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ERROR ESTIMATE IN AN ISOPARAMETRIC FINITE
ELEMENT EIGENVALUE PROBLEM

M. P. LEBAUD

ABSTRACT. The aim of this paper is to obtain an eigenvalue approximation for
elliptic operators defined on a domain Q with the help of isoparametric finite
elements of degree k . We prove that A — 4, = O(h?¥) provided the boundary
of Q is well approximated, which is the same estimate as the one obtained in
the case of conforming finite elements.

1. INTRODUCTION

We consider a spectral approximation by the isoparametric finite element
method for an elliptic operator L defined over a bounded domain Q of R2.
The goal is to approximate a simple real eigenvalue 4 of L.

J. E. Osborn [10] developed a general spectral approximation theory for com-
pact operators on a Banach space. He proved that the conforming finite element
method of degree £ made up over a polygonal domain Q satisfies the following
result:

(L.1) 4~ upll2@) = OH') and |2~ 24| = O(h*),

where (A, u) is an eigenpair of an elliptic operator. U. Banerjee and J. E. Os-
born [4] took into account the effect of numerical integration and showed that it
depends on the degree of precision of the quadrature rules and on the smooth-
ness of the eigenfunctions. To be more precise, they found the same rate of
convergence as indicated before if the quadrature rules are of degree 2k — 1
and u is regular enough. U. Banerjee [3] improved in some way this result: for
quadrature rules of degree 2k — 2, the estimate for the eigenfunction remains
true but not for the eigenvalue, where one degree is lost.

For selfadjoint problems, estimate (1.1) has been obtained by several authors;
in particular, [5] proved it for Sturm-Liouville problems approximated with
piecewise cubic polynomials. It is a one-dimensional paper but it presents a
result estimating eigenvalue error in terms of approximability error, which is
used for selfadjoint problems in higher dimensions.

If we apply the general results of Osborn [10] to the usual isoparametric
finite element approximation over some bounded domains (see §4), we obtain
the same rate of convergence as in (1.1) for the eigenfunction # but for the
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eigenvalue we only have |1 — A, | = O(hk*1) because dQ and 99, differ by
at most O(hk*!) (Lemma 3.1). Our purpose in this article is to give a “good”
construction of the approximate boundary that will lead to the phenomenon of
supraconvergence: |A — A, | = O(h*). To be more accurate, this estimate can
be derived from Theorem 3 in [10] together with (4.4) and the inequality

(T - Ty)u) < Ch*,

where £* is a linear form defined in (2.5). This last estimate involves a careful
analysis of the underlying isoparametric approximation and is proved under
Hypothesis (H) given in §4.

In §2, we briefly describe the exact problem and the approximate one. In §3,
we show how we build up the mesh over the bounded domain Q of interest and
how we devise the external layer of the elements to obtain a good approximation
of the boundary 8Q . The main result is given in §4, where we also recall some
previous results we need next. This result is proved in two steps: first we write
A — Ay as an integral defined over 9Q (§5); then the estimate of this integral
(§6) leads to the result. In the last section, some examples of triangulations
satisfying the requirements of the theorem are given in the cases k = 2 and
k=3.

2. SETTING FOR PROBLEM

Let Q be a bounded domain of R? with a C* -boundary Q. We define
an operator L on C?(Q) by

2
1o} ou
(2.1) Lu=-— 121 o, (ai,-é;i) ,

where a;; belong to C*°(R?, R). We assume that L is uniformly strongly
elliptic, i.e., there is a constant ag > 0 such that

2 2
(2.2) VE e R, Vx € R2 Y ay(x)&&i>a0 )y &
i,j=1 i=1
We associate with L the following bilinear form defined on H!(Q) x H!(Q):
2
du Ov
(2.3) ag(u, fu)_i%; /Q a(2) e 5o d.

It is coercive on H}(Q) x Hj(Q); furthermore, the boundedness of a;; on
Q implies that ag is continuous on H 1(Q). According to the Lax-Milgram
theorem, the problem

for f € L¥Q), find u € H}(Q) such that
ag(u, ¢) = / f(x)p(x)dx forall p € H}(Q)
Q

has one and only one solution u = T f. The operator 7 is an operator ac-
cording to the Rellich theorem. We denote by u a nonzero, real and simple
eigenvalue of 7 and by u an associated eigenfunction, normalized with re-
spect to the L?(Q) norm. We may then choose an eigenfunction u* of T*
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FIGURE 2.1

associated with u, where T* is the adjoint of T with respect to the L?(Q)
inner product, in such a way that

(2.4) / wudx = 1.
Q
We consider the following problem;
u—ATu =20,
P
(P1) { =1,

where A= 1/u and £* is the linear form defined on L?(R?) by
(2.5) 2*(v) déf/ wvdx.
Q

We assume the space W™:?(Q) normed with

1
p
Nl p. 0 = (Z ||aau||g) :

laj<m

where || - ||, is the usual norm of LP(Q). We use also the seminorm

1
p
|t p, 02 = (Z ||aau||g)

laf=m

and make the usual changes if p = co.

We consider the approximation of (P;) by the isoparametric finite element
method of Lagrangian type and start by reviewing the construction of a triangu-
lation associated with this method ([6 , 7, 8]). Let k be a nonnegative integer
and (I? , P, f) the finite element of reference defined as follows:

-K = {X=(X1,X%); X120, ¥, >0; X1 +X, <1} is a triangle whose
vertices are denoted by dy, 4, a, (see Figure 2.1).

-P= P, , where P, is the space of all polynomials of degree not exceeding
k defined on K.

EX={X=(X,%); Xi=ilk; Xxp=j/k; i+j<k; i,j e IN}, the set
of all Lagrangian interpolation nodes.

We consider an open set €, approximating Q and a triangulatign %, of
curved finite elements: an element K of .%, is given by K = Fx(K), where
Fx is an invertible mapping each component of which belongs to P,. The
map Fx is indeed determined by the data of the images a; x of the nodes a;
belonging to $. We assume that, if an edge I of K is on 8, its vertices
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FIGURE 2.2

are on 9Q too and that the edges which do not belong to 9, are straight.
These hypotheses are illustrated by Figure 2.2.
We denote by hx the diameter of K and assume that all #x are bounded
by h. ‘
We define the space of functions ¥} by

(26) Vi={ve CORY);v(x)=0ifx ¢ Q4; vx € Px VK € %},
where Px = {p: K - R; po Fx € P,}. It is easy to check that
(2.7) Vi C Hy (Q).

We also assume that this triangulation is k-regular ( Ciarlet and Raviart [7]).
We now approximate our problem. We first define an elliptic bilinear form on
Vi x Vy by

2
_ B 81);, 6’LUh
(2.8) ap(vy, wy) = Z /Q % Fx de
i,j=1 "% J

We also define two operators 7, and 7, from L*(R?) to V¥, by
an(Thf s vn) = /szvth,

Vf e LXR?), Vv, € V,
a(wn, Tif) = [ Fonds,

and u, and A, are solutions of
(P2)  up—ApThu, =0.

We furthermore assume that u, is the orthogonal projection of u on the
eigenspace of 7; associated with u;, = 1/4,. We then derive an estimate
for A—4,.

Remark. Most of the time, Q and Q,; are different. We sometimes need to
extend functions defined on Q or €, to R? in a continuous way and use the
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same notation for a function and its extension. Unless explicitly mentioned, an
H{} (Q)-function is extended by zero outside of Q.

3. CURVED TRIANGLES

We shall obtain the stated estimate, A — 4, = O(h%¥), by means of “good ap-
proximation” of the boundary Q. This needs explanation, which we provide
in this section.

We assume that € is parametrized by its arclength ¢ — x(g) and denote
by n (o) the unitary normal vector, exterior to JQ at the point x(o) and by
L the length of 9Q.

Consider the mapping defined as follows:

(3.1) x: (0,8 — x(0,&) =x(0) +&n (o).

If a > 0 is small enough, y is a C*°-diffecomorphism from [0, L] x [—a, a]
onto a neighborhood 7~ of 9Q in R?. From now on, we assume that 4 is
small enough so that

(3.2) aQ, C 7.

Remark. If M = x(0)+&n (o) € 7, then x(o) is the orthogonal projection
of M on 0Q and |&|=d(M, 0Q), where d(M, 9Q) is the distance of M
to 90Q.

Now let us consider K a triangle of %, , with a curved edge I';, in 8Q,;, and
let ap = x(0;) and a; = x(0;41) be the vertices of I',. We call I" the part of
0Q lying between those two points, and we denote by /; = g;,1 — 0; its length.
We remark that

(3.3) I; = O(h).

We assume that ay = Fx(do) and a; = Fx(a;), where Fx is the mapping of
(P,)? that defines K ; thus, I, is the image of the segment [dy, @;] under
Fx, and letting

(3.4) x4(0) = Fi ("—;‘-’— 0).

we obtain a parametrized equation of I';, . Furthermore, X is a polynomial of
degree k£ with respect of o on [0;-1, 0;].

We assumed that for every i
(3.5) xp(01) = x(0).

We furthermore assume that there is a constant C > 0 such that, for all i,

we have
(3.6) Xp (O‘i+j%>—x(0'i+j%>l<(jllk+l forj=1,...,k-1.

Lemma 3.1. Assume that (3.2), (3.5), and (3.6) hold. Then there is a constant
C > 0 such that, for all i, we have

X1 = X lm,o00.(01,00] < CHEHI"™ form=0,...,k+1.
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Proof. Let ¢ — gpx(o) be the Lagrangian interpolation polynomial at the

points ag; + jl;/k for j=0, ..., k of the function ¢ — x(o). Thus, we have
(3.7) {ghx(a,- +jliJk) = x(o: +jl;/k) forj=0,...,k,
gx € (P).
It is well known that
(3.8) || 84X = X |lm, c0.10,,00,] < CH1™™ form=0,...,k+1,

with C independent of i and of . We define the Lagrange polynomial basis
as follows:

o o—0a,—pli/k .
ZJ(O')—};‘-[,(W—) fOl'j—l,...,k—l.

Then we can write
k—1
gnx(o) —xp(0) = Z(x(a, +mli/k) — xp(0; + mii/k)) bm(0).
m=1

The result is thus a consequence of (3.7) and (3.8) and of the well-known esti-

mate am C
W Sl—'z form=0,...,k+1.

1

£j(o)

Remark. We deduce, from this lemma, that the function x;, and all its deriva-
tives are bounded on [0, L] independently of 4.
According to (3.2), we observed that for ¢ € [0, L] there is a unique

& € (-a, a) such that x(o)+¢&n (0) € 8, . Let dy(o) be this value of &;
and we obtain a new parametrized equation of 9 :
(3.9) o — %p(0) = x(0) + dy(0) 1 (o).
Lemma 3.1 then implies
Corollary 3.1. The mapping d, is C>® on [0g;, 0i.1] for every i, and we have
dp(o) = O(R**).

Proof. Since dy(0) = (%4(0) — x(0), n (0)), the regularity of %, gives the
regularity of d,. O

Put I?% ={(x,y) € K ; ¥ = 1/2}. There is a constant Ay such that, for
h < hy, we have K% c KN Q. From now on, we assume that ~ < Ay.
Lemma 3.2. There is a constant C, > 0 such that, for all h < hy and for all
v € Py, wehave, for i=0, 1:

191i 00k <C117], , g

Proof. P, is a space of finite dimension; thus, by the equivalence of norms, we
obtain

i,00,K X

|vlzoof( CllvltZKl

We conclude by using K y C KnQ. O
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Lemma 3.3. There is a constant C > 0 such that, for all h > 0 small enough
and for all v € V), we have

V12,4 < ChE[v 12,000,

where A, = ), \ (Q n Qh) .

Proof. Let K/O\Ae =F 1_<1 (KNA,) and J, (X) be the Jacobian of the mapping

F at the point X of K. According to the k-regularity of the triangulation
([7]), there is a nonnegative constant C, such that

Jy (X a o~ B
(3.10) 0< Ci < K Ex; <C, forall%,7 ¢ K.
0 K

We deduce

— area(K NA,) X

< o e

(3.11) area(K NA,) < area(K) < Ch*,
since

area(K NA,) < C hk+2,
area(K) > C h?,
area(K) =1/2.

We then consider a function v of Px;let ¥ =voFy sothat ¥ € P, thanks
to the definition of Px . Thus, we can write the following inequalities:

N

|v 0,2, kna, < (r;la?J( )0, e
< (max J (%))* (surface(K N A))} 91,00 &
xekK T

<Chi (rpa;cJK()?))% |91y, 00, %+ according to (3.11)

< Cht (max JK(x)) |7 | according to Lemma 3.2

%€k
maxg.z JK()?))%I
—_— = X v |0,2,KﬂQ-
ming g Jo(X)

0,2,KnQ°
< Ch (
The inequality (3.10) then implies

(3.12) 1V 0.2, kna < C1 %V 0,2, kna-

The k-regularity of the triangulation implies also that there is a constant C
such that, for all K € %, , we have

”D ”0 o,k X Ch’
(3.13) C
IDEg o, < o
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Furthermore,
91,2,k < (max Je(®) IDF 1§ o, k17, 5 g,
<Chi (n;ea%JK()?))% IDFZ' I oo 11, o0 ¢ according to (3.11)

¢ (max; g J(X)\1 ! 1
< Ch? (m) IDF 16,00, 1 DFg llg o 1V 11,2,k00

according to Lemma 3.2. The inequalities (3.13) then give

k
(3.14) |v 1,2, k08, S C2h2 |V 1,2, k00

Adding up the inequalities (3.12) and (3.14) over all the triangles that are in-
volved, we obtain Lemma 3.3. O

Remark. The inequality (3.14) is optimal, but (3.12) could be improved.

4. THE MAIN RESULT

We use the notations defined in §3. Recall that we assume

(1) For all i
(Hy)  x(01) = xp(00).

(2) There is a constant C > 0 such that forall j € {1,...,k—-1} and
for all i

E v
(Hy) ‘xh (ai+JE’> _x(a'i+JEl)
We denote by 6y =0, ..., 0, = 1 the k + 1 Gauss-Lobatto points of the
inierval [0, 1] and define
(4.1) G'i,j=0'i+0jl,', forj=0,...,k.

Theorem. If (H;) and (H,) hold, and if the triangulation %), is k-regular,
then there is a constant M independent of h such that

|A—Ay| < M (R%* + nl)%x|x(a,~,,~) —xn(0i,)1)-

< C Ik,

Remark. If we assume that
(H) n}%ﬂx(ai,j) - xn(01,7)| = O(h*),
we obtain the supraconvergence phenomenon
A=Ay = O(h*F),
In order to prove the theorem, we establish the two following propositions.

Proposition 1. There is a constant C, such that

z—Ah—/ g(0)dy(0)do | < Cy h*,
oQ

where g is a regular function of o .

We then estimate the integral with
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Proposition 2. Let ¢ € Wk=1.1(8Q); then there is a constant C, > 0 such that

/mwa)dh(a)da < CR* (19 lecr 1,00+ L1 0 ks co.00)
+GL|¢lk-2,00,00 rril%xl (x = xp)(0i,5)].

Remark. The first proposition is valid in any dimension of space, but this is not
the case for the second one, where the dimension two plays an important role.
These propositions clearly imply the theorem. We shall prove them in the
two following sections. For later purposes, we first recall some results.
If the triangulation is k-regular, we have

For all u € H*!(R?),

(T = Ti)ullm, 2,900, < CH'="" || Tu|lkyy 2,0 form=0, 1.
One can find a proof of this statement in the articles by Zlamal [12, 13] in
the case of Dirichlet-type problems. It has been improved by Zenisek [11] for

various types of nonhomogeneous boundary value problems.
We remark that the definitions of 7 and 7}, imply that

(T = T)ullo,2,x < (T = Th)uullo,2,0nq, + I (T = Th)ullo, 2, r2\@nay)
(4.3) < I(T = Twullo,2,ene, + I Thttllo,2,0,\ @)
+ | Tullo,2,2\@na,) »
since T, =0 on R?\ Q, and Tu = 0 on R?\ Q. Then, by the Poincaré

inequality,
for u € H**!(R?), such that Tu € H}(Q), we have

(4.2)

1 Tullo,2, @\@ng,) < CH*! | VT o, 2,0\@n0,) according to Lemma 3.1
SCHHVTuly 595

for u € H*!(R?), such that T,u € H}(Q;), we have

| Tutello, 2, @\@na < CA |V Thullo, 2, 0,\@n0,)
< CHY| Thully 2, 0\@n0
< Ch3*Y Thu |1 2. ang, according to Lemma 3.3
< C h#**1 according to (4.2).
The previous inequalities and (4.3) lead to
(4.4) (T = Ti)ullo,2,r: = O(KH).

We then use two results from the general theory of the spectral approximation
for compact operators by Osborn [10].

Let T be a compact operator of L(Q) into H}(Q). We define a compact
operator T from L2(R?) into L?(R2?) as follows:

Let u € L?(R?); then

~ N

u=T(uxq) on Q,
u=0 on R?\Q.
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The operator 7, is from L%(R?) into V},, thus into L%(R?). We denote by
E (respectively Ej,) the projection of L?(R?) onto the space of generalized
eigenvectors of T (respectively 7}, ) corresponding to u (respectively u, =
1/4,). These spaces are spanned respectively by # and u;, defined by (P;)
and (P,). We notice that u, = E,u. We let R(E) be the range of the mapping
E . Given two closed subspaces M and N of L?(R?), we set

(M, N)=sup{{inf{|| f—gllo,2x2; SEN}SEM; |fllor=1},
S(M, N)=max(6(M, N), (N, M)).

Osborn proves in [10] that

There are two constants C; > 0 and C, > 0 such that
“45) {ﬂR@LR@w)\QHU'YmeH
lu— | < GI(T = Th)/re) -

Moreover,
(T = Th)reey | = sup{| (T - Tw)f, ¢) | ; € R(E), p € L*(R?) ;
I fllo,2,x2 =1l @llo,2,r2 = 1}
<sup{|| (T = T3)f llo,2m2 5 Il fllo,2,me =1}
< C h*+! according to (4.4).
We then have the following results, for ¥ € R(E) with || u|lo 2,0 = 1 and
up, = Eqpuy :
(4.6) = up llo, 2,z = OH*HY),
(4.7) |A— Ay | = O(KFHY).
We now turn to the proof of the two propositions stated above.
5. PROOF OF PROPOSITION 1

We first give some notations. We decompose QU Q, into three domains:

0=QnQ,,
=Q\06,
(5.1) Ae=Q\ O,
Ii=0QnA;,
I, =0QnA,.
We let n=v = (v1, v3) be the unit normal vector, exterior to 9, and set
7]
r au = E/',

1s) 0
Oy, = 57L = ,%;1 Viaija—xj,

(5.2) 4

Oy,. = V;a;
e = o Z Rt
i,j=

2
Z a,, a) vivj.

\ i,j=1
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5.1. " Proof of Proposition 1. We divide the proof of Proposition 1 into two
lemmas.
Lemma 5.1. We have the following estimates:
(1) A=Ay ==22*((T — Tp)u) + O(h**+?),
(T - Tp)u) = a, (Tu, T*u*) + a,, (Thu, Tyu*)
+ag((T - T)u, (T* - Tp)u*) |
+ / A(o) [0,(Tu)Tju* + 8, (T*u*)Thu] do.
Te

Remark. The first estimate is a consequence of Theorem 3 in [10] together

with (4.4).
We introduce

(5.3) g(o) = A(o) 8,ud,u*(x(0)).

Lemma 5.2. We have the following equalities:

(1) a, (u,u) / g(o)dy(o)da + O(h**+?),

(2) a (Tute, Tyu*) =3 / g(o)dy(o)da + O(h%*),

(3) A(0) 3, (") Tyudo = 3 / g(0)dy(0) do + O(h*+1),
r.

@) / A(0) 8, ()T u* do = —— / g(0)dy(0) do + O(h*+1).
T.

Suppose for the moment that these lemmas hold. We show that they imply
Proposition 1. According to the first lemma, we have:

A=dp= —2a, (Tu, T*u*) - 2*a, (Tyu, Tju")
— 2ag (T = Ty, (T* - Tyu)
—/12/ A(0) [0,(Tw) Ty u* +8,(T*u*) Tyu] do

Using ATu =u, AT*u* = u* and the bilinearity of a, we get
A=dp=—a, (u, w)-2a, (Thu, Tju*) - 22 ag((T — Ty)u, (T* — T )u*)

—,1/ A(0) [0, ()T u + 8, (u*) Tyu] do.
r.

We then use Lemma 5.2 and obtain
i=t= [ g@d@)do - [ g(@)dy(a)do+ 0
T; T,

—2ag((T - Tyu, (T* - T))u*) +2 /r g(o)dy(o)do
= /39 g(o)dy(o)do + O(h*) — A2 ag (T — Ty)u, (T* - Ty )u*)

=/ g(0)dy(0) da + O(h?).
aQ



30 M. P. LEBAUD

To obtain the last equality, we have used the continuity of a ¢ and the following
inequality:

I(T = Tyully, 2,0+ [ (T* = T)u* |I1,2,0 < CAX,
which is Proposition 1. Now we prove the two lemmas stated above.

5.2. Proof of Lemma 5.1. To show the truth of (1) in Lemma 5.1, we remark
that, for all w € Im( — AT), we have

(5.4) ¢*(w) = 0.
This gives us
0=12"(up — ApThuy)
= 0*(up — ATup) + Ay £ (T = To)up) + (2 — Ap) € (Tup)
= Ay £*((T — Tp)up) + (A — Ay) £*(Tuy) according to (5.4).

Thus,
(5.5) (A=A £*(Tup) = —Ay £*((T - T,,)u,,).
Furthermore,
é*(Tuh) = Z*(Tu) - f*(T(u - uh))
(5.6)

- % + O(K**!)  according to (4.4),

f*((T - Th)uh) =" ((T — Th)u) - 2*((T - Th)(u - uh)).
We recall that the last term satisfies
(T = Ty — up)) = /Q(:r* CTY)ut (u— up) dx
= O(h**?) according to (4.4) and (4.6).
Equalities (5.5) and (5.6) imply
A=Ay = —Ady (T = Tp)u) + O(R¥**2 4 | A — 4y | HE*1),
and we obtain the desired result thanks to (4.4) and (4.7). O

The second relation in Lemma 5.1 is a decomposition of the integral
£*((T — Ty)u) over the domains defined in (5.1). From Green’s formula,

ag(v,w)—/vL*wdx=/ oy, wvdo,
Q oQ

ag(w, v) —/ Lyvwdx = d,vwdo.
Q aQ

Choosing v = Tpu and w = T*u* in the first one, and v = Tu and w = T u*
in the second one, we have

£*(Tyu) = ag(Tyu, T u*) —/ Oy, (T*u*)Thudo,
a0

(5.7)

as(Tu, T;u* =/ O, (Tu)T;u* da+/uT*u*dx
(58) Q( h ) 50 L( ) h o h

- / B, (Tw) Ty u" do + ag (Tyu, Tu")
aQ
by definition of Tj,.
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We know that Tpu = 0 on I ; the first equality in (5.8) and the definition of
T lead to

(T - Ty)u) = ag(Tu, T*u*) — £*(Tyu)
=ao(T - Ty)u, T*u*) +/ Oy, (T*u*)Thudo
e

= aq (T = T, (7" = Tp)w) + [ 0,,.(T*w")Thudo
T.

+aq(Tu, Tju*) — ag(Tyu, Tyu*)
= ag((T = Tyu, (T* - T;)w*) + a, (Tu, T*u*)
+ / [0y, (T*u*)Tyu + 8, (Tu)Tyu* | do

+a, (Thu, T;u*) according to (4.8).
The proof of the second relation is complete after we note that
Oy, (T*u*) = A(0)0, T u*,
0y, (Tu) = A(6)0, Tu,
since Tu=T*u*=0 on 6Q. O
5.3. Proof of Lemma 5.2. Proof of (1): we describe 8Q, with the notation
defined in (3.8). Every point y of A; can be written in a unique way as follows:
y =x(0) + &7 (o) with & € (dy(0), 0).
Taylor’s formula at the point x(o) gives

ou ou* ou ou*
6_x,~(y) 'BTj(J’) = '6';(35(0)) ax,

ou ou*
=vVj a—y(x(a)) D

(x(0)) + O(h**') according to Corollary 3.1

(x(0)) + O(h**!) because of u =0 on T';.
We note that

dix, dxy = (1 _ %) dodé = (1 + O(h*1)) do d¢,

where R(o) is the radius of curvature of dQ at the point x(o). The second
equality is a consequence of Corollary 3.1. This gives us
2

0 *
Oudu
a, (u, u*) = a;iViVi— — + O(h*+! ) dédo
ww)= [ ,.,,Z:lfdm) (asmm e + 0+
_ duou 2k+2
= - | 4(@)5y G (x(@)ds(o)do + O*+),
which ends the proof of the first relation.

Proof of (2): for the sake of simplicity, we let

{vh=Thu, d {v=Tu on Q,

5.9
(5:9) v, = T u" v*=T*u* onQ.
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The boundary of Q being regular, we can extend v and v* to R?\Q as
Ck+! -functions. The bilinearity of a, gives us

(5.10) aAe(vh,'vh*) =aAe(v,'v*)+aAe('vh—v,v*)+aAe(v,'v;—v*)
' +ay, (vh—v, v —v").

Analogously to the previous argument, we have
(5.11) a, (v,v*) = / 2(0)dy(0) do + O(h*+2)
r.

with g(o) = A(0)8,v9,v*(x(g)), hence i2g(o) = g(a), and we obtain the
first term given in the equality we are trying to prove. We now show that the
remaining terms in the equality (5.10) are bounded by h% . We first use the
continuity of a A
lay, (v —vp, v*) | S Cllv —vhll,2,a 107 12,4 »
(5.12) lay, (v, v* = vp) | < Cllv* = v ll,2,a 1V 1,24 5
lay, (v —vp, v* = v5) [ S Cllv—vp 2,8 10" = V5 I, 2,a-

Let r,v be the Lagrangian interpolation polynomial of degree k of v. Ac-
cording to Ciarlet and Raviart [8], we have

(5.13) lv—rall,2,0, < Ch
According to (4.2), we then obtain
(5.14) lvs — rav 1,2, < CAE.
Using the fact that v, — ryv belongs to V¥, and Lemma 3.3, we furthermore
have
(5.15) lon =40 lh.2.8. < ChElon =740 1 2,0

< Ch¥ according to (5.14).
We also have, by Ciarlet and Raviart [8],

v = |1, 00, 0u0, < ChE.

It is then clear that we obtain
(area(8e)) | v = 740 1 o0,

lv—=ravlli,2,a <
< Chik+i,

(5.16)

Hence, we obtain
(5.17) v —vplli,2.a < ChIK

The same kind of estimate holds for v*—vj; . We furthermore have the following
inequality:
1
1v* [11.2.4 < C (area(A,))? < Ch'E,

which is also true for ||v|;,2,a, -
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Putting these two last results in (5.12), we have
la,, (v — vy, v*) | < Ch¥*+3,
la, (v, v* —v;)| < Ch¥*1,

|ay, (v — vy, v* —v;)| < CH*

Using these inequalities in the equality (5.10), we obtain the second relation of
Lemma 5.2, thanks to (5.11).

Proof of (3): the proof of (4) being similar, it will be omitted. We use the
notations (5.9). The function v, vanishes on 9%, hence, according to (3.8),
we can write

vh(x(0)) = --di(0) 1 (9) Vur(y) with y € (x(0), x4(0))

= ~dy(0)7i (0) Vu(x(9)) + d4(0) 7 (0) (Von(x(@)) — Vuu(»))
= ~dy(0) 8,v4(x(@)) + O (W | (0)(Vun(x(0)) - Vuu () |)

according to the estimate on dj, obtained in Corollary 3.1.

We furthermore have
|7 (0)(Von(x(0)) = Vuu () |
< |7 (0)(Von(x(@)) - Vu(x(0))) |
+ 7 (0)(Vo(x(@) - Vo)) |

+ 7 (0) (Vo) = Vo)) |
< C(llv=2vull1,2,a +1x(@) =)
< C h**! according to (5.17) and Corollary 3.1,

which gives
Up (X(U)) = —dy(0)0,vy (x(a)) + 0(h2k+2),

We finally obtain
(5.18)

/ A(0) 0, (") Thudo = — / A(0) 8, (u*)dy(0)d,v4(x(0)) do + O(h*+2).
T. I.

Since ||[v —v4l1,2,8 = O(h**!), we have

3,y (x(0)) = 8v(x(a)) + OB+,

Furthermore,
{ v=Tu= lu
7%
dy(c) = O(h*+1).
Therefore,
dn(0) 8,y (x(0)) = 1 dn(0) d,u(x(c)) + O(h*+2).

A
This, and (5.18), yield the proof of (3) and the lemma is completely proved. 0O
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6. PROOF OF PROPOSITION 2

We use the Gauss-Lobatto formula to prove the proposition. Therefore, we
introduce 6y =0, 6, ..., 0, = 1, the k +1 Gauss-Lobatto quadrature points
of [0,1], and

k
(6.1) Gi(f) =Y 1A floi+6;l),

Jj=0

where the coefficients A; are uniquely determined by
1
(6.2) Gi(p) =/ p(x)dx forall p € Py_;.
0

We recall that A; > 0 and Zf=0,1 j=1.
According to the Peano theorem ( see, for example, [9]), we have

63)  Forall fe C*((ay, om]) |EN|<CE* | flakoonrs
where
(6.4) E0 = ™ f(o)do - Gi(f).

We now begin the proof of Proposition 2. Denote y; = [0g;, 0i41] and
consider a Wk-1.1(9Q)-function ¢ . Then we have, for all ¢ € y;,

(k—1) (U—S)k 2
(6.5) 0(0) = / o0 T ds,

where p; is Taylor’s polynomial of degree kK —2 of ¢ at the point ;. This
equality implies that

(6.6) e —pillo,co,y < < Chk- 2|(/’|k 1,1,7-

Furthermore, we can write:

k
[ @ ds(0)do = [ (9= p)(0)du(a)do + Epid) + i 3 4y pids) 1)
Vi Vi Jj=0
According to (6.4), (6.6), and Lemma 3.1, we deduce
¢(0)dy(o)do

4l

<C(F* 1kt 1+ H* | idy ok oo, + i max | (21dy)(01,5)])

<C (hzk 10 k=1, 1,9, 41 19 lk—2, 00,5, (B | l2€, 00,5+ max REACH) I)) ,
where we have used the inequalities:
jmax | |pi(gi, ;)| < Pillo,oo,y, S C @ llk=2,00,% >

|ptdh |2k 00,y X C”¢"k 2,00,7 ”dh ||2k 00,
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Carrying out the summation over all intervals y; , we obtain
| [ o@dia)do
aQ

<C (F*19 k11,00

+L||l¢llk-2,00,00 (n}aix |dn(o:, ;)| +

hk max || d) "2k,oo,yi))'

To complete the proof of Proposition 2, we need the following lemma.
Lemma 6.1. There is a nonnegative constant C such that, for all i, we have
ldhll2k, 00,7 < C,
|dn(ai,7)| < C(I(x = xa) (03, ) | + h**1).
Proof of Lemma 6.1. We construct two parametric representations of 9Q :

s € Lo, o] = x(0) = Fy (72,0
o € [0i, 6411 — %4(0) = x(0) + du(0) 1 (0).
This defines a homeomorphism
f:0€[0,L]—s=f(o)€[0, L]
with
(6.7) xn(s) = Xn(0) = x(0) + dy(0) 1 (0),
which gives us
(6.8) dy(0) = ((xa(s) - x(0))- 7 (3)).

We already observed that x; and all its derivatives are bounded independently
of A and i; then we obtain the first inequality, provided f is C* on [0, L]
and has all its derivatives bounded independently of 2 and i. We first prove
with a Taylor expansion that there is a constant C independent of i and A
such that

(6.9) o —s| < Ch*L,
According to (6.7) we have
(6.10)
xXn(s) = x(s) = x(0) = X(s) + dy(0) 7 (0),
— — 2 —
=(s—0)t(o)+ (-(;—R%+dh(a)) n(e)+0(s-al?),

where R(o) is the radius of curvature of 9Q at the point x(o).

Lemma 3.1 and Corollary 3.1 say that we have ||x — xj [lo, 00,00 < Ch**!
and dj(c) < Ch**! | thus (6.10) leads to (6.9).

We now study the regularity of f. According to (6.7) we have

(6.11) f(o) = LFg  (x(0) + dy(0) 7 (9)) + 0.
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We assume the triangulation to be k-regular; this implies that Fx is a Ck-
diffeomorphism; furthermore, it belongs to (P)2. It is then clearly a C*-
diffeomorphism. Since dj is regular and using (6.11), we obtain that f is
regular.

In order to prove that all derivatives of f are bounded independently of A

on [0, L], we multiply (5.7) by x'(o) =7 (6), and we have

(6.12) $(0) & (x(0) - X'(0)) = (x(s) - ¥'(0)),
where ¢ is a C° -function on [0, L] which does not depend on 4. Carrying
out the differentiation with respect to o, we obtain
(6.13) ¢'(0) = 1'(0) (x4(s) - X' (0)) + (xn(s) - x"(0))-
According to (6.9), we can write
(x,(s) - X' (0)) = (x'(0) - x'(0)) + (x'(0) - X' (5) — x'(0)) + (x'(0) - x}(s) — X'(5))
=1+ 0(h"),

because of || x' — x; [lo,c0,00 = O(h*) as a consequence of Lemma 3.1. We
deduce from these calculations that, if 4 is small enough,

(xh(s) - x'(0)) # 0,

thus f” is independent of /4 since x;, and all its derivatives also are. We
then obtain that all derivatives of f are bounded independently of / thanks
to the previous remark and with the help of an induction by carrying out the
differentiation of the equation (6.13) with respect to ¢ . Thus, all the derivatives
of f are bounded independently of # on [0, L] and inequality (6.8) proves
the first part of the lemma. We now proceed to the second part.

Define

(614) Si,j=f(0'i,j),
and write (5.8) at the points s; ; and o; ;:
(6.15)

dy(i,;) = ((Xn(si.j) — x(03,)) * 7 (03,5))
= ((xa(01,7) — x(01,7))+ 1 (01,7)) + ((xa(si, j) = Xn(0i,))) - 7 (07,))
+ ((x(94,5) = x(51,))+ 7 (a3,5))-
We know that
xu(si, ;) = Xn(0i,j) = (i, — 01, ;)X (04, ;) + O(h**+?)
according to the estimate of s — g stated in (6.9)
= (s1,j — 01,,)X(01,7) + O(h*+?)
+ (81,5 = 0i,j) (x4(01, ;) — X' (031,5))
= (s1,) - 01,,)x'(03,;) + O(h**') since || x — x, || = O(h¥).
Substituting the last equality into (6.15), we obtain
dn(ai,)) = ((en(01,5) = X(01,)) - 1 (01,)) + O(*+),

because of x'(o;, ;) =7(0'i,j)- a
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Remark. According to (6.15), we could change ( H,) and (H ) to (H3):

(H:) {| ((xn(1, ) = x(91,))).- 7 (@1,,) | < C A%,
| xn(0i,5) — x(0i,;)| < CIF*1.

7. EXAMPLES

We use again the notations of §3. We consider a triangle K of the triangula-
tion %, with a curved edge I';, in 0Q, and denote by 4 and B the vertices
of I',. We call T" the part of 9Q lying between these two points. Let O be
the midpoint of 4 and B.

For k = 2, we give two different constructions of the arc I, ; for k =3, we
only give a sketch, since it is the same idea.

7.1. The case kK = 2. The Gauss-Lobatto quadrature points of the segment
[0,1], for k=2, are 0,1/2,1. We assume that 4 and B have —//2 and
//2 as arclength. Let

(1.1) C' = x(0).

If we define I';, by the three points 4, B, and C’, then the hypothesis (H)
clearly holds, and the triangle K is k-regular, but C’ is difficult to calculate if
I" is not parametrized by its arclength.

We can also consider the point C intersection of I" and the median of
[A4, B]. Let us show why this point is convenient. We must have

(7.2) CC'= O(h%).
Let
- . dx(o)
(7.3) { 1) =5 >
C = x(ay).

Lemma 7.1. With the previous notations, we have
(1) a1 =0(h*),
(2) CC'= 0(h*).

Proof. The point o is defined by ocC - ,ﬁ =0.

We write the expansion of the function x at the point 0 for ¢ =0y, —//2,
or [/2,

x(a) = x(0) + ox'(0) + %2x”(0) + %3x"'(0) + o1,

0C = x(@1) - (x (-é) i G))

2
=01 x'(0) + %(af - 12)x"(0) + %013 x"(0) + Oo(I*),

hence

y=1 (x’(O) + % X"(0) + 0(14)).
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Thus,
(7.4) o+ %af’ + 3% a1 2(x'(0), x"'(0)) + O(I%) = 0.

We deduce that g; = O(/*). We have already remarked that / = O(h), thus
we have shown the first relation of the lemma.
We also have

CC'= x(ay) — x(0) = 0, (0) + O(A®),

which shows the second relation. O

The point C satisfies the hypothesis (H); it also satisfies the hypotheses
needed for a k-regular triangulation ([7]). We remark that any point C” with

C'C"= O(h*) is also convenient; we then show another way of constructing the
third point required to obtain I’ .

Let D and E be the two exterior nodes of the triangulation which are re-
spectively the nearest of 4 and B.

We consider p a polynomial of degree three, passing through 4, B, D, and
E, and we denote by C” the intersection of p with the median of [4, B];

by construction, C” satisfies that C’C”= O(h*) and C” is easy to calculate.

We give an algorithm to obtain C”. We first work with the orthonormal
frame of reference defined by Figure 7.1, and we denote by (x,,,y,,) the
coordinates of a point M in this frame of reference. We have

Xy =—Xg,
y,=yg=0,
yCu=0.

We define two polynomials p , and p . as follows:

(x = Xxg)(x —x,)(x — xp)

79 7o) Gy =g 5y = 3,5y = 5y
) po(x) = (x —xp)(x —x,)(x — xp)
E (xg = Xp)(xg —x4)(xg —xp)
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We then define C” by

(7.6) Xcn =Y pPp(0)+ygpg(0).
We now work in the original frame of reference, assumed to be orthonormal,
and denote by (x'M »¥',,) the coordinates of a point M in this frame of
reference; we can then give an algorithm to calculate C”:

(1) Change of frame of reference:

o= xoh/ZXA ’ B = yoh/ZyA ,
f(x,¥) = Bx—xL)+aly - ¥l),
gx,y)=alx—xp) - By -y,),
{xE=g(x,’5,yg), {xD=g(xg,y;,),
Ve =S(x;,v) yp=f(xp, ¥p)

(2) Equality (7.6):

K xz yt
P(X,y,Z,t)— 4(x_y)[x2_h2/4_y2_h2/4]’
c=p(XD, xE9yD9yE)'

(3) Result:
x'C,, = Bc+xy,
y’C,, =ac+yp.
Remark. In the case of k = 2, according to Ciarlet and Raviart [7], the trian-

—_

gulation is k-regular if we have || OC” || = O(h?), which is the case; we then
construct the other two edges to obtain the other hypotheses of k-regularity.

7.2. The case kK = 3. The Gauss-Lobatto quadrature points of the interval
[0, 1] inthecase k=3 are 0, a=5(1 - J%), B = 3(1+ ), 1. Let

B =x(al),
C = x(p).
We then observe that all points B’ and C’ satisfying
|BB'|| = O(hS),
IcC'l = o)

are convenient to construct I', . We consider a polynomial p of degree five pass-
ing through six exterior and nearest nodes of the triangulation and we denote by
B’ (respectively C’) the intersection of p with the orthogonal straight line to
(4, B) passing through the point a4+ (1 —a)B (respectively fA+(1— 8)B).

These points define a convenient arc I', ; we then construct the two other
edges of the triangle in order to have a 3-regular triangulation.
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