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ON THE SPLINE COLLOCATION METHOD FOR THE
SINGLE-LAYER HEAT OPERATOR EQUATION

MARTTI HAMINA AND JUKKA SARANEN

ABSTRACT. We consider a boundary element collocation method for the heat
equation. As trial functions we use the tensor products of continuous piecewise
linear splines with collocation at the nodal points. Convergence and stability
is proved in the case where the spatial domain is a disc. Moreover, practical
implementation is discussed in some detail. Numerical experiments confirm
our results.

INTRODUCTION

Recently, the Boundary Element Method has been applied to the solution
of various time-dependent phenomena such as heat conduction governed by
homogeneous parabolic equations [7, 8, 15, 16, 19, 20] and wave propagation
governed by hyperbolic equations [5, 6]. The BEM solution of time-dependent
problems requires a large computational effort, since results from all previous
steps are saved in the computer memory. In addition, careful numerical inte-
gration has to be carried out for setting up the matrix equations, which means
increasing computing time. Thus, there is a need to reduce the effort, for ex-
ample by applying simple discretization methods such as collocation or the
quadrature method instead of the Galerkin approximation.

In the above-mentioned articles [7, 19] only the Galerkin solution is analyzed.
The work [20] of Onishi describes a collocation scheme for the heat equation
when the boundary integral equation is of the second kind. On the other hand,
there are well-known situations which lead to boundary integral equations of the
first kind. In such time-dependent cases no results for the collocation method
seem to be available. Therefore, we are inevitably faced with the question of
effectively solving such equations. For time-independent problems the colloca-
tion, and more recently the quadrature methods, have been analyzed [23, 24].

In this paper we construct and analyze a spline collocation scheme for solv-
ing the single-layer heat operator equation, assuming that the spatial domain
is two-dimensional and has a smooth boundary. As trial functions we use ten-
sor products of continuous piecewise linear functions with collocation at the
nodal points. For the proof of stability and convergence we limit ourselves here
to the case of the circle. However, the method can be applied to all smooth
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closed curves, although the theory remains to be developed. For our choice
of trial functions we are able to establish linear convergence, but it is obvious
that faster methods could be defined (by raising the degree of the trial functions)
and similarly analyzed. We have carried out some numerical experiments which
confirm convergence, indicating even a quadratic rate of convergence. The nu-
merical implementation of the scheme, covering also the general case, will be
explained in some detail. Some of our theoretical results were already given in

[11].
1. SINGLE-LAYER HEAT OPERATOR EQUATION

Considering the heat conduction problem, we first introduce two boundary in-
tegral approaches for the solution of the homogeneous heat equation with given
Dirichlet-type boundary condition and vanishing initial data. For convenience
of the reader, we briefly recall some basic situations in which the single-layer
heat operator equation arises. For more details see [7, 16].

Let Q C R? be a bounded domain with the smooth boundary I'. With
0 < T < oo, we have the heat conduction problem

-AD+ 0, =0 in Qr=Qx(0,7),
(1.1) {¢lzr=g on Zr=Tx(0,7),

d(x, 0)=0, x € Q.

We consider the direct method and the single-layer method for solving the
above problem. For this, let

x2
_ ) amexp(=5), ;
(1.2) Ex, =4 w50, >0
0, <0,

be the fundamental solution of the two-dimensional heat equation, and let V'
and W denote the classical single-layer and double-layer heat potentials

(1.31)) (Vo)(x,t) = /Ot/l_a(y, 7)E(x-y, t—1)dl, dt, (x,t) € Qrugy,
(1.3i1)

0= [ [uty, 00, Ex -y, i-ndndr, (5, 0€0ru0s,
where Q5 =Q°x (0, T), Q°:= R2\Q and On, is the exterior normal deriva-

tive. For sufficiently smooth functions ¢ and u the potentials Vo and Wy
have the well-known boundary behavior

(1.41) Vols, = Sro,
(1.4ii) Wuls, = (Dr—3I)u  (interior limit),
where St is the single-layer heat operator

(1.5) (Sl-a)(x,t)=/t/ra(y,r)E(x—y,t—r)dry drt, xel,
0

and Dr is the double-layer heat operator

(1.6) (Dru)(x,t)z/o /l_u(y,r)anyE(x—y,t—r)dl"y drt, xeTl.
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In the direct method the heat potential @ in (1.1) is given by means of the
representation

(1.7) d=Ve-Wg,

which by (1.4ii) yields the single-layer heat operator equation

(1.8) Sro = (31 +Dr)g

of the first kind. In the indirect single-layer method we use the representation
(1.9) P=7Va,

which by (1.4i) implies

(1.10) Sré = g.

Thus, both of the above approaches lead to a solution of the single-layer heat
operator equation
(1.11) Srur=gr.

We recall that, in a proper setting of function spaces, the equation (1.11) is
uniquely solvable. Moreover, the solutions o,  in (1.8), (1.10) have the inter-
pretations

(1.121) g = 0,0,
(1.12i1) G = 0,0 — 9,0",
where + and — denote the exterior and interior limits on the boundary Zr.

2. PRELIMINARIES

In this section we introduce some notations and define appropriate function
spaces which are used for the analysis. Let x(8), 8 € R, be a smooth 1-
periodic parametric representation of the boundary curve I'. We assume that
the Jacobian is positive, i.e., |x'(6)] > 0. Denoting u(€, t) = |x'(0)|ur(x(6), ?),
we obtain

(2.1) (Srur)(x(0), 1) = (Su)(0, 1),
where S is the single-layer heat operator
(2.2)

t 1
(Su)(9,1)=/0/0u(qp,T)E(X(H)—x(qo),t—r)dgodr, 6,1 e Rx[0, T,

acting in the space of 1-periodic functions with respect to the spatial variable.
Thus, the boundary integral equation (1.11) transforms to the integral equation

(2.3) (Su)(8,t) = f(6,1), (0,1 eRxT0, T],

where f(0,t) = gr(x(0),1?).

For numerical purposes we discretize the space-time domain R x [0, T7].
The one-dimensional meshes 0 = 6y < 6; < --- < Oy = 1 with hy =
max(|60, — 0p,—1]) and O =ty < t; <--- < tpy =T with by = max(|t; — tm-1])
induce a rectangular mesh on R x [0, 7]. For this, let Ay = {6,}ncz be the
1-periodic extension of the mesh {6,}Y 7' to R andlet A, = {t,,}¥_;. Let S”
be the space of continuous piecewise linear 1-periodic splines with respect to
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Ay, and correspondingly let S{)', r be the space of piecewise linear continuous
functions ¢ such that ¢(0) = 0. In the space-time domain we use the tensor
product spline space .# := S" ® S/ ;.. Further, we introduce the mean value
functionals

1 1

2.4)  (Ju)t) := / u@,1do, (6, ® Nu)(¢) := / ou(l,t)do,
0 0

and the trapezoidal rule approximations

N-1
(a)(e) = 3 Iy, ),
(2.5) n=0

= 0n+l - en—l
(0@ Jw)(t) = 3 H5—"=0u(0y , 1).

n=0

The basis of the tensor product space .# is constructed as follows. Let {y,|1 <
n < N} be the familiar Courant basis of S* such that

1, l=n+vN, veZ,
W"(01)={0, l#n+vN, veLZ.
Then we have
(0n — Op1)™', Onsvn-1 <0 <Opyyn, v EL,
(2.6)  OgWn(0) = —(Ops1 —0n)7", Onsvn <0 < Onyuny1, V EL,
0, elsewhere,
and
(2.7) Jy, = Ons1 = On-t 1<n<N.

2 b
Correspondingly, we fix the basis functions ¢,, of S(')”T by defining

L 0<t<ty,l<m<M
2.8 =4 i’ oo e
(2.8) om(0) {1, m<t<T,1<m<M.

With v, 0(0, 1) = Wn(0)pm(t), the set {Vm |l <n <N, 1 <m<M}isa
basis of the spline space .# , and any function v € .# has the representation

N M
(2.9) v(0, )= am,nVm a0, 1)
n=1m=1

For the analysis of the collocation method we need the anisotropic Sobolev
spaces. Having introduced the parametric representation for the boundary curve
I", it is enough to consider functions which are 1-periodic with respect to the
spatial variable. First, for any r € R, let H" be the Sobolev space of 1-periodic
functions on R. The anisotropic spaces

H"S:= HYR; H)nH(R; HY), r,seER,

are defined in the usual way ([17, p. 87], [18, p. 8]). In terms of the Fourier

transform
o)

(Fu)(6, 1) =/ u@, e " dt,

—0o0
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the norm in the space H"'* is given by
o0
(2.10) s = / (NFW) 5 DN + 12PN G5 D) d.
—00

The space H"5(R7), r,s >0, 0 < T < oo, is the space of restrictions to
Rr =R x (0, T) of functions belonging to H”*S. Again, we have the Hilbert
space

H™*(Rr) = H((0, T); H')NnH((0, T); H°), 0<T <00,
endowed with the norm

T 5
(2.11) |[ullzrswy) = (/0 llu(-, 0)l|F-dt + HuH}{S((O,T);HO)) , 0<T < oo0.

We also use equivalent norms defined by
T
12
el 5r s yy = /0 lu(-, )l dt

T T (e, ) —u(-, 7l
+/0/0 T dtdr, O0<s<1,

(2.12)

and
(2.13)

T 1
[ =/0 (-, )11 dt+/0 (8, MNiipo,ndd, 0<s<L

Moreover, we introduce the subspace
H'Rr) ={u|lu=Ulg,: Ue H*, U(-,t) =0, t <0}, 0<T<o0.

Thus, for example, Hy;’ (Ro) is the space of those functions in H"S(R) for
which the zero extension with respect to the time-variable ¢ remains in H">%.
Finally, we need the negative-order space Hy, ~“(Rr) for 0<r<1, 0<s<
3 - These spaces are defined as dual spaces Hy" ~*(Rr) = (Hyy*(Rr)) . If there
is no danger of confusion, we use the notations '

-1=1lo,0s I+ 1lr,s = I+ lars@r)-

An analogous convention applies to the one-dimensional case. In the anisotropic
Sobolev spaces the following mapping property is valid [7, 14, 19].

Theorem 2.1. The single-layer heat operator

(2.14) S: HY (Rr) —» Hig" ™ (Ry)
is an isomorphism for all r > —%. Furthermore, it is coercive such that
(2.15) (Swiw) > cllwli2, _,

forall we H&){”_%(RT). Here we assume that T is finite.

In the formula (2.15) the duality pairing extends the H% °(R7) inner product.

3. ANALYSIS OF THE COLLOCATION EQUATIONS

We apply piecewise linear approximation both in space and time, together
with nodal point collocation. The collocation equations corresponding to the
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equation Su = f are: Find us € .# such that
(3.1 (Sua)(n s tm) = f(6n, tm), 1<n<N,l1<m<M.

We adapt the method developed by Arnold and Wendland [3] for the one-
dimensional case and extended by Arnold and Saranen [2] for biperiodic prob-
lems. In this approach the collocation problem is reduced to a Galerkin problem.
In order to establish the required equivalence, we define the bilinear form

Ba(w, v) = (0105w |0:04v) + ((0r ® Ja)w|(8; ® J)v)

1 T
(3.2) =/0 /0 0 0pw (0, 1)0,0pv(6, t) dOdt

T
+ /0 (0 ® Taw)()((B, ® T)v)(t) dt.

For the equivalent characterization of the collocation equations (3.1) we need
some regularity assumptions on the given right-hand side f. Let ¥ (Ry) be
the space of continuous functions f(6, 7) on the closure Ry of Ry such that
f is 1-periodic with respect to the variable 6. Moreover, we define the spaces

%oo(Rr) = {f € Z(Rr)| f(0, 0) = 0},
26 (R7) = {f € GoR7)|0of , O.f , 0:0pf = 00,1 € ' (Rr)}.
Next we give sufficient conditions on the function u to guarantee the property

Su € Z§(Rr) . Recall that a measurable function u is essentially bounded on

Ry if there exists C > 0 such that |u(6, )] < C for almost all (6, ¢) € Rr.
First we observe the following continuity property.

Lemma 3.1. Assume that u is a measurable and essentially bounded function on
Rr. Then f=Sue %O(RT) .

Proof. Let (6y, ty) € Rr. We consider only the case with 0 < fg < ¢ and
t—19<6<dp, |6 —bp| <$. Introducing the intervals

I(60) =[60— %, 60+ 11, I1(00) = [00— 6, 0o + 41,
I(6o) =60 — %, 00— 8] U [60+6, 0o+ 11,
we obtain, owing to periodicity with respect to the space variable,
(Su)(8, 1) — (Su)(bo, o)

/°[€ (0, DIEXO) - x(p). t — 7) — E(x(60) — x(p), to — 7)1 dpdt
to 3 (;0+5

+/ / u(p, YEX(B) - x(9), t — 1) — E(x(60) — x(9), o — 1) dpdt
0 6y—0

Go+1
" /, /90_; u(p, DEX() —x(p), t — 1) dpdr.

By using the separation of singularities [10, 22], we have for the kernel the
absolutely integrable bounds

C
ny OO DS g e A
' C
Blx(60) ~x(9), fo - 1) S e, d<u<l,
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The estimates (3.3) together with

(3.4) clf — o <[x(0) —x(p)| <Cl0—9|, |6-9|<1-0do,

yield for any positive ¢

to 6o+J

u(p, )E(x(0) - x(p), t = 1)dpdt| < Cllulld® " <,

60—

to 6o+0

u(qo 7)E(x(00) — x(9), to — 1) dpdt| < C|lul|ed* ! <&,

6p—
00+§
// u(p, VE((0) - x(9), t — 1) dgde| < Cllulloo(t — t0) 7 <z,
11 ——

if o is small enough. Here, ||#|| denotes the essential supremum of u on
R7 . Moreover, the function E(x(6) — x(¢), &) is uniformly continuous in the
domain

{61160 — 60| < %} x Ir(60) x [0, T1,

and therefore
(3.6)

14
/0 /1(0 | u(p, T)[EX(O) —x(p), t — 1) — E(x(60) — X(9), to — 7)]dpdTr < ¢,
2\Y0
if ¢ is sufficiently small. The continuity follows from (3.5), (3.6). O

Now we introduce the space
%o(Rr) = {f]f(8, -) is continuous for almost all 6 and (6, 0) = 0}.

The space Z(R7) consists of functions f € & (Rr) such that 9y f € &, (Rr)
and the partial derivatives 8,f, 8,0pf = 0¢0,f are measurable, essentially
bounded functions on Ry . We emphasize that .# is a subspace of Z(Rr).
The previous lemma is valid for general smooth curves. In the following lemma
it is essential that the boundary curve is a circle.

Lemma 3.2. Let u € #Zo(Ry). Then we have Su € Z5(Rr), and the following
commutation relations are true:

3.7) Bp(Su)(8, 1) = (S(B,u))(0, 1),

(3.8) 0i(Su)(0, 1) = (S(8:u))(0, 1),

(3.9) 0:09(Su)(0, 1) = (S(8:0,u))(8, t) = DpB:(Su)(0, 1) ,
(3.10) J(Su)(t) = S(Ju)(t),

(3.11) ((8: @ J)(Su))(t) = (S(0: @ J)u)(1).

Proof. Using the heat kernel corresponding to the circle with radius r,

exp (— S (xl=r))

E0—p.1-7)= ——p
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we have
(Su)(0+3d,1t)—(Su)(b, 1)

:/l/1 Mo 20, 0= U0: Vg — g, 1~ ) dpdn

// ( /¢+5 u(o, ‘r)dO')E,(G—(o,t_T)th

The existence of the partial derivative d,u implies that the limit

s u(¢+531)_u(¢31)
(1;%5/ Opu(o, 1)do = hrr(l) 5 = 0,u(p, 1)

exists for almost all ¢ € R, 7 € (0, ¢). Furthermore, since 9,u is essentially
bounded, we have

1 9+0
(—5/ |Osu(o, 7)|do < C,
9

and the limit

hina[(Su)(ew ) - (Su)(8, 1)] //aw DE(0 - ¢, —1)dodt

exists by the Lebesgue dominated convergence theorem, proving (3.7). Next we
consider (3.8). The condition u(f, 0) =0 yields

(Su)(0, t) — (Su)(6, t - 9)

t pl T
-] (1 aau(a»,a)da)Er(e—qo,z—r)d(pdf
s Jo Y ()
) 1 1 T
Ly
0o Jo \9Jo

Again, the Lebesgue dominated convergence theorem implies the existence of
the limit

t gl
11_rp 3 {(Su)(@, ) —(Su)8,t-90)] = /0 /0 Ou(p, 1)E, (0 — 9, t—1)dpdr,
and (3.8) is proved. Similarly, we get
(0105 (Su))(0, 1) = (0:(S9pu))(8, 1) = (S(0:0,u))(, 1)
by using the assumption 9,u(¢, 0) = 0. On the other hand, we have
(090:(Su))(0, 1) = (05(SOu))(O, 1) = (S(8p0:u))(8, 1) = (S(0:0,u))(0, 1),

where we need only the condition u(f, 0) = 0. To prove (3.10), we consider
the mean value J with respect to the spatial variable,

1 t 1 1—cos(2n(8—
(J(Sw)(1) = / / / 4—1n-u(¢,1)-};e‘—u—“”w—5 dpdzd0

1 cos(Zm @
// u(e, r)—re - r)(/ i) d¢9> dodr.
0

(3.12)
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In terms of the modified Bessel function of order zero [1]

n
I()(Z) — %A ezcos(@)de’

we have
1 Cos(2m(0—
(3.13) /e‘*““’if(—oﬂ” do = Ip(315)-

Observe that the integral in (3.13) is independent of the variable ¢ . Thus,
(3.12) becomes

(3.14) TS0 = [ 0 i gy

0 4m t—1 )t

On the other hand, by (3.13),

(SJu)(0,t) / / (Ju)(t _L_e'l_wzsé'zf(g_ : dodt

’l(Ju)()—
oA -t ¢

1
2(t—1)

) dT = (J(Sw)(0),

which proves (3.10). Finally, the commutation relation (3.11) follows from
(3.8), (3.10). The property Su € Z; (Rr) is a consequence of Lemma 3.1 and
(3.9). O

Theorem 3.1. Let u € Zy(R7) be the solution of the equation Su = f. Then
the function us € A is a solution of the collocation problem (3.1) if and only if
the equations

(3.15) BA(Sup, v) = Bp(Su, v), veA,

are valid.
Proof. We denote @ = w — f, where w = Su,. From (2.6), (2.8) we obtain

1 T
/ / 010gW (0, 1)0,0gUm n(0, t)dOdt
0 Jo
1 1 tm
= — [ 8,69w(0,t)dt]89://,,(0)d0
(3.16) mJo Lo
= o [ 1006, tn) — 00 (6, 0120 (6)
m JO

— L [’lf)(@n > tm) — w(en—l ) tm) _ w(enﬂ ) tm) —11)(0,,, tm)
tm en - 9n—1 9n+1 - 9n ’

where in the last step the property w(#, 0) =0 was used. Moreover, we have

L 0<t<ty,
((8t®J)'Um,n)(t)={ im "

0, tm<t<T,
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which by (2.5) yields

T
/0 (0, ® JA)B) () (91 ® TYm . n)(0) dt

Ju, e -0,
(3.17) = t‘”” ST 5 ! ‘/ 8, (6, t) dt
m 1=0 0
N-1
_ Jth Z 01“;01_1111(0,, tm)
m =0

where we have again used the property w(6,, 0) =0.

After these preparations we are able to prove our assertion. Suppose first
that u, satisfies the collocation equations, i.e., the nodal values W(6,, t,)
vanish. According to (3.2), (2.9), (3.16) and (3.17) the bilinear form B(wW, v)
reduces to a linear combination of the nodal values of w, and consequently
Br(w, v) =0 for all v e # . Conversely, assume that (3.15) is valid. We use
the identity

T
(3.18) Ba(W, Jv) = /0 (8, ® Ja)W)()((8; ® J)v)(t) dt.

For v € # we also have Jv € .# . Therefore, (3.18) and (3.15) imply

(3.19) /OT((a, ® W8, ® N)()dt =0, ved,

and (3.2) thus yields
(3.20) (8,0pW|0;09v) = 0, ved.
By virtue of (3.20) and (3.16),

w(enﬂ 5 tm) - w(an ’ tm) _ ’ID(B,, 5 tm) - w(en—l 5 tm)
6n+l - en en - en—l

for 1 <n<N,1<m< M. Let m be fixed. Then we have for all n =
1,..., N,

(3.21) =0

w(9n+l ) tm) - w(en ) tm) — ’lD(@n 5 tm) - w(en—l ) tm)
9n+1 — 9,1 Hn - en—l

Using the periodicity of @ with respect to 6, we obtain

(3.22)

= Cp.

N
(3.23) Z(’lf)(()n s tm) - w(en—l s tm)) =wW(On, tm) — w(eo s tm) = 0.

n=1

On the other hand, (3.22) implies

N N
(3.24) D (@ (Ons tm) = W (Bnis tm)) = Cn p_(On = On—1) = Cim,
n=1 n=1

which, with (3.23), gives C,, = 0. Inserting this back into (3.22), we have
(3'25) w(onatm):w(GOatm); l SnSN-
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Finally, according to (3.17), (3.19), (3.25),

N—-1
026 0= T OOy ) g, )
m 1=0 m

Since Jy, isnonzero, the value %W (6y, t,,) vanishes and, in view of the formula
(3.25), all nodal values w(8,, t,) vanish. Thus, u, satisfies the collocation
equations (3.1). O

4. STABILITY ANALYSIS

Here we prove the unique solvability of the collocation equations (3.1) if the
spatial discretization parameter /g is small enough. This result is a consequence
of a coercivity estimate for the bilinear form B,(Su, v), which yields stability
and convergence of the method. To prove the coercivity, we consider the form
Ba(w, v) as a small perturbation of the bilinear form

(4.1) B(w, v) = (8;,0pw|8,0¢v) + ((8; ® J)w|(0; ® J)v).
For brevity, we introduce the notation
(42) olll—y, -3 = 10dp0ll_y, 3 + 1@ & TIl_y _y-

In any space of functions where this expression is well defined and finite, it gives
a seminorm. It is essential to see that ||| - ||| -1 is a norm in the subspace
A . This is proved in the following lemma.

Lemma 4.1. The mapping v — |||v|l|_y _, defines a norm in the space M =
She St ;.

Proof. 1t suffices to show that the condition

(4.3) Molll_y,—y =0 forve#

implies v(6, t) = 0. Now, assuming (4.3), we obtain from the representation
(2.9)

M N
(4.4) 0000, 0= 0,( 32 X cmn@ov) 016 (1)
m=1n=1
and
M N
(4.5) (00 10)(0 =0, 2 3 amTvn)on(0)).
m=1n=1

According to (4.3), (4.4) we have
M

N
(4.6) 5 (3 amn(@0un)(0) ) mtr) = CO).
m=1 n=1
In fact, C(0) =0, since ¢,(0)=0 forall m=1,... , M. This yields

N
(4.7) > am n(Bgwa)(0) =0, m=1,..., M.
n=1
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Analogously, from (4.3), (4.5) we deduce that

N
(4.8) > amn(Jyn) =0, m=1,..., M.
n=1

Adding (4.7) and (4.8) together gives

N N
Zam,n(30+J)!//n=(39+J) <Zam,nl//n>50, m=1,..., M.

n=1 n=1

The operator (9 + J) is an isomorphism from S” to the space of piecewise
constant periodic splines. Thus,

N
:E:‘Im,nVM =0, m=1,... , M,
n=1
which implies that all the coefficients «,, , vanish, proving our statement. O

Our next aim is to establish the required continuity and coercivity of the
form Bx(Su, v). These properties are valid in the space Z(Rr). First we
consider the form B(Su, v).

Lemma 4.2. We have the continuity estimate
(4.9) 1B(Su, )| < clllulll_y,_yllIvlll_y 4

Jorall u,v e Zo(Rr) and the coercivity

(4.10) B(Sv,v)2cllll®, _y, v €Zo(Rr)

7

Proof. We have by the commutation relations (3.9), (3.11)
(4.11) B(Su, v) = (S0;0p1|0,09v) + (S(0; ® J)u|(0; @ J)v).
The mapping property (2.14) gives
|B(Su, v)| <[|S0:Bgully  1110:06v]|
< ¢ (110doull_y,_yl10Dp] 4 -

< clllwdil-y, ~slllvlll-y -
2 4 2

1
2>

118 ® Iyull_y, 411G ® Tyli_y _y)

s +1IS@® Tyvlly 1113 ® Tyvll_y

1
3

1
3
1
i

which proves (4.9). From (4.11), (2.15) we have

B(Sv, v) = (S8,090|8:040) + (S(8, ® T)v | (8 ® J)v)
Zc(HazanHZ_% +H(3t®J)U“2_%,_%)

>l

3

—1
>

which yields (4.10). O

Concerning the difference B — B, , we have the following lemma.
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Lemma 4.3. For all u,v € Z(Rr) there holds
(412)  |B(Su, )= Ba(Su, )| < chylljulll_y,_yllIvlll_y,_y-
Proof. Using the commutation relations

(0, ® J)Su = JSou, (0; @ JA)Su = JpSou,
which follow from (2.4), (2.5), (3.8), we obtain

|B(Su, v) — Ba(Su, v)| = (6, ® (J — JA)(Su)|(6t ® J)v)|
(4.13) = |((J = Ja)(SOu)|(8; ® J)v)]
<7 = Jn)(Saaly 1112 ® Tyl

53

%.
Define w = S,u. Since (J — Jy)w(-, t) is independent of the variable 6, we

have by the accuracy of the trapezoidal rule
(4.14) (T = I w(-, Oll = [(J = Ipw(-, )] < chgllw(-, D)llg-
According to (3.7), (3.10), and (2.14),

195wlly s = 106SBeully 4 = [|SBpBeu|
wlly, 1 = [I7SOull,

b

< cllgpdull_y
<cli@ e Tull_y,

11
24

4.15 & :
(+13) 1 1 =S 0uul|
The norm (2.12) together with (4.14) yields

[EAFAT

11 1.
273 7

s

< c/T|<J—JA>w(-, NP dr
0
T T = Jw(, )= =T w(, OF
+C/0 /o IZE et

T T T LN (e \[[2
Schéfo Hw(-,t)llindtJrché/O/o [ ’t|)z—1f/|(%’l)”m ded?

T
< ch} /0 1100w (-, Dl + |Jw (D)) dt

e /OT /OT (Lzentes 0 =S Ol , 1(Jw)(e) - O gy

Tk i~ 1]}
< ch3(logwll} 4 + Il )
and hence, by (4.15),
(4.16) 17 = Ja)SBeully 4 < cholllull_y s
The required estimate (4.12) follows from (4.13) and (4.16). O

Combining Lemmas 4.2 and 4.3, we obtain
Lemma 4.4. For all u,v € Zy(R7) we have the continuity estimate
(4.17) [Ba(Su, v)| < elllell g, —slllvlllZy, —s-
Moreover, there exists a constant hy such that for all 0 < hy < hy there holds
(4.18) By(Sv,v) 2 allvll2, _y, v eZoRr)

“1,-
We can now state the main result of this section.
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Theorem 4.1. Assume that the solution u of the equation (2.3) satisfies u €
#Z0(R7). Then, for all 0 < hg < hg, there exists a unique solution u, of the
collocation equations (3.1). Moreover, we have the stability

C
(4.19) llalll -y, -3 < EHHllell-y,
and the quasi-optimal approximation result
C1 .
(4.20) M=l g < (1+ ) ing =iy,

Proof. For u € Zo(Rr) the collocation problem (3.1) is, by Theorem 3.1,
equivalent to the equations

(4.21) Ba(Sup, v) = Ba(Su, v), veEM.

If 0 < kg < hg, the existence of a unique solution for the finite-dimensional
problem (4.21) follows from the coercivity (4.18), since |||v|||_%’_% is a norm
in the subspace .# . By (4.18), (4.21), (4.17) there holds

calllualllZy _y < Ba(Sua, ua) = Ba(Su, ua) < cullluelll_y _ylllualll_y
which yields the stability result (4.19). Now (4.20) follows, since

1
2
e — ualll -

1
3

por Sllu—vllloy s

Ci
< (142 ) Ie-vlly -y

lllo — ualll_y

foral ve#Z. O

5. CONVERGENCE ANALYSIS

In this section we analyze the order of convergence of the collocation approx-
imation (3.1). Based on the quasi-optimal error estimate (4.20), we first discuss
the asymptotic accuracy of the approximation when the error is measured by
means of the norm ||| - ||]_% i For this, we need error estimates for the L?
orthogonal projection Py ,:=Pa® P, =P, ® Py : L*(Ry) — .# . Here, Py and
P, are the one-dimensional L? orthogonal projections such that Py : HO — S*
and P, : HY0,T) — Sé’)T. From now on, we require that the meshes Ay
and A, are quasi-uniform. Under this assumption the 1-dimensional inverse
estimates

(5.1) Wil <chy " Nwlls, wesS", s<r<i,
and
(5.2) gl < ch7 " Nglls,  PeShy, s<r<t,

are available [4]. Moreover, the projection operator P, satisfies the approxi-
mation result [9]

(5.3) | — Poul|pr < chy™"||ullgs ue H,

0<r<s<2,r< % . In the case of the projection P, we confine ourselves to
the (easily verified) property

(54) [|u—P,u||Hr(0’T) _<_chf"||u||Hs(0,T), uEHS(O, T),



THE SPLINE COLLOCATION METHOD FOR THE HEAT EQUATION 55

where 0 < r <1, s takes the values s=1,2,and ue€ H*(0,T), u(0)=0.
In the following proof we use the further estimates

(5.5 lull-ro <cllullioro, ueHTORy), 0<r<1,
and
(5.6)  lldwullo,—s < cllullo,is,  ueH"'(Ry), 0<s< 4.

These results can be verified using the eigenfunction representation of the aniso-
tropic norms, as described, e.g., in [17, pp. 86-88].

For the proof of our convergence results we make additional regularity as-
sumptions on the solution u of (2.3). It is obvious that these conditions can
be weakened in many ways, but we prefer to keep the presentation short and
elementary.

Lemma 5.1. Assume that u € #%y(Rr) such that u(6, +), (u)(60, ) € H*(0, T)
for almost all 6, and (8,u)(-,t) € H?* for almost all t. Then we have the
approximation result

(57) = P, culll—y _y < chill0uullz,0 + chi(hg + ki) (lullo,2 + 19eullo. 2).
Proof. We use the decomposition
(5.8) 890, (1 — Py ) = Bg(I — Py)dyt + 8,(I — P8t — Bg(I — Py)di(I — P)u.
By (5.5), (5.3) there holds

1061 ~ Po)oull®, _y < 106(T — P22, o < cllt = POl

T
<c / (I = P)au(-, )12, dt
0 H2

2w-1y [T
< che"‘f)/ (-, O|Bndt,  r=1,2,
0
which yields
(5.9) 186(1 — Pg)Orul|_y
Analogously, by (5.6), (5.4),
[10:(1 — P,)(?guHZ_%

1
<chy Ol 0,  r=1,2.

1
3

<101 = P)doully _, < cll( = P1)ogullg

Sl

1
3

(5.10) 1 , 5 ,
<c [ 1= Poonu6. IR,y a0 < chiliopul
For the last term in (5.8) we first use (5.9),

186( = Po)o(I = Pull®y _, < chollddI = Pull} g

1
< chy /0 (9T = P3O , oo 7y + 10T = (6, Moo, 1) 40

< choh? (||ullg, 2 + 1186ul]5,2)-
This, with (5.8), (5.9), and (5.10), gives the estimate

3 5
[1060: (1 = Pp, u)l|_y _y < chyllOcull2,0 + ch/1|Ogullo,2

1
»Tg

(5.11) :
+chih(|1ullo,2 + l18eullo, 2)-
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Slightly modifying the proof of (5.11), we get

3
(5.12) 1(0: @ J)(u = Po, )|y _y < chilullo,2,
and (5.7) follows by (5.11), (5.12). O

3

From Theorem 4.1 and Lemma 5.1 we obtain

Theorem 5.1. Assume that the solution u of the equation Su = f satisfies the
assumptions u € Zo(Rr) such that u(6, -), (Oqu)(6, ) € H*(0, T) for almost
all 6, and (8u)(-, t) € H?* for almost all t. Then the collocation approximation
up € A defined by (3.1) furnishes the asymptotic error estimate

(5:13)  llu—ualll_y, _y < chilldeullz,o + che(hg + h#) (ullo,2 + 1Bullo,2).

By the estimate (5.13) the time step #, dominates the order of convergence.
This effect can be compensated by letting the time-discretization be finer than
the discretization in the space variable.

Theorem 5.2. Let the assumptions of Theorem 5.1 be valid. Moreover, suppose
that hg < h and h, < ch¥, where h < hgy is sufficiently small. Then the
collocation approximation u, satisfies

(5.14)  [llu—ualll_y 3 < chi|gulla,0 + ch™™E "+ 3 (||ullo 2 + [|Bgullo, )

1
3

and in particular for v >

v

(5.15) 11w = alll_y,—3 < ch? (llullo,2+119pullo,2 + [18:ull2,0)-

1
3

The final aim of this section is to establish pointwise and L? convergence
results for the collocation solution. For this, we need the following inverse
estimate.

Lemma 5.2. In the space # we have

1 1
(5.16) 18:8v1l0,0 + 118 ® J)vllo,0 < cmax(hy *, A7 H)[llvlll_y .
Proof. We prove the estimates
(5.17) l[v]lo,0 < cmax(h;", B HIll=r, s , o<r<lt,
(5.18)  18:0gvllo,0 < cmax(hy”, b )80, -5, O0<r<ti,
(5.19) 118 ® J)vllo,0 < ch (@ ® T)vll-r, _5, 0<r<l.

Then the assertion follows from (5.18), (5.19). Let v e .# and 0 <r< 1. By
(2.13), (5.1), (5.2),

T 1
Wi <e [ e lfedi+e [ 100 Mg, d0

T
5/0 ch(;z,”v(.,z)ni,odwf ch"[v(8, 0. 1) 40

<c(hy® +h )|l o < c(max(h,”, ) V113 o-

(5.20)
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We use the duality HO“O"'%(RT) = (H(;(;%(RT))' for 0 < r < 1. The Schwarz
inequality implies

(5:21) |l ,o < [l gllvll-r, —5 < cmax(h;", A Dol —4llvllo,0.

which yields (5.17). The estimate (5.18) follows similarly for 0 < r < 1, since

the derivative 9,0pv is a piecewise constant function. To see (5.18) for r = % ,
we use

(5.22) l8:dsvllo,0 < cmax(hy *, b Hliddsvll_y
which further gives
0:0501%

L
778

3

S Hatag'UHo,()Hatag’UH_%,_1
_1 ol

< cmax(hy ¢, b 8)”(9:39””..%,—5“81597)”—%,_%

and therefore

s by

Bl

< cmax(h,

3

16:89v]_4 Dlodsll_y, -y

%
Using this with (5.22), we obtain (5.18) with r = 4. The proof of (5.19) is
analogous. O

Next we consider convergence by using

[llvillo,0 = 110:9avll0,0 + [|(0: ® J)vlo,0-

We have the approximation property
(5.23) [l = Py, cttlllo,0 < chglldnullz, 0 + chy (Ilullo, 2 + [18eulo, 2)

for u € #o(Ryr) satisfying the assumptions of Lemma 5.1. The proof of this
result is a simplified version of the proof of (5.7) and therefore is omitted. Now
we obtain

Theorem 5.3. Let the assumptions of Theorem 5.1 be valid. Further, let coh <
he < h and coh®* < h, < ch”, where h < ho is sufficiently small and v > §.
Then we have for the collocation approximation ua
(5.24) [t = ualllo,0 < ch(llullo,2 + 18aullo, 2 + 18:utll2,0)-
Proof. Because of the lower bounds cok < hg, coh? < h, the inverse property
(5.16) implies
[llu —ualllo,o < lllu— Po,ulllo,o + | Pa, 1 — ualllo,o
< lllu = Py, culllo, 0+ ch™4 I[Py, e — ualll_y

L
3

< il = Po,clllo,o + ch™* (11Po, e = ulll_y _y + Illua = ll_y, _3),

which together with (5.7), (5.15), and (5.23) yields the assertion (5.24). O

Finally, we have the following result for pointwise and L? convergence.
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Theorem 5.4. Under the assumptions of Theorem 5.3 there holds
X |(u—ua)(0, )] < ctrh(ullo,2 +110pullo,2 + l10rul]2,0) »

0<t<T,

(5.25) 0@[0 11

(5.26) |lu — uallo,r, < ch(llullo,2 +1|0sullo,2 + [Beull2,0)-
Proof. Since (1 —ua)(6,0) =0, we get

2
[(u—ua)(0, 1)|

/8 (u—up)0, 7)dt
(5.27)

§t/ 10, (1 — up) (8, 7)| d7.
0

On the other hand, the Sobolev embedding theorem yields

1
0:u=us)(8, P < [ (00— us)lp, O +1(0c® T)(u ~ un)®)) d
Inserting this into (5.27), we obtain

(= ua)(0, OF < ct(1000:(u — up)ll§, m, + 110 ® J)( = ua)ll ) »

which together with (5.24) gives the estimate (5.25). The second assertion fol-
lows from (5.25). O

6. NUMERICAL IMPLEMENTATION

In this section we discuss the numerical solution of the single-layer heat op-
erator equation. For numerical computation we use the basis functions ¥, xm,
of .# . Here, ¥, = w,(0) are the 1-periodic functions introduced in §2, and
Xm = Xm(t) are the Courant functions such that

1, l=m,
1) =

Writing
N M
0 t :ZZ Am,n¥n G)Xm )

n=1 m=1
we obtain the collocation equat1ons

(SuA> i tj) - Z Z am n V/n/{m )(6,’, t}) = f(ei) tj)’

n=1 m=1
I1<i<N,1<j<M.

The representation formula (2.2) yields
(6.1)
Lot Y xm(7) x(6:) — x(o)|?
SWuxm))(0i, ti =——/ / n cxp(——'—-——) dtdo.
(SWnxm))(0:, 1)) = 4 ; Wn(9) S A=) 9
In the direct method (see (1.11), (2.3), (1.6)) we have the right-hand side func-
tion

f(0, 1) = 38(x(8), 1) + (Drg)(x(0), ) = 38(x(0), 1) + (D(gIX'))(6, 1)
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with the double-layer heat operator

(Du)(8, 1) // (9, 7)2e” (() )("’))E( 0) - x(9), t — 7)do dr.

We replace the exact values f (6;, t;) by the approximations
FO:, 1) = Lg(x(8), t)) + D(gIx')(6:, 1)),

where g,;]; | € # isthe nodal point interpolant of the function g(x(6), t)|x'(0)].
Therefore, we need the values

1
P01, 1) = g2 [ vn(oIng - (x(0) = x(9)

e 1x(6) — x(p)?
< <t,-—r>2e"p<‘ 4t~ ) )‘“‘“”'

(6.2)

n (6.1) and (6.2) we abbreviate

o= [ xm(T) [X(0:) — x(9)?
(6.3) aj,m(z,w)—/o Ut —1) *P (—*‘1(71.’:;‘)‘“) az,

b A 2
(6.4) by m(i, 9) = [X(0) = x(p)F /O (ff"i_(?)z exp (—lx(i&—_ng;)') dt

and define the N x N square matrices 4 »,, Bj m, 1 <j, m <M, by

1! . .
65 mhin= g7 [ wi0)anti pde,  1<in<N,

1
(6.6) (Bj,m)i,n = g‘l;r'/o V/n(w)nq’ (x(6:) ((0))bj m(i, ¢)d¢a

[x(6:) — x(p)|?
1<i,n<N.
From (6.3), (6.4) there follows 4; , = B; ,» =0, j < m, and moreover,
Ajm=Aj—me11 =" Ajmms1> Bjm=Bj_my1,1 = Bj_ms1, jzm,
which yield the block lower triangular matrices % = (4; ), % = (Bj m),
A 0 ... 0 B, 0 0
e[ B A e[ Bm
: : .0 : : . 0
Am A[ Bm Bl
Introducing the N-dimensional vectors
Q1 g(x(61), tm) - 8(x(61), tm)|X'(61)]
am = E B Gm = E > Gm = ‘ :" E >
Cm N g(x(0n), tm) g(x(0n), tm)|X'(On)]
we have for the direct method the right-hand side
F G B, 0 0 G,
RN N T
: 21 : : 0 :
Fm Gm Bm Bm—l Bl Gm
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This gives the linear equations & a = & , where the components «; are ob-
tained by applying the formulas

k-1

A1a1=F1, Alak=Fk—2Ak+1_,,a,,, k=2,...,M.

v=I1
Because of the coercivity of the single-layer operator, the matrix % , or equiv-
alently, A; is invertible. In the computations we have used the Gaussian algo-
rithm for inversion of the matrix A, .

Let us turn to the evaluation of the matrix elements. We compute the double

integrals in the matrix elements by using analytical integration with respect to
the time-variable. For this we introduce the exponential integral function [1]

E\(2) =/ e’ dz,

V4

which has the logarithmic singularity ( y is Euler’s constant)

Ei(z) =~y —log(z) - 3. o, Jamgz| <,
k=1 ’

at the origin z = 0. When z is approaching infinity, the function E;(z) decays
exponentially. Denoting

fs(z2) = E\(2) + zE\(2) —e77, Ja(z) = zE((z) — €77,
we obtain

N\ 2 N 2
aj,m(i, 9)=0G—-m+1)f (I—M—)_z(j_m)fs (M)

4(j —m+ 4(j — m)h,
: 1x(0:) — x(p)I* .
+(J—m—1)fs(m), l<m<j-2,

and

N 2 , N 2
(i ) = 2, (BOLZXOEY g (RODXOL) o,

N 2
@y mtis ) = £ (BOLXOD)

For b; m(i, ¢) we have similar expressions with the function f; replaced by

Ja -

With respect to the space-variable, numerical integration has to be applied.
We decompose the integrand in (6.5) into a singular part with logarithmic sin-
gularity and a smooth part. Exact integration is used for the singular part. For
the smooth part, Gaussian quadrature with three integration points in the refer-
ence interval is applied. This method is analogous to the computations for the
harmonic single-layer operator [12, 13]. We remark that the integrand in (6.6)
is a continuous function but the first derivatives have a logarithmic singularity.
This fact has been taken into account in the numerical integration.

7. NUMERICAL RESULTS

In the following examples the spatial domain is the unit circle Q = {x] |x| <
1} with boundary I". We use the direct boundary integral approach, which leads



THE SPLINE COLLOCATION METHOD FOR THE HEAT EQUATION 61

to the single-layer operator equation Su = f. For the solution we have u =
|x'|6,® , where 8,® is equal to the interior limit of the normal derivative. The
examples are taken from [19], where the Galerkin approximation is considered.
For other results see [21, 25].
First we consider the heat conduction problem

P -AP=0 inQx(0,1),
(7.1) D, = 1? onI'x (0, 1),

®(x,0 =0, xeQ,

which has the solution

= (o) [, (1=eFout
(7.2) O(r, 0,1 ‘42 “ B3 1 J1(Bo k) [t— Bs & ’

with the normal derivative
—e ﬂo Kt )
Bo k

In the formulas (7.2), (7.3), Jo(z) and Jj(z) are Bessel functions and the
numbers fy , are the positive zeros of Jy(z). In problem (7.1), the bound-
ary condition and the exact normal derivative are independent of the space
variable. The same property is also satisfied by the collocation approxima-
tion. We have calculated the numerical solution to the single-layer operator
equation. The corresponding L? errors with 8, 16, 32, 64 nodes on the spa-
tial boundary, and 8, 16, 32, 64, 128 nodes on the time boundary [0,1], are
presented in Table 1. The results indicate that convergence is slightly faster
than quadratic with respect to the time-step. The rate is computed by using
the formula In(e(64)/e(128))/1In2, where e(128), e(64) are the L? errors for
h = 35, % > respectively.

(7.3) 0,d(0, 1) —t—4Z a

TABLE 1. Absolute L2-errors

8 16 32 64 128 rate

8 0.0003920 0.0000750 0.0000148 0.0000033 0.00000113 1.5

16 0.0002761 0.0000523 0.0000099 0.0000018 0.00000037 2.3
32 0.0001952 0.0000369 0.0000069 0.0000019 0.00000024 2.4
64 0.0001380 0.0000261 0.0000049 0.0000009 0.00000017 2.4

In the second example,

8® - AD =0 inQx(0, 1),
|5, = r2cos(2z0) onT x (0, 1),
o(x, 0) =0, xeQ,

the given boundary data depends on both variables 8 and ¢. The solution

2 g _hBan) [, (-eFnny oo
O(r, 6, z)_{n 4Zﬂ1 AT [z . ]}cos( n0)
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has the normal derivative
oo _ ...ﬁz, t
8,®(0, 1) = {ﬂ +0.50-45 (i—";——kl} cos(2n8),
k=1 1,k

where the numbers B, ; are the positive roots of the function Ji(z). In Table
2 we have listed the L2 errors with 8, 16, 32, 64 nodes on the spatial boundary,
and 4, 8, 16, 32, 64, 128 nodes on the time boundary [0, 1].

TABLE 2. Absolute L? errors

4 8 16 32 64 128
8 0.003615 0.003077 0.002339 0.001700 0.001216 0.000864
16 0.000935 0.000518 0.000426 0.000319 0.000230 0.000164
32 0.000742 0.000134 0.000070 0.000056 0.000042 0.000030
64 0.000567 0.000105 0.000018 0.000009 0.000007 0.000005

For this example we illustrate the L? convergence in Figure 1. The curves
corresponding to constant space steps 4p = §, i, %, & are drawn by using
a logarithmic scale. Thus, the slope represents the rate of the convergence.
The lines starting from the upper left corner correspond to convergence rates
@(h), @(h3), @(h?). It seems that convergence is quadratic with respect to the
L? norm if the time-step is sufficiently small compared to the space-step.

10’2 P T T Ty T T T T T ¢:

103 =
E 1/8 3

XN 1/16

104 | X \ =
- g 3
o . x .
- e .
- - 2 4
: 113 _

105 PN 3
- N Rl e
C R ™ 1/64 ]

10.6 i " PR S S SR A W 1 1 4 FEE ST T B S W1 1t

100 10! 102 103

FIGURE 1
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We have also done experiments regarding the run time of the program. In
Table 3 the percentile distribution of execution time is presented when the
program, written in Turbo C language, was run on a Everex Step 386 SX/387
SX, 16 MHz. The data for Table 3 was collected from the output of the Turbo
Profiler program.

TABLE 3. Run time data for the program

space/time meshes 16/16 32/16 16/32
double-layer operator 23 24 19
single-layer operator 20 22 17
exponential integral 20 22 16
other functions 04 02 04
matrix multiplication 20 11 33
matrix inversion 02 09 01
others 11 10 10
total execution time 37 sec 71 sec 85 sec

It turns out that about 56-70% of the execution time is used for setting up the
linear equations. We remark that special care must be taken in the computation
of the exponential integral function.

11.
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