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ERROR ESTIMATES FOR A FINITE ELEMENT METHOD FOR
THE DRIFT-DIFFUSION SEMICONDUCTOR DEVICE EQUATIONS:
THE ZERO DIFFUSION CASE

BERNARDO COCKBURN AND IOANA TRIANDAF

ABSTRACT. In this paper new error estimates for an explicit finite element
method for numerically solving the so-called zero-diffusion unipolar model (a
one-dimensional simplified version of the drift-diffusion semiconductor device
equations) are obtained. The method, studied in a previous paper, combines
a mixed finite element method using a continuous piecewise-linear approxima-
tion of the electric field, with an explicit upwinding finite element method using
a piecewise-constant approximation of the electron concentration. By using a
suitable extension of Kuznetsov approximation theory for scalar conservation
laws, it is proved that, under proper hypotheses on the data, the L°°(L!)-error
between the approximate and exact electron concentrations of the zero-diffusion
unipolar model is of order Ax!/2. These estimates are sharp.

1. INTRODUCTION

This is the second paper of a series in which we introduce and analyze a
new finite element method for numerically solving the equations of the drift-
diffusion model for semiconductor devices, [14]. In the first paper of this series
[1] we considered the so-called zero-diffusion unipolar model as our model prob-
lem:

(1.1a) ur+ (uB)x =0, 1>0,x€(0,1),
(1.1b) u(t, 0) = up(r), if B(r,0)>0,7>0,
(1.1¢) u(t, 1) =uy(t), ifp(r,1)<0,7>0,
(1.1d) u(0, x) = u;i(x), xe(0,1),

where u is the (scaled) electron concentration and f is the (scaled) negative
electric field given by
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(1.2a) —Br=1-u, x€(0,1),7>0,
(1.2b) B =dx, xe(0,1),7>0,
(1.2¢) ¢(t,0)=0, fort>0,

(1.2d) o(t, 1) =¢i(1), fort>0,

where ¢ is the (scaled) electric potential. This model is obtained from the
general equations of the drift-diffusion method by a series of simplifying as-
sumptions; see the references given in [1]. In [1], a numerical scheme using
a discretization of the equations (1.2) by a mixed finite element method and
a discretization of the equations (1.1) by an explicit upwinding scheme was
considered. The negative electric field f was approximated by a continuous
piecewise linear function and the concentration u by a piecewise constant func-
tion. The scheme was proved to be stable and to converge, in a suitable topology,
to the unique exact solution; see [1, Theorems 2.1, 2.2, 2.3].

In this paper we show that the L°°(L!)-error between the exact electron
concentration of (1.1) and (1.2), u, and its numerical approximation under
consideration, u;, is of order Ax!/?2 under proper conditions on the data.
The main idea in obtaining the error estimates is to exploit the similarity of
equation (1.1a) with classical conservation laws: if f is an evaluation operator,
that is, if 8 = f(u), then (1.1a) is nothing but a classical scalar conservation
law. It is then reasonable to expect that after suitable changes, the Kuznetsov
approximation theory for conservation laws [6] could be extended to the case
under consideration. In this paper we prove that this is indeed the case. No
error estimates seem to be known for bounded domains. Indeed, the error
estimates for scalar conservation laws available in the literature consider the
domain to be R”; see [6, 12, 8, 9, 10, 2, 3]. (A single convergence result for
the bounded domain case is given in [7].)

Error estimates for the equations of the drift-diffusion model have been ob-
tained in [4] and [11] for a finite element method that uses the modified method
of characteristics, and in [13] for a method that extends the Scharfetter-Gummel
method to the time-dependent case. In [4] and [11], the authors use the pres-
ence of parabolic terms (which we have dropped) to obtain L2-error estimates
that depend on second-order derivatives of the concentration u. Since the
second-order derivatives of the concentration depend on a very small “viscos-
ity” parameter A, the constants for the LZ-error estimates blow up as A goes
to zero. In order to avoid such a situation, we have obtained error estimates de-
pending only on first-order spatial derivatives of the electron concentration u.
In [13], the parabolic equations for the concentrations are replaced by parabolic
equations for the current densities through a suitable transformation. The re-
sulting equations are then discretized by using a standard finite element method
in space. This approach has two advantages: (i) it allows the author to use an
L2-parabolic technique to obtain error estimates, and (ii) it allows the error
estimates to be independent of the derivatives of the electron and hole concen-
trations (although they do depend on second-order derivatives of the currents).
Our approach is different in that (i) no previous transformation of the equa-
tions is required, (ii) an L!-hyperbolic error analysis technique is used, and (iii)
only first-order derivatives of the electron concentration appear in the error es-
timates.
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The paper is organized as follows. In §2 we display the numerical scheme
under consideration. In §3 we state the extension of the Kuznetsov approxima-
tion theory [6] to our framework; see Theorem 3.1. We then state and prove
our error estimates, Theorems 3.2 and 3.3. In §4 we prove Theorem 3.1.

2. THE NUMERICAL SCHEME

For the sake of completeness, we include here the description of the numerical
scheme for which we obtain error estimates. For a complete discussion of the
ideas of the numerical method we refer the reader to [1].

We first introduce some notation. Let {x;,i/2}i-0,..,n, b€ a partition of
[0, 1] with x;;, = 0 and x,,> = 1. Similarly, let {t"},—0,..,», be a par-
tition of [0, 7], with 70 = 0 and "7 = T. We set I; = (Xi_12, Xi+1/2) s
Ax; = Xiy12 — Xi—1j2, and J" = [t7, 1) A" = "1 — ¢" | Define Ax =
max;=i, . . {Ax;} and At = max,-o, . .,—1{AT"}. We associate with these
partitions the following spaces:

Vax = {vax € €90, 1): vaclr, € PI(Ih), i=1, ..., ny},

Way = {way € L®(0, 1): wayl, € P°L), i=1,..., ny},

Wy, = {w,, right-continuous : wa.|;» € P°(J"), n=0, ..., ny —1}.
If vo, € Vax, then v/, denotes vac(Xiy1/2) for i =0,..., nc. If wy, €
Wy, , then w; denotes the constant value wy,(x), x € I;,for i=1,..., ny;

the values wy and w,_ 4; denote the exterior trace at x = 0, wx,(0—), and
at x =1, wp,(1+), respectively. Finally, if wp, € W,,, then w” denotes the
constant value wa,(1), 7€ J".

To discretize (1.1) and (1.2), we first discretize the data as follows:

n+1

1 T
(2.1a) ?’A’-_'A_r;/ ¢1(1)dr, n=0,...,n7-1,
1’1
1 1n+l
(2.1b) u(’)”m=m/ up(t)dr, n=0,...,nr—1,
t”
1 1n+l
(2.1¢c) u;’,A,=ﬁ/ u () dr, n=0,...,nr-1,
T"
1 X)+1/2 .
21d)  (4.a0); = A-}—/ wx)dx,  J=1,..., 1.
J YX12

The approximate solution u, is taken to be in the space W), ® Wj, and is
required to satisfy the equation

(2.22) (™ —ul) /AT + (ffiyja = Sl 2) /X = 0,

where the numerical flux f7}, n = S, uf s Bl /2) is the upwinding flux
given by

(2.2b) f;".’H/z = u?ﬂ7+1/2 + u?+l'3in+_1/2'
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The function (B, ¢p) € War ® Vay x Wa, ® Wy, is defined by the following
mixed finite element method:

1
- /0 (Bi)x(2" ) x)war(x) dx
(2.3a)

1
- / (1= up(2", X)) wae(x) dx, Vs, € Was,
0

/0 B(T", X)vac(x) dx
(2.3b)

~ [ a0+ ), s € Vi

Thus the algorithm of our numerical method is:

(1) Compute the functions g ¢, #1 a7, Ui, ax, and @ ac by (2.1);
(2) Set u4(0, ) = u; ax(*);
(3) For n=0, ..., nr — 1 compute u,(t"*!, ) as follows:
(i) Compute (B(t", ), ¢p(t", +)) by using the mixed finite element
method (2.3);
(i) Set up(", 0~) = tp,ac(t") and ws(c", 14) = Uy ac(T");
(iii) Compute uy(t"*!, x) for x € (0, 1) by using the scheme (2.2).

3. THE MAIN RESULTS

In this section, we state and briefly discuss our main results. We begin with
our key result, the extension of Kuznetsov’s approximation result [6, Lemma 2]
to our framework.

This approximation result gives a measure of the closeness of two arbitrary
pairs of functions (u#, 8) and (v, n) satisfying the following regularity require-
ments:

(u, B) and (v, n) are right-continuous functions from [0, T')
(3.1a) to L'(0, 1) x W1-°(0, 1) and have limits from the left on
0, T,

(3.1b) u,ve L=, T; BV, 1))nL>(0, 1; L'(0, T)),

(3.1c) B(x), n(x)e BV(0,T) forxe{0,1},

in terms of the so-called entropy form FE®-¢(v, u; 1), which measures how
close the function (v, ) is to the exact solution of (1.1) and (1.2), and in
terms of the following smoothness-measuring quantities:
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T
vt oe, v n) = sup/0 u(z, A) —v(t, 0-)|n*(z, 0)dx,

0<ALe

T
= (e, v5 ) = sup —/ (e, 1-A) —v(e, 19)n~(z, 1) dr,
0

14
0<A<Le

V1+,o(80 , V) = 0<31A11<) lv(A) - 'U(O)”Ll(o, 1)
SASé

2 _
B2y (e, v) = sup V(T = A) = (Dl
0<A<ep

vi(o,v) = sup lv(t) —v(t)llLio,1)>
[t—1'|<éo

7,7 €[0,T]

T ol
ve(&0, 1) = Sup/O X(T+A)|/O (n(z, x) - n(r+A, x))dx| dr,

|A]<eo

where v(., 0—) denotes the boundary data for v at x = 0, v(-, 1+) the
boundary data for v at x = 1, and yx is the characteristic function of the
interval [0, T7].

We now define the entropy form E%:¢(v, u; n), following [6]. Let ¢y and
¢ be arbitrary positive real numbers. Let w: R — R be an even nonnegative
function in #>(R) with support contained in [—1, 1] and such that f_l \w =
1. We set

(3.3a) (T, x; 7T, X') = W (T — T )we(x — x'),

where w,(s) = w(s/v)/v, Vs € R. Finally, we denote by U an arbitrary even
convex function with Lipschitz second derivative, such that U(0) = 0. Such a
function will be called an “even entropy”. Although Kuznetsov [6] used only
the Lipschitz entropy U(u) = |u|, we need to consider smoother even entropy
functions, namely,

_ f|lw|-1/2M for lw| > 1/M,
(3.3b) Uym(w) = { Muw?/2 for |lw| < 1/M.

Notice that L = sup,cg U] /M(u) = 1, that the support of Ul”/M is the interval
[-1/M, 1/M], and that M = sup,cg U, (u) .

For a general entropy function U, the entropy form E®-¢(v, u; ) is defined
as follows:

T ,l
(3.4a) E”‘“”(’u,u;n):/ / O, u(t, x);n; ¢(t, x;+,-))dxdr,
o Jo

where
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O(v,c;n; 0(t, x5, )
T 1
= —/ / Uw(t, x")=c)pu(t, x; 7', x")dx' dt'
0o Jo

T 1
- / / U, x") =o', xex(t, x; 1, x')dx'dt
0o Jo

1
+/ Uw(T,x")-c)e(t,x; T, x")dx'
0

(3.4b) - /1 U0, x")—-c)e(t, x; 0, x")dx'
0

T

+/ G(t', 1) —c, v(, 14) — c; n(@', Doz, x; 7, 1) d7’
0
T

—/ G(t, 0-) — ¢, u(, 04) - c; n(t’, Ng(t, x; 7', 0)d7’
0

T ,l
[ [ v, 5, op, x: ¢, 5y de
o Jo
and the “entropy” flux G and the function V are defined by

(3.4c) G(Vieft » Vrights M) = U(Vier)n™ + U(Vrigne) ™,
(3.4d) Viv,c)=U(v—-c)—vU' (v -oc).

We indicate that we are taking U equal to Uiy, defined by (3.3b), by writing
Ef‘} s - We are now ready to state our approximation result.

Theorem 3.1. Let (u, ) and (v, n) be functions satisfying the regularity con-
ditions (3.1). Then, there exists a constant C, which is bounded provided that
T is bounded and the regularity conditions (3.1) are satisfied, such that

lv(T) = u(T)llLi0, 1
<C {”’U(O) —u(0)llz10,1)
+ lo(1+) = u(1+)ll 10, ) + 1v(0=) — u(0=)l L1 (0, )

+/OT /Olw(r,x)—ﬁ(r,x))dx dt

T
+ /0 100 m(") + (1 = (@) llso.1, d7’

T
+A Ilax,B(‘t)+(l—u(t))||L1(0,1)d‘t+8+8o+l/M

+{vy (e, us B)+vg (e, vsm) +vyo(e, u; B)+ v (e, vin)}
+{v; r(eo, u) + v p(e0, v) + v (80, u) + V1+,0(80, v)}
+ {Vz(so, u) + Vz(é‘o, U) + v:(&o, ﬂ)}

+EPy (v, usm) + EPif(u, v ﬁ)} :
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and, for 1€ [0, T],
In(z) = B(D)llL=(0,1)
<|v(r) —u()lzio, 1y + I10x1(t) + (1 = v(2) |10, 1y

1
+ 102 B(2) + (1 = u(@)llo.1) + /0 (n(z, x) - B(z, x))dx|.

Next, we give estimates for the error between the exact solution (#, f) of
(1.1) and (1.2) and the approximate solution (u,, f,) given by the numerical
scheme described in §2. Such an approximate solution was proven to be stable
[1, Theorem 3.1] and to converge to the exact solution [1, Theorem 3.3] under
the following regularity conditions on the data:

(3.5a) uo(t), ui(t), ui(x) € [0, u*], t€[0,T],x€]0,1],
(3.5b) uy, uy €BV(0,T) and u;(x) € BV(0, 1),

(3.5¢) ¢1(7) €0, ¢71, t€[0, 1],

(3.5d) ¢ € BV(0, T),

where u* > 1, and under the condition that, for n = 0, ..., nr — 1, the
following CFL condition is satisfied:

(36) A< min{ L Axi }

u’ (2ur — DAx; + ¢} + s max{1, u* — 1}
We assume this CFL condition to be satisfied from now on.

Under the general conditions (3.5), it is possible to obtain an upper bound on
the entropy forms FE*-¢; see [1, Theorem 3.4]. However, additional hypotheses
on the data seem to be necessary, in our technique, to estimate the forms v
defined in (3.2) that measure the smoothness of the flux at the boundaries; see
[1, Theorem 3.5]. We consider two different hypotheses that lead to different
estimates of the continuity forms v and hence, by Theorem 3.1, to different
error estimates. These hypotheses are the following:

(3.7a) uw=1, wuy=0, and ulg,, ¢l areconstant,/=1,..., N,
(3.7b) bilk, e Who(K)), [=1,...,N,

where {K;}, isa set of disjoint intervals such that (0, T) = Uﬁ , K; . The first
hypothesis allows us to control the signs of 8 and f, at the boundary in such
a way that the quantities v,(¢) defined in (3.2) can be bounded by a constant
times (¢ + Ax). The second hypothesis allows for a possibly highly oscillatory
behavior of the signs of f and f), at the boundary, which is nevertheless
suitably controlled by the smoothness of ¢;. In this case, smoothness at the
boundary deteriorates: the quantities v,(¢) defined in (3.2) can be bounded
only by a constant times (¢ + Ax)!/2.

Theorem 3.2 (Error estimates: the case (3.7a)). Suppose that the hypothesis
(3.7a) is satisfied. Then there exists a constant C, depending solely on T and
the initial and boundary data, such that

”u - uh”L°°(0,T;Ll(0, 1) < CAx!'/? s

1B = Bullro, 7; (0, 1) < CAX'/2.
These error estimates are sharp; see the numerical experiments in [1].
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Theorem 3.3 (Error estimates: the case (3.7b)). Suppose that the hypothesis
(3.7b) is satisfied. Then there exists a constant C, depending solely on T and
the initial and boundary data, such that

lu — unllLo0, 75000, 1)) < CAx'3,

18 = Bhllzio, 710, 1) < CAX'7.
Proof of Theorem 3.2. Set (v, n) = (u, Br) in Theorem 3.1. To prove our
result, we first have to estimate each of the terms appearing on the right-hand
side of the inequalities of Theorem 3.1. The following estimates follow easily
from the fact that the discrete initial and boundary data are local averages of
the corresponding continuous functions. Thus,

||v(0) = u(0)|lz10,1) < |uilBv(0,HAx by (2.1d) and (3.5b),
lv(1+) = u(1+)l 10, 1) < [“1lBv(0, 1)AT by (2.1c) and (3.5b),
lv(0=) = u(0-)|IL10, 7) < |4olBv(0,7)AT Dby (2.1b) and (3.5b),

[

/1(17(1.', x)—B(t,x))dx| dt
0

T
- /0 61 4(7) — $1(1) dT by (2.3) and (1.2)
< |#1lBv(o, r)AT by (2.1a) and (3.5d),

where |f|gv(o,1) denotes the total variation of the function f. We also have
/ 195 m(e) + (1 = v(# 30,1y d7 =0 by (2.38),

/0 18:8(2) + (1 — ()., dT =0 by (1.2a).

Finally, (most of) the following estimates have been obtained in [1]:
vy (e, vsm)+ +o<s, v;m} < Cle+Ax) by[l, (213)],
{vy (e u; B)+v Yole,u; )} < Ce byll, (2.13)] and [1, Theorem 2.3],
{v; r(e0, v) + I/+0(80, v)} < C(&y + A1) by [1, Proposition 3.14],
{vy r(eo, u) + Ve, +o(€o, u)} < Cey by [1, Proposition 3.14, Theorem 2.3],
v(&0, v) < C(g + A1) by [1, Proposition 3.14],
v.(gy, u) < C(g) by [1, Proposition 3.14, Theorem 2.3],
v.(&g, B) < Cey by (1.2) and (3.5d),
Ef%j(u, v; B) <0 by[l, Theorem 2.4],
Efif(v, u; n) < C(Ax/e + At/e) + CATM by [1, Theorem 2.4].
By Theorem 3.1 and the above estimates, we easily obtain that
lo(T) = u(T)lli0,1) < C{Ax + At + &+ Ax/e + & + At/eg + AtM + 1/M}.

The first error estimate follows by minimizing with respect to M, ¢, and ¢
and by enforcing the CFL condition (3.6), which is of the form At < CAx.
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The second error estimate can now easily be obtained from Theorem 3.1, the
first error estimate of Theorem 3.2, and from the fifth and sixth inequalities of
this proof. O

Proof of Theorem 3.3. The only difference from the preceding proof is that now
we have, by [1, (2.14)],

YL{vg (8, us B)+vy y(e, v )+ ole, us B)4v ofe, vs M)} < Cle+Ax)'/2,
and hence, for ¢ small enough,

v(T) —u(T)l|z10,1) < C{AX"2 + At + €2 + Ax /e + &g + At/eg + ATM + 1 /M.
The results follow as in the previous proof. 0O

4. PROOF OF THEOREM 3.1

In this section we prove Theorem 3.1. We begin with a very simple result
linking the distance between n and B and the distance between v and u.

Lemma 4.1. We have
In(7) = B(T)llz=(0, 1)
<lv(t) — (™)L, 1y + 19xn(7) + (1 = ()i, 1
1
| e 0 - pe

Proof. 1t is very simple to see that, for 7 € [0, T],
In(t) = B(DllL=o, 1)

+ 1182 8(z) + (1 = (D)l 10,1y +

< N0xn(T) = 0xB(T) |10, 1) +

1
/0 (n(z, x) - B(z, x))dx

The results follow from the triangle inequality. 0O

The above result will allow us to proceed as in [5] and [6] to obtain an estimate
on the approximation of the electron concentration. First, we consider the sum
E®%:¢(v,u; n)+ E%:¢(u, v; B) and rewrite it as a sum of seven terms.

Lemma 4.2 (The basic equality). We have
E®(v, usn)+ E®(u, v; )
= err,t(ua 'U) + T;err,x(u’ B; v, 77) + Tu-(ua U)
+ Tyaa(u, B v, )+ Tg(u, v) + Ty(u, v) + Ty (u, v),
where

T 1 1
Ter,,,(u,v)=/ // UWw(T, x")—u(t, x)e(t,x; T,x)dx dxdz

o Jo Jo
T 1l

+/ // Uw(t, x")—uw(T, x)e(T, x; 1, x"Ydxdx' dt
o Jo Jo
T 1 gl .

—/ // U(v(0, x) —u(t, x))e(t, x; 0, x"Ydx' dx dt
o Jo Jo

T 1l
—/ / / Uw(t, x")—u0, x)e0, x; 1, xYdxdx'dt,
o Jo Jo
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Tere,x(u, B;v, 1)
// / G(t', 1=) —u(t, x), v(¥', 14) — u(t, x); n(¢', 1))
p(t,x;7,1)dt"dxdr
// / G(t', x") —u(r, 1-), v(t, x) —u(t, 14); B(r', 1))
co(t, 1; 7, x)drdx'dv
1 T ,T
[ [ [ 6w, 0o -tz 00, 0w, 04) - ute, x5 0, 0)
0 JO 0
cp(t,x;7,0)dtdxdr
1 T T
- [ [ [ e, ) - ute, 00, v, x) - utz, 04); B0
0 JO 0
p(1,0; 7, xYdt' dx' d7,

T,,_(u,v)=/OI/OT/OI/OTu(t,x)U('v(r’,x’)

—u(t, x)o(t, x; v, x"Ydx'dv dxdr,

T, B30, 1) = ////Uv(r X) = u(t, x))

<Ok ((B(T, x) =", x"Ne(t, x; 7, x'))dx'd dxdr,

Ty(u, v) = //// (@ B(z, X) + (1 — u(t, x)))u(t, x)

(v(t', x") —u(t, x))o(t, x; v, x"Ydx'di dxdt,

T,(u, v) /// / @en(t', X') + (1 = v(t', x')))

V(v(t, x"), u(t, x))e(r, x; 7', x')dx di' dx dr,

Tyn(u,v) /// / (I —v(t, x') —u(t, x))

v(t',x")—u(t,x)
. {/ sU"(s )ds} p(t,x;7,x")dx' dt dxdr.
0

We now briefly discuss the meaning of each of the terms appearing in this
result. First, notice that the term T, . goes (formally) to

/1 UW(T, x) - u(T, x))dx —/l U®(0, x) — u(0, x))dx
0 0

as ¢ and gy go to zero. Thus, this term contains the information of “the
flow of the errors” of the approximation of the electron concentration across
the boundary {0, T} x (0, 1). Similarly, the error term T, , contains the
information of “the flow of the errors” of the approximation of the electron
concentration across the boundary (0, 7) x {0, 1}. The term T,-(u, v) can
be considered to be a measure of the influence of the negative values of # in
the approximation. Notice that only nonnegative values of u have a physical
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meaning and that negative values of # might be very difficult to control, since
the point # = 0 is an unstable equilibrium point of the equation along the

characteristics

d
Fi4= u(l —u).

The term T,q(u, f;v,n) contains information about the smoothness and
closeness of the velocities # and #; notice that even if f = 5, this term is not
equal to zero. The terms T,(u,v) and Tg(u, v) contain information about
how close dx.n and 8, are from being the negative electric fields associated
with the corresponding electron concentrations. Finally, the term Ty~ (u, v)
contains information of how far the entropy U(-) is from |-|; notice that this
term is equal to zero for U(:) =]-]|.

Proof of Lemma 4.2. With (3.4) taken into account, it is very easy to see that

E% (v, u;n)+E*(u,v; B)
= err,r(u, 'U)+ Terr,x(u, ﬂ;vy 77)+T(u, ﬂ;’v, n)a

T 1 T 1
T(u,ﬂ;v,n)=—/0 /0/0 /0<D(1,x;1’,x’)dx’d1'dxdr

and (supressing the arguments of the functions for the sake of clarity)

O=U(v—-u)(B—n0p+0unV(v,u)e+0xpV(u,v)p
=U(v —u)(B—n)oxp
+ O = (=1+0)V(v, W)p + (0xB — (=1 +u))V(u, v)p
+{-Uw-u)-(1-v-uw)f{Uu-v)—(u-v)U(u-v)}}o,

where

by (3.4d). Since U(w) - wU'(w) = — [, sU"(s) ds, we obtain

@ =U(v-u){-¢+(B-ndko}
+ O = (=1+v)V (v, u)g +(Oxf - (=1 +u)V(u, v)p

+{(1-v—u) /Ov_usU”(s) ds}e.

Finally, since, by (3.4d), V(u, v) = U(u—v) — uU'(u —v), we get

@ =U(v —u){-up +0x((8 - o)}
+ (0w — (=14 0)V (v, u)p + (0xB — (=1 + w))ulU'(v — u)p

+ {(1 —U—u) /Ov_usU”(s) ds} @

This completes the proof. 0O

We now obtain lower bounds for each of the 7-terms appearing in the right-
hand side of the main equality of Lemma 4.2. The following lemmas contain
these bounds. We begin with a couple of lemmas in which we collect all the
inequalities involving the auxiliary functions w, .
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Lemma 4.3. We have

T 1 1
/ wey (7 = T)de = 1/2, /{1—/ ws(x—x’)dx} dx' <e,
0 0 0

1
/ we(x —x"Ydx <1, Vx' €[0,1],
0

1 1
/ / we(x — XY £(x) — f(x") dx dx' < &|flsv(o. -
0 JO

Proof. The first three inequalities can be easily obtained by using the definition
of w,, (3.3a). We now prove the last inequality. Assume that the function f
is very smooth. Then,

1 1
/ / we(x — X f(x) = F(x') dx dx’
0 0
1 b(y)
- / we(») / 1 +y) — () dx’ dy
-1 a(y)

&
= [ weWIISC+¥) = fOllLiay),s0)) 4V
—&
< N0x Lo, 1y we(y)lyldy I/ IBvo, 1y wg(y)ly[dy
< |l fllBveo, 1) we(y)dy = ¢l fllBvo,1)-
—&

This completes the proof for smooth functions f. The general result follows
by a standard density argument. 0O

Lemma 4.4. Set f* = max{f, 0}. Then we have

T 1 4l
///]F(x’)q)(t,x;T,x’)dx’dxd‘c
0

(4.1a)
/IF‘(x ——a sup FH(x'),
2 0<x'<1
T ol
—/ //|]F(1,x’)|¢(-r,x;T,x')dx’dxd‘r
0
(4.1b)
>—= sup {/ |F(z, x)idx}
2|7: T|<é&y
7€[0,T]
T 1 pl
- [ [ - s ole, x5 7, %) dx' dx de
(4.1c) o Jo Jo

1
> —5¢ sup_|f(7)lsv, 1)
0<t<T
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Proof. We begin with the proof of (4.1a). Let T; denote the left-hand side of
inequality (4.1a). We have

= {/OT’weO(T—T)dT} /01 {/(;l’w::(x_x,)dx} ]F‘(x’)dx’ by (3.3a)
T 1
= {/0 wso(T~T)dT}/0 F(x')dx'
- {/Tweo(f— T)d‘f} /l {1 —/lws(x—x’)dx} F(x')dx’'
0 0

2/ F(x")dx' - 58 sup F*(x'),

0<x'<1

by the first and second inequalities of Lemma 4.3.
Now we prove (4.1b). Let 7, denote the left-hand side of inequality (4.1b).

Then,
T 1 1 / / /
—/0 wso(r—T){/O {/0 we(x—x)dx}IlF‘(‘r,x)ldx } dt
—/ngo(z— T) {/1 I (z, x’)ldx’} dt
_§|rSlT1|p<ao{/ |F(t, x' ldx}

7€[0,T]

v

\

by the third and first inequalities of Lemma 4.3.
Finally, if 73 denotes the left-hand side of inequality (4.1c), we have

T3 = /OT’wEO(T— T) {/1/1 we(x—xl)lf(T, X)—f(f, X')Idx'dx} dt

v

—808111) |f(™)IBvoo, 1)/ Wey(t1—T)dr
<<

1
= —5¢ sup If(D)lBvio, 1)
0<z<T

by the fourth and first inequalities of Lemma 4.3. This completes the proof. O

We are now ready to estimate all the T-terms appearing in the right-hand
side of the main equality of Lemma 4.2.
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Lemma 4.5 (Lower bound for T¢y .(u, v)). We have

Terr,(u, v) > /01 UWw(T, x)—u(T, x))dx — /01 Uw(0, x) — u(0, x))dx
—esugU(v(T,x)—u(T,x))
X€E

1
= 5L{v; (80, u) + v (20, u)}

1 _
- EL{VT’T(eo, 'U) + V:o(gos U)}

— Le{|u|ro0, 7;Bv(0,1)) + || (0, T;BV(0, 1)) }-
Proof. Consider the first term of T .,

T 1 1
(I)=/ / / UW(T, x')—u(t, x)o(t,x; T, x")dx'dxdr.
0 Jo JO

By using the definition of ¢, (3.3a), and the following simple inequality,
Uw(T,x")—u(t,x)=UW(T, x')—u(T, x'))
+{UW(T, x")—u(t, x")) - U@(T, x')—u(T, x'))}

+{U(T, x') - u(z, x)) - U(T, x') — u(z, x'))}
>U@(T, x')—u(T, x'))

— Lju(t, x")— w(T, x")| — Llu(t, x) — u(z, x')|,
we get

O>T+1r+ T3,
where

T 1 gl
Tl=/ //U(v(T,x’)—u(T,x’))q;(r,x;T,x’)dx’dxdt,
o Jo Jo
T 1 pl
T2=—L/ //|u(t,x’)—u(T,x’)|(p(r,x;T,x’)dx’dxdr,
o Jo Jo

T 1 gl
T; = —L/ / / lu(t, x) —u(t, x)|e(t, x; T, x')dx'dx dr.
o Jo Jo
By (4.1a) with F(x') = U(v(T, x') —u(T, x')), we get

1
T, > l/ U(’u(T,x)—u(T,x))dx—ls sup U(v(T, x)—u(T, x)).
2 /o 2 o<x<1

By (4.1b) with F(t, x') = u(tr, x') —u(T, x'), we get

1
T > _lL sup / lu(t, x')—u(T, x")|dx' } = —lLV,_T(Eo, u),
2 je-Ti<e |Jo 2"

T€[0, T

by the definition of v, (g, u), (3.2).
Finally, by (4.1¢c) with f = u, we get

1
T3 > —=Le sup |u(t)lgvo,1) = —5Le|ulL=(0, T;Bv(0, 1))
2 o<t 2
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As a consequence, we have

1
D> l/ UWw(T, x)—u(T, x))dx — le sup U(v(T, x) —u(T, x))
2 Jo 2 o<x<t
1. _ 1
- ELV,,T(é‘o, u) — §L8|“|L°°(0,T;BV(0,1))-

The remaining three terms are treated in a similar way. O

Lemma 4.6 (Lower bound for Ty (4, B;v, n)). We have

Terr,x(u, Bsv, M)
1
> dnf {0 (z, )+ B (x, 1))/2}/0 Uv(z, 14) — u(t, 14))dt

1
— sup {(1*(x, 0) + B*(z, 0))/2} / Ulu(r, 0-) - u(t, 0-)) dt
1€[0,T] 0

1 _ _ 1
—5L{vg (e, us B) +vg (e, v m} - SLAvL o(e, w5 B) + v (e, vim)}
1
- ‘Z‘L{”ﬂ“Lw(o,T;Lw(o, i {lu(1+)lsvo, ) + [4(0=)Isv(0, )}
+ 2{|8(1)|sv(0, 1) + |B(0)|v(0, ) Il L=o(0, T; L= (0, 1)) }€0
1
- EL{”'I“L“(O,T;LW(O,l)){Iv(1+)|BV(0,T) + [v(0-)[Bv(0, 1)}
+ 2{|n(1)|Bv(0, 1) + [1(0)Bv(0, h}IVlIL=(0, T; L= (0, 1)) }€0

— 4L{||ull (0, T: L0, 1)) + 1Vl L0, T; L0 (0, 1))}

T
. /0 {”U(T) —u(t)llL10, 1) + 10xn(7) + (1 = v(7)ll 210, 1y

1
+ 10xB(7) + (1 = u()llLr0, 1y + /0 (n(z, x) - B(1, x))dx

} dr.

Proof. The proof of this lemma is similar to that of Lemma 4.5. We begin by
considering the first term of T (4, BV, 1),

1 T ,T
@:// / G('U(T’,1—)—“(1,)()’1)(1./,1+)_u(t’x);’7(rl’1))
0o Jo Jo
co(t, x; 7, 1)dt dxdr.

By (3.4c), we have
G(v(TI’ 1_) - u(‘c, X) s v(rl > 1+) - u(T’ X); '7(1', > 1))

= U, 1+) —u(t, x))n~ (¢, )+ U(7, 1=) —u(z, x))n* (7', 1)
>U®W(, 1+) —u(t, x))n~ (7', 1).
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Since
U, 1+)—u(t, x))n~ (7', 1)
=UW(t, 1+4)—u(t', 1+))n~ (7', 1)
+{U@(', 1+) —u(z, x)) - U(v(7', 1+) —u(7', 1+))}n~ (7', 1)
=U(t, 1+)—u(t, 1+))n= (7', 1)
+{{U(', 1+) —u(t, x)) = U(v(t', 1+) —u(t, 1+))}n~ (7', 1)
—{Uw((, 14) —u(z, x)) = U(v(t', 14) —u(7’, 14))}B~ (7', 1)}
+{U@(t', 14) —u(t, x)) = U, 14+) —u(t', 1+))}~ (7', 1)
=U (', 1+)—u(t', 1+))p= (7', 1)
+{U@(, 1+)—u(r,x)) = U, 1+)—u(r’, 14+)In~ (7', 1)
—{U((', 14) —u(zr, x)) = U((t', 1+) —u(r’, 14))}B~ (7', 1)}
+{{U@(, 1+) —u(t, x)) = U(v(7', 1+) —u(r', 14+))}B~ (7', 1)
—{U(', 14) —u(zr, x)) = U(v(t', 14) —u(7', 14))}B~ (1, 1)}
+{UWw(, 14) —u(z, 1+)) = U(7', 1+) —u(t', 14))}p (7, 1)
+{U(w(', 1+) —u(zr, x) = U(v(7', 14) —u(z, 1+))}p~ (7, 1),
we obtain
G, 1-) —u(t, x), v(t', 1+) —u(t, x); n(t', 1))
>UW(T, 1+4) —u(t, 1+)n~ (7', 1)
= Lju(v', 14) —u(z, x)|In~ (<", 1) = B=(¢', 1)]
— Lju(7', 1+) —u(z, x)||f~ (7", 1) = B~ (1, 1)
+ Llu(t, 1+) —u(t', 1+)|B~(z, 1) + Lju(t, x) —u(t, 14+)|f (7, 1),
and so
O>T 1+ L+ T3+ T4+ Ts,
where

1 T T
T] =/ / / U(U(T', 1+)"u(‘[l, 1+))71_(T” 1)(0(1, X T,, l)dTIdXdT,
0 Jo 0

| T T
T2=—L/O/O /0 u(t', 14) — u(z, x)|
(', 1) =B~ (', V|p(z, x; 7, 1)dt’ dxdr,

1 T T
T; = —L/O /0 /0 lu(z’, 1+) — u(t, x)|
B (7, 1) = B~ (7, Dlp(z, x; ¢, 1)d7' dx dr,

I T T
Ty =L/ / / lu(t, 1+) —u(t’, 1+)|8 (7, V)o(t, x; 7', 1)dt' dxdt,
o Jo Jo

Ts =L/01/0T/0T[u(r,x)—u(r, 1+)|8~(z, Do(zr, x; 7, 1)dt' dxdz.

To estimate each of these terms, we use the inequalities of Lemma 4.4 in which
the role of (x, x’) is now played by (7, ') and the role of (7, T) is played
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by (x, 1). Thus, by (4.1a), we get
T
Tz g [ V0@, 14 - u@, 1) (@ v
0
Since
| T T
Ty > =2Lulo,rmony [ [ [ @ D=8, 1)
-p(t,x; 7, 1)dtdxdr,

we have, by (4.1b),

T
Ty > — 2L|ull=(0.7;1(0.1) /O (¢, 1) - (', D]d7

T
2 = 2Lllull=(0,7; (0, 1) /0 In(z') = B()lL=0,1) d7"-
Since
1 T T
I3 2 —2L||u||L°°(o,T;L°°(o,1))/O /o /0 1B~ (t, )= B~(*, 1)
co(t, x; 7, 1)dt' dxdr,
we have, by (4.1c),

T3 > —L||u|l o0, T; L0, 1))€0l B(1)|BV(0, T)-
Since

1 T T

Ty > —C/ we(x — 1){/ / Weo (T — T)|u(t, 14+) — u(7', 1+)[dr’dt} dx,
0 o Jo

where C = L||B|lL~,T;1=(0,1)) » W€ have, by (4.1c),

1
T, > _EL”ﬂ”LW(O,T;Lw(O, 1yéolu(1+)|Bvo, 7)-
Finally, by (4.1b),

T
Ts > 1 sup {/ lu(t, x) —u(t, 1+)|f~ (7, 1)d1}
2 Jx—1|<e 0
x€[0,1]

1, _
= —ELux’](e, u; p).
We can thus write

1 ! _
@2-2-/0 U(t, 14) —u(t, 1+))n~(z, 1)dt

T
- 2L”“||L°°(0,T;L°°(o,1))/0 18(t) = n()llLe@, 1y dT

1
- EL{“ﬂ”Lw(O,T;Lm(O,1))|u(1+)|BV(0,T)
+2[B(D)IBv(o, nlluliL=(0,7;2=(0,1)) }€o

|
- ELux,l(a, u; p).
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Finally, by Lemma 4.1,
1
®> %/ Uu(z, 14) — u(z, 14))n~(z, 1) dz
0

T
—2L|ull (0,7 (0,1 /0 {nvm —u(@llpe.n

+110xn(7) + (1 = v()llLio, 1)
+110xB(7) + (1 = u())lLro, 1)

+ /Olmu,x)—/f(r,x))dx

} dz
1
- EL{”ﬂ“L“(O,T;L“(O, 1ylu(1+)IBv(o, 1)
+ 2[B(D)Ivio, nllull Lo, 7,20, 1)) }€0

1. _
- ELI/X,I(8, u; ).
The remaining three terms are treated similarly. 0O

To estimate the remaining 7-terms, we need an auxiliary result similar to
Lemma 4.4.

Lemma 4.7. We have
T T pl gl

‘/ / //IF(T',X')I(p(r,x;r’,x’)drdxdr’dx’
o Jo Jo Jo

T 1
2—/ / |F(', x")|dt" dx’,
0 0
T T 1 l ! 7 A 7 7 ! !
(420) /0/0/0/0|f<r,x> 1, ¥)lo(x, x; 7, x')drdx de dx
Z_TVT(ao,f)’

T T pl pl
(4.2¢) ‘/0 /0 /0/0|f(1’x)_f(7,xl)|(/’(f,x';T',x')d‘tdxdr’dx'

> —Te|f|re(0,7:BV(0,1)) >

T T
—/ / |T(t, T')|wey (T — 7') dTdT’
o Jo

(4.2a)

(4.2d) r
> — sup {/0 (T +OIT(T +¢, T’)ldf’} ¢,

I¢1<eo
where x is the characteristic function of the interval [0, T1].
Proof. Let T, denote the left-hand side of inequality (4.2a). Then,

T 1 T 1
T, = —/ / [F(t’", x")| {/ / o(t,x; 7, x’)dxdr} dx'dt
0o Jo o Jo

T ,l
> —/ / [F(7', x")|dx'd7’,
0o Jo
by the definition of ¢, (3.3a).
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We now prove (4.2b). Let T, be the left-hand side of inequality (4.2b).

Then,
T = —/01 {/OT/OT{/Olwg(x—x’)dx}wgo(r—r’)

Af(x, X = f(7', x")|dt dr’} dx’'

T T
. _/0 /o Weo (T = TN (T) = F( )L,y dTdT,
by Lemma 4.3. Finally, by the definition of v,(g, f), (3.2), we get

T T
Tz, /) [ [ wa(e-7)drde
0 0

Z —TV‘[(80 s f) ’
by the third inequality of Lemma 4.3 with 7 and 7’ playing the role of x and

x', respectively. This proves (4.2b).
Next, let T3 be the left-hand side of inequality (4.2c). Then,

T3 = —AT{{LerO(t—r’)dT’}

1,
. / / we(x — x")|f(t, x) = f(z, x")|dx’ dx} dt
0 Jo

by the third inequality of Lemma 4.3 with 7 and 7’ playing the role of x and
x", respectively. By the last inequality of Lemma 4.3, we get

T
T; > —8/0 | f(D)lBvo,1)dT > =T |f|L(0,7;Bv(0, 1))

Finally, let T denote the left-hand side of inequality (4.2d). Then,

T T
T, = _/ / (1, )|wsy (7 — 7')drd7’
0 0

&

0 b(¢)
== [ wg() {/(o IT(z" +¢, T’)Ia'f} g,

—&
where, for { € [—¢g, €],

a({) = max{0, -(}, b({) =min{T, T - {}.
The above integral can also be rewritten as follows:

€0

T
Ta=— [ wg(0) {/0 (T +OIT(T + ¢, 1')Id1'} dg.

—&

The inequality (4.2d) follows easily from the above expression. This completes
the proof. 0O

We are now ready to complete the remaining estimates.
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Lemma 4.8 (Lower bound for T,-(u, v)). We have

Ty-(u, v) > u. {/OT/ol U(v(t, x) —u(t, x))dxdrt

+L8T]u|Loo(0,T;Bv(o’1)) + LTv. (g, u)} s

where u, = inf(; yye(0,T)x(0,1) %4 (T, X).
Proof. We have

T pl T gl
Tu-(u,U)Eu*/ ///U(U(‘r’,x’)—u(r,x))
o Jo Jo Jo
co(t,x; 7, x")dx' dv' dx dr.

Since, by the triangle inequality,
U(t, x") —u(t, X))
=U(u(t, x') —u(t, x))
+{U(t', x') —u(t, x")) - U, x") —u(t', x'))}
+{U(t', x') —u(t, x)) = U(v(t', x') — u(z, x'))}
<U@W(t, x")—u(t', x")) + Lju(t, x") —u(t’, x")| + Lu(z, x) — u(z, x')|,

we have that
Tu'(us 'U) > Tl + T2 + T3s

where
T 1 (T pl
T = u*/ / / / U, x")—ut, x))e(t, x; v, x")dx'"dt" dxdr,
0o Jo Jo Jo
T (1 T gl
L=ul [ [ [ [ x)-uw, e, x; ¢, ¥)dx' v dxd,
0o Jo Jo Jo
T 1 (T gl
T; = u,,L/ / / / lu(t, x) —u(z, x)|e(r, x; v, x')dx'dt' dx d.
o Jo Jo Jo
Since u, <0, by (4.2a) with |F| = U(v — u), we have
T 1
T, > u,,/ / U, x)—u(t, x'))dx' dt'.
0o Jo
By (4.2b) with f=u,
T; > u.LTv, (g, u).
Finally, by (4.2c) with f=u,

T3 > u.LeT |u|r~ (0, T;BV(0, 1))-
Thus,

Ty-(u,v) > u. {/OT/ol U(v(t, x)—u(t, x))dxdt

+ LgTIuILW(O,T;BV(O, n + LTI/-,(EO , u)} .

This completes the proof. O
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Lemma 4.9 (Lower bound for Ty (u, 8; v, n)). We have
Ta(u, B;v,1n) > —{2U" + L|u|r= 0, 7;8v(0, 1)}
T
: { [ 1) = 0@l de
T
+ [ 100n® + (1= v(@llo,y e
T
+3 [ 10eB (@) + (1 = u(Elo, v
T
+
0

+ Te||0xBllL=(,T;L00, 1)) + TV:(e0, u) + v:(&o, ﬂ)} ,

dt

1
/0 (B(z, x) — n(z, x))dx

where U* = Sup(rr,x:),(r,x)e(o’T)x(o’ 1) U(v(TI, xl) - u(T, X)) .

Proof. To avoid too many technicalities, we assume that # and B are very
smooth functions; the result remains true if # and p satisfy the regularity
assumptions (3.1). Integrating by parts in T.q(u, f; v, 1), we obtain

La(u, Bsv,n)=T+Tr+ T3,
where

T; =/OT/OI/OT/OI(SXU(v(r’,x’)—u(‘r,x))

AB(r, x)—n(', X))oz, x; 17, x)}dx' dv' dxdz,

T 1 T
T2=—/0 /0/0 U, %) —u(z, 1)
* {(ﬂ(‘l’, 1) —’1(7/, xl))¢(r, 1 TI, xl)}dex,dTI,

T 1 T
Ty = /0 /0 /0 U@(T, x') - u(z, 0))
{(B(z, 0) = n(z', X)p(z, 0; 7', XY} drdx’ d.

Consider T;. By the triangle inequality, we have

—1B(t, x) = n(7', x)|
> —|B(t', x") = n(7', X")| = |B(7", x) = B(', X")| = |B(z, x) — B(z, x")
> —[18(t') = n()lL<(0, 1)
= 1x = X" 10xB(T)ll (0, 1) = 1B(7) = B( L0, 1)-
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By Lemma 4.1, we have

= 1B(z, x) = n(7', x')|
2 —[lu(t") = ()10, 1) = 18 n(T) + (1 = v(T')lIL(0, 1y

1
=110 B(7") + (1 = u(T')llLr0,1) = I/O (BT, x)=n(7', x))dx

= |x = X[ 10x B(T)ll L0, 1) — llue(T) = (T )10, 1)
= 18xB(") + (1 = u(T' )01y = 18xB() + (1 — u(T)ll 10, 1y

1 |
- |/0 (B, x) - B(', x))dx

=Ri(t, )= |x = X'|Ry(t)=R(r, 7 ; x - X'),
where Ry(7') = [|0x B(7)||L(0,1) - Hence,

T ,l T 1
T > / / / / ]U’(’U(‘tl’ xl) _ u(r, x))Haxu(r, X)lR(T, T x _xl)
0 0 JoO 0
cp(t,x; 7, x')dx'dv dxdr

ZL/OT/OT{/O1 |6xu(1,x)[{/Olwe(x—x')dx’} dx}

“Ri(t, Twg(t—1')d7'd7

_L/(;T/OT{/OI |0xu(t, x)| {/01 |x—x’lw8(x——x’)dx’} dx}

* Ry(twey(t— ') d7' dt
T T
> LlulLoo(o,T;BV(o,l))/(; /0 Weo (T — T')Ri(7, 7)) d7' dt

T
—Llulz.oo(o,T;BV(o,1))8/0 Ry(1')d7,

by the third inequality of Lemma 4.3. By (4.2d), we get

T
Ty > Llu|r~(,T;Bv(0, 1) I?IU<D /0 (T +OR(T+{, T)dT
Séo

. — Llu|r=(0,7;8v(0,1)6T I0xBllL0, T L0, 1)) »

where x is the characteristic function of the interval [0, T7].
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Finally, using the definition of the 7'(t, 7') and the definitions of v.(gg, u)
and v.(gp, B) given in (3.2), we easily get

T
Ty > —Ll|u|r~(0,T;BV(0, 1)) {/0 lu(t) — v(DllLi, 1) 4t

T
+ /0 182 () + (1 = (D)1, 1) T

T
+3 [ 108(0)+ (1 = u(llpo, de

+ T¢||0xBlle,T; L0, 1))+ TV: (0, t)+V:(&0, ﬂ)} .

/l(ﬂ(f, x)—n(t, x))dx| dt
0

The other terms are treated in a similar way. 0O

Lemma 4.10 (Lower bound for Tg(u, v)). We have

T
Ty(u, v) > — Lo, 7 L(0.1) /0 10:(2) + (1 = u(t)ll 0. 1) 4.

Proof. By the definition of Ty(u, v) in Lemma 4.2, we have
T 1 T pl
Ty, v)>=C [ [ [" ["jachie, )+ (1 - uz, x)
o Jo Jo Jo
co(t,x; 7, x")dx'd” dxdr,

where C = L|u||z(0,7;20,1))- The result follows from (4.2a). This com-
pletes the proof. O

Lemma 4.11 (Lower bound for T,(u, v)). We have
T
Ty(u, v) 2 —{U" + L||v]|L=(0,T; (0, 1))}/0 [18xm(z") + (1 —v(')llL10, 1y 47’

where U* = sup, vc(0,71);x,x€0,1) U0, X') —u(t, x)).

Proof. By the definition of T,(u, v) in Lemma 4.2, we have
T 1 T
Ty, v)z=C [ [ [7 [oen(e, 2+ (- v, )
co(t,x; 7, x")dx' di dxdz,

where C = sup; r¢(0,7);x,xc0, )|V (© (T, X'), u(t, x))|. By the definition of
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vV, (3.4d), we get
C<A{U* + L|v|le,T;20,1)} = c’,
and hence,
T 1 T ,l
T, 0) 2 =C' [ [0 [ [oun a0+ (1= o x0)
0o v0 JO YO
co(t,x; 7, x")dx' dt" dx dr.

The result follows from (4.2a). O

Lemma 4.12 (Lower bound for TU;/:M(u , V). We have

1.
Tyy, (4, v) 2 -—EM YT+ vlico, ;10,1 + I1lli0, 7 10, 1))-

Proof. By the definition in Lemma 4.2, we have

T 1 T 1
TU,’;M(u,U)Z—C/ // / 1 —v(t, x")—u(t, x)|
0 0 JO 0
co(t,x; 7, x)dx' di' dxdt

> = C(T +||vllpo, 75210, 1) + e, 75200, 1)) »

by (4.2a), where

C= sup

v, x")y—u(t,x)
/ sUp(s)ds|.
7,77€(0,7T);x,x'€(0,1) (JO

Since, by (3.3b),

v o(s) = { M for|s|<1/M,
/M 0 otherwise,

we have

v(t', x")~u(t,x) /M
/o sUp p(s)ds| < /0 sMds=1/2M,

and the result follows. O
We now put together the estimates obtained in the previous results.
Corollary 4.13. Let (u, B) and (v, n) be functions satisfying the regularity

conditions (3.1). Then there is a constant C, which is bounded provided that
T is bounded and the regularity conditions (3.1) are satisfied, such that
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1
| Uinalo(T, )~ (T, ) dx
0
1
<C {/ Uym(v(0, x) —u(0, x))dx
0
1
+/ Uypm(z, 14) —u(r, 1+))dr
0
1
+/ Uym((z, 0~) —u(r, 0-))dr
0
T 1
+/ / Uym(v(t, x) —u(t, x))dxdr
0o Jo
T
+ /0 [v(2) = u(®)lxo, 1 d
T
+
0

T
+ /O 10w (') + (1 = 0() 1.1, A7’

1
/0 (n(, x) - B(z, x))dx| d

T
+ [ 10:B)+ (1 = u(@llo, v

+e+e+1/M

+{vg (e, us By +vg (e, vsm) +vf (e, us B)+vy o(e, v5 )}
+{v; (80, u) +v; (80, v) + v (&0, u) + v o(e0, v)}
+{vi(eo, u) + ve(eo, v) +ve(e0, B)}

+EWi (v, usn) + Efif(u, vs ﬂ)}-

We can now prove Theorem 3.1.

Proof of Theorem 3.1. The second inequality of Theorem 3.1 is nothing but
Lemma 4.1. To obtain the first inequality of Theorem 3.1, we notice that
Corollary 4.13 holds for (u, #) equal to the weak solution of the problem
(1.1), (1.2), and (v, 1) equalto (u;, B;), the approximate solution defined by
the numerical method described in §2, if these functions satisfy the regularity
conditions (3.1). The regularity properties (3.1a) and (3.1b) follow from [I,
Theorem 2.1] and [1, Theorem 2.3]. To prove the regularity property (3.1c), we
can proceed as in Lemma 4.1 to get, for x € {0, 1},
+ [0xBlev(o, 75110, 1))

1
/ ﬂ('? X)
0 BV(0, T)

= |¢1lsv(o, 1) + [UlBV(0, 75110, 1)) < 0,
by hypothesis (3.5d) and [1, Theorem 2.3]. A similar result can be easily proven

for |B4(x)lsvo,7) for x € {0, 1}.
Thus, the inequality of Corollary 4.13 holds for the exact and approximate

solutions of (1.1) and (1.2). In such an inequality, we can replace the terms

|B(xX)IBv(0,7) <




76

BERNARDO COCKBURN AND IOANA TRIANDAF

involving the function U;/; by using the following inequalities:

1
HMwMVJQMSAIhMNﬂMxQMw@m

which follow from the definition of Uy, (3.3b). After doing that, we obtain
an inequality of the form

T
Wﬂﬂ—uHWu&nSA+CA () — (D)l 0.1y AT,

which after a simple application of Gronwall’s Lemma becomes

lun(T) — u(T)||p10, 1) < AeCT.

This completes the proof of Theorem 3.1. 0O
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