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GENERALIZATIONS OF DIXON'S THEOREM 
ON THE SUM OF A 3F2 

J. L. LAVOIE, F. GRONDIN, A. K. RATHIE, AND K. ARORA 

ABSTRACT. Twenty-three formulas, closely related to Dixon's theorem in the 
theory of the generalized hypergeometric series, are obtained. Twenty-six lim- 
iting cases are also deduced. 

1. INTRODUCTION AND MAIN RESULTS 

This paper is to Dixon's theorem what [3] is to Watson's theorem, in the 
theory of the generalized hypergeometric series. 

We start with Dixon's classical result [2, p. 13, equation (1)] 

/a, b ,c 

1 +a-b, 1 +a-c 

F (l+ a2)F(l +a-b)Fr(l +a-c)]F( + a2-b-c) 

3F2~~ 2 

F(l +a)Fr(l + a- b)F(l + a- c) F(la - b -c) ' 

where R(a - 2b - 2c) > -2. 
As explained in [3], the sums of certain 3F2 are obtained from Dixon's theo- 

rem by a systematic exploitation of the relations between contiguous functions 
given by Rainville [4, p. 80]. The difference between the parameters found in 
these series and the corresponding elements in Dixon's formula are positive or 
negative integers, including zero. 

In order to publish most of these apparently new results, a very general form 
had to be artificially constructed. Its special cases are the potentially useful 
summation formulas that were initially derived. 
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This general form is 

(2) 
ta b, c 

3 F2(1 
I+ +i+a -b, I + i+ j +a- c 

2-2c++j ]F(I + i+ a- b)F(I +i+j+ a-c) F (b - 2- F (c- )(ij+ i+ j1)) 

F(a - 2c+ i+j+ 1) F(a - b -c+ i?j+ 1) r(b) r(c) 

| Z J ~~~ (a2 + I2) 
F a - b+ 1 +[] 

Fr(a2 - c+ I+ ['+J] r ( 
a -b - c+ 3 

+i+ [] 

+Bi~~ ~~ j(a2) F a - b+ 2 + [2] 

where R(a - 2b - 2c) > -2 -f 2i - j. 
The coefficients Ai, j and Bij, appear in the tables at the end of the paper. 

As usual, [x] is the greatest integer less than or equal to x, and its modulus is 
denoted by (xl. Here, i = -3, -2, -1, 0, 1, 2 and j = 0, 1, 2, 3. But, if 
jij is the left-hand side of (2), the natural symmetry 

(3) f,j(a, b, c) = f+j,_j(a c, b) 

makes it possible to extend the result to j = -1, -2, -3. 
This general form contains many remarkable special cases but, as expected, 

the resultsbecome more intricate as jil and/or lil increases, fo,0 beingDixon's 
result. Here is a depiction of all the formulas presented here. The dashes rep- 
resent results that were considered inappropriate for publication. 

f4,-2 

A, -3 f3,-2 f3,-1 A3,0 

f2,-3 f2,-2 f2,-1 f2,0 f2, 1 f2,2 

fl,-3 fl,-2 fi ,-I fi ,o fi, I fl ,2 

fo,-3 fo,-2 fo,-I fo,o fo,I fo,2 fo,3 

f-1,-2 f-1,i- f-i,o f-i,I f-1,2 f-1,3 

f-2,-1 f-2,0 f-2,1 f-2,2 f-2,3 

- - - f-3,0 f-3,1 f-3,2 f-3,3 

The sums of the series in the array on the right are special cases of (2), while 
the left array is constructed from these results with the aid of (3). 
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For example, 

(a, b, c 
f l,_j(a, c, b)= f-2, (a, b, c) = 3F2| 

a-b- 1, a-c j 
F(a - b - 1) F(a - c) 

22C+1 F(a - b - c) F(a - 2c) 

x{(a -) 2 
2 

2) (2 - b) 

-F ( -c ) F (a -b-c- 

when R(a - 2b - 2c) > 1 . 

2. SOME LIMITING CASES 

The expressions for the sums of certain of our 3F2 take the form - when 0 
i + > > m and c = m, where m is a positive integer. By applying L'Hospital's 
rule, we obtain 

ta, b, m \ 

3 F211| 

a-b+.l-k+m+ 1, a+l+ 1 

(4) = C~f(M) + D(M) { (a + 1) _ y(a) (4)k,I k 2 2 2 

+ (-1)m-1 qa -b + m+1 + [/-k+1) 

+(-l)mq aM(-b + m2+l+ [1-k0 

where R(a - 2b) > k - 21 - 2 and yl (z) = d {logr(z)} = r) is the Psi (or yz- I'~~~(z) 
Digamma) function. Again, this is a general form constructed to contain the 
following twenty-six special cases: 

m= 1; k=O, 1=0, 1, 2 m=2; k=0, 1=0, 1 
k= 1, 1=0,1,2 k= 1, 1=0, 1 
k=2, 1=0,1,2 k=2, 1=0, 1,2 
k=3, 1=0, 1,2 k=3, 1=0, 1 

m=3; k=0, 1=0 
k= 1, 1=0 
k=2, 1=0, 1 
k=3, 1=0 

the coefficients C(m) and D(m) appear in the tables at the end of the paper. 
Fko / k, I 

For example, m = 1 , k = 2 and 1 = 0 yields 
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-a b, 1__ 

3F2|1| 

\-ba-b, a+ I 

a-b 2(a-b{ ( 2 +2 )/(2 )+/(2 -b ( 2 -b+2)} 

when R(a - 2b) > O. 

3. CONCLUDING REMARKS 

Besides Dixon's theorem, which was our starting point, many new sums of 
a certain class of generalized hypergeometric series of unit argument have been 
evaluated. Except for special cases, most of these results do not seem to have 
appeared in print before. In order to keep control on the length of this paper, 
certain relations obtained through a single or a double limit were not included. 

The interested readers should consult two recent papers, [1] and [5], which 
deal with an important part of our subject and give useful references. 

MATHEMATICA is a general system for doing mathematics by computer. 
Its aid in obtaining and checking the above results is acknowledged. 
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+~~~~~~~~~~~~~ 
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