; Aom[f]) < N( 5 Agm f+Z kg ] _Z%zk‘BkJm)
k=1

ay
+N(V+1’ 27tAk’2'")
k=1
14

2¢

el T 1)) ~(L+o(l)

= c+Zzlogm-sech“<
k=1

4 Y 2¢
<c+—1 1 1))-sech ™| ———
_c+n ogmg( +o(1)) - sec (lakol(’/+1))

_ 4v 1 2e
_c+—i—logm-(1 +0(1)) sech (m) .

By combining this result with Theorem 1, the lemma follows. O

As a corollary, we can show that the matrix %,[f]~',[f] — I, will have at
most O(logn) outlying eigenvalues provided that f, >0 .
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Theorem 3. Let f € %, be piecewise continuous with fui, > 0. Then for all
sufficiently small € > 0, there exist positive constants ¢ and c4 such that

¢ log% < N(e; G PALNBLT?) < ca log—g-
Proof. The proof is similar to the one of Theorem 2 with (17) replaced by

* O — *g_l * - * 1 *
y%‘y=y—;”—2-yy$/1max(?i, Deyy< 'y,
y'y fmin

where the last inequality above follows from Lemma 1. O

6. NUMERICAL RESULTS

In this section, we illustrate by numerical examples how the discontinuities
in the generating function f affect the convergence rate of the method. In the
examples, test functions f defined on (—x, #] are used to generate Toeplitz
matrices J,[f] and the systems J,[f]x = b, where b = 7‘;(1 , 1,0, 1, D,
are then solved by the preconditioned conjugate gradient method with or with-
out the preconditioner %,[f]. All computations are done by Matlab on a Sparc
IT workstation at UCLA. The zero vector is used as the initial guess and the
stopping criterion is ||74]|2/||r0]]2 < 10~7, where r, is the residual vector after
g iterations. Table 1 shows the number of iterations required for convergence.
In the table, the first row gives the generating functions and the second row in-
dicates the preconditioner used. The function f3 ,, 0 <y < B, is a piecewise
linear function defined by

ﬂ—;—ye +8, -m<6<0,
Jip.n(0) = 5y 0<y7<8,
_1z_0 +7, 0<6<m,
where # and y are the maximum and minimum values of f{z ,; on (-=, n],
respectively.

TABLE 1. Number of iterations for different generating functions

64 + 1 0 +m)?+1 0,013 @ + n? J10,0

n (None | %l[f] |None | Z[f] ||[None | Z[f] ||None | Z:[f] ||None | Zi[f]
16 8 8 16 9 8 7 16 10 8 7
32 20 7 33 10 16 8 35 14 16 8
64 37 7 45 11 26 9 77 19 27 9
128 56 6 49 11 36 10 167 27 39 10
256 67 6 50 13 47 11 356 41 55 12
512 70 6 51 13 59 13 743 65 76 15
1024 71 5 51 13 68 14 1486 107 106 18

We note that the first generating function 6* + 1 is a 2z-periodic function
and the convergence rate obtained here is typical for such a class of functions
(see Chan [2]). The other four functions are all piecewise continuous. Note
that the second and the third functions are strictly positive. Therefore, J,[f],
%,[/1, and hence %, '[f17,[f] are all well conditioned in view of Lemma 1.
In particular, the corresponding systems will converge linearly, i.e., the method
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S5+ + o+ il + +

4 b+ + e+

] SRR . 4
o) SR + 4
1+ S + 4
% i > 3 4 5 6 7

FIGURE 1. Spectra of preconditioned systems for n = 64

will converge in a finite number of steps independent of the matrix size. So,
although the O(logn) effect can be seen for the preconditioned systems for small
n, it will level off when n gets larger. For the last two functions, since their
Jmin = 0, the matrices .7,[ f] will no longer be well conditioned. In fact, we see
that for the nonpreconditioned systems, the numbers of iterations required for
convergence increase like O(n) and O(y/n), respectively (cf. Chan [3, p.338]).
In these cases, the number of iterations for the preconditioned systems grows
even faster than O(logn).

For comparison, the spectra of the preconditioned systems for n = 64 were
computed and shown in Figure 1 with the first test function 8%+1 at the bottom
(i.e., y =1 in the figure) to the fifth one f{19,0; at the top. For the last four
functions, we can see that their corresponding spectra are less clustered than
the first one.

7. CONCLUDING REMARKS

We have proved in this paper that when the T. Chan circulant preconditioner
is used to precondition Toeplitz matrices that are generated by nonnegative
piecewise continuous functions, the resulting matrices cannot have spectrum
clustered around 1 and the number of outlying eigenvalues grows at least like
O(logn) . We then show by numerical examples that these outlying eigenvalues
do affect the convergence rate of the method, and in general the convergence rate
is no longer superlinear and the number of iterations required for convergence
increases at least like O(logn). For such systems, it is better to use band
Toeplitz preconditioners instead of circulant preconditioners, for they guarantee
linear convergence rate whenever f is nonnegative piecewise continuous (see
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Chan and Ng [4, Theorem 1]). We finally remark that, recently, Tyrtyshnikov
[17] has established a generalized Szeg6 theorem and used it to prove that if
f isin L, with fg;n > 0, then the number of outlying eigenvalues grows no
more than o(n). Theorem 3 in this paper can be viewed as a stronger form of
his result under a stronger assumption.
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