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LONG-TIME NUMERICAL SOLUTION
OF A PARABOLIC EQUATION WITH MEMORY

VIDAR THOMEE AND LARS B. WAHLBIN

ABSTRACT. Long-time stability and convergence properties of two time-discreti-
zation methods for an integro-differential equation of parabolic type are studied.
The methods are based on the standard backward Euler and second-order back-
ward differencing methods. The memory term is approximated by a quadrature
rule, with emphasis on such rules with reduced computational memory require-
ments. Discretization of the spatial partial differential operators by the finite
element method is also considered.

1. INTRODUCTION

In this paper we shall study the long-time approximation of the solution to
the initial value problem

(1.1) ut+Au=/0b(t—S)Bu(S)dS+f(t) forte R, = (0, ),

u(0) = uy.
Here, A is a selfadjoint strictly positive definite linear operator with compact
inverse in a real Hilbert space H, b(¢) is a scalar function on R,, B is an
operator with D(B) D> D(A4) such that, with (-, -) and the inner product
and norm in H, and |jv||; = ||4//%v]|,

(1.2) |(Bv, w)| < collvllillwlly, with o >0,

and f(t) is a function from R, into H.

A concrete problem that we have in mind is when A4 is an elliptic second-
order differential operator with homogeneous Dirichlet boundary conditions
and B a partial differential operator of at most second order. Such problems
occur, e.g., in heat conduction with memory. With u(x, ¢) denoting tempera-
ture, if one assumes the balance law

u; =—cdivg+ f

and then, for the heat flux ¢,
t
qg=—-k(x)Vu +/ b(x, t—s)Vu(s)ds,
0
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an equation essentially of the desired form would follow. Here, b = 0 cor-
responds to the classical Fourier’s Law. We refer to [2, §3] in particular, for
further details. Other examples are briefly described in [8], and some further
examples referenced in [6].

It is not difficult to see that, under reasonable assumptions on %y and f,
problem (1.1) has a unique solution on R, . In the general case the relevant
a priori estimate obtained from (1.1) by the energy method will depend on
Gronwall’s lemma, and the bound for u(¢) will grow exponentially with .

Here we shall consider the case that b is exponentially decreasing and that
the memory term is dominated by the elliptic term in the sense that, with some
K, a>0,

(1.3) (i) |b(t)| < Ke™ and (ii) B= / |b(s)|ds < 1/cp.
0
As we shall show in §2, we then have the long-time stability property
t
(1.4)  u@)| < e "uo +/ e =9 f(s)|ds fort e R,, with y > 0.
0

For the time-discretization of (1.1) we shall consider two basic types of ap-
proximations. The first is based on the backward Euler scheme, and the second
on the second-order backward difference scheme. In both cases the integral on
the right in (1.1) is replaced by a quadrature formula. Restricting our present
discussion to the backward Euler case, we introduce a uniform time-step k£ and
the backward different quotient U” = (U” — U*~1)/k , where U" denotes the
approximation to u at time ¢, = nk. We further introduce a quadrature for-
mula with nonnegative coefficients w,; = w,;(k),

n—1 t
(1.5) 7e) = L omst) (= | sds).

The backward Euler time discrete version of (1.1) that we shall consider is then,
with b,(s) = b(t, —s) and f" = f(t,),

oU" + AU" = ¢"(b,BU) + f"

(1.6) = . 0
= anjb(tn - lj)BUj +f" forn>1, U =ug.

Jj=0
Note that U"” does not enter on the right of (1.6), which is convenient in
implementation.

Error bounds for problems of this nature on finite time intervals have been
given in, e.g., [5, 8, and 9], see also [3 and 7] for spatially discrete versions
of (1.1) when 4 and B are differential operators. As for (1.1), the required
stability estimates are derived in these papers (without assumption (1.3)) by
means of a discrete version of Gronwall’s lemma, which results in bounds that
grow exponentially with ¢, and thus render the corresponding error estimates
useless for large ¢, .

Our purpose, therefore, is to now try to derive a long-time stability property
analogous to (1.4) for the discrete problem and an associated error estimate. It
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turns out that this is considerably easier for the case B = A than in the general
case, owing to the possibility of then using separation of variables. The stability
estimate in this case now reads

n
(L7) (UM < e luoll + kD e | f7| forn>0, k<ky, withy>0,
j=1

and the corresponding error estimate is
(1.8)

tn
IU"—u(ty)|| < Ck / e~ (lug ()| +lllu(s)lllg) ds, for n >0, withd >0,
0

where
q

lolllg =

Jj=0

d’

di
WAIU .

q
w3

J=0

The integer g depends on the quadrature scheme used. The proofs are given
in §3.

In §4 we analyze similarly discretizations of (1.1) in the special case B = 4,
which are based on a second-order backward difference approximation of the
time derivative. In this case we need to replace the condition f < 1 by the
slightly stronger SA < 1, where A is a constant which is shown in an Appendix
to be smaller than 1.1.

In §5 we return to the discussion of backward Euler-type schemes, now in
the case of a general B. Here we show that if b is exponentially decreasing,
then the stability result of [5] may be improved by a multiplicative exponen-
tially decreasing factor. In particular, under the appropriate assumptions on
the quadrature rule, this will show stability as in (1.7) when B and b are suf-
ficiently small. The techniques of proof are similar to those in [5] and do not
reproduce (1.7) for the case B= 4.

In §6 we will be concerned with application to the case when 4 and B
are finite element approximations of spatial second-order partial differential
operators.

A particular aspect of the investigations in [5] and [9] is the systematic con-
struction of quadrature formulas (1.5) in which a large number of the coefficients
®p; vanish in such a way that only a small portion of the U’ need to be saved
as the time-stepping progresses. This aspect is taken into account throughout
the present work, and a discussion of suitable quadrature schemes is included
in §7.

Throughout this-article, C will denote constants subject to change each time
they occur.

2. ON THE CONTINUOUS PROBLEM

In this section we shall show the stability estimate (1.4).

Proposition 2.1. Assume (1.2), (1.3), and let u satisfy (1.1). Then

t
lu(@)ll < e |luoll +/ e 7| f(s)lds fort € Ry, withy > 0.
0
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Proof. We consider first the case of the homogoneous equation (f = 0). We
then have, for u,(f) = e”u(t),

(2.1)  wuy, —yu, + Au, = /Ot by(t — s)Bu,(s)ds, where b,(t) =e"b(2).
Now choose y > 0 so small that

(22) b= [ bts)lds < (1 - 2251 o,

where Ao > 0 is the smallest eigenvalue of the operator 4. In light of (1.3)(i),
this can be accomplished by the dominated convergence theorem. Forming the

inner product of the equation (2.1) by 2u,(¢) and using the Cauchy-Schwarz
and arithmetic-geometric means inequalities, we have

d t
711 = 27l |1 + 2]y 1} = 2/0 by(t — 5)(Buy(s), uy(2)) ds

t
<@} + By /0 1by (2 — 5] [y (5)]13 ds.

Since Ao||u||? < |lu||?, we thus obtain, after integrating in ¢ and interchanging
the order in the resulting double integral,

t
] + (1 - 22517) /0 Iy ds
t t
< lluol® + Byc2 /0 [ 1by(s = @)idsliur ()l do

< lluol* + Bic3 /0 lluy(0)|? da.

By (2.2) we obtain that |ju,(¢)|| < ||uo|l, which concludes the proof for the
homogenous equation. The general case now follows by the following version
of Duhamel’s principle, where E(t)uo denotes the solution of the homogeneous
case (f =0) of (1.1).

Lemma 2.1. The solution u(t) to (1.1) is given by

u(t) = E(t)ug + /OtE(t —5)f(s)ds.

Proof. By linearity and uniqueness, it suffices to show that the second term
above, which we now denote (), satisfies (1.1) with %y = 0. To see this, we
note

/0 "Bt — 5)Bit(s) ds = /0 "b(t—5)B /0 "E(s - 0)f(0)do ds
- / / b(t — $)BE(s — 0)f(c)ds do
0 Ja

- / [ bt =5 - 0)BE(0)f(s) do ds.
0 J0
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Hence,

t
iy + Afi — / b(t — s) i(s) ds
0

t—s

_ /Ot [Et-s)+ AE(t=s)~ | b(t—s5 - 0)BE(0)do)| f(s)ds + f(1
0

= f(1),
which shows the claim. O

We end this section by elucidating the conditions (1.3) in the case when
B = A4 (and hence ¢y = 1 in (1.2)), b(¢) = Ke ', and f = 0. Considering
then a Fourier component u;(t) = (u(t), ¢;) with respect to an orthonormal
eigensystem {4, ¢;} for A, and setting v(¢) = e*'u,(t), we have

t
v,+(l—a)v=KA/ v(s)ds,
0

or, after differentiation, v, + (A — a)v; = KAv, with initial data v(0) = u,(0)
and v,(0) = (a — 4)u;(0) . This equation has exponential solutions of the form
e’=! and hence u; is a combination of e"+~®!  where

At a A+ a2 1/2
re-—a=-— :l:(( 5 ) +(K—a)l)
In general, with the initial conditions above, both r, and r_ will be present
in the solution. The roots are always real, and in order for u; to decrease
exponentially in time, we must have K < a, ie., g = [°b(s)ds = K/a < 1;
for K > a, blow-up would occur.

3. BACKWARD EULER METHODS

In this section we shall derive the stability estimate (1.7) and the error es-
timate (1.8). Before doing so, we shall demonstrate why the straightforward
generalization of the proof of Proposition 2.1 above presents difficulties in the
case of a general B under our assumptions on the quadrature rules employed,
even for y=0.

Considering thus the case of a general B in (1.6), we would be aiming at
showing the boundedness of ||U”|| in the case of the homogeneous equation
(f = 0). After multiplication of (1.6) by 2U", we have

n—1
SIUMP + 21U} <2 wnjba_(BUI, U™
j=0
2
n—1 _
< U™} + ¢ (Zwmbn_nnwnl) .
j=0

From this it follows easily after multiplication by k, summation and use of
Cauchy-Schwarz’s inequality in the last term, and assuming

n—1

a"(1bal) = anj|b(tn—j)| <8,

j=0
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with g < f < 1/cy, that

N N n
B.1)  NUNP+ED UG < U + Begh Y (Z wnjlbn-jIIIUfII%) :

j=1 n=1 \j=0

Changing the order of summation, we find that the last term equals
~ N .
Beik Y w71,
j=0

where @; = ZnN=j @pjlbn—j|. The analogue of the proof of Proposition 2.1
would be to bound the coefficients in this sum by those in the sum on the
left in (3.1). This is possible, e.g., for the rectangle rule, using w,; = k for
j=0,...,n—1, since we would then have @; = kz{;’—‘ |bn| < B, for
small k. However, letting ¢” be sparse, with w,; = 0 for many ; and
correspondingly larger for other j, the coefficients for some j would be larger
than the k allowed on the left and thus prohibit cancellation. For instance, in
the modified trapezoidal rule (see §7) @, is of order k~!/2 for certain j, and
thus the coefficient of ||U/||? on the right is of order k'/2 > k.

We now state and prove the stability result for the case B = A under an as-
sumption which may be considered as a discrete analogue of f, = f0°° |by(s)| ds
<1 (=1/cy), and which will be discussed in more detail in Lemma 3.1 below.

Proposition 3.1. Assume that there are positive B.,7 and k such that with
by(2) = e"b(t), by n(s) =by(th — ),
(3.2) Byn=a"(by W) <B <1 fory<y, n>1, k<k.

Then there are positive constants ko and y such that, for the solution of (1.6)
(with B=A),

n
1" < e[V + kY e =il f7]| forn >0, k <ko.
j=1
Proof. By linearity we may write the solution to (1.6) as U" = Uy + U +---+
U}, where

(3.3) QU + AU = 6" (byAU;) + 0, f* for n>0, i>1, with U? = d,0U°.
1 1 1

The solution of (3.3) is obviously zero for n < i, and we may think of (3.3) as a
homogeneous equation for n > i with initial data U/ = (I+kA)~'kf' forn =
i when i > 1. We shall show that

3.4 U < e~ || U!|| forn>i.
1 1

In view of the choice of Uf for i > 0, this completes the proof.
With {4, ¢;} a discrete orthonormal eigensystem of 4, we have for ¢” =
(e}’t,, an s (0).)

(1+ kA)c" = e’* "' + kAa" (b, ,c) forn>i.
We thus find that
lc" < (1 + kA)~'(e"™ + Ak f) max |¢/| < max |c/|,
j€n—1 j<n—1
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provided y and k are so small that e?® — 1 < Agk(1 — B) , where 4q is the
smallest eigenvalue of 4. Since ¢/ = 0 for j < i, we have |c"| < |¢| from
which (3.4) follows by Parseval’s identity and our definition of ¢”. O

To prove the error estimate we assume that the quadrature rule is such that,
for some integer ¢,

lg" (&)l =

o"(8) - | " g(s)ds

(3.5) .
ngf/q/ g(s);ds forn>1, j=1,q,
0

where |g(s)|; = {=0 |(d?/dt')g(s)|. We further assume that, cf. (1.3)(i),
(3.6) |b(t)]; < Ce™™.
We first show that assumption (3.2) is then satisfied.

Lemma 3.1. Assume (1.3), (3.5), and (3.6). Then for any B with B < f <1
there are positive 7 and k such that (3.2) holds.

Proof. Note that %|g| = (f;g)sgng. We have, using (3.5) with j =1, and
setting e = 1/q,

~ In
Byon < 1a"(Iby )| + /0 1b(s)le” ds

< Ck* / Ib(s)e”|, ds + / b(s)[e” ds = I, + .
0 0

Here, I, is bounded if y < «, by (3.6), and tends to zero with k. Further,
I, approaches f = f0°° |b(s)|ds < 1 as y tends to zero, by dominated conver-
gence. O

We shall now prove the error estimate (1.8).

Theorem 3.1. Assume (1.3) (with ¢o = 1), (3.5), and (3.6). Then there are
positive C, 8, and ko such that, for the solutions of (1.1) and (1.6) (with B =
A),

(3.7)

tn
|U" - u(ta)]l < Ck /0 e~ (Ju ()| + lu(s)lg) ds for n> 0, k < ko.
Proof. Setting e" = U" — u(t,), we have
(3.8) Je" + Ae" = g"(byAe) — 1" + q" (b, Au) forn>1, with =0,

where t" = du(t,) — us(t,) . It is easily seen that

n ) n tj In

k> el <k e‘y‘"—f/ luwll ds < ke”"/ ey (s)|| ds.
: : ; 0
Jj=1 j=1

ti—1

Further, by (3.5) and (3.6),

7] ]
llg’ (bjAu)|| < Ck/o 162 — s)u(s)lllq ds < Ck/o e™*Gu(s)lllq ds
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and thus, with J§ < dp = min(«, y),
n n t;
kY e7rns||gd (b Au)|| < Ck* Y / LR u(s)ly ds
j=1 j=179

In In
< Ck / (tn — 5 + K)e=%O=9|u(s)[l, ds < Ck / €309 |u(s)]| ds.
0 0

The desired result is now a consequence of Proposition 3.1 applied to (3.8). O

We remark that the right-hand side of (3.7) may be estimated in terms of
data using the techniques of Theorem 2.1 by noting that time derivatives of u
satisfy integro-differential equations of the same type as u.

4. SECOND-ORDER BACKWARD DIFFERENCING METHODS

In this section we shall treat second-order backward differencing time-discreti-
zations of the type

(4.1) (a + ’;az) U™ + AU" = g"(byAU) + f* forn > 2,
with start-up values U° and U! given by
(4.2) U=uy, OU!'+AU' =c'(bAU)+ 1.

We shall first give a stability result similar to Proposition 3.1. For this we
introduce a quantity A, which enters naturally in the proof below, by

(43) A=swpA), A= 2K S|
' >0 ks 3+2,uj=1 ry—r_|’
where 7y =re(pu) =2+ +/1— /(3 + 2u) are the zeros of the polynomial
4 1
_ 2 —(r— —r).
(4.4) wr)=r 3T 2#r + 3724 (r—ro)(r—ro)

As will follow from our Appendix, A < 1.1.

Proposition 4.1. Assume that (1.3) (with ¢y = 1) and (3.2) hold, and also that
AB < 1. Then there exist positive C, y, and ko such that, for the solution of
(4.1),

n
1Ol < Ce (U + |U'N)) + Ck Y e | f|| forn>0, k < k.
j=2

Proof. We shall proceed along the lines of §3, and write U" = U} + U' +--- +
Ur, where

(5+’2‘62)U,."+AU,."=a"(b,,AU,~)+5,,,~f" forn>2, U'=d,U", n=0, L.

We wish to show that
(4.5) U < Ce ™ =||U}|| for n > 1i.
Since U} = (31 + kA)~'kf" when i > 2, this will complete the proof.
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We shall first establish (4.5) with y = 0. As in the proof of Proposition
3.1, it suffices to consider a Fourier coefficient ¢ = ¢! = (U}, ¢;) which now
satisfies, with u = kA,

(4.6) (% + u)c” -2 4 %c”‘z = ua"(b,c) forn>max(i+1,2),

where ¢/ = ¢!, ¢! = ¢! (with ¢/ =0 for i > 1 and ¢} = 0) are
given. Since (4.6) has y as its characteristic polynomial, its solution may be
represented as

n—i+l n—i+l
@7 en=

] 2;1 n rn+1—j _ rﬁ“‘j )
—r C'+3+2 +—r—_7——0'](bjC)EJ1+J2,
to0- Ly o0

for n > i, with the first term on the right replaced by
—rr (F = Y [y = 1)

and the summation extended from j = 2 when i = 0, and with the obvious
modification when r, = r_, i.e,, when u = 1/2. As is easily seen, |ry| < 1
and |r—| < 1/2, and hence

Jj J
ri—r’

= T <2,
re—r_

Consequently, |J;| < 2|c!|. For J, we have
| 2| < A(u) max|o7(b;c)| < AB max |c/],
j<n Jj<n-1

and hence
lc"| < 2|cf| + AB max |c/] for n > max(i +1, 2).
jsn—

If Af <1, we conclude |c"| < C|c!|, from which (4.5) with y =0 follows by
Parseval’s identity.

Note that for u < 1/2 the roots of (4.4) are real. In particular, r. > r_ and
hence

u &1l 2u 1 . r_
A(p) = >y = _
(4.5) 3+2uj=1r+—r_ 3+2ur+—r_(1—r+ l—r_)
_ 2 1
T34+ 2up(1)

We remark that it follows that if we restrict k so that Ak < 1/2 forall A in the
spectrum of A (which is possible, e.g., when A4 ~is a spatially discrete analogue
of an elliptic operator), then it suffices to have § < 1 in Proposition 4.1.

We proceed to show (4.5) for some positive y. With ¢" now equaling a
Fourier coefficient of e?»U!", c" = (e’"U!, ¢;), we have

1 2
_ vkon—1, 29k ,.n-2 _ U n > 1.2
3+2ue c +3+2#e c 3+2#a (by,nc) forn > max(i+1, 2),
where b, n(s) = e’=~9b(t, — s). The analogue of (4.7) follows with r.
replaced by ps = e’*ry. Since the minimal eigenvalue A9 of A is posi-
tive, and since |r,(u)| < |ry(kdg)| < e~k for k sufficiently small, we have

cn
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|p4| < |e~kcho=1)| < 1 for y < cAg. Similarly, 1/(1 —|p—|) < C, and hence
|J1] < C|ct).

It remains to investigate the quantities A,(u) obtained by replacing r+ by
p+ in (4.3). In the case x4 < 1/2, a calculation as in (4.8), and using (4.4),
establishes for small yk

_ 2u 1 2 e~ 2k
M) = 3 T (=) ~ 3+ 28 w(e ™)
24 <142k

T 2u+ 3 derk 1 gDk =

Since u = Ak, we see that for A > Ao and y and kj small enough, A,(u) <
1+ Cy=A(u)+ Cy, uniformly in k£ < ky and u < 1/2. For u > 1/2, since
r=3+2u)"12<1/2, we have

Jj J
r+—r_
r+—r_

Ay(u) -

2 i (J=Nrk _
Z (e /2y~ < Cyk,

for k small enough. Thus altogether, for k¥ and y small,
| /2| < AB max |c"|
Jj<n—1

and therefore, as before, |c"| < C|c’|. By our present definition of ¢, we now
obtain (4.5) with a positive y. This completes the proof of the proposition. O

In order to derive an error estimate, we further assume that the quadrature
scheme used is second-order accurate, now with an error bound as
(4.9)

Iy tn
14"(g)] = < CK? /0 8(ads +Ck [ 1g(s)lads,

th—1

" (g) - /0 " g(s)ds

and we also assume (3.5) and (3.6). The rather speC1al form of this error bound
is motivated by our examples in §7, where the piece ft g(s)ds of the integral
will always be approximated by the left rectangle rule as kg(ty—1).

Theorem 4.1. Assume that (1.3) (with ¢ = 1), (3.5), (3.6), and (4.9) hold, and
further that AB < 1. Then there exist positive C, &, and ky such that for the
solutions of (1.1) (with B = A), and (4.1), (4.2), we have, for n >0, k < ko,

In
1U" — u(tn)|| < Ck? (e“”"llun(o)ll +/0 e (| ()| + |||u(S)|||q)dS) :

Proof. Letting e" = U" — u(t,), we have

(5+ §52) e" + Ae" = 6" (byAe) — " + g (baAu) forn > 2,
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where " = (0 + %52)14(1‘,,) —u,(t,) . Here, e = 0 and, with U! given in (4.2),
the proof of Theorem 3.1 immediately gives

k
()] + /0 el ds)

max
0<s<k

lle'll < Ck2<

k
< Ck? (Mun(O)II +/0 (Nleteuell + IIIuIIIq)dS> :

Also, essentially as in Theorem 3.1 but now using (4.9), with § < min(a, y),

n
kY e 7 lg’ (biAu)|

j=2

tn n t;
< Ck? /0 =009 u(s)[ly ds + Ck? Y e=7 / " Nu(s)llq ds

j=2 Li-1
th
< CK? /0 &30 u(s)ly ds.

Finally, by expanding 1" in a Taylor series around ¢,, employing the integral
form of the remainder term, we have

n tn
k> ez < kzeyk/ eIy (5)|| ds.
0

j=2
By Lemma 3.1 we may apply Proposition 4.1, and the theorem follows. O

5. THE CASE OF A MORE GENERAL MEMORY FORM

In this section we shall treat backward Euler schemes (1.4) in the case that the
operator occurring in the memory term in (1.1) i$ different from the positive
definite operator A on the left side of the equation. Our purpose now is to
derive a discrete stability estimate for (1.4) of the form of Proposition 3.1 in
the present more general situation.

In [5] such an estimate was obtained, but only on a finite interval in time.
This result may be formulated as follows: Assume that |b(¢)| < K, that (instead
of (1.2))

(5.1) |4~'B|| < c1,

and further that the quadrature weights are dominated in the sense that
(5.2) wjs <ws; forj>s+1.

Then

n n—1
U < eKeardn (||U°|| +ky ||fj||) for n >0, where @n; =Y 0.
s=i

j=1

We shall now sharpen the techniques of [5] to improve this result under the
further assumption that b is exponentially decreasing. Letting Ay denote the
minimal eigenvalue of 4, we then have the following:
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Proposition 5.1. Assume that (1.3)(i), (5.1), and (5.2) hold, and let y =
%min(a, Ao) . There exists ko > 0 such that, for the solution of (1.4),

n .
(5.3) (|U"]| < eRa@m=n| U0 + & 3 ekt f]| forn 20, k< ko.
Jj=1

We remark that, for some quadrature schemes considered in §7, (5.2) will
hold with @,; < c2t,—j+c3. If s0, (5.3) shows long-time stability provided Kc,
is sufficiently small compared to « and Ao (and provided we have appropriate
bounds on || f7]]).

Proof of Proposition 5.1. With the notation and argument of the proof of Propo-
sition 3.1 it suffices to show that now

(5.4) (U2 < eXa@m=rt—||\Ui||  for n > i.
With E;, = (I + kA)~! we have
n
(5.5) Ur=Er-ivi+k Yy E;7*'a/(b;BU;) forn>i.
Jj=i+l
Here,

n ) ) n -l
kS EFel(bBU) =k > EfTMY w)shjBU}

j=itl j=itl s=0

n—1
=kZ

S=1

n
Z: (l)jsbj_sEz—j+lA

Jj=s+1

A7'BUS.

We shall show below that

n
k Z szbj_sEZ_j+1A

Jj=s+1

(5.6) < Kwse™"n-s  for n > s.

Assuming this for the moment, we have from (5.5) and (5.1), for k small

enough,
n—1

U < et 2| Ul + Key ) cose ™= | UF|.
s=i
Multiplying by e?-:, we find with ¢" = e ||U"||, for y < Ao/2,
. n—1
" < ¢’+Kc12ws¢s forn>1i,
s=i
from which (5.4) follows by a discrete version of Gronwall’s lemma (cf. [9,
Lemma 3.3]).
It remains to prove (5.6). By spectral representation this reduces to showing

n
kS w)shj_sr(kA)" 1A < Kwse ", where r(u) = (1+p1)7",

Jj=s+1
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or, using (5.2) and (1.3)(i),

n
kS =t emetis < et

Jj=s+1
i.e., after changes of variables,

n
(5.7) Q=0@, k,n)=kAY_r(kA)e i < e,
j=1
We consider first 4 > a and want to show that (5.7) holds with y = .4a.
Replacing ak by k and A by i/a, y by y/a, we may assume that a = 1.
We begin then by showing that for any 1 < .6e (~ 1.63) there is a kp such
that (5.7) holds with y = .4 for 1 < A < 1, k < ko. In fact, since r(kl) is
decreasing, we have for these A, with any § < 1 and k small, r(ki) <r(k) <
e %3 and hence, using xe ?* < (pe)~! for x >0,

Q < Atne™ < A((6 — A)e) e <7,

if A< (0 —.4)e, which holds for ¢ suitably close to 1.
We next show that (5.7) holds also for 4 > 4. For this we write via summa-
tion of the finite power series,

C=F—arm" ")
or
Ak ik
Vin () — —6tn _ (pelkny _ —6tn _ —((—B)tn
0=k ek ® @) = Tk —oF € )

where we have set r = e~%k with { = {(A, k) = —Inr(dk)/k. Note that
{(A, k) is monotone increasing in A and, since 1 +a < e%, we have 4 >
(A, k). Further, {(Z, k) = 2+ O(k). An elementary investigation shows that
the function |e~% —e~%| with 0 <t < oo, a, b >0, has a maximum which

equals
b\ 75
@)

With a={—-.4 and b = .6 we hence have
Ak -1 6 \t&
Yin . =
0 < [ c-.4] [(725) ] =nxk
For k small enough, since { <A,
A A-1 4 o(k)

hsiTom =3~ " 1=ati=1

and thus 44 Ok 6 5
Ing < 2HO0K) _ <—+0(k)).

|b—a|aF571ba‘!—L£ = b-a

<1+ 11(.4+0(k)),

¢

T—1 ¢-1\3
Further, since (4, k) > ((Z, k) = 2+ O(k),

1:1123—§'_61 -1n(§:5'4) S_Cfl -ln(u+0(k)),

.6
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and hence
6 [2 50 2
Yin < — — - —
In(e’"Q) < = [3 + O(k) ln(3 3 +0(k))].
Since 51/3 is arbitrarily close to e and % —In(e - %) ~ —.05 < 0, we may
first choose 4 and then kp so that the right-hand side is negative for k < kg,
which shows (5.7).

It remains to consider the case 4y < A < . Presenting the argument “modulo
O(k)-terms”, now {(A, k) behaves uniformly like A, and we consider instead

N n }. n
_ =My p—aty_y — A —ati p—Ay_is
O, k,n)=2k> e e ! a[akze e ]

Jj=1 i=1

Comparing the expression inside the square brackets with the previous
Q(4, k, n), we see that the roles of 4 and o are reversed, and since 1/a <1,
our analysis above clearly applies with the appropriate modifications, taking
now y = .44¢.

This completes the proof of the proposition. O

In the same way as earlier, the stability implies an error estimate. We shall
not insist on the details.

6. APPLICATION TO FINITE ELEMENT DISCRETIZATIONS IN SPACE

In this section we shall briefly discuss the application of the results above
to spatial discretization by finite elements of an integro-differential equation of
the form (1.1). Thus, let 4 denote a second-order selfadjoint elliptic operator
with vanishing Dirichlet boundary conditions in a bounded domain Q c R?
with smooth boundary, corresponding to a coercive bilinear form

d
ou Ou
A — dddhdhid 2 > 2 f H} ith .
(u,u)—/(E a,,i > j+aou)dx cllullzn for u € Hy, withc >0

i,j=1

Here we denote as usual by H" = H"(Q) the Sobolev space of functions with
derivatives of order at most r in L,(Q), with the standard norm, and by H(}
the functions in H! which vanish on Q. Our basic Hilbert space is now
Ly(Q).

Letting Sj,, 0 < A < hy, be a family of finite-dimensional subspaces of Hj ,
and introducing A4, : S, — S, by (4pw, x) = A(y, x) for w, x € S}, and
the orthogonal projection P, : L, — S) by (Pyu, x) = (u, x) for x € S, we
consider the semidiscrete analogue of (1.1) with B =4 in Sj, to be

t
Up, .+ Apup = / b(t—s)Apu(s)ds+ Py f(t) fort >0, uy(0) =ug s
0

The backward Euler method applied to this determines U" € S, from
(6.1) U™ + AyU" = 6" (byAyU) + P, f", forn>1, U =ug .

We shall use the stability result of Proposition 3.1 to derive an error esti-
mate. Checking the proof of that proposition, one sees that the properties of
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the operator 4 enter only in the condition e’ — 1 < Agk(1 — B) for its low-
est eigenvalue. Since the lowest eigenvalue Ay , of A4, is bounded below by
the smallest eigenvalue 1y of 4, we may apply Proposition 3.1 to (6.1) with
quantities that are independent of 4.

We next introduce the Ritz projection R,: Hl — S, by ARyv, x) =
A(v, x), for x € S,. We assume that the S), are such that the error estimate

(6.2) IRy —v|| < Ch"||lv||gr forve H NH"
holds, where r is a positive integer. Writing |
U" = u(tn) = (U" = Ryu(tn)) + (Ryu(tn) — u(tn)) = 6" + p",
we may use (6.2) in the obvious way to bound p". For 6" € S;, we find by our
definitions, using that 4,R,v = P,Av for ve H>NH},
00" + A,0" = 0" (b, A30) + P,(3p" + " + q" (b, Au)) for n>1,
and, assuming for simplicity that g , = Ryuo, we have 6° = 0. Here, " =

Ou(ty)—uy(t,) . As remarked above, we may apply Proposition 3.1 (with H = S,
equipped with the L, inner product) so that, since ||P,v| < ||v]|,

(6.3) 1671 < kY e =i ([Fp/|| + |7/ || + llg’ (b Aw)]l).
j=1

By (6.2) and the definition of 7/,

t . L
el s, nwns/'anda

Lj—1 41

= h"

< —
1971l < €%
Using this in (6.3) and treating the term in the quadrature error as in the proof
of Theorem 3.1, we find the following.

Theorem 6.1. Assume that (1.3) (with ¢y = 1), (3.5), (3.6), and (6.2) hold, and
let uy , = Ryug. Then there exist positive C, J, and ko such that for the
solutions of (1.1) (with B = A) and (6.1),

tn
0" = uten)l < O (el + [ el ds )

tn
+ Ck/ e =) (||uy|| + |llullly) ds  for n >0, k < ko.
0

A similar result holds also for the second-order backward difference methods,
with k replaced by k2. (Again, it is easy to check that the quantities in Propo-
sition 4.1 depend on A only through a lower bound on its lowest eigenvalue.)

As for the case of B # A treated in §5, where now B is any spatial par-
tial differential operator with smooth coefficients of at most second order, an
application of Proposition 5.1 would require a bound for ||4;'By|, where
(Byv, x) = B(v, x), for x € S, with B(-, -) the natural bilinear form on
H} x H} associated with B. This may be obtained by a standard error estimate
for the associated elliptic problem, together with an inverse assumption (cf. [9,
§3]). In some cases, such as when B = g(x)4+ B with B a first-order operator,
the inverse assumption is not necessary for this (cf. also [4, §4]).
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Finally, to obtain an error bound in the case B # A, rather than comparing
U" to R,u(t,), one may conveniently compare it to a so-called Ritz-Volterra
projection of u#. We shall not pursue this and refer to [1, 3, and 4] for details.

7. ON QUADRATURE RULES

Following the philosophy of [5] and [9], we shall now briefly discuss some
quadrature rules that are suitable for application in the situations described
above.

In the case of the backward Euler scheme treated in §3 when B = A, the
only requirement on ¢”(g) for the stability and error estimates to hold is that
the accuracy condition (3.5) be satisfied for some g. The simplest choice is
then the left-side evaluation composite rectangle rule,

n—1
(7.1) o"(g) =k Y &(t),

j=0
for which (3.5) is valid with ¢ = 1. A disadvantage of this rule is that all the
preceding values U/ need to be stored as the computation progresses in time.

We shall now give a first-order rule based on the use of the composite trape-

zoidal formula on intervals of length O(k!/?), and then somewhat modified at
the right end of the interval of integration. Let u = [k—!/2], where [x] denotes
the integral part of x. Set k; = uk and ?; = jk;, and let j, be the largest
integer such that #; < ¢,. In approximating the integral on [0, ¢,], we shall
now apply the composite trapezoidal rule with stepsize k; on [0, Z;,], then the
one-interval trapezoidal rule on [?;, t,—;] (which may be void) and, finally, the
left-side rectangle rule on the remaining interval [¢,_1, ¢,]. Thus,

Jn
(7.2) a"(g) = 7‘2 §E)+ 815 (et =T (8t 1)+ 8T gt )

Since the rule is second-order in k; on (0, #;,) and on (Zj,, t,—1), and first-
order in k on (¢t,_y,t,), we have

. th—1 th . tn
14"()| < CkJ / \&l,ds + Ck / \glids < CkI2 / glyds for j=1,2,
0 th—1 0

so that (3.5) holds with ¢ = 2. We note that the storage requirement is now
O(k~'/2) time levels on a unit length time interval, as opposed to the O(k~!)
bound for the composite left rectangle rule.

Going further with this storage-saving idea, one may set x4 = [k~'/4] and
ky = ulk = O(k'/*). The new quadrature rule then uses Simpson’s formula
on as many intervals of length 2k, that can be fitted, starting from the left,
into [0, ¢,_;]. On the remaining interval, which is of length at most O(k!/4),
it uses the composite trapezoidal rule on as many intervals of length k; =
u*k = O(k'/?) that fit in, thus reaching 7, , then the one-interval variable-
length trapezoidal rule on the interval [¢;,, ¢,—;] and finally the left rectangle
rule for [t,_i, t,]. It is clear that the number of time-levels that need to be
stored per unit time is O(k; ') + O(k2k;') + 1 = O(k~1/#). Similarly to above,
the method satisfies (3.5) with g = 4.
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We now turn to some quadrature rules which satisfy the second-order esti-
mate (4.9) and thus are appropriate for use with second-order backward differ-
encing. The simplest would be to use the trapezoidal rule on each time interval
of length k in [0, t,_;] with the left-side rectangle rule on [z,_;, #,], i.e.,

n—2
0"(8) = 3k8(0) + k I 8(t)) + Skg(tn-1).
j=1

This rule satisfies (3.5) with g = 1 and, since its error is bounded by

th—1 tn
ck? [ Ig(s)lds+ Ck [ le(s)lds,
0 th—1
also (4.9) with g =2.

In order to save storage in the second-order context, we introduce a method
based on Simpson’s rule on longer time intervals. For this, let u = [k~1/?],
ki = uk = O(k'/?), and 7; = jk;, and let j, be the largest even integer with
tj, < ty,—1. We then apply Simpson’s rule on as many intervals of length 2k, as
possible in [0, ¢,_], starting from the left, then the trapezoidal rule on most
of the remaining small intervals of length k, and the left rectangle rule on
[tn—l » tn] . Thus,

Jnf2
o"(g) = 71 > lg(®)) +4g(t2j-1) + 8(12j-2)]
j=1

n—1
+§ > (&lt) + &(tj-1)) + kgltnr).
J=inp+1

This rule satisfies (3.5) with ¢ = 2 and (4.9) with ¢ = 4, and its storage
requirement is O(k~!/2) time-levels per unit time.

For further storage reduction in the second-order case, an obvious idea would
be to use, e.g., the eighth-order formula of Newton-Cotes type, often referred
to as the six-strip approximation,

b -
/ g(s)ds = g)—8—4—-02(41g0 +21681 + 278, + 27283+ 2784+ 21685 + 41 g5)
a

(where g; has the obvious meaning). It could be used in a composite fashion on
as many intervals of length 6[k—3/4]k that fit into [0, t,_;] starting from the
left, followed by Simpson’s rule on intervals of length first 2[k~!/2]k and then
2[k~1/4]k , then by the trapezoidal rule on intervals of length &, and finally by
the left side rectangle rule on (z,-;, t,). Now (3.5) holds with ¢ = 4 and (4.9)
with g = 8. The storage requirement is then O(k~!/4) per unit time.

We next consider quadrature rules suitable for application of the analysis in
85 of the backward Euler methods when B # A. Here, in addition to the ac-
curacy requirements, we assume that the quadrature coeflicients are dominated
as in (5.2), and it is desirable for the stability estimate that @,; = 3"~ &, <
C2tn—j + c3. For the rectangle rule (7.1) one may choose w; = k and thus
@nj = tp—j, so that this condition is satisfied.

Turning now to the composite trapezoidal rule (7.2), we see that w, ,—1 =
(tn—1/2 — tj,) + k for every n. Since t,_y —;, > ki/2 about half of the
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time, it is clear that @,; > ky(n — j)/2 ~t,..jk~1/2/2, which renders the result
of Proposition 5.1 rather useless. The following slight modification may now
be made. Instead of approximating the integral on the next-to-last interval
[Zj,, ta—1], which is of variable length, by the one-step trapezoidal rule, we
employ the composite rectangle (or trapezoidal) rule with all subintervals of
length k involved. It is then clear that @,; < 2t,—; + ck; (cf. [5]). This
modification has a slightly higher storage requirement, but this requirement is
still within the previous O(k~!/2) bound per unit time interval.

Since by (1.3)(i) our memory is fading at an exponential rate, the contribution
at large ¢ from the solution on [0, T] is of order O(e~?¢~T)). Since this is
eventually bounded by the discretization error O(k™), m =1 or 2, when this
is uniform for ¢ positive, one may then set w,; =0 for n—j > Mk~'In(k~!),
with a suitable M . When the storage requirement per unit time is O(k~'/?),
the total storage requirement now becomes O(k~!/7)In(k~!).

We conclude by remarking that even in the case that u(¢) approaches a
limit ., “exponentially fast” as ¢ — oo, Theorem 3.1 (and its analogue for
the backward difference formula) merely asserts that U” is uniformly within
O(k) (and O(k?), respectively) of u(t,). In fact, no assertion can be made in
general that U” has a limit as # — oo for a fixed k. For instance, in the cases
of the modified Simpson’s rules, from computer experiments it appears that
U™ approaches a periodic limit cycle with period determined by the periodic
changes in the quadrature formulas. It seems, though, that the periodic changes
are very small compared to the main part of the error.

APPENDIX. ESTIMATION OF THE CONSTANT A IN PROPOSITION 4.1

Our objective is to show that the quantity A defined in (4.3) satisfies A <
1.1. In view of (4.8), it suffices to show that for u > 1/2, A(u) < 1.1. Writ-
ing ry = 2+i/2u—-1)/(3+2u) = re*?, with r = (3 +2u)"12,6 =
arctan ((2u — 1)'/2/2), we have

_ 24 = j—1|sin jo|
_3+2uzr sin -~

o0

Aw) = 24 >
J

We begin our proof by noting that since (cf. (4.8))

r—rl
re—r_

j=1

2u irj_lsinjﬁ_ 2u iri—rizl

3+2u = sinf 3+ 2u e
we have
_ 4u j—1 sinjé
(A-1) Alw) - 1= 3+2u Z " Sing
sin j0<0

The range of 6 involved is 0 < 6§ < n/2; our proof will now proceed by
considering different subranges of 6.
We start by treating the case of § € Iy = (0, n/8). Then sinj@ > 0 for
Jj <8, and since |sin jf| < j|sin6|, we have by (A.1),
8

B 4# ) i 4,lt r r9
(A.2) A(/l) 1S3+2,UZ;Jr —3+2‘u(91—r+(1—r)2).
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The right-hand side is increasing in 4 and r, and since r < 1/2 and u =
1+2tan?6 < 1 + 2tan?(n/8) < .85, (A.2) shows A(u) < 1.06 in Is.
We next treat the cases 6 € I, = (n/(q + 1), n/q) for 2 < g < 7. We note

that sinj@ <0 for j=qg+1,...,2q, and hence
2q ..
T ) j—18inj6
Alw) - 1= [3+2y Z Y
Jj=q+1
3+ 2u S sin 6
sin j<0

The interval I = (n/3, n/2) will be further divided into I} = (n/3, 2n/5)
and Iy = (2n/5, n/2). The following table shows upper bounds for J/(0)
and J7(0) in the respective interval, which will be shown below.

I Is Is L I 4 I
Ji6)< 010 017 032 056  .049  .045  .050
Jf@6)< 001 002 006 .015  .038  .052  .008
A(w)< 1011  1.019 1036 1071 1.087 1.097  1.058

Writing r/~!sin j#/sin6 = (r, — r/)/(r, — r_), and using that
(A =r)(X—r_)=2p/(3+2u),
cf. (4.4), we easily find by summing finite geometric series that
—2r4
Ji(8) = % [sin(g + 1)0 — rsingf — r?(sin(2q + 1)6 — rsin 2¢6)].

Next, using that sin(m + 1) = sinm6 cos 6 + cosmfsinf with m = g and
2q, and also the fact that cotf = 2/4/2u — 1, this leads to (after rearranging
terms),

. i
(A.3) J9(0) = 219 [—cosq0+rq cos2q6 — 5040 1 sm2qu.

+
V2u-1 2u-1

We now note that, for n/(¢+1) < § < n/q, we have singf > 0 and sin2gf <
0, and thus

(A.4) JE0) <2r9(1 +r?).
For J}(0), we have as in (A.2)

4’u r24 r2a+1
909) < _— .
(A.5) .12(0)_3_'_2# ((2q+1)1—r+(1—r)2)
Bounding r = cos6/2 and u = $+2tan?6 in (A.4) and (A.5) by their values
at the left and right endpoints of the respective intervals yields the bounds of
the table except those for J}(6) and the J2(6)’s.



496 VIDAR THOMEE AND L. B. WAHLBIN

Consider thus J13(0) on I3. We have from (A.3), now throwing away only
the last term on the right, and uvsing standard trigonometric formulas,

sin 36 26_214,u—27
V2u—1 (3+2u)3
Here, 2.5 < u < 6.5, and an elementary calculation shows that the term in-
volving u has its maximum at u = 204/56 (~ 3.64) and is bounded by .045.

Since 2r® < 2(cos(n/4)/2)® < .004, this shows the bound of the table.
Similarly we have on I, = (n/3, n/2)

J3(0) < 2r3 [— cos 30 — + 218,

in 20 -9
J2(6) <22 |- cos 20 — S22 | 4 2r* cos 460 = 2—E 2 4 2% cos 46.
1(6) < [ NSl 3+ 207

The maximum value of the term involving u now occurs at u = 10.5 and is
bounded by .042. Since 47/3 < 46 < 8n/5 on I;, the last term is bounded
by 2(1/4)*cos8n/5 < .003 on I} and, trivially, by 2(1/4)* <.008 on I .
Together, these estimates show the remaining bounds of the table and thus
complete the proof of our claim.
We conclude by remarking that computer experimentation suggests that 1.04
<A< 1.05.
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