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ON PERTURBATIONS OF MATRIX PENCILS
WITH REAL SPECTRA

REN-CANG LI

ABSTRACT. Perturbation bounds for the generalized eigenvalue problem of a di-
agonalizable matrix pencil 4—AB with real spectrum are developed. It is shown
how the chordal distances between the generalized eigenvalues and the angular
distances between the generalized eigenspaces can be bounded in terms of the
angular distances between the matrices. The applications of these bounds to
the spectral variations of definite pencils are conducted in such a way that extra
attention is paid to their peculiarities so as to derive more sophisticated pertur-
bation bounds. Our results for generalized eigenvalues are counterparts of some
celebrated theorems for the spectral variations of Hermitian matrices such as the
Weyl-Lidskii theorem and the Hoffman-Wielandt theorem; and those for gener-
alized eigenspaces are counterparts of the celebrated Davis-Kahan sin 8, sin 26
theorems for the eigenspace variations of Hermitian matrices.

The paper consists of two parts. Part I is for generalized eigenvalue pertur-
bations, while Part II deals with generalized eigenspace perturbations.

1. INTRODUCTION

The study of perturbations of eigenvalues and eigenspaces of a matrix always
demands a great deal of attention not only by operator theorists, but also by nu-
merical analysts. During the past few years significant advances have been made
in the perturbation theory for the generalized eigenvalue problem Ax = ABx.
By now, almost all the celebrated perturbation theorems for the standard eigen-
value problem Ax = Ax have been generalized to the generalized eigenvalue
problem by several authors, e.g., [3, 5, 6, 11-18, 21-22, 24, and 25-29]. Stew-
art’s and Sun’s book [25] is a very well-written comprehensive review for both
the development of perturbation theory for the standard eigenvalue problem
and that for the generalized eigenvalue problem.

As to the perturbation of eigenvalues of the standard eigenvalue problem
Ax = Ax, we have the following well-known result due to several mathemati-
cians. Let A and A be two n x n Hermitian matrices, and let Ay, ..., A, and
Al, ..., Ay be their eigenvalues arranged in ascending order, respectively. Then
JSor any unitarily invariant norm |||+||| (for definition see §2 below),

(L.1) | diag(Adi — A1, ..oy A — Aa)|ll < [I|4 — AJ||.
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It is worth mentioning that if the norm used in (1.1) is the Frobenius norm,
then, and only then, (1.1) even holds for normal matrices 4 and A4 with their
eigenvalues arranged properly [8].

As to the perturbation of eigenspaces of the standard eigenvalue problem
Ax = Ax , Davis and Kahan [4] studied the case for a Hermitian matrix (opera-
tor); their results are now known as sinf, sin26, tan 8, tan26 theorems, and
have influenced much later work on the same topic, e.g., Sun [29] and Stewart
[24]. The case for a general matrix was studied by Stewart [22], and his method
has a simple extension which can be used to deal with the generalized eigenvalue
problem Ax = ABx.

The above-mentioned results are playing important roles in the perturbation
theory for the standard eigenvalue problem; therefore it is of great importance
to generalize them to the generalized eigenvalue problem.

A few generalizations of (1.1) to definite pencils were made by Stewart [24]
and Sun [28]. Sun [29] extended the Davis and Kahan theorems [4] to definite
pencils as well. Our generalizations in this paper are applicable not only to
definite pencils, but also to a wider class of matrix pencils.

The paper is organized as follows. Preliminaries necessary to our presentation
are outlined in §2. The main results for generalized eigenvalue perturbations
are presented and proved in §3. Applications to definite pencils are given in §4.
Section 5 contains the main results for generalized eigenspace perturbations,
whose applications are given in §6. We conclude our paper with miscellaneous
remarks in §7.

2. PRELIMINARIES

Throughout the paper, capital letters are for matrices, lowercase Latin letters
for column vectors or scalars, and lowercase Greek letters for scalars; C”*x"
denotes the set of m x n complex matrices, %, C C"*" the set of nxn unitary
matrices, C™ = C"*!, C = C', and R is the real number set. The symbol
I™ stands for the n x n unit matrix (also we just write I for convenience
when no confusion arises). 4 >0 (A4 > 0) means that 4 is a positive definite
(positive semidefinite) Hermitian matrix, and 4 > B (4 > B) means 4, B
Hermitian and A—B >0 (4—B > 0). The matrix 4!/? is the unique positive
definite (semidirect) square root of 4 > 0, and A~!Y/2 = (41/?)~! for 4 >
0. The matrices 47, A¥ | and A+ denote the transpose, conjugate transpose,
and Moore-Penrose inverse of A4, respectively. % (X) is the column space,
the subspace spanned by the column vectors of X, and Py is the orthogonal
projection onto the column space % (X). It is easy to verify that

Py=XX*, Pyn=X'X.

We will consider unitarily invariant norms |||-||| of matrices. In this we
follow Mirsky [20] and [25]. To say that the norm is unitarily invariant on
C™*" means it satisfies besides the usual properties of any norm, also

(1) U 4V = ||4]l| forany U € %, and V € %,

(2) 1114]l] = ||4]l, forany 4 € C™*" rankd4 = 1.

Two unitarily invariant norms used frequently are the spectral norm ||+ ||, and
the Frobenius norm ||-||F. It is well known that any unitarily invariant norm
[II-lll on C™*" corresponds to a symmetric gauge function ®&;, ..., EN),
where N = min{m, n}, and vice versa. By extension according to this property,
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we define a unitarily invariant norm ||| - ||| on C™>*" (m; < n, n; < n) consis-
tent with the original one as |||4||| = ®(oy, ..., 0n5,,0,...,0) if 4 € CM*Mn
with singular values oy, ..., on, (N = min{m;, n;}). In the second half of

this paper, very often matrices with different dimensions enter our arguments
together, so we make the following agreements: assume we first have a matrix
space with sufficiently large dimension M x N and with a unitarily invariant
norm |||+ ||| on it; then by the extension mentioned, on every matrix space with
smaller dimension there exists the extended unitarily invariant norm denoted
also by ||| +]||. In this way, we have (see [25, Chapter 2, §3])

IC1211DI]

for any C € C"™*", D e "™/,
NI IDIl2

@1 jicoy s{

Consider the pencil 4 — AB with A, B € C"*" arbitrary constant matrices.
The pencil is said to be regular if det(4 — AB) # 0. Denote by

Gi2={(e, §)#(0,0):a, B C}.

The pair (a, f) € Gy, is called a generalized eigenvalue of a regular pencil
A —AB if det(fA — aB) = 0. Nonzero vectors x,y € C" are termed the
generalized eigenvector (the right generalized eigenvector, sometimes) and the
left generalized eigenvector corresponding to (a, f), respectively, if fAx =
aBx, By"A = ayfB. It is easy to see that if (a, f) € Gy, is a generalized
eigenvalue of A—AB,sois ((a, &B) for any complex number & # 0. The pair
(a, B) € Gy, is said to be real if there exists 0 # & € C such that o, ¢f €
R; for an instance, (i, i) is real. The spectrum of a regular pencil 4 — AB
consists of its all generalized eigenvalues (counted according to their algebraic
multiplicities), and is denoted by A(A4, B). (And similarly, A(4) denotes the
spectrum of the square matrix A4.)

Roughly speaking, the class of matric pencils treated here is that of diagonal-
izable pencils with real spectra.

Definition 2.1. A regular matrix pencil 4—AB of order n is diagonalizable, or
normalizable, if there exist invertible matrices X, ¥ € C"*" such that

{ YHAX = A = diag(ay, ..., an),
YHBX = Q = diag(B1, --., Bn)-

We denote by D, (n) the set of n x n diagonalizable pencils of order 7.

(2.2)

To study the perturbation of generalized eigenvalues, we need metrics on
G;,2 and on the space of matrix pencils. Let (a, 8), (y,6) € G1,2. G. W.
Stewart [21] was the first one who used the chordal metric on the Riemannian
sphere,

|da — 7B
Va2 + B2V +6]?
to measure the difference between the two points. We shall adopt the chordal

metric, too. To measure the difference between two regular pencils 4 —AB and

A — AB of order n, Sun [27] was the first one who realized that metrics on
the Grassmann manzfola’ of all n x 2n matrices having full row rank are more

(2.3) pl(a, B), (v, 6) Y
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suitable than any other natural metrics such as ||(4 —A, B—B)|,. In this paper,
we will employ

dry(Z,Z)Y |sin®uZ, Z)|2 = I - Z1 ZH Z, ZH|3

(2.4)
= ||Pzn — Py, 2,
dr(Z,Z) ¥ ||sin®,(Z, Z)||F = |I - Z,Z7 Z,ZH|| )/
(2.5) 1
= \/_EHPZ” = PsllF,
where
(2.6) Z=(4,B), Z=(4,B),

and the angular matrix ©,(Y, Y) between two matrices Y and Y € Cmx4
(1 < m < gq), both having full row rank, is defined by

2.7) ©,(Y, Y) ¥ arccos(YYH)~ 12y YH(YYH)-\YYH(YYH)=1/2)-1/2 > 0.

One must note that rankZ = rankZ = n, which can be easily verified by
the regularity of 4 — AB and that of 4 — AB. For a detailed discussion of
the above definitions and results, the reader is referred to [25, Chapter 2,§4].
In the literature, several pseudometrics on Gj ; also entered the study for
perturbations of generalized eigenvalues at whiles (see Elsner and Lancaster
[5], Li [11, 13]). Although these pseudometrics are not metrics, they are all
equivalent to the chordal metric.

The perturbation of generalized eigenspaces in Part II requires the definition
of the angles between two subspaces with the same dimension. Let X;, X; €
C"! (1 <1< n-1) have full column rank. The angle between 2] = % (X))
and 2 = #(X,) is defined by

(2.8) oz, #) Y diag(6,, ..., 6),

where 0, ..., 0, are the eigenvalues of ©,(XZ, XH). Two different choices

of the bases of 2] and % may result in two different angular matrices, which
differ one from the other only by a unitary similarity transformation. Hence,
O£ , 27) is well defined.

Lemma 2.1. Let X;, X; € C™! (1 << n—1) with XHX, = XHX, =1,
and let 21 = R(X\) and 24 = (X)) If X = (X1, X2) € %,, then for any
unitarily invariant norm |||-||| we have |||sin®(Z1, 27)||| = |||A~’2HX1|||.

For a proof of this lemma, the reader is referred to, e.g., [25, Chapter 1].
Lemma 2.2.~Let~X 1, X, e crxl (1 <1 < n-1) have full column rank. Suppose
that X = (X1, X3) € C"™" s a nonsingular matrix with

Xv_l _ (WIH) W cnx!
- WH s 1 € .

2
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Set 21 = #(X,) and é’?l = R (X\). Then for any unitarily invariant norm
-1l we have
(29 |lIsin®1, )|l = 17 W) 2w x, (X ) =12
Proof. We have

— —
i )(,\71, X)) = (%H’El WX,
I’VZH VV2HX1 VVzHXZ
Let Y = (X;(XHX,)=1/2, Wo(WHW,)~1/2) . One can verify easily with the help
of WH X, =0 that YHY =1 implies Y € %,. Now (2.9) is a consequence of
Lemma 2.1. O

Lemma 2.3 (Sun [29]). Suppose A, € C"*", A, € C"*™, m < n; + ny and
A AT + A, A =T ; then there exist U € %y, Vi € %, and Vs € %y, such that

A, =UZ i, Ay = ULV,

where X, = diag(a;, oz, ...) and X, = diag(f, B2, ...) satisfying o; > 0,
Bi>0 and |;|* +|Bil>=1 for i=1,2,....

IM=242=( ):ﬁ?ﬁ:o.

PART 1. PERTURBATION BOUNDS FOR GENERALIZED EIGENVALUES

This part is composed of three sections. In §3, we prove several perturbation
theorems in each of which |[-||; or ||-||r is used. To this end, we also give a
detailed analysis of a geometric representation of real generalized eigenvalues,
which serves as an essential tool in our proofs, as well as a basic one in Part II
below. The applications of the theorems in §3 to definite pencils seem rather
straightforward since definite pencils not only are diagonalizable but also have
real spectra. However, extra attention has to be paid for exploiting the spe-
ciality of definite pencils. We consider such applications in §4. The theorems
in this part are generalizations of some well-known perturbation theorems for
the standard eigenvalue problem of Hermitian matrices, as is easily seen from
Remarks 7.1-7.3 in the last section, §7, of this paper. It is shown that under
perturbations, the generalized eigenvalues of a diagonalizable pencil with real
spectrum behave just like the eigenvalues of a diagonalizable matrix with real
spectrum in the sense that there is a one-one pairing of the generalized eigen-
values with the perturbed eigenvalues and uniform bounds for their differences
(in the sense of the chordal metric).

Throughout the rest of this paper, 4 —AB and 4 - AB are always reserved
for two regular matrix pencils, and Z, Z € C"?" are defined by (2.6).

3. EIGENVALUE PERTURBATION OF A DIAGONALIZABLE PENCIL

The following theorems are two of our main results. They deal with the most
general case treated in this paper.

Theorem 3.1. Suppose A — AB € Dg(n) and A — AB € Dy(n) both have only
real generalized eigenvalues, and let

A’(A’B)z{(ah [)’i)a i=1:2a"‘5n}’
MA,B)={@,B,), j=1,2,...,n}
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with «;, Bi, &, ,[;’j eR, i,j=1,2,...,n. Assume they admit decomposi-
tions
(3.13) {YHAX=A, YHAX = A,

) YHBX =Q, YHBX = Q,
where X, Y, X, Y € C™" are nonsingular matrices, and
(3.1b) { A=diaglar, ..o @), ./;{zdi'ag(c"fl, e ),

Q = diag(B1, ..., Pn)» Q = diag(By, ..., Bn).
Then there exists a permutation o of {1, 2, ..., n} such that
[max (s Bj)> (Gogjy> Bogj)))
< ol 7 X -

(32 <1 | (X7 g )i (5 )| 1

< K(X)K(X)dy(Z, Z),
where k(X) = || X|2| X2 is the spectral condition number of X .

Theorem 3.2. Under the conditions of Theorem 3.1, there exists a permutation
T of {1,2,..., n} such that

\jZ[P((aj , Bi) s Gy s Bepy)))P
=1

< max{||X~!l2, | X|]2}2 max{| X", | X|2}2dr(Z, Z).

To prove the above theorems, we need the help of results developed in §§3.1-
3.2 below.

3.1. Geometric representation of a real generalized eigenvalue. We have already
noted that a generalized eigenvalue is invariant under a nonzero factor; hence
for a given real (a, B) € Gy,2, without loss of generality, we may assume

(34) a,BeR, B>0, &*+p2=1, and a=1iff=0.

Thus, there is a 1-1 correspondence between the set of real generalized eigenval-
ues and the upper half I" of the unit circle, containing (1, 0) but not (-1, 0),
in the following way. The pair («, ) satisfying (3.4) corresponds to a point
z € I' as shown in Figure 3.1. In the other direction, every z € I" determines
an element of G; , satisfying (3.4) by its coordinates. For convenience, in the
following, we treat z and (a, f) equally and write z = (a, 8). The symbol
T" is always reserved for the upper half of the unit circle.

If z, weT correspond to (a, §) and (y, d), respectively, they have only
four different relative positions. By treating z and w symmetrically, we con-
sider the two cases described by Figures 3.2 and 3.3.

We define

(3.3)

— def . .
Zw = the circular arc corresponding to angle 6,

2
wz ¥ U{the circular arc corresponding to angle 6;}

i=1
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FIGURE 3.1. Geometric representation: z = (a, f)

FIGURE 3.2. The case 6 < 90° FiGURE 3.3. The case 6 > 90°

and define the anticlockwise angles between z and w by

0z, w) < 0=180°— (0, +6,), Ow,z)% 6, +6,=180°-9.

The notation z < w means 6(z, w) < 90°; therefore, z < w in Figure 3.2
~and w < z in Figure 3.3. The distance on T is given by

d(z, w) ¥ p((a, B), (v,6)).

It is easy to prove that (I', d) is a complete metric space (see Proposition 3.1
below).

We will use the notation (zwwv) to mean that the points z, w, v € I' appear
in counterclockwise cyclic order on I', as shown by Figure 3.4 (next page). Note
that this order relation can also be described by one of (wvz) and (vzw). We
deal with more than three points in a similar way.

Proposition 3.1. Let z, w be as described in Figure 3.2 or Figure 3.3; then
p((a, B), (v, d)) =sinf = sin(6; + 6,).
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|

FiGURE 3.4. Ordering
Proof. Because of 0 < 8 < 180°, we have sinf > 0. Thus,
sinf = \/sin’ § = /1 — cos? 0 = \/1—(ay+ po)?

|0 — yB|
= /(6a—yB)? =|6a—yB| = ’
m |9 — Al Vel + [B2V/Iy2 + 1612

as claimed. 0O

Two connected circular arcs I'; and I, which are separated from each
other, have also only four different relative positions. By treating them sym-
metrically, we consider the following two cases described by Figures 3.5 and
3.6. To understand the connectedness of I, in Figure 3.6, one must regard the
two points (-1, 0) and (1, 0) as a single one. This view is much the same
as for quotient space in topology. The separation between I'; and I, may be
described by one of the following description. (The first “=" in (3.5a) below
can be verified easily.)

(1)
(3.52) min d(z, w) = min{sin 0y , sin 6} def
wel

where 6, = 0,; + 65, in the case described by Figure 3.5.
(i1) There exist aeI', >0, d >0, a+J <1, such that

(3.5b) maxd(z,a)<a and mind(w,a)>a+d,
zel wel;

or

(3.5¢) mind(z,a)>a+Jd and maxd(w,a) <«
z€l wel,

Description (ii) has already been used in Sun [29] to develop perturbation
bounds for eigenspaces of a definite pencil. We claim that the two descriptions
are equivalent. A geometric interpretation of (3.5a) is clearly seen from Figure
3.5 and/or Figure 3.6, whereas that of (3.5b) is clearly seen from Figure 3.7
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1—‘1
1-‘2
rl
I
9, 2 6, 0,

65, 6, I
FiGure 3.5. T} is separated FiGure 3.6. T'; is separated
from I, from I,

below, where sin¢g = a, sin(f + ¢) = a+4J, and 0 = min{0,, 6,}; similarly
for (3.5¢).
It is easy to prove

Proposition 3.2. If(3.5b) or (3.5¢) holds, then (3.5a) holds with

(3.6) N> (@+0)VI—a?—ay/l—(a+d)?.

On the other hand, if (3.5a) holds, it is not difficuit to find a €T, a > 0,
6 >0, a+ <1, such that (3.5b) and/or (3.5¢) holds.

Given a set K consisting of several generalized eigenvalues, hereafter we
prefer to use the notation K ¢ I'; (or K c I';) which means that all points in
I' corresponding to elements of K belong to I'; (or to I').

3.2. Auxiliary propositions.
Proposition 3.3. Let «;, fi, &;, ,E‘j €R and
lil* +1Bil* = |a;)* + 18P =1 fori,j=1,2,...,n.

FIGURE 3.7. A geometric interpretation of (3.5b)
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Define A, Q, A, and Q by (3.1b) in terms of these numbers. Let K; be a set
containing k of the («;, ;) and K, a set containing | of the (&;, Bj) with
k + 1> n. Assume also that Ty and T, are as described in one of the Figures
3.5and 3.6. If K, c 'y and K, c I, or vice versa, then

(3.7) 107 '1211AQQ — QQA|)> > 7,

where n is defined by (3.5a), and Q € C"*" is nonsingular.

Proof. Without loss of generality, assume that K, = {(«;, 8), i=1,2, ..., k}
and K, = {(&;, B;), j=1,2,...,1}, since for suitable n x n permutation
matrices P and P, the first k diagonal elements of the diagonal matrices
PTAP and PTQP and the first / diagonal elements of the diagonal matrices

PTAP and PTQP correspond to the elements of K, and K, in order, respec-
tively. Now replace Q, A, Q, A,and Q by PTQP, PTAP, PTQP, PTAP,
and PTQP, respectively. Having done so, we shall still have ||(PTQP)~!||; =
([P and

IBTAPPTQPPTQP — BTQPPTQPPTAP||; = |AQQ — QOAl|;
by a simple verification. Set

A = diag(ay, ..., a), { A, =diag(agyy, ... 5 an),
{ Q, = diag(B1, ..., Bi), Q, = diag(Bi+15 --- 5 Bn)>
{1~\1=diag(&1,...,&1), {1~\2=diag(&,+l,...,&,,),
Q, = diag(B1, ..., B, Q, = diag(Brat, ... » Bn);

then A = diag(A;, Ay), Q = diag(Q;, @), and A = diag(A;, Ay), Q =
diag(Q, , Q,) . Partition Q as Q= ($'42) with Qy; € C". Then

E % A0Q - QoA = (1}1Q1191 - Q01A A0, - QIQIZAZ)
A0 Q1 — 0nA; A02Q) — Q0nA;
)
(3.8) IEI > 1A:1Q1 Q4 — Q4 QuA .

To estimate further a lower bound for ||E||,, we consider the case of K; C
I'y, K; c I';, and moreover the midpoint of arc I’ = Zw coincides with
(0, 1) (refer to Figures 3.5 or 3.6). Assume that the angle between the S-axis
and the ray Oz or Ow is ¢, and let § = min{6,, 6,}; then
(3.9) _

A-—-l =1 _ : Al > sin(@ s =1 i i
1AT7I2" = min |6 > sin(6 + ¢) { 127715 = min 8] > cos ¢,

O, I, = g. At|]z = max |o;| < sin¢.
1€21 1|2 gﬁ;ﬂﬂ,lﬁcos(@%—qb), IA1]l2 15i5k| il <sing

Figure 3.8 shows a geometric interpretation of the ineqﬁalities in (3.9). Hence,
it follows from (3.8) and ||Qy;]2 > ||Q~!||5", by Corollary 2.2 of Li [17], that

IEll2 > 1A1Q1 2 — €1 Q1A 2
(3.10) > AT QU QT I = 1121 Qa2 Ad 2
> [|Q111l2(sin(0 + ¢) cos ¢ — cos( + ¢) sin §)
=[|Qull2sin@ > n|Q~ 115",
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FIGURE 3.8. An interpretation of the inequalities (3.9)

which leads to the inequality (3.7) for the present case.

Now, consider the case when the midpoint m of I'| = Zw does not co-
incide with (0, 1), i.e,, m = ({, &) # (0, 1). We apply a plane rotation in
anticlockwise direction as

{K | =EA - L) ¥diag(a, ..., &),

O =§A1+éﬂl_dla( yeees Br)s

{f\ = A, = Q) ¥ diag(dy, ..., &),
O, = th, +¢0, =d1ag(/§’1, LBy,

and let
Ty ={(@, B) = (a& - BL, al + BE): (a, p)e T} T,
L pof @B ate by ifals pe>o0,
’ (=& + BL, —al — BE) otherwise,
It is easily verified that
(i) the midpoint of I'; is Az = (0, 1); R R
(ii) (3.5a) remains valid with I'; and I, replaced by I'; and by I',, respec-
tively;
(iii) (&;, By eTy, i =1,2,...,k, and for suitable d; = +1 we have

2

dif;20 (d;j=~1,if B;=0), andthus dis;, dify)ely, j=1,2,...,1;

(iv) AQ1Q,; — o 1011A; = A011Q) — Q1 04A, .
So from (3.9) we get

@, B) eI‘z}cF.

IEll2 > |1A101 84 — Q101A |2 = [|(DA) Q11 Q) — (DQ1)Q11 A2,

where D = diag(d,, ..., d;). The rest of our proof is a repeat of the last part
of the foregoing proof for the case when the midpoint of I'y is just (0, 1).

The case for K; c I, K, c I'y is clearly true by symmetry. The proof is
completed. O
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Proposition 3.4. Let o;, f;, &;, Bj € R and
li> + |Bil* = |a;|* + |BiI* =1 fori,j=1,2,...,n.

Define A, Q, A and Q by (3.1b) in terms of these numbers. Then there is a
permutation o of {1,2,...,n} such that

(11 max pl(ey, B, (Gat Bo) S 1Q7HRIAQQ - BOA,

where Q € C"*" is nonsingular.

Proof. Let the (o;, fi) and (a;, B ;) correspond to z; and Z;, respectively.
We assume also, for convenience, that all the z; and Z; are distinct, all the
d(z;, ;) are distinct, and all d(z;, Z;) < 1. By a density argument, it suffices
to prove the theorem in this special case. In fact, for the moment suppose it is
true in this special case. Let {zgk) 2ol and {Z§k)},j§‘; be two sequences falling
into this special case for each k such that z¥) — z;, z”'ﬁ.k) — Zj as k — 4o0.

Then there is a permutation g, corresponding to each {zﬁk) and iﬁk)}. Because
the number of different permutations of {1, 2, ..., n} is n!, a finite number,
{ox};2; contains a subsequence, say {oy,}/7, so that oy, = oy, = --- . Taking
the limit for such a subsequence, we will eventually see that the theorem is also
true for z; and Z;. Hereafter, indices will be understood to repeat cyclically,
€L, Zpr1=21.

We do not deal explicitly with the case » = 2 since it is very simple.

We number the z; cyclically, i.e., we require (z1z;---z,) (cf. §3.1 for nota-
tion). We define

def . . . . o
(3.12) 7= min max d(zi, Zo) = min lrgia;l (i, Bi)s (Ga(ys Bogs))) -

The numbering of the Z; is determined so that

maxd(z;, Z;) < maxd(z;, Z,(;)) holds for any
(3_13) ies ieF
F c{l,2,...,n} and for any permutation ¢ of & .

Clearly, we now have n = max,<;<,d(z;, Z;). Without loss of generality,
assume this maximum is attained for i = 1 and (in the notation introduced in
§31) Z1 <2y,

The following four claims are quite similar to Steps 1, 2, and 3 in [1, pp.
72-73], the influence of which the author wishes to acknowledge.

Claim 1. For any i, if Z; < z;, then neither (z;2;Z,) nor (z,z;Z;).

This follows by applying (3.13) to the indices 1, i.

Claim 2. If z; < Z;, then for any j # i, neither (z;z;Z;Z;) nor (z;2;z;Z;);
if Z; < z;, then for any j # i, neither (Z;z;Z;z;) nor (£;Z;z;z;).

These follow by applying (3.13) to the indices i, j.

Claim 3. There is a ¢t such that d(z,,1, Z;) > n and (z,212,z;41) -

As a matter of fact, forevery j=1,2, ..., n,had we d(zj;1, Z;) <7, then
we could pair each Z, with z;;, and reduce the maximum distance in (3.12);
but this contradicts the definition of #. For such 7, (z;Z,Z;z,4,) follows from
an application of Claim 1 to the index ¢, together with the inequalities imposed.

Claim 4. For 1 < i<t we have (Z,%;Z;).
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This can be easily verified in case z; < Z;, so in what follows we assume
%, < z,. By Claim 3 and d(z,, Z,) > d(z,, Z;), we see (z121Z,2,2;41). Now if
z; < Z;, then unless (Z,%;Z,) we can get a contradiction to (3.13) for these two
indices. So we need to consider the case Z; < z;. Now (z,%;Z,) is impossible
by Claim 1; (Z,Z;z,) is false by applying Claim 2 to the indices i, ¢; and
(z:2;z;) can be ruled out, for otherwise, if (Z;z;z,), then by Z; < z;, we would
have d(z;, 2;) > d(zy, Z,) = 1, a contradiction, and if (z;z;Z), our applying
Claim 2 to the indices 1, i would also lead to a contradiction. The remaining
alternative is (Z;Z;Z,), so the verification of Claim 4 is completed.

Now, let I't = 7,21, Ky = {(as, Bi); ziely, i=t+1,...,n,1}, and
let I =22, Ka={(&;, f;): 2, €Ty, j=1,2,...,t}. Obviously, we have
min d(z,w)=d(zy, Z;) =17
zel
wel,

by (3.5a). By noting that K; contains n — ¢ + 1 of the («;, f;), that K,
contains ¢ of the (a;, Bj), and that (n—t+ 1)+t =n+1> n, we see that
K, K,,T';, and I', satisfy the conditions of Proposition 3.3. Now applying
this proposition leads to the inequality (3.11). O

3.3. Proof of Theorem 3.1. Without loss of generality, we may assume that all
the (a;, f;) and all the (&;, ;) satisfy (3.4). Otherwise, set

D=diag(d1/ a%+,312,...,dn/\/a%+/3§>’
15=diag(a71/ 242, dy a%u?s).

By choosing d; = +1 and d i = =£1 suitably, and replacing Y, A, Q, and
Y,A,Q by YD, DA, DQ, and YD, DA, DQ, respectively, we will get a
decomposition with the needed properties.

It follows from (3.1) that

AXXHABH _ BXXF AT = Y- HAQY ! — Y HQAY =0
= ZT(AXXHBY - BXX" AT = 0;
hence
— ZH(AXXHBY — BX X1 AM)
= —ZY(AXXHBY — BXXH AH) 4 Z+(AXXTBY — BX X1 47

~zva ) (7 ) (Zn)
-2 @B (7 ) (B)

= (Pzu — P3,) (XXH XXH> (—BAH”) '

Since rank Z~= n, ZZ*+ = I™ | premultiplying the two sides of the above
equation by Z leads to

(3.142) AXXTBY _ BXX" M = ~Z(Pyu—Ps,) (XX BH
- - zH zH XXH _AH .
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With the help of (3.1), we have
AX"IXQ-QX"1XA

(3.14b) ~ ~ [ ¥X-! X Q \ def

:‘(A,Q)< f—l)(PZH'_PEH)( X) (—A) ;E
So by Proposition 3.4, we see that there exists a permutation ¢ of {1, 2, ..., n}
such that

max p((aj, B), (@otys Boty) < HXTX) T LIAX T XQ - QX XAl

1<j<n
X1 X
( X’—l)(PZ”_PEH)< X) R

< IXI2I(A, Q)2
(5o
(7 ) o (7 &)

X2
2
The last “=" is true because ||(A, Q)l, = max; <<, &+ /}12 =1and [|( %)l
= max,gj<n /@ + 7 =1 by Li [11, Lemma 2.1]. O

3.4. Proof of Theorem 3.2. Without loss of generality, we assume that (3.4)
holds for all («;, ;) and (&;, ;). By treating 4 —AB and A — AB equally,
one easily obtains the following identity from (3.14b):

X

=Xl

(3.15) AXT'XQ - QX~1XA = —~(AX™', QX~1)(P5, — Pzu) < X5 ) .
To complete our proof, we need
Lemma 3.1 (Sun [30]). Let

(3.16) X = diag(ey, ..., &), e;>0forj=1,2,...,n,

and let M, N be two n x n normal matrices with A(M) = {41, ..., A} and
AN) = {u1, ..., un}. Then there exists a permutation © of {1,2,...,n}
such that :

n
min ¢, ,5_:1 14 = et < |IME = NI

Lemma 3.2. Suppose that A, Q, A, and Q are defined by (3.1b) with «;, Bi,
Gj, Bj € R and |oi? + |Bi* = | + B> = 1, i,j = 1,2,...,n,
and suppose X € C"*" is nonsingular; then there exists a permutation © of
{1,2,..., n} such that

(3.17) \} Yoy, B)s Gy Bep))P < IX 12 AXQ — QX A7 .
j=1

Proof. Let T = AXQ — QXA and (here i =+/—1)

8- D@ (3)-0NE)
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We claim that the diagonal matrices A Q, A and Q € %, . In fact, 1A\1A\HA=

(A+ QA" — iQH) = A2+ Q2 =] and QO = I. Similarly for A and Q.
Hence, we have

~H~

(3.18) AXQ QXA 2T = Q AX - XAQH—ZQ TQH

Let X = USVH be the singular value decomposition of X with U, V € %,
and X defined by (3.16) with the singular values ¢; of X ; then from (3.18) it
follows that Ha
UAQ AUZ - SVHAQHY = 2U”Q TQHY
~H~

©f UHQ AU and V & VHKSA)H V are normal

It is easy to verify that U«
matrices with

MF/):{@:%, k=1,2,...,n},
- & +if; .
l(U):{IuJ:-l—&J——-I_—gi, _]=1,2,...,n}
J J

and N
2|Bjou — &Pl

View? + B4/ 1a;* + 15517

o+ B & +ip;|
iog + Br i+ B

So by Lemma 3.1, we have

20T = ||2UHQ TQHV||F> mm D ¢ IZM — ta(j))?
Jj=1

= 2||X_l||2_l\]2[ﬂ((aj’ Bi) s (éx(jy > By -
Jj=1

This establishes (3.17). O
Now, we return to the proof of Theorem 3.2. Lemma 3.2, (3.14b) and (3.15)

yield that there exists a permutation 7 of {1, 2, ..., n} such that
n
(3.19a) > o), By, (Gugy» Bey))P < IX ' XIBIEN,
n
(3.19b) Y Lo((ass B))s (Gegiys Bei)P < IXTIBIF I -
j=1
On the other hand,
(3.20)

181+ 171 = | (o)




246 REN-CANG LI

We claim that

AX~! QX! 71 7
(3.21a) ”( == N )” < max{||X7 |2, IXIl2},
QXH  —AXH )|, 2. 112}
XQ XHA »
(3:21b) (K% Knd)|, < mastixta, i),

In fact, it is easy to verify that

(7\/?'1 Qx-! ) (KX’-‘ Qx-! )H

oxn —axn ) \axn “Axn
=(A2/?’1/?—HA2+92/?—1/?_HQZ o 0 o
0 AzXHXAz-l—QzXHXQg

and
XQ X HA\" [ xQ X-HA
XA XHQ XA XHQ

_ AlXHXAl—}-QlXHXQl 0
- 0 A]X—HX—IAl—}-QlX_HX_lQl ’

Thus, (3.21) follows from
AQTQA + QO 0Q < |0I3(AA + QQ) = ||QI3],
AQ" QA + Q0" 0Q < ||QI5(AA + QQ) = ||Q13],
where Q = X~# X, X,or X~!. Now, by (3.19)-(3.21), we have

\J Z[p((aj > BJ) s (d‘t(j) s ﬁt(j)))P

j=1

1 ~_ =
S—\/—imaX{HX X2, IXT X2 IENE + IFIR

. _ _ 1
< max{|| X"z, [|X]2}* max{|| X "2, ||X||2}27—5||P2H =Pzl

This establishes (3.3). O

3.5. More bounds. It may be unsatisfactory to some readers that our bounds
are expressed by means of metrics on the Grassmann manifold of all nx2n ma-
trices having full row rank, rather than our familiar metrics such as [|Z — Z].
So in this subsection, we show how to deduce perturbation bounds containing
only metrics such as ||Z — Z||; of ||Z — Z||r from our previous bounds. Also,
we will illustrate how to establish more bounds along the lines of our proofs of
Theorems 3.1, 3.2.

Lemma 3.3. Let M, N € C9*' (q >t) have full column rank;, then
Pi(N — MY(NYN)™12, Py (N — M)(MY M)~'72,

and sin® (A , V") have the same nonzero singular values, where # = FZ (M),
N = F(N), Pz =1— Py, and Pt = I — Py. Moreover, if their nonzero
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singular values are o\, gy, ..., the nonzero singular values of Py — Py are
o1, 01, 02, 02, .... Lherefore,
1Py = Psll2 = |1Pyg(N — MY(NFN)=12|5 = || P (N — M)(MP M)~
=||sin®(AZ , )|,

1
Z51Px = Pullr = PN = MYNN) 35 = [P (N = MM 0) 7
=|sin®(AZ , ¥)|F -

The reader is referred to Li [16, Lemma 3.1] for a proof of this lemma, due
originally to Sun.

The trivial combinations of this lemma with Theorems 3.1 and 3.2 produce
some new bounds containing ||Z — Z||, or ||Z — Z||r immediately. To keep
the paper reasonably short, we dispense with giving them explicitly.

Recall that identities such as (3.14) and (3.15) play an exclusive role in our
proofs. In a similar way, one can get the following ones. The relation

~ ~ ~ H H
(322a) AXXHBH —BxxHat = _(z - 7) (XX (8
XX

—A4H
yields
-1 S -1 SH S (X Q
(3.22b) AXT'XQ-QX'XA=-Y"(Z-2) e A
By treating 4 — AB and A - AB equally, (3.22b) produces
(3.23) AXT'XQ - QX 'XA=-Y*(Z - Z) <X )?) <_‘3~\)

Now, one can easily prove the following theorem along the lines in the proofs
of Theorems 3.1 and 3.2.

Theorem 3.3. To the hypotheses of Theorem 3.1 add these:

i+ B2 = &P+ 1B P =1, i, j=1,2,...,n.
Then there exist permutations ¢ and T of {1, 2, ..., n} such that
(3.24) max (g, Bi)» (e Boi))

< min{k (X)X [N |2, c OIX Y 12HZ ~ Z]la
and

(325) \J : l[p((aj’ ﬂj)’ (&1(j) s ﬁf(j)))P

Jj=
< min{i (XX 2 Y |l2, (X)X (2 Y 2HIZ = Z]l -

It is very difficult to give a thorough comparison of (3.24) with (3.2), and of
(3.25) with (3.3). However, we claim that the right-hand sides of (3.24) and
(3.2) are both bounded by

K(X)k(X) min{| Z* |2, 1Z*2H1Z = Z]l: -

As to (3.2), according to Lemma 3.3 and (2.4), this is evident; and as to (3.24),
it is guaranteed by
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Lemma 3.4. Suppose that A—AB is as described in Theorem 3.1. If |a;|*+|B;|* =
1, i=1,2,...,n, then [|[YH| < ZF |2l X2

Proof. We have
- X1 X1
Z=YH(A,Q)( X_1)=>Y”=(A,Q)< X—I)Z+
= 1Y < 1AL DX 201 Z 42 = 1IX 21272,

as required. O

Another way of deriving perturbation bounds from the above bounds is de-
scribed in the following subsection.

3.6. Dual theorems. It follows from Definition 2.1 that 4 — AB € Dg(n) is
equivalent to 47 —ABH € D,(n). Moreover, if A—AB has only real generalized
eigenvalues, so has 47 — ABH | and vice versa. A consequence of Theorem 3.1
is:

Theorem 3.4. Under the conditions of Theorem 3.1, there exists a permutation
o of {1,2,..., n} such that

max p((ej, B)), (do()), Bs ()

1
J (f/-n 17_1>(PZd—P’z“d)(Y Y)

<k(Vx(Y)dy(Zf, Z}),

<Yl

1Y ="
2

where

we(d). 7(3)

We refer to the above theorem as the dual theorem of Theorem 3.1. In much
the same way, we can derive theorems from other theorems such as Theorem
3.2, etc. We omit the details here.

Other perturbation theorems, e.g., Bauer and Fike-type theorems (Elsner and
Sun [6], Li [11]) and Hoffman and Wielandt-type theorem (Sun [27]), for the
generalized eigenvalue problem also have their own dual theorems just like The-
orem 3.4 here. Readers who are interested in these are referred to Li [15].

4. APPLICATIONS TO DEFINITE PENCILS

Definition 4.1 ([3, 24]). Let A, B € C"*" be Hermitian matrices. The matrix
A — AB is said to be a definite pencil of order n, if

(4.1) o4,B) ™ min |x"(4+v=1B)x| > 0.
x€eC!
lx]l2=1

The number c¢(A4, B) is called the Crawford number of the definite pencil 4 —
AB . We will denote by D(n) the set of all definite pencils of order n.

Lemma 4.1. Let A— AB € D(n). Then there is a nonsingular matrix X € C"*"
such that

(4.2) XHAX = A =diag(ay, ..., a,), XABX = Q= diag(B;, ..., Bn).
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In Lemma 4.1, it is easily verified that «;, §; € R, and by an appropriate
choice of X, we can make |o;|?> + |8:|* = 1. This lemma is then well known,
and a proof of it can be found in Stewart [24] or in [25].

Lemma 4.2. In Lemma 4.1, if |o;)> + |Bi* =1, i=1,2,...,n, then
1 V4
(4.3) Xl € ———, < A2l
C(A, B) C(Aa B)

This lemma is implied in Elsner and Sun [6].
Theorem 4.1. Suppose A — AB € D(n) and A—AB €D(n), and let
MA, B)=A{(ei, Bi), i=1,2,...,n},
MA, B)={@&, B)), J=1,2,...,n},

where a;, Bi, &;, B; €R, i,j=1,2,...,n. Then there exists a permutation
o of {1,2,...,n} such that

Z|,z 5
(da) max pl(ar, By): oty Bop) < %@(2,2),

(44b) max pl(a, ), (Gugy o) < 212 1212},

Z|».

c(4, B)e(4, B)

Proof. By Lemma 4.1, we know that 4—AB and A-AB admit decompositions
ws (Grax=h g {TAEL
XHBX =Q, XABX =Q,

where X, X € C"™" are nonsingl}lar matrices, and A, Q, A, and §~2 are of
the form (3.1b) with «;, S, dj, ﬂj € R and |a,~l2 + |,Bi!2 = !&j|2 + |ﬂj|2 =1,
i,j=1,2,...,n. So from Theorems 3.1 and 3.3 it follows that there exists
a permutation o of {1, 2, ..., n} such that

max p((e;, B)), (&o()) ﬂa(;))) K(X)k(X)da(Z, Z),

1<j<n

max p((a;, B;), (&) » Bo(i))) < min{x(X)|IX]3, x OIXIZHZ - Z|2.

1<j<n
The assertions (4.4a) and (4.4b) now follow from Lemma 4.2. 0O
Analogously, Theorems 3.2 and 3.3, and Lemma 4.2, produce

Theorem 4.2. Under the conditions of Theorem 4.1, there exists a permutation
T of {1,2,...,n} such that

j=1
< max{1, | Z||3} max{l, ”2”2}
¢(A, B)e(A, B)

JZ[p((awﬂj) (@e(j) > Bep)))?
(4.6a)

dr(Z,2),

- A min{|Z |12, 1 Z]l2}
(4.6b) \j;[p((aw Bj), (G » ﬂ‘l’(j)))]2< (4, B)c (A B) 1z ”F
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Now, we are obliged to say something about the existing perturbation bounds
for definite pencils in comparison with our bounds. Our conclusion is that our
bounds and the bound in Stewart [24] and its improvement in Sun [28] are
independent. Sometimes ours are much sharper than those in [24], as we will
show, and sometimes they are weaker. The following is a slightly improved ver-
sion, due to Li [18], of Stewart’s bound [24] (see Sun [28] for another improved
version).

Theorem 4.3. Let A—AB € D(n) and A, B € C"*" be two Hermitian matrices.
If |Z—-2Z|, < c(4, B), then A — AB € D(n), and moreover, there exists a

permutation ¢ of {1,2, ..., n} such that
(4-7) llgjagxn p((aj s ﬁj)a (aa(j) s ﬂa(]))) < C(A ’ B) .

Example (Sun [28]). Let 4 — AB € D(n). Consider A-JB = (1+r)(4-42B)
with r > 0 such that

ry/114113 + 1813 . r\/HAH%HlBIl%Nl

(4. B ¢4, B)

Obviously 4 — AB € D(n) and A(A, B) = A(A, B), and the right-hand side of
(4.4a) is 0, whereas the right-hand side of (4.7) is r4/||4|3 + ||B||3/c(4, B) = 1.
This example shows that sometimes (4.4a) is much sharper than (4.7) (and than

(4.4b) as well). The improved bound of [24] from Sun [28] also provides a best
estimate for this example, just like ours.

The following observations, on the other hand, show that sometimes (4.4a)
may be weaker than (4.7). By Lemma 3.3 and (2.4),

(48)  d(Z,Z) <min{|(ZZT)" V2|, (Z2Z) 2| }IZ - Z|,

and
l(ZzzHy= 25t = min (x# A%x + xH Bx)
xeCc”
(4.53) lixllz=1
> \/ m%cn |xHAx +V—1xHBx|2=c(A4, B),
e n
[Ix(l2=1
(4.9b) (ZZH)~2|7! > (4, B).

The “>” in the inequality (4.9a) holds because y? is a convex function. As a
matter of fact, suppose 4 = U diag(4,, ..., A,)U, U € %, . (This is possible,
since A is Hermitian.) We write Ux = ({1, ..., &)7 ; then

n n 2
xHa2x =3 (&2 > (Z |fi|2/1i> = (x" Ax)*.
i=1 i=1
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With the help of (4.8) and (4.9), we weaken the inequality (4.4a) by

lrélja_é(np((aj’ Bi). (Goiys Bai)))

(4.10) IZILZ] IZ - Zl,

~ ¢(A, B)c(A, B)max{c(4, B), ¢c(4, B)}

Now a rough comparison of (4.4a) with (4.7) may be done through the compar-
ison of (4.10) with (4.7). First, we see that the difference between

1Z-2zl2 , 4 1Z -2, _
c(4, B) max{c(4, B), c(4, B)}

is negligible if A—AB is close enough to 4 — AB ; hence we ignore their contri-
butions, since we are interested only in a rough comparison. Second, we note
that the factor

(4.11) IZ1I21Z ]2 _
c(A4, B)e(A4, B)
appearing in the right-hand side of (4.10) is, generally, greater than 1. This
is because | Z[ = (ZZH)'2||, > |(ZZH)~'2)7" > c(4, B) and || Z], >
¢(A, B) for the same reason. Thus, this factor allows us to conclude that (4.4a)
is less sharp, especially when (4.11) is very large.

Also, it is very troublesome to compare other bounds, e.g., (4.4b) with (4.4a),
(4.4b) with (4.10), and (4.4b) with (4.7), although a rough comparison can be
made in a way similar as above.

PART II. PERTURBATION BOUNDS FOR GENERALIZED EIGENSPACES

In this part, we prove several sinf and sin26 theorems for diagonalizable
pencils with real spectra in §5. Then in §6, we apply them to definite pen-
cils, which lead to more perturbation bounds for definite pencils. This part is
related to Davis and Kahan [4] and Sun [29]. All theorems in this part are gener-
alizations of well-known perturbation theorems [4] for the standard eigenvalue
problem of Hermitian matrices.

5. EIGENSPACE PERTURBATION OF A DIAGONALIZABLE PENCIL

Suppose that 4 —AB € Dg(n) and A-JBe D, (n) admit decompositions

HAY = ~H~~___~
(5.13) {YA A, {Y AX = A,

YHBX = Q, VHEZ =0,

where
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X=(X,X), X=(X,X), Y=(Y1,1), Y=(1, 7,

(o) () =G ()
wH WH SH SH

Xl,/?l>Yl9?1’ I/I/lafu\;l,Sl,glecnxl,

(A =diag(ai, ..., an) & diag(A;, Ay),
(5.22) ) Q=diag(Bi, ..., Ba) & diag(Qi, ),

{ Al , Ql c (Clxl , A2, Qz c C(n—l)x(n—l) ,

(A = diag(a, ..., &) ¥ diag(A;, Ay),
(5.2b) { Q=diag(fy, ..., fn) & diagQ,, Q),

{ Ay, QeC | Ay, Qy e Cln=Dx(n=0)

It is easy to see that two subspaces spanned by the first / column vectors of X
and Y are a (right) eigenspace (left) eigenspace of 4 — AB corresponding to
(ai, Bi), i=1,2,...,1, respectively. Set

(5.3) A=RX), H=RX).

5.1. sin@d theorems. The following theorem is one of our main results in this
part.

Theorem 5.1. Suppose A — AB € Dg(n) and A — AB € Dg(n) both have only
real generalized eigenvalues and admit decompositions (5.1)-(5.2). Let K; =
{(ai, B), i=1,2,...,0}, Ko ={(;,B)), j=1+1,...,n}. Assume that
I'y and Ty are as described by one of Figures 3.5 and 3.6, and n is defined by
(3.5a). If K; cI'y and K, c Iy, or vice versa, then for any unitarily invariant
norm |||-||| there holds

lIIsin®(2, Z)]]|
O T (T Y py (5]
R;?r;zlark 5.1. From (5.4) it follows in a straightforward manner that
e, _
K(Xl):(Wz) |<W20 ’W;g) (o P <X10 X1o> H ,

K(X)k(X)
n

Wzlg Xio
— Pyn — P~
( szg) (P = Fz0) ( XIO)

'l

where Xyo = X, (XHX,)~1/2, Wag = Wa(WHW,)~Y2, and k(X)) = || X1 |21 X |12

is the spectral condition number of X, and similarly for x(W,), etc.
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Proof of Theorem 5.1. Without loss of generality, assume that (3.4) holds for
all the (a;, B;) and (&;, f;); otherwise, let

D=diag(d1/ P+ Bils .y dof |an|2+|ﬂn|2),
5=diag<a71/ |0~41|2+|B1|2,---,Jn/ |C~Yn|2+|ﬁ~n|2>’

and choose d;, d; with |d;| = |d;| = | appropriately, so that the decomposi-
tions obtained by replacing Y, A, Q, and Y, .7\, Q in (5.1)-(5.2) by YDH |
DA, DQ, and YD¥, DA, DQ, have the desired property.

Now (3.14) is obviously true. In what follows, we present another proof of
(3.14b), which has the advantage that it is valid even for complex generalized

eigenvalues, although all generalized eigenvalues encountered here are real.
From (5.1) it follows that

AXYHB —-BXYHA =Y HAQX ' Y HQAX' =0
= Z*(AXY"B - BXY"A4)=0;
hence
- ZT(AXYHB - BXYH 4)
=-ZT(AXYYB —BXY"A)+ Z*(AXYHB - BXY! 4)

=z+(A,B)<XYH XY”) (i)“ZJ’(LE)(XYH XYH)(-—BA)

= (Pzu - Pz,) (XYH XYH) (—BA) '

Since rank Z~= n, ZZ+ = I™ | premultiplying the two sides of the above
equation by Z leads to

~ = = XYH B
(5.5a) AXYHB—BXYHA=—Z(PZH——P§,,)( XYH) (-—A) .
Substituting (5.1) into this equation, we get

AXTIXQ - QX 'XA

(5.5b) :_(X,Q)Gf—n X_l>(pZH—P§H)(X X) (3\)

This is nothing but (3.14b). On the other hand, by (5.1b) and (5.2), the right-
hand side is

AX7'XQ - QX 'XA
(AMWEX Q- QWEXIA AWEXQ, — QWH XA,
MWHEX Q) — QWEXIAL MWEX,Q - QWHXA, )
So by (5.5b), we have
(5.6) o
AW X1Qp — QW XA,

~ o~ WH X Q
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Now we bound |||A,WH X,Q; — Q,WH X, A||| from below. This can be
done in the same way as we did in the proof of Proposition 3.3. In fact, we
have (refer to (3.10) for the first “>”)

IEN| > |W4 X, || sin 6
= (|| (W W) V2 (W W) = P X (X Xy )~V (X X ) 2| sin 0
> 1| (W W)~V 2 ) | W Xo 11X )~ 25
= W51 X7 115l sin @2, 2D

(5.7)

Besides Lemma 2.2, we have also employed the fact that ||(WiW;)=1/2||;!

equals the smallest singular value of Wz , which is ||fV;+||; !, and similarly for
I(XH Xxp)=172)57

On the other hand, from (5.6) it follows that
W X
nem<|||(" )@= (B )]
since A2+ Q2 =1, A2+ Q2 = 1. This inequality together with (5.7) leads to
(5.4). O

2

For ||+ ||F, the inequality (5.4) holds even under a weaker condition imposed

on the separation of K; and K, , and holds for complex generalized eigenvalues,
as indicated in the following theorem.

Theorem 5.2. Suppose A—AB € Dg(n) and A-}iB¢e Dy (n) admit the decom-
positions (5.1)-(5.2), but it is not necessary for them to have only real generalized
eigenvalues. Set

n= 11’211121 p((aiy ﬂi)) (aj s ﬂ})) .
I+1<j<n

If n >0, then (5.4) holds for the unitarily invariant norm ||-||f .

Proof. We have argued that (5.5b) is true even for complex generalized eigen-
values; so is (5.6), from which it follows (denote W1 X; = (w;;) € Cr=Dx)
that

IEN: = AW X,Q — QWH X A%
n—1 1
=Y lajBi = BrcilPlwi? > 1wyl = W X1

j=1 i=1 i,Jj
implying

IEF > W5t 11X 15 sin®©( &, 2 r
as claimed. O

The upper bounds in Theorems 5.1 and 5.2 contain Pz» — P5, rather than

Z — Z explicitly. However, the following theorems, obtained along the lines of
the proofs of Theorem 5.1 and Theorem 5.2, have a different feature.
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Theorem 5.3. To the hypotheses of Theorem 5.1 add these:

il + B = &>+ 18P =1,  i,j=1,2,...,n.
Then

— [T+
(5.8) |||sin@(%,%)|||gw

GH(F _ X
Y,'N(Z - Z) ( X1> ' .
Remark 5.2. More bounds may be deduced from (5.8) by using the following

elementary inequalities: | Xj > < [[X~'2, 1% ]2 < I1IX]2, 1Talla < 172
and

59 ?HZ(X f)=<7\,fz):?—H=<x,ﬁ>(§ji)2H(22H)—l
= Y2 < I XYl ZH(ZZH) 7,

As an example, one gets from (5.8)

Ilsin©(Z , Z)||| < m@iﬂg

Iz - z]||.

Proof of Theorem 5.3. By the proof of Theorem 5.1, it suffices to note that (refer
to (3.22) and (3.23))

e H o H 4 _ "'_ XYH B
(5.10a) AXYH#B - BXYHA=(Z Z)< xya ) 24

(5.10b) =AY XQ-QX ' XA=YH(Z - Z) (X X) (2\) ,

which, just like (5.5), are both true, even for complex generalized eigenval-
ues. 0O

Theorem 5.4. To the hypotheses of Theorem 5.2 add these:
il + 18> = &P+ 18P =1, i,j=1,2,...,n,
Then (5.8) holds for the unitarily invariant norm |||-]]| = ||-|lF.

5.2. sin20 theorem. As pointed out by Davis and Kahan [4], sin20(Z], 3%71/ )
is also a measure of the difference between the subspaces #Z(X;) and Z(X)).

Theorem 5.5. Suppose A — AB € Dg(n) and A-JiB e Dg(n) both have only
real generalized eigenvalues and admit decompositions (5.1)-(5.2) with

il + 181 = &P+ 18P =1,  i,j=1,2,...,n.

Let Xy = {(&;, B:), i=1,2,...,0}, Ky ={(@a,,B), j=1+1,...,n}.
Assume that Ty and T are described by one of the Figures 3.5 and 3.6, and
n is defined by (3.5a). If Ky c I'y and K, C Iy, or vice versa, then for any

unitarily invariant norm |||-|||, there holds

lllsin20(21, Z))Il| - 20|l X121 Wi ]2l sin®(Z , Z0)|II?
5.11 v Y1y _
G-10) L KR+ x(:)x(xnnxnznynzIHZ _ 2,

where @ = |[(WHW)~12WHW,(WHW,)=1/2||,.
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Remark 5.3. More bounds may be deduced from (5.11) by using (5.9) and the
following elementary inequalities:

1Xi02 < 1 XDz, 1Pl < IX 72 = 1 Xl < k(X),
N(WHEwW) T\ RPWHEwW (W) =12, < 1,
1Yll2 < 1X~YRZH%(ZzZh)7Y,, 1Y~ < 1 X211Z])2,

ez (U (@)

Proof of Theorem 5.5. Set

") (i)
Ry=X X~ X1, =X
(5.12) X ( _n=1) = (X 2) W

=X\ WH - x, Wl ,

since

(5.12b) Ry=v (¥ Y-l = (Y, -Y,)Y"!
. Yy = _I(n_[) —( 1> 2) 5

from which we have
(5.13) Ry =R, =1I", |Rxla<Kk(X), |[Ryll2<k(Y).
It follows from (5.1)-(5.2) that
YA+ RE(A - ARx)X

= A+ (Y, V)T (A - A) (X1, —Xo)

= (Y1, -V)PA(X;, -X,) (since (Y;, -Y2)HA(X:, -X2) = A)

= (RyY)HY"HAX 'Ry X,
which implies

n ‘iif A+RY(4— ARy =REYHAX'Ry.

Similarly, we define BBy RY(B—-B)Ry = RHY-H AX~'Ry. We see easily

that A—AB € D, (n). Hence by our hypotheses, the conditions of Theorem 5.3
are satisfied for the pencils 4 — AB and 4 — AB. Let X & Ry'X = Ry X =
(X1, X,), where X, € C™, and let 2 = %#(X,). By Lemma 2.2, we have
(5.14) I1sin©(Z , ZDIll = W5, Wa) = 2 R (XE X))

We attempt now to obtain an upper bound for the right-hand side of equation
(5.14). Using X. = Rx Xy, (5.12a), and

WH(xX W + o Wi X, = WX XX,
=0= WHX, W X, = -WHX WHX,
we get

(5.15)  WH X = WHRy X, = WH (X, Wl — x,wih X, = 2WH X\ Wil X, .
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On the other hand, (X,(XFX,)~V2, Wo(WJIW,)~1/2) € %, ; therefore,
Wi = (X (X W)~ X+ i )~
= X\ (XP X))~V + wa(WH W) "' WH W, (since XFW, =1).
Substituting the above equation into (5.15), we obtain
(5.16)  WH X, = 20 X, (X X)X + 20 X W wa (Wi )T WX,
Then, combining (5.14), (5.16) and (5.13) leads to

Isin®(Z7, )|
= ||| W)~ 1AW Xy (X RY Ry Xy) =172
> (|[(W W) VAW R (XE X)) IRk
= || Rxll7 11 W3 X 10X I X0 + W3 X W Wao Wi X ol

hence,
(5.17)

x(X)|l|sin©(Z, Z)||
> 2| X 10X T Xiol|
= 2|1 Xol IO X0) P2 | (W ) V2| W W Lo W Kol
where X0 = Xi(X{1X1)~'/2, Wig = Wi(WHW)~112, Wao = Wy(W{iws)=1/2,

X1 = X((XHX,)=1/2, and Wy = Wa (W W,)=V12 | The following fact is used
for the first “>: for any matrix M with suitable dimension,

XHRERy X, < |Rx|3XTX,

= (X'R{Rx X))~ = |Rxll72(XF X)) ™!

= M(XFTRER X)) 'MH > ||Rx||;2M (XF X))~ MH

= 1M (X RERx X)) ™2 || > [[Rx |l 1M (X X))

Now, we are able to embed sin 28(%’1 , é’i) into the right-hand side of (5.17).

It is easy to verify that (X9, Wa9), (X109, Wao) are unitary matrices, and so is
Xfi X0 XIWho ) .
WhHX1o WHEWy)’

therefore, from Lemma 2.3 it follows that there exist unitary matrices with
suitable dimensions U, V{, V5, V', U;, and U, such that

XHX,0=UTVH, XHwhy = UZVH
XBX10=VYTUH,  XEWy=VETUH,

(X105 Wa0)H (X10, Wao) = (

(5.18)

where T = diag(y1, 2, ...), £ =diag(a1, 03, ...), yi = cosb;, o; = sin6; for
i=1,2,...,and § >0, >6,>-->0. From (5.18) we get |||[X{jWl| =
IZN = || X{ Waoll| . Therefore,

(5.19) Isin®(& , Z2)I| = X[ Paolll = (11 X[Wa0lll,
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and
20|/ X0 XT X 1ol = 201 YTEVS|| = ||| diag(sin 26, , sin26;, ...)]|
= |||sin20(27, 2)|[| .

On the other hand, Theorem 5.3 tells us that (see Remark 5.2)
(5.21)

lllsin®& , Z)]]]
< %x(RX)?>||)?||2||Tf||2|||<A'— 4, B-B)]|

(5.20)

1 ~ ~ ~
EK(X)2K(X)'||X||2||Y||2

IA

z-2)-#z-2)(* )

|

IA

%K(X)2x()?)||/?||2||}~’||2(1 + IRyl Rx 111 Z = Z]]]

< %x()o%c(fr)[l +r(X)RMNXNY 2111Z - Z]|].

Now substituting (5.19), (5.20), and (5.21) into (5.17) leads to (5.11). O

The following theorem indicates that the conditions of Theorem 5.5 can be
weakened for ||-||F.

Theorem 5.6. Supposé A—AB € Dg(n) and A-2B e D, (n) admit decompo-
sitions (5.1)-(5.2) with

oil> + 1B = &P+ 18P =1, i, j=1,2,...,n.
(It is not necessary jor them to have only real generalized eigenvalues.) Set

n=min p((&, fi). @&, By)-
1+1<j<n

If >0, then (5.11) holds with |||-|l| = |- ||r.

A proof of Theorem 5.6 can be given along the lines of our proof of Theorem
5.5, with the help of Theorem 5.4.

5.3. Dual theorems. What we studied above is for the perturbation of a (right)
eigenspace. As its dual case, we may study the perturbation of a left eigenspace
by simply applying the above results to A7 — AB¥ . We omit the details here.

6. APPLfCATIONS TO DEFINITE PENCILS

Suppose 4 — AB € D(n) and A-AB e D(n) admit the decompositions

XHAX = A, XHAX = A,
(6.1a) " n o

X?BX =Q, XHBX =Q,
where A,Q,...,dl,ﬂl,... are of the form (5.2),

X=X, X)), X=(X,X), Xi,XieC™,
6.1b wH - wH —
(6:10) Xt () X =) M een,

W, W
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Theorem 6.1. Besides the hypotheses of Theorem 5.1, we assume further that

A—AB € D(n) and A — AB € D(n) and that they admit the decompositions
(6.1). Then for any unitarily invariant norm |||-|||, there holds

1Z121Z]1

: o 1
IHSIn@(% ’ %)HI S — == *
¢(4, B)e(A, B) 1

(6.2a) _ X

. 200 _ p_ 10

’H( Wzﬁ’) (Fzn PZ”)< Xm) ’
where
(6.3) X0 = X1 (X x,)7'/2, Wao = Wa(WHTWy)~112
If, in addition, ||+ B> = |a;P + |2 =1, i,j=1,2,...,n, then
1sin®(Z, Z)Ill < 12l __ %

(6.2b) c(A, B)c(A, B)

I ) e ()]

Here, %, and 2, are as defined in (5.3).
Proof. From Theorem 5.1, Remark 5.1, and

(6.4) Xl < IX 2 1752 < (X ]l2,
together with Lemma 4.2, one gets the inequalities (6.2). O

Theorem 6.2. Besides the hypotheses of Theorem 5.2, we assume further that
A—AB € D(n) and A — AB € D(n) and that they admit the decompositions
(6.1). Then (6.2) holds for the unitarily invariant norm ||« ||r .

Notice that one of the hypotheses of Theorem 5.2 which allows the pencils
considered to have complex generalized eigenvalues is immaterial now, because
definite pencils always have only real generalized eigenvalues. Therefore, the
only difference between the conditions of Theorem 6.2, as well as Theorems
6.5 and 6.6 below, and those of other theorems in this section is the separation
hypothesis imposed on the subsets of generalized eigenvalues of the two pencils.

Theorem 6.3. To the hypotheses of the first part of Theorem 6.1 add these:

o + |Bil* = &> + B> =1,  i,j=1,2,...,n.
Then for any unitarily invariant norm |||-|||, we have
(6.5)
lllsin®(2, Z9)|l| < Izl .1, l’l)?{’(i~z)<X1 % )Hl
Ve, Bye(4, B) 11 ‘

Proof. The assertion (6.5) is a consequence of Theorem 5.3, (6.4), and Lemma
4.2. O

Theorem 6.4. Under the conditions described in the first part of Theorem 6.1, we
have, for any unitarily invariant norm |||-|||,
(6.6)

| . iz 1
llsine(t, 2 < — L2 .2 H

SH, 5 X
X%(Z—Z)( 10 Xm)
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where Xy is defined by (6.3), and

(6.7) Xoo = Xo(X§ X)) 712
Proof. Without loss of generality, we may assume that |a,|2 + 1B = & +
| ﬂ,|2 =1,1,j=1,2,...,n. Since postmultiplying X, X by nonsingular

matrices does not change the singular values of sin®(27, 2{), we have that
(6.5) holds. Now, combining (6.5) with
SH(5 _ Xi0
wz-z (M0

X ~
" )| = nex

and Lemma 4.2 leads to (6.6). O

)?f(E—A,E-B)<

Similarly, we have
Theorem 6.5. To the hypotheses of Theorem 6.2 add these:
i + 1Bl = P + 1B =1, i, j=1,2,...,n
Then (6.5) holds for the unitarily invariant norm ||+ || .

Theorem 6.6. Under the conditions of Theorem 6.2, the estimate (6.6) holds for
the unitarily invariant norm |- ||r .

Remark 6.1. We omit the statement of the sin26 theorem for definite pencils
to save space.

Now, we give a simple comparison of our bounds with those in Sun [29]. We
have already noted the description (3.5b) and (3.5¢), adopted by [29], for the
separation of generalized eigenvalues, and have proved that they are equivalent
to the description (3.5a). By adopting (3.5a) instead of (3.5b) and/or (3.5¢),
the main result of Sun [29] may be restated as: under the conditions of the first
part of Theorem 6.1, there holds, for any unitarily invariant norm |||-|||,

Ilsin®&, Z)|ll < q- —Zl2___
(6.8) c(4, B)e(4, B)

. % . |]|((AT— A) X1, (E — B)X10)!|Isun »

where the constant ¢ satisfies 1 < ¢ <2, Xjo is as defined in (6.3), and

def o
(4 = A)X10, (B = B)X10)lllsun = (I[I(4 = 4) X0l + [[|(B = B) Xyo][2)!/2.

Here the subscript Sun is used to distinguish the norm from
~ ~ ~ X

H _ 1
X;'(A—A, B B)< XI)H .

It is difficult to compare (6.8) with (6.2a) in a straightforward way. However,
two indirect methods may be employed. One is to weaken (6.2a) just like we
did at the end of §4. This leads us to the impression that (6.2a) is less sharp
than (6.8). The other is to construct examples. Here is an example from Sun
[28]. Let A —AB € D(n). Consider A —AB = (1 + r)(A—AB) with r > 0
such that the right-hand side of (6.8) is less than 1 but almost 1. We assume
that the spectrum of 4 —AB consists of two parts with suitable properties such
that (6.8) and (6.2a) hold. It is easy to see that the right-hand side of (6.2a) is
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0, whereas the right-hand side of (6.8) is approximately 1. This example shows
that sometimes (6.2a) is much sharper than (6.8).

As to (6.8) and (6.6), we may roughly regard them to differ only by a constant
factor. To see this, we weaken (6.4) somewhat by writing

121,
¢(4, B)e(d, B)
- na-m (e )|

Ignoring the constant g > 1, we note that 7§]||GI|I < IGllls;n < V2G|,
where G (4~ A)X10, (B — B)X10). So (6.6) is sharper!.

llsin®(Z , Z0)||| <
(6.9)

7. CONCLUDING REMARKS

Starting with our theorems in both parts above, we can deduce some known
results in the perturbation theory for the standard eigenvalue problem.

7.1. Suppose A4, A e Crxn are both similar to Hermitian matrices, i.e., there
exist nonsingular matrices X, X € C"*" such that

(7.1) X 'AX = diag(ay, ..., 6n), X 'AX =diag(ay, ..., an),

so that A(4) ={e;, 1=1,2,..., n}, AA) ={a;, j=1,2,...,n} withall
the o;, &; € R. For ¢t >0 sufﬁc1ently large, both A4 — Atl and A Atl belong
to Dg(n), and moreover, we have A(4, tI) = {(a;,t), i=1,2,...,n} and
MA, th) = {(&, 1), j=1,2,...,n}. Set Z, = (4, tI) and Z, = (4, tI).
From Theorem 3.1 it follows that there exists a fixed permutation ¢ and a
sequence of i 1ncreas1ng positive numbers t,ly, ... tendmg to +oo such that
Py, 1), (Gogy» 1) S K(X)K(X)da(Z, , Zy)) for i=1,2,..., e,

|0‘j—d )|t

\/a,-+t%\/ 2+ 12

< k(X)Kk(X) ” ( t:) (447 + 2174, 1)

AH\  ~~ ~
- (‘;‘J ) (A" + 2174, 1)

2
Multiplying the two sides by ¢; and letting { tend to +oo gives

~ 0 AH _ /IH
— < ~
(7.22) J2a% oy = Bay| < K(X)re(X) “ (A — A 0 >
= k(X)k(X)||4 ~ Al2.
Now if A4 is Hermitian, then X € %, ; thus (7.2a) becomes

2

- < — 4
(7.2b) max loy = Gg(p| < k(D)4 = Al

11t is worth mentioning that Sun’s proof of (6.8) can be refined to get (6.9).
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Ihis is a theorem of Kahan [9]. If, in addition, A is also Hermitian, i.e.,
X € %, , then (7.2a) becomes

7.2 = (] < 14— A

(7.2¢) max [o; ~ o] < |14 - Al

This is nothing but the celebrated Weyl-Lidskii theorem. Inequaiities (7.2) can
also be obtained by similar arguments starting with Theorem 3.4 instead of
Theorem 3.1.

7.2. The Weyl-Lidskii theorem is also a consequence of Theorem 4.1. Let
A, A € C"™" be two Hermitian matrices with AMA)={a;, i=1,2,...,n},
MA) = {&;, j=1,2,...,n}, with all the o;,d; € R. For ¢ > 0 suf-
ficiently large, both 4 — A¢zf and A — Al belong to D(n), and moreover,
we have A(4,tI) = {(ay, 1), i = 1,2,...,n} and A4, tI) = {(&,1),
i =1,2,...,n}. Let Z;, Z be as above. By Theorem 4.1 it follows that
there exists a fixed permutation ¢ and a sequence of increasing positive num-
bers ¢, t;, ... tending to +oco such that

) (AN A
a4’ t S [ i ,t‘ S : ’i
p(aj, ti), (Goj)» 1)) c(A4, t;Ic(4, t;I)

dZ(Zt, ) Zt,) ’

for i = 1,2,.... Note that all the [|Z,l2, | Z |2, c(A, t:I), ¢(4, t;I) can
grow like #;(1 + O(1/t;)). This shows

1ZlalZul: _ (1) ,
c(4, t;}I)c(A, t,I)

ti
Now repeating the arguments similar to those in §7.1, we finally get (7.2c¢).

7.3. Sun [30] proved that if 4, A € C™" are both similar to normal matrices,
i.e., formally we have (7.1) but with «;, &; € C, then there is a permutation 7
of {1,2,..., n} such that

AIZ lotj — o)) < K(X)K(X)]| A4~ Al|F -
j=1

This is, obviously, a generalization of (1.1) to the case of the Frobenius norm.
Sun [27] also proved that if 4 — AB and A - B are two normal pencils
with A(4, B) = {(ai, fi), i=1,2,...,n} and i(A,E) = {(&,»,[3,-), j=
1,2,...,n} (it is not necessary that all («;, B;), (&;, [3,») be real), then

(7.3) JZ[P((%’, Bi) s (&) s Bep)P < dr(Z, Z).

J=1

Therefore, it may be of interest to establish an inequality like (7.3) for diago-
nalizable pencils. Our inequality (3.3) is developed for this purpose. However,
the right side of (3.3) does not have the desired form. We suspect that (3.3)
might be true with its right-hand replaced by #(X)x(X)dr(Z, Z), but we are
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unable to prove it. Liu [19] attempted to investigate this problem, but was not
successful.

7.4. An interesting result on the Hadamard product of matrices can be deduced
from Proposition 3.4. The conclusion is as follows.

Proposition. Let «;, f,,d;, Bj € R, |oul* + |8 = |&1> + 181> = 1, for all
i,j=1,2,...,n;then

in ||U o G||; = min ma s B (Gaiins Baci) s
min U o Gl = min max p((a, B1). (do()» Bocy)
def

where G & (gi;) T (@B — Piaj) € C™", and “o” denotes the Hadamard
product, i.e, Uo G = (u;;gij).

In fact, Uo G = AUQ — ﬁUA, where A, Q, 1~\, and Q are of the form
(3.1b). It is easy to see from Proposition 3.4 that

géi;/i UGl > HLin max p((aiy Bi)s (8ot Boii))) -

On the other hand, the same obviously holds with “> ”reversed, since permu-
tation matrices are also unitary matrices.

7.5. Also, by a special limiting procedure like that in §§7.1 and 7.2, some
known perturbation results for eigenspaces, such as the Davis-Kahan sin§ and
sin26 theorems on the standard eigenvalue problem, can be deduced from our
results in Part II. We omit the details here.

7.6. The most essential hypothesis throughout this paper is that matrix pencils
considered are, generally, required to have only real generalized eigenvalues.
However, it is worth mentioning that in a few theorems in Part II involving the
Frobenius norm, this hypothesis can be removed. The reader is referred to Sun
[29] for details.

7.7. Readers may wonder about the ad hoc example 4 — AB (unperturbed)
and (1 +r)A - A(1+r)B (perturbed), used in §§4 and 6 for our comparisons.
Our choosing this example is no accident. In fact, according to Sun’s useful
suggestion that all nxn regular matrix pencils be embedded into the Grassmann
manifold of all #» x 2n matrices having full row rank, 4 —AB and (1 +r)4 —
A(1 + r)B represent the same point on the manifold. Therefore, all bounds
related to metrics on it (or Pz —P;, in Part II) should yield the best estimation,
i.e., 0, for this kind of perturbations.

7.8. This paper deals with generalizations of well-known perturbation results
for eigenvalues and eigenspaces of the standard eigenvalue problem. In Li [16],
some known results for standard singular value variations are successfully gen-
eralized to perturbations of the generalized singular value problem.
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