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CONSISTENCY ESTIMATES FOR A DOUBLE-LAYER POTENTIAL
AND APPLICATION TO THE NUMERICAL ANALYSIS
OF THE BOUNDARY-ELEMENT APPROXIMATION
OF ACOUSTIC SCATTERING BY A PENETRABLE OBJECT

A. BENDALI AND M. SOUILAH

ABSTRACT. The consistency of the approximation of a double-layer potential
when using a boundary-element method and approximating the curved bound-
ary by a polygonal curve in two-dimensional problems or by a polyhedral surface
in three-dimensional ones is investigated. The results are applied to the numer-
ical analysis of the approximation of a model problem: the diffraction of a
time-harmonic acoustic wave by a penetrable object.

INTRODUCTION

Double-layer potentials are widely used in the numerical computation of so-
lutions to boundary value problems by means of boundary-element methods.
Without being exhaustive, we quote: Laplace and Helmholtz equations (cf.
Nédélec [24], Giroire [12, 13]), scattering of an electromagnetic wave by a di-
electric cylinder (cf. Chang and Harrington [4]), coupling interior and boundary
elements (cf. Johnson and Nédélec [18], Sequeira [34]), etc. ‘

In the case of curved boundary, for reasons of effective computation and dig-
ital handling of geometrical data, an approximate boundary must be included
on which the discrete problem is posed. Although this treatment is quite com-
mon in practical computations, as far as we know, no result is available on the
consistency or the asymptotic behavior of the error due to this approximation.
By contrast, for the single-layer potential, the method initiated by Nédélec [25]
gives complete answers in several directions (cf., e.g., Le Roux [22], Giroire [12,
13], Bendali [2, 3], Johnson and Nédélec [18], etc.). This seems to be due to
the following feature. The parametrization of the exact boundary is done by an
orthogonal projection of the approximate boundary on the former (cf. Nédélec
[25]). The consistency error is then essentially obtained by estimating the dif-
ference between the potential kernel values for two points on the approximate
boundary and for their respective projections on the exact boundary. This could
be called “a local technique estimate”. Since the singularity of the derivatives of
the kernel of single-layer potentials is generally not integrable, this approach is
not suited for double-layer potentials. Therefore, a global procedure is needed.
The aim of the present work is precisely to deal with this problem. The basic
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idea is to use a Green’s formula in the domain bounded by the actual bound-
ary and the approximate one. Then the consistency estimate essentially results
in relatively long calculations involving interior elliptic estimates, the so-called
inverse property in the finite element method, and exact computation of the po-
tential created by linear distribution on elements of the approximate boundary,
initiated by De Hoop (cf. Van Herk [36]).

Among all the boundary value problems whose formulation as boundary in-
tegral equation involves a double-layer potential, the results obtained are illus-
trated by carrying out the numerical analysis of the one which is related to the
scattering of a time-harmonic acoustic wave by a penetrable object. Two rea-
sons essentially motivate this choice. The first comes from the fact that the
kernel arising in this problem is that of the Helmholtz equation. It is decom-
posed as a superposition of the kernel of the static problem, which is that of
the Laplace equation, and a less singular kernel to which Nédélec’s “local tech-
nique estimate” applies. Hence, this situation gives answers which can be used
in other directions. Beside the fact that this problem is important in itself in
the applications, as suggested by the numerous papers devoted to the subject
(cf., e.g., Harrington [16], Rokhlin [31], Kleinman and Martin [19], etc.), the
second reason is due to the formulation of the problem as a Fredholm system of
integral equations of the first kind, free of hypersingular integrals, considered
here. Although the formulation as a Fredholm system of integral equations
of the second kind is the most commonly used and the easiest to analyze, it
is presently well established that the formulation considered in this paper has
generally better numerical stability properties (cf. Nédélec [26]).

The formulation as a Fredholm system of the first kind is obtained directly
in the two-dimensional case when modeling the scattering of a time-harmonic
electromagnetic wave by a dielectric cylinder (cf. Chang and Harrington [4],
Clair [6], for example). This formulation appears without the removal of the
hypersingular integrals in the paper of Costabel and Stephan [9]. Hypersingular
integrals are numerically difficult to handle. The normal trace of a double-
layer potential given variationally by Hamdi [15] is the procedure used here
to remove the hypersingularities of the integrals from the formulation in both
two- and three-dimensional cases. It must be emphasized that the formula-
tion given by Chang and Harrington, starting from Maxwell’s equations in the
two-dimensional case, directly provides the correct formulation without using
Hamdi’s formula. It must also be noted that direct numerical approximations
of hypersingular integrals recently became available (cf. Schwab and Wendland
[32], Krishnasamy et al. [21]).

The paper is organized as follows. In §1 the mathematical statement of the
problem of scattering of a time-harmonic acoustic wave by a penetrable obstacle
is given. Some known results on existence, uniqueness, and regularity of the
solution are recalled. The rest of §1 is devoted to the reduction of the trans-
mission problem to an integro-differential system stated on the boundary of the
obstacle. The discretization of this system by a finite element method consti-
tutes the boundary-element method used for the approximation of the solution
of the scattering problem. If the consistency error for the approximation of
the double-layer potential is not taken into account, the numerical analysis of
the problem may be performed by techniques which are by now standard (cf.
Nédélec [24], Le Roux [22], etc.). Therefore, §2 of this article is devoted entirely



CONSISTENCY ESTIMATES FOR A DOUBLE-LAYER POTENTIAL 67

to this consistency error, and only the final results of the numerical analysis are
given.

1. THE SCATTERING PROBLEM AND ITS APPROXIMATION

1.1. The boundary value problem. The acoustic equations (cf., e.g., Germain
[11] for general equations and boundary conditions, and Kress and Roach [20]
for particular aspects considered here) show that the time-harmonic wave v
scattered by a penetrable obstacle is a solution of the following transmission-
type boundary value problem.

With the notation

(1.1 {91 a bounded C* domain of R"; n=2, 3,
’ Q, :=R"\Q, the exterior domain,

( find v € C®(Q;) N C>°(Q,) such that
Av + kv = (k§ —k})up in Q,
Av+kiv=0 inQy,

[v]=0 onT,
[X0nv] = —[xOntto] onlT,

lim |x|("=D/2(gradv - x/|x| — ikyv) = 0.
\ |x|—=+o0

(1.2)

The last relation appearing in (1.2) is the Sommerfeld radiation condition de-
scribing the energy propagation from the obstacle towards infinity. In connec-
tion with this latter condition, the limit is always assumed to be uniform with
respect to the angular variables x/|x|.

In the preceding equations (1.2),

I' denotes the common boundary to Q; and Q,,

n the unit normal to I outwardly directed to Qi

X a piecewise constant function defined by

l/pl in Qla
1. =
(13) X {I/Pz inQ;,

where p,, >0, m =1, 2, is the density of fluid at rest occupying the domain
Qm b}
uo the (given) incident wave (generally a plane wave) satisfying the equation

(1.4) Aug + k#ug =0 in a neighborhood of Q,
km, m =1, 2, the wave number
(15) km = w/cma

where ¢y, is the sound velocity in the fluid occupying the domains €2, ; the
time variation e~'“’ (w > 0 is the pulsation) is suppressed by linearity,
[-] is the jump across I' defined by

(1.6) [w]:=wr —w®r,

where w™|r, m =1, 2, is the trace on I" of a function or distribution defined
in Q,,
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a-b=37, a;b; is the “scalar product” of two vectors respectively with »
real or complex components a,, b,, i=1,...,n.

Other notation, as well as some function spaces like the Schwartz spaces
2'(Q), Z(Q,), etc., or Sobolev spaces like H!(Q;), H'/2(I'), etc., are stan-
dard in partial differential equation theory (cf., e.g., Lions and Magenes [23],
Chazarain and Piriou [5], etc.) and are used without further comment.

It must be emphasized that, as a result of (1.1), T is a closed, bounded
(n—1)-dimensional C* manifold without boundary, embedded in R” . In fact,
this amount of smoothness is not really necessary for the subsequent analysis.
It seems to be sufficient to assume that I' is of class C2. Since, however, this
point is not essential, neither for the main result nor for the techniques which
are developed for its proof, we choose not to further complicate the exposition
by this discussion.

In order to give an existence-uniqueness theorem for the problem (1.2), and
for the purpose of numerical analysis, a problem set in a more general frame-
work is considered.

Given f in L*Q;), g in HY?(I'), and ¢ in H-Y2T),

( find v € H'(Q) N H! (Q,) such that

loc
Av+kiv=~f in2'(Q),
Av+kiv=0 in2'(Q,),
[vl=g in HYX (),
[x8av]={ in H-V(T),

ll11m |x|("=D/2(grad v - x /|x| — ikyv) = 0.
\ |X[—+00

(1.7)

The behavior of v at infinity is described by the radiation condition and not
by its belonging to any Sobolev space (cf. Wilcox [37]). This explains the in-
volvement of the Fréchet space

Hioo(Q2) 1= {v € Z'(Q)|¢v € H'(Qy), V¢ € D (R")}

in the formulation. For any real number s, the space Hfoc(ﬁz) is similarly
defined.
The following theorem can then be stated.

Theorem 1.1. The problem (1.7) has one and only one solution. Moreover, for
all s > —1, if the data respectively satisfy f € H™:0(Q)), g € H*+32(T),
and { € H*V/2(T), the following regularity holds:

(1.8) v e Q) N HE2(Q,).

loc
Proof. Uniqueness follows by Rellich’s lemma [30] (cf., e.g., Kress and Roach
[20]). Existence of a solution can be obtained either by standard arguments
involving the limiting absorption principle like in Wilcox [37], or by the elegant
method of Lax and Phillips (cf. Phillips [29]). The higher-order regularity,
s > —1, holds by general results for elliptic systems due to Agmon, Douglis,
and Nirenberg [1].

1.2. Integral equations. Let
(1.9) u:=7v+u,
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where v is the scattered wave by the obstacle, solution of problem (1.2), and
Uo is the incident wave. The representation formula for the solution of the
Helmholtz equation satisfying an outgoing Sommerfeld radiation condition in
the case of an exterior domain (cf., e.g., Colton and Kress [7], Gunter [14])
gives

(1.10)

[ (G, 9200) = 0,61 (x. y)p V() dT), xeQ,
u(x)=4 "
()= [(Galor, MADY) = uGalir PPN ATD), ¥ € Q.

Here, G,, is the Green’s kernel giving the outgoing solutions of the Helmholtz
equation,
(1.11)

Gm(x,y):= % (

km (n—=2)/2 )
) Hn 2)/2( km|x = yl), xX#y, m=1,2,

27|x — y|

where Ht(') is the Hankel function of order 1 and index ¢ (cf, e.g., Wilcox
[37]), and

(m) . — 4(m)
p =u h‘) _
(1.12) {,um) . ™M= 1,2,

are the respective first and the second trace of u taken from its values on €, ,
= 1, 2. Unless mentioned explicitly otherwise, all derivatives occurring
under the integral sign are implicitly assumed to be taken with respect to the
variable y . :
The transmission conditions then show that the determination of u is re-
duced to that of

(1.13) A:=20/p; =2/ p,,
(1.14) p:=p" =p?
The formulae, giving the traces of single- and double-layer potentials, yield
(( p1ViA—Nip=p/2,
p2V2k — Nop = —p/2 + uolr,

(1.15) <K¢—}Dm=uz
1

1 1
KhyA— —Dyp = —/1/2 + ——-anuolr,
\ P2 P2

where the integral operators involved on I' are denoted by

(1.16)
'nﬁuw=ﬁkm0awuwdnw,
Nmp(x /anme x, y)p(y)dl(y),

forxell'andm=1, 2.
KnA(x /% (x, MA) AT),

| Dup() = 00, [ 80,Gnx VIP() AT ),
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It is worth noting that the integrals defining V,,, N,,, and K,, exist as usual
Lebesgue integrals, whereas the last operator D,, is hypersingular. Among all
the possible methods which can be used to give it a meaning, the easiest and
fastest, in the present context, is that in the sense of distributions (cf. Costabel
[8] for a more general setting).

The mapping properties of these operators are as follows:

Vin: H—1/2+s(r) N H1/2+S(F),
Np: H—1/2+s(r‘) — H1/2+s(r)’
Ky H—1/2+s(r) N H1/2+S(I‘)’
Dp,: HI/2+S(1") N H—1/2+s(r)
for m =1,2 and for all real s if I' is C* (cf., e.g., Chazarain and Piriou
[5] and Seeley [33]). Costabel [8] has shown that the first and the last relations
of (1.17) remain true if I is only Lipschitz for s < 1/2.

A Fredholm system of the first kind can be obtained by adding the first to
the second equation, and the third to the last one. Then, multiplying by test

functions and integrating once more over I' leads to the following variational
system:

Given (f, {) := (uolr, —(1/p2)dntiolr) € T := HY*(I') x H='*(T),
find (A, p) € Z :== H~Y2(") x H'/*(T) such that
(1.18) (VA, 0) =(Np, wy=(f, ), YueH YVXT),
—{q, K2) +(q, Dp)={q, (), VaqeH'*I),

(1.17)

where

( (-, -) is the (anti)duality pairing between H'/2(T") and H~'/2(T),
Vi=pii+ V2,

(L19) § Ni=Ni+ M,

K:=K;+K;,
D := -—1~D1 + -1—D2
\ P1 P2

This formulation was given by Costabel and Stephan [9]. It needs the compu-
tation of the hypersingular integrals which appear when the explicit expression
of the operator D is considered. These hypersingular integrals are well under-
stood from a theoretical point of view, thanks to the Calderon-Zygmund theory
of singular integrals (cf., e.g., Neri [28]) or to the theory of pseudodifferential
operators (cf., e.g., Chazarain and Piriou [5], Seeley [33], etc.). It is only re-
cently, as was pointed out to the authors by the referee, that suitable quadrature
schemes for finite part integrals (cf. Schwab and Wendland [32]) or regulariza-
tion techniques based on Taylor expansion were proposed to treat directly the
hypersingular operator D .

Here we choose to use the following recipe introduced by Hamdi [15] (cf. also
Nédélec [26]), which essentially is an integration by parts on the boundary and
which was used with some success in practical computations (cf., e.g., Chang
and Harrington [4], Clair [6], etc.):

(1.20) (g, Dp)=—c(p,q)+d(p, q),
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[ [ (Lo L
(1.21) @, q):= /F/r (pl G+ ,,,202) (x, y) gradrp(y) x n(y)
- gradr g(x) x n(x) dT'(y) dT(x),

G+ =% 2 G ) X, n
np 409 = [ [ (56:+56:) x, ot
-q(x)n(x)dI'(y) dT(x),

where the multiplication sign x denotes the exterior vector product a x b :=
aib;—ayb; in two-dimensional problems and the usual vectorial product in three
dimensions, and gradp is the tangential gradient of a function defined on I'. It
is worth noting that, in the two-dimensional case, gradrp(y) x n(y) = 9,p(y),
where o is the curvilinear abcissa which parametrizes I" in the counterclock-
wise direction.

The operator K is the transpose of the operator N ; i.e., it satisfies

(1.23) (q K2)=(Ng,2), VqeH'*I),
where the operator N is defined by
(1.24) Ng=Ng.

With the sesquilinear forms

a(l, ﬂ) = <V'1’ ﬂ) s
(1.25) b(p, n):=(Np, u),
b*(4, q) = (Ng, 4),
the system (1.18) can be rewritten in the form
find (4, p) € Z such that
(1.26) a(d, w)=blp, w)=(f,n, vYueH '}I),
' —b*(A, q9)—clp,a)+dp,q)=1(q,(), VgeH*I).
It is well known by now that the operator associated with the system (1.18) is
a strongly elliptic pseudodifferential operator on I' (cf. Costabel and Wendland
[10]). Usual duality properties in Hilbert spaces enable one to identify the space
T with the (anti)dual space Z’ of Z . Then, the theory of pseudodifferential
operators (cf., e.g., Chazarain and Piriou [5], Seeley [33]) can be used to de-
compose this operator in the form A + ©, where A is coercive on Z, and to
establish that A, for all real s, is a continuous mapping
(1.27) A Zg— T,
and © a linear compact map from Z; into Ty, where Z; := H~/2+5(I') x
Hl/2+s(1’*) and T, := H1/2+s(r) x H‘”ZH(F).
The uniqueness of the solution of the system (1.18) (cf., e.g., Costabel and
Stephan [9]) and the Fredholm alternative then yield the following theorem.

Theorem 1.2. The operators A and A + © are (algebraic and topological) iso-
morphisms from Zg onto Ty for all real s.

Remark 1.3. In view of the coerciveness properties given by Nédélec and Plan-
chard [27] in the three-dimensional case, and by Hsiao and Wendland [17] in
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the two-dimensional case, it is actually a simple exercise to explicitly write out
the system (1.26), up to some compact operators, as two uncoupled coercive
variational equations. This leads to a simple and direct treatment of the error
coming from the approximation of the boundary (cf. Bendali [3], where this
approach is detailed for a similar case).

1.3. The boundary element method. According to Nédélec’s ideas [25], the
approximation of the curved exact boundary I' seems to require a complicated
approach. It is assumed that there exists a finite family % of local charts (i.e.,
local coordinate patches) (w, ¥), forming an atlas of I', and that the boundary
I' can be “triangulated” using this atlas. More precisely, it is supposed that & is
a finite family of triples (w, D, y), where D is a bounded segment in the two-
dimensional case and a polygonal domain in the three-dimensional case having

its closure D contained in @, which further fulfills the following conditions:

(1.28) r- U v,
(w,D,y)eEF

and the w (D) are nonoverlapping and such that no vertex of one (D) lies
on the (interior of the) curvilinear edge of another w,(D5).

For all (w, D, y) € & , consider a “triangulation” .7, (D) of the domain
D, in the usual meaning of finite element triangulations, with elements being
segments in the two-dimensional case and triangles in the three-dimensional
case. This leads to a triangulation .7 *, a disjoint union of the .7, (D), which
is assumed to satisfy the following uniform regularity condition:

(1.29) { hr = diam(T) < k,
h/pr<c,

here, pr denotes the diameter of the largest ball which can be inscribed in 7.

As usual in finite element error estimates, ¢ indicates various constants, not

necessarily the same in all instances, but always independent of # and of the

solutions of the continuous or the discrete problem.

Let (w, D, w) bein & and T in J5(D), and let wr be the linear inter-
polant of ¥ on T from the values of y on the vertices of T,

VT € 9,";

(1.30) K :=yp(T),

and I';, the approximate boundary defined by

(1.31) Oo={J U wr(D.
F Te,(D)

We denote by .7}, the collection of all such elements K .

Following Nédélec [25], assume once again that the different triangulations
are compatible in the following sense. With I';, a closed polygonal curve in the
two-dimensional case, and a polyhedral surface in the three-dimensional case,
assume the above elements K satisfy an overlapping condition similar to the
one mentioned before. Observe that this construction forces the approximate
boundary I';, to have its vertices on the exact boundary I'.

For all K in .9, we introduce an orthonormal frame of the linear affine
manifold supporting K and let & € R*~! be the respective coordinates. When
restricted to each K in .9, the following definitions have an obvious meaning.
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A function p defined on K is said to belong to P, , the space of all complex-
valued polynomials of degree less than or equal to m, if p, as function of the
variable ¢, is in P, . By gradyp we denote the tangent vector field to K
obtained in the usual way by differentiating with respect to the variable &. In
this context, gradr, p will be the vector field tangent to I';, defined almost
everywhere by gradr, p|x := gradg p forall K in 9,*.

Let
(1.32) My, :={l e L*T))|Ax := Mg € Py, VK € G},
(1.33) Vii={q € C°(My)lgk := qlx € P\, VK € F;}.

The compatibility conditions made on the triangulation .7,* insure that the
spaces M, and V), have dimensions given by the number of elements of .7,
and the number of vertices of I';, respectively.

We can then consider the approximate sesquilinear forms

an(An s tn) :Z/r /r(ﬂlGl(xhaYh)+/72G2(xh9yh))
h h

<A (Yn)un(xn) dTp(vh) dT(x1)

(1.34)

for A, and u; in M, , and

bu(ow > tn) :2/1“ /r(8n,,Gl(xhayh)+anhG2(-xh9yh))
h h

(Vi) n(xp) ATh(vn) dTx(xp)

for p, in V¥, and u, in M, and similar expressions for b}, ¢, , and dj,. The
approximate (anti)linear forms are introduced as follows:

Ui s = / o () n(en) dT(x)  for y in My,
(1.36) ”1
ORATEE /F O, 10X )25 0in) dTh () for gy in V.
h

(1.35)

In this paper, for the sake of clarity, points lying on the approximate boundary
and geometrical quantities related to I', are denoted with the help of an index
h to distinguish them from the corresponding objects on the exact boundary
I'. Moreover, there is a precise relation between a point denoted by x on I’
and the point x;, on I'j, which is given in what follows.

We endow M), and V), with different norms. To this end, we begin by defin-
ing transport operators which carry each function defined on I', to a function
defined on I'. Following Nédélec [25], we consider the e-tubular neighborhood
of ',

(1.37) 7; := {x € R"|3y € I" such that |x — y| < &}.

If ¢ is taken sufficiently small, the mapping I'" x (—¢, &) — 7 defined by
(m,t) —» m+ tm(m) is a C> diffeomorphism (of manifolds), and the pro-
jection P: 7, — I' given by L (m + tm(m)) = m an infinitely differentiable
map (in the meaning of differentiable maps of manifolds). Hereafter, assuming
that such an ¢ is fixed, there is an A* such that every /4 less than A* gives
rise to an approximate boundary I', contained in 77. Then Z|r, defines a
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homeomorphism from I', onto I'. In the sequel, it will always be assumed
that every approximate boundary considered fulfills the later condition.
Hence, for all X in .9,

(1.38) K = PK.
A parametrization of a neighborhood of K can then be obtained by
(1.39) x =Pxp(&),

where x;(&) is a point (of the linear manifold supporting K) in a neighborhood
of K with ¢ as coordinate.
The Lebesgue measure on I" may be written as

(1.40) dU(x) :=/gx(&)d,  x=Px,(l).

As a result, the transport operators are defined by
e My — LA(T),
sn: Ve = COI),

(1.41) i) (6) = ——ix,  x=Pxp&), xpeK, VK eI,
gk (&)

(sngn)z(x) =gk (&), x=Pxy(&), x,€K, VK€ I}.

Remark 1.4. The multiplicative term 1/,/gx is introduced to simplify some
expressions occurring later. All norms written with or without this factor are
uniformly equivalent relative to 4.

Clearly, the operators r, and s, are one-to-one and can be used to identify
respectively ¥}, with a subspace of C°(I") and M, with a subspace of L*(I').
Consequently, these spaces can be endowed with various norms

(1.42) IAalls == llradnlls, T s An € My,
forall s <0, and

(1.43) Dalls == lIswballs,rs  An € Vis
forall s<1.
Here, ||-||s,r is a norm of the Sobolev space H*(I") related to the previous

atlas {(w, v)|(w, D, y) e F}.
All the following estimates are obtained by standard techniques (cf. Nédélec
and Planchard [27], Nédélec [24], Le Roux [22], etc.).

Lemma 1.5 (Inverse inequalities). Under the assumption of uniform regularity
of the triangulation 9,* , we have

(1.44) IAallo < ch™ 2 Apll=1p2,  VAp € My,

(1.45) Ipalls < ch™ Pllpalliy2, Vo € Vi,

12
(1.46) (Z meas(K)lgradeK|2> <ch ' Plpally2,  Von € Vi
Ke;

The consistency error of the approximation of the sesquilinear forms a(-, -),
c(+, +) and d(-, -) and of that of the (anti)linear forms f and { are recalled
in the following theorem.
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Theorem 1.6. The following consistency error estimates hold:

(|a(rudn s thin) — an(An, n)l < chllApll=1p2llenll=1/2 5
lc(shph > Shan) = ch(Pn > an)l < chllpallij2llgnlliy2
|d(shDn » Snan) — An(Pn > an)| < chllpallij2llgnllis2

(1.47) i X
(fs wn) = (fns tn)nl < ch max sggla uo(X)| lrll =172 »
a=l xey;

[(snah » ) = (qn> Cn)nl < chmax sup [0%uo(x)] lIgnll1/2»
\ |alL2 xez;

forall Ay, uy in My, and all py,, q, in V).

In the above theorem, the incident wave u, is assumed to be defined and
regular (at least C?) in a tubular neighborhood % with & > ¢.

Remark 1.7. Tt must be noticed that Le Roux’s and Nédélec’s results give the
estimates

(1.48) la(rAn, rain) — an(An s tn)l < ch*||Anllollnllo s
and only
(1.49) |d(shpn » than) — dn(Pn > an)| < chllpallollgnllo

because of the loss of one convergence order when approximating the normal n
to I' by the normal n;, to I';, . However, the use of the inverse inequality (1.45),
to come back to the norm || -||_;/,, results in a loss of one convergence order
in £ and makes the behavior of the consistency error of the two sesquilinear
forms similar.

2. CONSISTENCY ERROR ESTIMATE FOR A DOUBLE-LAYER POTENTIAL

This section is almost entirely devoted to establishing the behavior of the
consistency error for the approximation of the sesquilinear forms related to the
double-layer potential, when the actual boundary is replaced by the approximate
one. As it is pointed out in the introduction, this estimate cannot be obtained
by the usual “local techniques”. In order to make the discussion more straight-
forward, we decompose the kernel yielding the form b(-, -) as a superposition
of a singular part, which can be viewed as the kernel of the static case, and a less
singular part, which describes the propagation properties of the solution. Obvi-
ously, the estimates related to the transposed form b* are similar. First, in §2.1,
we state our main result and give one of its consequences, the numerical analysis
of the scattering problem considered in the previous part. The next subsection
is devoted to establishing the consistency estimate for the weakly singular part
of the double-layer potential. The proof of the full consistency estimate is done
in the last subsection and consists of several steps, each embodied by a lemma.

2.1. The main result and its consequence. The main result of this paper is as
follows.

Theorem 2.1. There exists h* > 0 and a constant ¢ not depending on 0 < h <
h* such that

(2.1) b(skDn » Fattn) = bu(on, )| < ch |\l =1 21lPall1/2 5

(2.2) |6* (5w s thitn) = by D s )] < ch |\l 12wl
forall p, in V}, and all py, in M,
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The discrete problem, for which the solution may be effectively computed, is
stated as follows:

find (4;, py) € Z;, := M), x V}, such that
(2.3) an(Ans qn) = bu(on > 1) = (fns tndns  Yup € My,

—by(Ans qn) — ch(n> an) +d(ns an) =an> En)p>  Yan € Vi,
where (f,, un)n and (g, (), are suitable approximations of the linear maps
occurring in the continuous problem defined through the data of f in H!/?(I")
and ¢ in H-V2(I).

Hence, using general results on the numerical analysis of nonconforming
approximations of variational problems by a finite element method (cf., e.g.,
Strang and Fix [35]), Theorem 2.1 provides the last estimate needed to prove:

Theorem 2.2. There exists h* > 0 and a constant ¢ not depending on 0 < h <
h* such that for all (fy, {p) in M, x V), the discrete problem (2.3) has one and
only one solution (A, py) that satisfies

lendn — Al=12,7 + Iswpn = Pllj2,T

< Chl/Z + C 3 + sup I(ﬁt’ ﬂh)h - <f> rhﬂh)!
(2.4) (L M2, + 0€l=1/2,1) Sup. TR
- 1(qn> Chdn = (Shdn, €)|
ah€Vy HQh”l/z

In the case of particular f and { given through the data of the incident wave
ug (cf. (1.18)), which is assumed to be at least C? in a &’-tubular neighborhood
of the boundary I" with &’ > ¢, and if the approximate linear forms are given
by (1.36), the general result of the previous theorem can be stated in a somewhat
more precise form.

Corollary 2.3. Under the above general assumptions, the following error estimate
holds:

(2.5) Nrndn — Al <12,r + Isppn — Pllij2,r < ch'/? max sup [0%uo(x)] .
|22 xe7;

2.2. Consistency error estimate for the weakly singular part. The sesquilinear
form b(-, -) is defined by means of the kernel

(2.6) G=G,+G,,

where G,,, m =1, 2, are given in (1.11). Well-known properties of the Bessel
functions show that G can be decomposed in the form

(2.7) G=E+®,

where the kernel E is given by

(2.8) E(x,y):= winFnux ). x#y,

and the function ® may be written as
{ u(r) if the dimension n = 3,

(2.9) O(x,y) = rPo(r)Inr+w(r) ifn=2.
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The constant w, := 2n"/?/T(n/2) is the measure of the unit sphere of R”, the
function ¢ — F,(¢) a suitable primitive of ¢ — —1/¢*~!, r := |x — y|, and
u,v,and w are analytic functions.

Let b and b,(lo) be the sesquilinear forms defined respectively on I' and
I, through the respective kernels G,E(-, -) and On, E(+, -), and b() and
b,(z” the sesquilinear forms obtained in the same way via the kernel ©.

For the weakly singular part of the kernel, the consistency error estimate is
established as follows.

Theorem 2.4. For all u;, in My and p, in V), the following estimate holds:

(2.10) 16 (5501 ruien) = by (0w > )| < k' \pully 2l il 12
Proof. First, we take the difference between the respective values of the kernels
of the sesquilinear forms b)) and b,(ll ) and write it as

0D, y) = 00, D, y4) = £(1)7 1Y) ~ L) M)

r r
(2.11) = (&(r) = g(rw) 7 -n(v) + &(r)~ - (A(y) = My (¥n))
r_ Iy,
wgln) (5= 2 min),
where r:==x—y, r:= ||, v, := X —yu, Iy := |ry], and g represents a

Lipschitz function over each bounded set of R.

Hereafter, whenever there are two variables designated by the same letter, the
second being indexed by /4, such as x and Xxj, it is assumed without further
comment that the two points x and xj, lie respectively on I" and I', and that
they are related to each other by x = Px;,.

Since x and y are varying on I', one easily obtains (cf. Nédélec [25])

(2.12) X = y| = |x4 — vl | < ch?|x —y| forallx,yonT.

It follows that
(2.13) (8() = g(r)) 5 -n(¥)| < ch¥lx =y

Therefore, the respective part of the expression for b1 (s,p;, , 7, uh)—b}(ll)(ph > h)
can be bounded by c/?||pxllollunllo -
Using the estimates

(2.14) I <ch,

r Iy

{ In(y) —mi(ya)l < ch,

one can bound the remaining expressions in (2.11) to obtain terms in
ch|prlloll#rllo - The inverse inequality (1.44) leads to the estimate (2.10). O

2.3. Consistency error estimate for the singular part of the kernel. Clearly, the
proof of Theorem 2.1 is now reduced to that of
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Theorem 2.5. For all u, in My and p, in V,, the following estimate holds:

(2.15) 16O (spph s Fattn) — b}(,O)(Ph s )| < ch 2 pylli2llnll= 1)z -
Proof. The error to be estimated is denoted by

(2.16) en = bO(sypp, rasin) = b (0w, ), Mw €My, PLEVi.

Recall that the kernel of 5@ (resp. b,(lo)) is OnE(x,y) (resp. On,E(Xp, V1)) -
It is easy to see that the earlier procedure used for the weakly singular part
of the kernel fails here because of the nonconvergence of certain integrals that
arise.
For the sake of conciseness, throughout this section the following notation is
adopted:

= , eV,
(2.17) {P = SpDh DPh€Vy

M= Tpldp Uy € My .

The error ¢, can be written as

e = / / OuE(x , y)p(»)u(x) dT(y) dT(x)
(2.18) rr
- /r [0, ECen. 0o ) i85T%8) AT (1) T (1)

Recall that 2 is supposed to be sufficiently small so that I';, is contained in
the e-tubular neighborhood 7;. All p, in V}, can be extended to Z; in the
following way:

(2.19) p(P) = pr(¥n)

forall y =y +m(y) in Z; with y =2y = Py, .

This extension gives a function p constant along the normal n to I" and
coinciding with s,p, on I' and with p, on I',. Note that this notation is
compatible with the one given in (2.17).

In order to avoid unnecessary complications in the proofs and long discus-
sions of every situation that may occur, in the sequel the interior domain
is assumed to be strictly convex. However, in other situations the proofs can be
adapted to yield the same conclusions.

The remaining part of the proof will be given in a sequence of lemmas.

Lemma 2.6. Using previously introduced notations in (2.17) and (2.8), the error
e, may be written as

eh = — /r (Fa(] - ]) * T)(x)T(x) dT(x)

Wy

(2.20) + Z /K(/r,, a""E(x’yh)_/r,, 6n,,E(xh,J/h)>

Keg,
«(pVn) —p(xp)) AUy (yp)lig dK (xp),
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where T is the compactly supported distribution of R" given by

(2.21) (T, D) = /\Q gradp- grad¢dx, V¢e TR")

and Q! the bounded domain enclosed by T},.

Proof. Using the definition of x|, we can write the error e, as

=3 [ [eare pp0)are)

(2.22) ke

[ o0, B yp() T <yh)) T dK(xp).

For almost all x in T (i.e., such that x; is in the interior of any K in %),
adding and subtracting in (2.22) the term frk On, E(x, yn)p(yn) dTy(ys) leads
to the following expression of ¢y, :

ey = Z/ {/8,. (x, ¥)p(y)dI(y)

Keg,

- / O E(x, yh>p<yh>drh(yh>}ﬁ,< dK (xp)

+Z/ {/ O, E(x, yu)p(vn) dTn(»)

Keg,

(2.23)

- [ onEG ypn) dmyh)} T dK (x,).

In order to transform the term
(2.24)

/6 E(x, y)p(»)dT(y) /8n,,E(X y)p(Yu) dAUh(vn)

> { [nBx. 9o dZ0) - [ on B, R AL}

Leg,

the essential tool is to use a Green’s formula applied to the functions E(x, -)
and p in the open set bounded by the exact and the approximate boundaries I’
and I';. In the previous formula (2.24), L = 2L is a curvilinear element on
I" associated with L in the same way as K was associated with K in (1.38).
However, such a treatment cannot be carried out directly because of the lack
of regularity of the function p on the latter domain in the three-dimensional
case.

Consequently, the Green’s formula is applied to the respective functions in
each domain U; bounded by L, L and, in the three-dimensional case, in the
faces Fr generated when the normal n to I' runs over the boundary oL of
L see Figure 1.
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FIGURE 1

Two cases must be distinguished.
(1) The element L is different from the element K . In this case, x does not
lie on L. One gets

| (8, »p0) - EGx, n)ap(r) dy

143

= [@nE(x, »p0) - B(x, »oap()) dL(y)
(2.25) L

- /L (On EC, y)P0h) = E(x» y)0n,0(4)) dL(73)

+ /F BE(x, )p(y) — E(x, )3up () dFL(Y),

where v is the unit normal to F; outwardly directed to Ur. Since p is
constant along the normal n, the equation (2.25) can be reduced to

— [ E(x,»)Ap()dy = /~anE<x,y>p<y>dZ<y>+AL<x)
U L

(2.26) - /L On,E(x, yu)p(vi) dL(yn)

+ ; O E(x, y)p(y)dFL(y),

where Ay(x) is defined by

(2.27)  AL(x) I=/LE(X,yh)an,,p(yh)dL(yh)—/F E(x, y)0,p(y)dFL(y).

(ii) The element L -and the element K are the same element. In this case,
the singularity of the function E(x, -) at the point x forces the removal from
Up of all points y such that |x — y| < ¢. Taking the limit as & goes to zero
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only has the effect of adding to the right-hand side of (2.26) the term

. X =
lim | grad E(x, »)- =200 dSi(2)
(2.28)

n 2
= —lim = o Ene"p (%) = p(x),

where x, isa pointin S, := {y € U Ll |x —y| = ¢} whose existence follows
from the mean value theorem.
Let P be the function in L?(R") defined almost everywhere by

(2.29) P.={Ap(y), ye Uy and L €F,,
. . 0, otherwise .

Summing over all L in .9, we obtain

/Ex Y)P(y)dy = /BExy + ) Ar(x)
(2.30) Leg,

_/r On, E(x, yu)p(vi) AT (1) +p(x),

since

D / @uE(x, y)p(») dFL(y) =

Leg,

because p is continuous across Fr and E(x, :) is C* except at the point
X.

Thus, using (2.23) and (2.30), we obtain
(2.31)

e == [ W) Y Aux)dT(x) — [ WIp () L)

Led,

+ 3 / / (O ECx, yi)0Wn) — 8ay ECon s vi))p(0s) AT ()i dK (x)
Keg,

/u (/ E(x,y)P )aT(x).

Using Gauss’s theorem, we can write
(232 p0s) = [ @B, yi) = hE o, 3i)p(xh) dTH0%).
h

This completes the proof of the lemma, since formula (2.20) is now a straight-
forward consequence of the theory of distributions. 0O

In order to bound ¢, the following lemma is proved.
Lemma 2.7. The distribution T defined in (2.21) satisfies the estimate
(2.33) (T, ¢)| < chl|gradplo rlldlli,x, V¢ €ZRY).

Proof. Let L be in Jj . Using the local orthonormal frame associated with L
and the parametrization of L given by

(2.34) & Px(d),
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we can express Ur as
(2.35) Up={(&,t) e R"x,(&) e L and fr(&) <t < 0}.

Here, f; is a C* function vanishing at all ¢ for which x,(¢) is a vertex of
L.

Using the coordinate system given in an open set of the e-tubular neighbor-
hood Z; of T" by

(2.36) x(@&, t)=y(&)+m(),
we can write
0
(2.37) /UL gradp - gradpdU; = /L/fL(r:) v e, t)gzﬁ(\f, 1) Ozap Opppdé dt.

Greek indices run from 1 to » — 1. The contravariant components chxtf &,
of the metric tensor in the above integral are those related to the coordinate
system (¢, ¢) for which the Lebesgue measure dU is expressed by dUp =
Ver(&, t)dédt. Observe that in (2.37) we use the fact that

(2.38) 88" &, 1) =gn(&, =0, 8p=0.

We adopt here the usual convention of tensorial calculus to sum over repeated
upper and lower indices.

Usual estimates in the finite element method give |fz(&)| < ch?. Since p is
not depending on ¢, one has

(2.39) ( / /f f@ 10,01 de dz) U o ([ 100t ac) "

The discrete Cauchy-Schwarz inequality completes the proof. O

Let us decompose the error e, as e, = e} +e? , where e, is the first term in
the right-hand side of (2.20). For e}, we have

Lemma 2.8. In the above notation,

@40) 2| [(Bl1-) + DI AT )| < ka1

n

forall u, in My, and py in V).

Proof. Since T is a compactly supported distribution in H~'(R") and the
convolution operator F,(|-|)* is a pseudodifferential operator of order -2,
the following result holds:

(2.41) Fa(l ) * T € Hige(R").

Trace theorems in Sobolev spaces give

/rﬁ(X)(Fn(l ) x T)(x) dU(x)| < cllFa(l- 1) * Tlhyz2,rlleall-1/2

< chllgradpllo, rll#all-1/2 -

By the inverse inequalities of Lemma 1.5, one gets (2.40), proving the lemma. O

(2.42)
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It remains to estimate the term e? . We decompose it into three terms,
(2.43) ei=e'+elt e,

where we have set

eﬁ’l = Z Z /[(\/L<anhE(x, yh)._ 6!\;,E(xh?yh))

(2.44) K€, Leti
~(P(Yn) — P(xXn))lg dL(Yn) dK(x1),

2,2 . _
(2.45) h ._KGZ%/K/K(&ME(X’ Yn) = On, E(xXn > Y1)

~(p(n) — P(xn))Bg dK (i) dK(x1),

e;’3z= Z Z /K/L(anhE(x’yh)—aﬂhE(xhayh))

(2.46) Ked; Lestk
<(p(w) = p(xp) g dL(yy) dK(xp),
with the notations
(2.47) Nk ={Le F|LNK = o},
(2.48) Hx ={L e LNK # @ and L # K}.

Note that, thanks to the uniform regularity of the triangulation, as assumed
in (1.29), there exists a constant ¢ > 0 not depending on 42, L and K such
that

(2.49) inf{lx—y|;xeKandyeL}>ch, VLeJk.
The estimation of the term ei’l requires the following lemma.

Lemma 2.9. For all K in 9, and all L in A%, the following estimate holds:

ch
. n b — Un > S T a1

(2.50) |(On, E(x 5 Y1) — On, E (X1, Y1) P
SJorall (x,,yy) in KxL.
Proof. Set

Ri=y, — R = |R|,
(2.51) { Yh—X, R|

Ry:=yn—xn, Rp:=|Ryl.
There follows

: 2 /R Ry,

@52 OwECr, ) = BnECor ) =~ (5~ o) ™

where n; is the unit normal to the element L coinciding with n, on L.
Note that one can write
R R, R-R, (R = R)(RI'+ RI2R+ -+ + R™)
(2.53) R E}f = ~n + Ry, RR7 .
Using the bounds

(2.54) IR~ Ryl < [R—Ry| < ch?
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and R, > ch, a consequence of (2.49), we conclude

R
— 1<
(2.55) IRh ll <ch,
which yields
R, > cR,
2.56 -
(2:56) { R >Ry,

with a constant ¢ > 0 not depending on 4, L or K.

As a result, the estimate (2.50) follows in a straightforward way from
(2.53). O

Now we come to

Lemma 2.10. There exists a constant ¢ independent of h such that

(2.57") ei ') < ch P lpallyallall 12
Jorall u, in My, and py in V.
Proof. Lemma 2.9 gives

sy leticeny Y [ [RI R ar i axn,

KeJg, Letg

Repetition of the arguments used to prove (2.56) yields |y, — x| > c|ly — x|.
Since p is constant along the normal n to ' (i.e., p(y) = p(ys) if ¥y = Pyy),
there follows '

|<ch/ '”) p) = PO 1)) dT(y) dT(x)

y xln 1

p(y) —p(x)| |u(x)|
ch// e T s T () dTx).

(2.59)

If o ischosensothat n—3<a<n—1,the Cauchy-Schwarz inequality gives

< ch (//Iy x|2" 1 dr( )dF(x))l/z

(2.60) 12
([ Sparoar)
Note that
(261) ([ [ L8 aryyaro) < .
with
()

Setting n — 1 —a=2s,if 0<s <1 (ie., a >n—3), one gets the bound
(cf. Lions and Magenes [23])

1/2
aey ([ [EOZEEL arpyar) <ol
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which yields
(2.64) |e§"| <csh|plls rliullo,r foralls withO<s<1.

Using the inverse inequality, one can write
(2.65) Ie,%"l < csh'/2||p||s,1-||u||_,/2,1- foralls with0<s < 1.

It suffices to take s = 1/2, thus a = n — 2, to complete the proof of the
lemma. 0O

Remark 2.11. In the bidimensional case (i.e., n = 2), we have o = 0. This
makes it possible to obtain directly the estimate (2.58) by means of the Cauchy-
Schwarz inequality (cf. Bendali [2]). This is no longer possible for three-
dimensional problems.

The next lemma gives an estimate for the term e,f’z .

Lemma 2.12. There exists a constant ¢ independent of h such that

(2.57%) lez>2| < chllpnllij2llinll-12

forall u, in My and py, in V.

Proof. Since pg isin Py, the estimate of the term eﬁ’z is obtained as follows:

2= 3 [ [ oncECx, yi)rady o R dK (1) dK ()
Keg; KK

266 =% | [ oucElr, yi)rady o - Rig dK () dK ()
Kez VKK

+ 3 [ [ ouBCx ) eradg e (R — R dK () dK ().
Keg, K JK

Here, R and R, are defined as in (2.51), and ng in the same way as np .
Since gradg pk - (R, —R) is constant as a function of y, on K, there follows
(2.67)

3 / / Ong E(x, v4) grady px - (Ry, — R)ig dK (v) dK (x3)
Keg KK

= 5 [ Aesradcre- ® - ([ oncECr. 3 dKO1)) dK ().

Keg,
The inner integral can be calculated by Gauss’s theorem:

oK, x
(2.68) [ oncB e, m) K () =225
K Wn
where w(K, x) is the angle (resp. the solid angle) under which the element K
is viewed from the point x for n =2 (resp. n=3).
Using (2.54), we can bound the term (2.67) by

(2.69) ch> 3 [ lerade pilluxl dK (x1)
ke 'K
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The Cauchy-Schwarz inequality and the inverse property of Lemma 1.5 yield

S | [ oG, ) eradi s - (Ry ~ Rt dK () dK ()
Keg,

< chllpwlli2lnll=1)2 -
The last term to estimate in eh 2 becomes

@71)  22:=Y / / OneE(x , v4) gradg px - Rilg dK () dK (x3).
Keg,

(2.70)

A straightforward calculation gives

2 R:n
O E(x, rad -R=-
(2.72) ng ( yh)g KpK wn R"

= R ng gradg pg - gradg E(x, yp).

gradK PR

Since R-ng is constant when x is fixed and y, runsover K, the term e,f 2
may be written as
(2.73)

~z 2 _ Z / xR ng gradg px - </ gradKE(x,yh)dK(yh)) dK(xp).
KeG, K

Two cases need to be distinguished.

(i) Two-dimensional case (n = 2). In this case, K is a segment having Ak
and Bk as endpoints. If Tx denotes the unit tangent vector oriented from Ag
toward Bk, an elementary theorem of integral calculus gives

/K gradg E(x, yy) dK (vy) = (E(x, Bx) — E(x, Ag))tx
(2.74)

_%(qu — Bg|) — In(|x — Ak|))tx .

Since |R-ng| is the distance of the point x to the segment K, we have the
bound

@75)  gU<s Y / lux| | grady x| R - ng In(R - ng )] dK (xp)
K67

Since |R-ng| < ch? and |R-ng|¢|In(|R-ng|)| is bounded for any fixed & >0,
it follows that for all ¢ such that 0 < ¢ < 1/2 there exists A7 > 0 and a
constant ¢, not depending on 0 < # < A} such that

(2.76) 622 < ceh" e \lpwlli 2l 12 -

(ii) Three-dimensional case (n = 3). Following the method initiated by
De Hoop (cf. Van Herk [36]), we can express

K
Ry +RY -Th,
RE+RK <K

3
1
———dK(y) =ngoK, x)+ > vEin
e, 4K = nxo (K, x) m; m
where A4, Az > and Ay are the three vertices of the triangle K, RX = 4, — x,
RK .= |RK|, = (Ams1 — Am)/|Ams1 — Am|, for m =1, 2, 3; see Figure 2.
The index convention that m+ 1 =1 when m = 3 is adopted.

(2.77) / grad,
K
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FIGURE 2

An elementary calculation gives
K K K

Rm+1 + Rm+l *Tm
RK + RK . K

(2.78) In =—In(RE,, ~RE, -7%) + In(RE — REK .7K),

thus yielding

K K . K
Ry + R T

. RIE
(2.79) Ve >0, 3¢ : |ng - R| RE +RE 7K < Ce.

In

This completes the proof of the lemma. O
It remains to estimate the term e,f’3 . For this, we need the following lemma.

Lemma 2.13. Forall K in 9, and L in %%, and for all x, in the interior of
K, we have
L,x)<ch,

(2.80) { oL, x)se
w(L, x,) <ch.
The notation is that introduced for K in (2.68).

Proof. This is a consequence of well-known facts about error estimates for the
derivatives in finite element interpolation. The details of how to obtain these
estimates are not given. However, note that these estimates are obvious in
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the two-dimensional case, and a consequence of the classical formula explicitly
giving the expression of w(L, x) and w(L, Xx;) in the three-dimensional case
(cf., e.g., Van Herk [36]).

The last estimate is given by the following lemma.

Lemma 2.14. There exists a constant ¢ independent of h such that

(2.81) Ie,f’z’l < Chl/zliphnx/zllﬂh“—l/z
for all u, in My, and p, in V.

Proof. Consider two elements in 7, such that L and K are different, but
have at least one common point M . Recall the notations px := p,lx and
DL := piplr . Arguments previously used give

(2.82)

pr(yn) — px(xp) = pL(Yn) — PL(M) + px (M) — px(xp)
= (yn — M) - grad; pL + (M — x;) - gradg px
=R. grad; p; + (x — M) - grad; pr + (M — x;,) - gradg px -

Observing that (x — M) - grad; pr + (M — x;) - gradg px is constant in y;, we
get

(2.83)
2
gl==> > /((x—M)~ grad; pr + (M — x;) - gradg px)
@n KeF, Lesy VK
“(o(L, x) — (L, xp))fig dK(xp)
PP NACS ) ”
- Z Z = — = | *neR- grad; priig dL(yy) dK(xy).
Wy KeJ; Lesk KJL R" RZ
Clearly,
|x — M| <ch,
2.84
(2.84) | {ixh~M|Sch-

It follows from Lemma 2.13 that the first term of the right-hand side of (2.83)
can be bounded by

285 23 Y / (| gradg px| + | grady pr|)lux| dL(vs) dK (x3).
Ke9, Lesk K

The uniform regularity of the triangulation .7, (cf. (1.29)) insures that there
exists a positive integer N not depending on K or /4 that bounds the number
of elements of %, i.e.,

(2.86) Cardsx < N.

Clearly, arguments used above enable us to bound the expression (2.85) by terms
of the form chllupll-1/21lpall1/2 - _
Introducing the common point M in the second term of (2.83), thus writing

R~nL
Rn

R
R.grad; pr = (M — x)-n,—- grad; pr,

(2.87) o
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R ‘np
h —R- grad; pr

(2.88) h R, R
= (M — x) ’“LRn grad; pr +

(R Ry)- grad, pr

helps estimating the term

érdi= >y {/ (M — x)-nJig grad; pr -gr(x) dK (x;)

Ke9, Lesk

(2.89) — [ (84~ x0) mig erad p -8 () dK(xh)}

_Zg— Z Z /(R Ry)- grad; prligw(L, x;) dK(xy).
KeT), Lek

The vector-valued function defined for z in R" by
()= [ arad, E(z, ) dL0)

is introduced to make the preceding formulae more concise. Using the estimates

|(M —x)-n.| < ch?,
(2.90) (M = xp)+-ng| < ch?,
IR —Ry| < ch?,

the De Hoop method (cf. (2.77)) and previously invoked arguments, we get

(2.91) 62:3] < coh' % lunll-1/21lPall1 2 -

Combining all the estimates given in the previous lemmas will prove Theorem
2.5, and hence the main results given in Theorem 2.1.

Remark 2.15. The convergence rate h!/2 of the discrete solution to the exact
one seems to be somewhat weak. This is due to the fact that some estimates
are given in the norm of H~!/2(I"), because this space is necessary for the coer-
civeness of the sesquilinear forms. However, in similar situations (cf. Bendali
[2]), numerical results show that the convergence rate in the stronger norm of
L2(T") is of the order & . Nevertheless, the 4!/2-estimate may be considered as
a consistency result, which makes the numerical analysis of the exact problem
possible: it establishes existence, uniqueness, stability of the solution of the dis-
crete problem, and its convergence to the solution of the continuous problem.
The technical assumptions on the triangulation (cf. (1.28), (1.29), and (1.30))
seem to be needed only for purposes of theoretical asymptotic analysis and are
not essential in practical computations.
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