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AN ERROR ESTIMATE FOR FINITE VOLUME METHODS
FOR MULTIDIMENSIONAL CONSERVATION LAWS

BERNARDO COCKBURN, FREDERIC COQUEL, AND PHILIPPE LEFLOCH

ABSTRACT. In this paper, an L (L!)-error estimate for a class of finite volume
methods for the approximation of scalar multidimensional conservation laws is
obtained. These methods can be formally high-order accurate and are defined
on general triangulations. The error is proven to be of order h!/4, where h
represents the “size” of the mesh, via an extension of Kuznetsov approximation
theory for which no estimate of the total variation and of the modulus of con-
tinuity in time are needed. The result is new even for the finite volume method
constructed from monotone numerical flux functions.

1. INTRODUCTION

In this paper, a modification of the Kuznetsov approximation theory for
multidimensional scalar conservation laws [28, 29] is obtained which is then
used to obtain an L>°(L')-error estimate for the class of monotone finite volume
methods (which are at most first-order accurate only), as well as for high-order
schemes constructed upon some of them. We consider the Cauchy problem for
a multidimensional scalar conservation law ([26, 30, 31, 51]):

(1.1) du+ div f(u)=0  inR, xRY,
(1.2) u(0) = ug on R?,

where the flux function f : R — R? is assumed to be smooth and the initial
data ug is taken to be in the space L*(R?) n BV (R?) of bounded functions
of bounded variation in R?. In [28, 41], error estimates are obtained for
approximations u”* to the solution of (1.1)—(1.2) which satisfy the following
properties (for each 7 > 0, and some constant C = C(T) > 0):
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) N llLoqo, ryxrey < C

(i)  Nut() =" (@) |p@ey < C =11+ h),
(iii) [ lzeoo,7;Bv Ry £ Cs
(iv) Et<Ch,

where E” represents the term of entropy dissipation associated with #”. In
this paper, we obtain an error estimate for numerical schemes that need not
satisfy the above conditions. Among them are the monotone schemes defined
on general triangulations (for which no proof of the estimate (iii) is available)
and the finite volume methods obtained from some monotone schemes by the
so-called A?-antidiffusion technique (for which none of the above properties
hold). The main idea in this paper is that the error estimate follows from a
weak estimate for the uniform norm and a weak upper bound of the entropy
dissipation of the approximations, i.e., estimates of the form (foreach 7' > 0):

i) N L0, 1yxrey STRT™),
(iv) Et<@™),

for some numbers v; and v, in (0, 1]. (Compare with the setting due to Tad-
mor for one-dimensional problems using compensated compactness arguments
[47].)

Let us recall that Kuznetzov [28, 29] was the first to obtain an error estimate
for the monotone schemes for (1.1) after the pionnering works by Kruzkov [26,
271, and Volpert [51]. Using grids which are Cartesian products of uniform one-
dimensional partitions, Kuznetsov proved that the error |ju(¢) — u”(t)]| LI(RY)
between the exact solution u and the approximate solution u” is &(h!'/2),
as h goes to zero (uniformly for ¢ in (0, 7)). Sanders [41, 42] (see also
Osher and Sanders [39]) later proved that the same rate of the L*(L!)-error
holds for monotone schemes constructed by using two-point monotone fluxes on
nonuniform Cartesian grids. Error estimates for other numerical schemes that
also satisfy the properties (i) to (iv) (or a refined version of them) have been
obtained by Lucier in [34, 35, and 36]. Hoff and Smoller [22] first proved that
the error in Glimm’s scheme is @ (h!'/¢Inh). We also refer to Chern [4] who
proves an error estimate for Glimm’s scheme applied to systems of conservation
laws. Cf. also Johnson and Szepessy [25] who treat a finite element method
for one-dimensional systems. For the so-called quasi-monotone schemes, [5,
6,7], the estimate of the entropy dissipation (iv) does not hold. Cockburn [5]
modified the Kuznetsov approximation theory and proved that the L>(L!)-
error for these schemes is @ (h?/?) for some number y € (0, 1]. Recently,
Tadmor [47] (also [37]) proposed a general framework to obtain error estimates
for one-dimensional scalar conservation laws. His method allowed him to get
error estimates for several first-order and second-order methods. The present
work presents the first result on error estimates for a multidimensional problem
with general triangulations.

For a background on the analysis and the convergence of difference schemes,
we refer to the works by Harten, Hyman, and Lax [20], and Harten, Lax, and van
Leer [21]. Observe that Crandall and Majda proved in [16] a general theorem of
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convefgence of the monotone schemes. See also Goodman and LeVeque [19],
Hou and LeFloch [23], LeFloch and Liu [33], Osher [38], Osher and Tadmor
[40], and Tadmor [46].

Szepessy [44, 45], for the streamline diffusion method, and Coquel and
LeFloch [13, 14, 15], for high-order differerce schemes, proved the convergence
of numerical schemes without appealing to a uniform BV estimate (iii). To do
so, the framework of DiPerna’s measure-valued solutions [18] was used. The
importance of deriving an estimate of the rate of entropy dissipation for differ-
ence schemes was emphasized by Coquel and LeFloch in [14]. Chen, Du, and
Tadmor [1] next used [18] in their analysis of spectral methods. This approach
is related to the compensated compactness technique, for which we refer the
reader to DiPerna [17], as well as [2, 3, 24, and 47], and the references therein.

The present paper continues the work initiated in [9], where the convergence
of the monotone finite volume metkods was proven. The idea that prompted
this work is the following. On the one hand, DiPerna’s [18] uniqueness result
for (1.1), (1.2) in the class of measure-valued solutions was based on Kruzkov’s
techniques [26]. On the other hand, Kuznetsov approximation theory [28] is
also based on Kruzkov’s approach. It is then reasonable to expect that by using
Kuznetsov’s theory, the measure-valued appreach could be bypassed. In this
paper we prove that this is indeed the case. Our technique of proof in this
paper involves more work than in [9], but has the advantage of providing not
only the convergence, but also an estimate of the error.

We consider here a large class of numerical schemes, which can be high-
order accurate, and derive an error estimate from a suitable modification of
Kuznetsov’s approach. We do not need an estimate of the total variation like
(iii), nor an estimate of the modulus of continuity in time like (ii). For mono-
tone schemes, although the modulus of continuity in time is uniformly bounded,
as a consequence of the L!-contraction property, no proof of the boundedness
on the total variation is available. The L!-contraction property does not hold
for high-order accurate schemes, and so an approximation theory that does not
require any estimate on the modulus of continuity in time is essential. Our
proof is based on a formulation of the discrete entropy inequalities and on the
so-called entropy dissipation estimate that were derived in [9]. Note that, in
order to make use of these inequalities, it is necessary to introduce suitably
chosen piecewise censtant test functions adapted from the original paper by
Kuznetsov to our case. This is due to the fact that, for general triangulations,
the property of invariance by translation is lost. The result in this paper can be
easily extended to the Runge-Kutta type discretizations introduced in [10, 11,
and 12].

The paper is organized as follows. In §2, we state the hypotheses on the
triangulations, define the class of schemes under consideration, and state the
error estimate (see Theorem 2.1). In §3, we give the proof of Theorem 2.1, de-
composed into five subsections: (a) the basic inequality, (b) estimating the lack
of symmetry of the entropy, (c) estimating the entropy production associated
with the exact solution, (d) estimating the entropy production associated with
the approximate solution, (e) completion of the proof of Theorem 2.1. Finally,
in §4, we prove that high-order accurate schemes built upon monotone schemes
satisfying sharp entropy inequalities beiong to the class of numerical schemes
for which Theorem 2.1 holds.
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2. STATEMENT OF THE MAIN RESULT

Let t,=nt, n=0, 1, ..., be a uniform mesh for the discretization of R,
and, for each 4 > 0, let 9, be a triangulation of R? composed of nonover-
lapping, and nonempty polyhedra. As is usual in the finite element approach,
we assume that, if two distinct elements K; and K, in 9, have a nonempty
intersection, say I, then either I is a face of both K; and K,, or I has
Hausdorff dimension less than d — 1. The set of faces of a polyhedron K is
denoted by 0K, and, for each face on K, N, x € R? represents the outward
unit normal vector to the face e¢. Given a face e of K, then K, is the unique
polyhedron which shares the same face e with K. The volume of K and the
(d — 1)-measure of e are denoted by |K| and |e|, respectively. Without loss
of generality, we can assume that

h= sup hg < +o0,
Keg,

where hg is the exterior diameter of a polyhedron. The perimeter of K is
defined by px = Y .5k lel. The interior diameter of an element K is denoted
by pk .
We assume the following conditions on 7 and % :
h

(2.1) ;STSW!,

and

(2.2) hxe <o for all K € 9,
Pk

where y > 1 and ¢ > 0 are independent of 4. We observe that (2.2) implies

ngthu forall K € 9,

(2.3) 74

==

for some u > 0.

The finite volume methods under consideration produce a function, say u”,
defined from R, to L!'(RY), which is right-continuous in time and piecewise
constant, namely,

(2.4) ul(t, x)=ul for (¢, x) € [tn, tar1) x K.

We define the contants u} as follows. First of all, we have to approximate the
exact flux function of equation (1.1). Let us introduce a family of numerical
flux terms 8. k » given for each face e of each polyhedron K of .7, , that are
locally Lipschitz continuous functions depending upon a finite number (fixed
for all the triangulations) of values u%, (e.g., uy and uy for a two-point
numerical flux), and satisfy the following two properties:

(2.5a) conservation: g ¢+ &/ g, =0,
and, for each real number u,

(2.5b) consistency: u, =u forall K' = g} x = N k- f(u).
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The notation z .z’ and |z| will be used for the Euclidean scalar product and
the Euclidean norm of vectors in R?, respectively. Let us also denote by P, a
projection operator (for example, the L?-projection operator) into the space of
functions of the variable x which are constant in each K € 7.

We are now ready to introduce the high-order accurate finite volume method.
By definition, the approximate solutions #* have the form (2.4) with

(2.6a) u"(0) = Py (uo),

and for n=0,1,2,... and all KGY

(2.6b) ”7(“ =ug — z lel &2 k-
eGBK

To guarantee the stability of the method, the Courant-Friedrichs-Levy number
v must be less than 1:

T d
(2.7) v = sup III?I( Ne x - 2%(u)
where the supremum is taken over all elements K, all faces e, and all values
u under consideration.

Since we want to recover the entropy solution to problem (1.1)-(1.2), the
numerical flux in (2.6b) must satisfy a discrete version of the entropy inequality.
Following an idea due to Tadmor [46], and following Coquel and LeFloch [15],
W€ express u;’(“ as a convex combmatlon of one-dimensional discrete operators:

<I,

(2.8) Ut = Z uitilel,
eGBK
where
T
(2.8b) Wit = — IIp<II<{ 7= Ne k- f(uf)}.

A discrete entropy inequality for uk* U will follow if each of the values u;’{fi, R

e € 0K, satisfies an (essentially one-dimensional) discrete entropy inequality.
Followmg Kruzkov and Kuznetsov, we focus our attention on the set of

inequalities associated with the so-called Kruzkov entropies. We recall that the

classical Kruzkov entropies form a one-parameter family of entropy-entropy

flux pairs for equation (1.1):

(2.9)

Uw,w)=v-w|, F,w)=sn(w-v)(f(w)-f(v)) (v,w)eR%.
Observe that (U, F) is an entropy with respect to one variable, when the other
is kept constant. Moreover, (U, F) is symmetric with respect to (v, w).

Instead of working directly with (2.9), since this is difficult with high-order
schemes, cf. the entropy inequality (2.15) below, it will be convenient to con-
sider the following regularization:

lw—-wv|—-1/2M for |lw—-v|>1/M,

2.10 Uy(v, w) =
(2.10) (v, w) {M|w—v|2/2 for |w —v| < 1/M.

As M tends to infinity, we recover the Kruzkov entropies. The function U,
is strictly convex with respect to both variables, and satisfies
I du M d 2 UM

du du? =M.

L>(R)

(2.11) =1,

L>(R)
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We view Uy, as an entropy function with respect to the first variable. The flux
associated with this entropy is given by

(2.12) Fulv,w) = [ O (s ) () ds

Notice that, unlike F, the function Fj,, unfortunately, is no longer symmetric:
v
Fuv,w) = Fu(w, ) = [ (55265, 0)+ 225, w)) 75y ds
w os 0s
and in particular is not an entropy flux with respect to its second argument.
This is a difficulty when applying Kuznetsov theory. However, we are able to
overcome this difficulty by using the fact that the difference
v 92U
(2.13) 8y (Fy(v, w) = Fy(w, v)) = | —=(s, 0)[f'(v) - '(9)]ds,
w
is of order 1/M ; see the proof of Lemma 3.2.
We assume that, for each M > 0 and each c, and for each ¢ and K, there
are numerical entropy flux terms G} , , which are locally Lipschitz contlnuous
functions depending on a finite number of mesh values. We also assume that
they are conservative and consistent with the entropy flux Fy(-, ¢), that is,
(2.14a) G, xk+G; g, =0,
(2.14b) ugp =u forall K' = G} x = Ne k- Fy(u, c),
and for which a discrete entropy inequality holds [5, 14]:
L
Un(u %> ©) = Une(ue, ©) + i { Gl = Nexc - Fu(tk , ©))
(2.15) wk AUy U (0
I Kl K e Ju K,e>» .
The quantities ay , and vg , in the right-hand side of (2.15) are assumed to
satisfy for all time T the following estimate:
(2.16) Z Z 'aK,e”vK,e_er,e”elrsClha

nt<T Keg,
e€dkK

for some a >0 and C; = C(T) > 0. In addition, the terms a} , are assumed
to obey the following conservation property, similar to (2.5a):

(2.17) ag . +ag, . =0.
Finally, we assume that the amplitude of the approximation does not grow
faster than A—# for some B € [0, 1); specifically for all time T >0,

(2.18) I ul ”L°°([0,T]><Rd) <l uo ||L°<>(Rd) +Ch#

for some constant C, = C,(T) > 0. For instance, for the monotone schemes
built up with two-point monotone fluxes, we can take ag , =0, so that C; =
C, = 0, and take Uy as the Kruzkov entropies, i.e., 1/M = 0 in (2.15).
Finally, we assume that the flux function is at most quadratic at infinity, in the

following sense:
dz
72 (w)

(2.19) limsup — L < 00.

lw]—co W] du(w)

(Obviously, (2.19) is irrelevant in the case that |Ju*|| .~ is uniformly bounded.)

< 00, lim sup
lw]—o00




ERROR ESTIMATE FOR CONSERVATION LAWS 83

We now state the main result whose proof is given in the next section.

Theorem 2.1. Let u be the entropy solution to problem (1.1)—(1.2) with an initial
data ug € BV (R?) N L>®(R?). Let u" be the approximate solution defined by
the (possibly high-order accurate) finite volume method (2.4), (2.6). We assume
that the conditions (2.1)-(2.3), (2.5), (2.7) and (2.15)-(2.19) hold. Then for all
time t and any positive scalars A and B with B large enough (i.e., larger than
the maximum speed in the scheme), the following error estimate holds:

1/2
()~ () aay < Co k1w 13/ 2a) + Co 2 (o ll oo ey + TV (1))
+ C(/), hmin{a, 1-8}/2 ,

where A; = {|x| < A—tB} is a domain of influence/dependence, Cy and C|
depend on t and A, and Cj depends on t- TV (ug). Furthermore, Cj =0 if
Ci=C=0.

For monotone schemes, Cy = 0, Theorem 2.1 shows that the rate of con-
vergence of the finite volume method is @ (h!/4) when measured in the L!
norm. This rate seems to be optimal, at least with the technique developed
in this paper. For the monotone schemes defined in Cartesian uniform grids,
considered by Kuznetsov [28], or in nonuniform Cartesian grids considered by
Sanders [41], the rate of convergence is 4!/2. However, in this latter case, the
scheme is uniformly bounded in the total variation norm (TVB), and the orig-
inal Kuznetsov technique applies. Our result extends the error estimate in [28]
and [41] to schemes that are not necessarily stable in the BV norm. Note that
our basic assumption is the set of inequalities (2.15). Our result is new even
with ap ,=0.

Following Coquel and LeFloch [14] in the case of Cartesian meshes, one easily
sees that Theorem 2.1 applies to the class of schemes based on the so-called
corrected antidiffusive flux technique. Theorem 2.1 indeed applies to the high-
order accurate schemes (defined on quasi-uniform triangulations) built with the
so-called A”-antidiffusion method upon monotone schemes that satisfy sharp
entropy inequalities, in the sense of [14]. In §4, we prove that these schemes
satisfy the entropy inequality (2.15), and the estimate (2.16) with o = 1/p, for
some p > 2; moreover, we show that the upper bound (2.18) with § = 0 holds
when the triangulations are quasi-uniform. By Theorem 2.1, this implies that
these schemes converge with a rate of @ (h!/??). A recent work by Vila [50] also
treats the extension to more general high-order explicit or implicit schemes.

We emphasize that the uniformity of the time-discretization has been as-
sumed for the sake of simplicity. Theorem 2.1 remains true for nonuniform
time-discretizations satisfying the standard restrictions. Theorem 2.1 also ex-
tends to more general space triangulations that do not satisfy the properties
(2.1)-(2.2) and are not necessarily composed of polyhedra, but admit a refine-
ment made of d-dimensional polyhedra that satisfies (2.1)-(2.2). The trian-
gulations .9, themselves could also depend upon ¢,, as is necessary for mesh
refinement techniques.

3. PROOF OF THE MAIN RESULT

In this section we give the proof of Theorem 2.1. Our proof is based
on a suitable modification of the classical Kuznetsov approximation result.
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Proposition 3.1, derived below at the end of the first subsection, yields a basic
inequality for u — u” measured in the L' norm which:

(1) does not involve the modulus of continuity in time of the approximate
solutions,

(2) is based on the regularization (2.10) of the Kruzkov entropies, and

(3) involves a piecewise constant approximation of the standard Kuznetsov
test function, which is necessary to apply the discrete entropy inequali-
ties derived in [9].

This basic inequality involves two kinds of terms: one measures the lack
of symmetry in the regularized version of the Kruzkov entropies; two other
terms measure the entropy production relative to the functions u and u”,
respectively.

In Proposition 3.2, we use (2.13) to prove that the error term due to the lack of
symmetry of the regularized entropy flux defined by (2.12) is at most O(1)/M .
In Propositions 3.3 and 3.4, we estimate the entropy production associated with
the exact solution u and the approximate solution u”, respectively. Finally, in
a last subsection, we complete the proof of Theorem 2.1.

For simplicity in the presentation, and in the rest of the paper, the initial data
uo in (1.2) is assumed to have compact support. All the estimates below have
straightforward extensions to trapezoid-shaped domains (as stated in the main
theorem), which hold for arbitrary initial data. We denote by Q”(¢) the union
of the supports of the functions # and u” at time ¢, which clearly satisfies
|Q%(t)| = O(1)t? for large ¢t. For convenience in the presentation, we fix a
bounded time interval [0, T'], such that tny = T, for some integer nr, and
we then estimate || u"(T) — u(T) || .

We point out that, in the case of monotone schemes (on arbitrary triangula-
tions), the Kruzkov entropies can be used (i.e., 1/M can be taken to be zero). In
that case, the L!-contraction property does provide an estimate of the modulus
of continuity in time, and it can be proven that

1 (2) = (') | Lrgay < TV (Py(u0)) (12 = 1] + ),

where TV (P,(up)) remains uniformly bounded (see, for a proof, [8]), owing
to the assumptions (2.1) and (2.2).

3.1. The basic inequality. Our first objective is to derive a generalization
of Kuznetsov’s approximation inequality for f[p, |uh(T, x) —u(T, x)|dx, ie.,
Proposition 3.1 below. We are going to work with a special class of test functions
¢ we now define. Let ¢y and € be arbitrary positive real numbers. Let o :
R — R be a smooth nonnegative even function with unit mass, and support in
[-1, 1], and, for any positive number y, let us set w,(s) = %a)(s/y) for all s
in R. We consider the function ¢ defined by

(3.1) ¢@t, x; 1, xX') = we,(t — )W (x —X'), Wwe(x—X") wa

To simplify the notation, and if there is no risk of confusion, we will often drop
either the variable (¢, x), or (¢, x’), or both. We observe that the support of
¢ shrinks to the “line” {(z, x) = (¢, x’)} as €, € — 0. We shall use the
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notation Qr = (0, T) x R?, or Q% = (0, T) x R? if (¢, x') are the relevant
variables.

To use the entropy inequalities in [9], we must introduce the following piece-
wise constant approximations of the functions w¢ (¢ —¢') and w.(x — x'):

c’E)Eo(t; t,) = wfo(tn+l - tl) for te [tn ’ tn+1)

2
(32 By (13 1) = Ot — ) for €y, ),
and
We(x; x') = we k Z We(y — x")dI(p),
K ecox e
(3.3) xeK,x'eR?, Ke,,
F(x; x') =y gi(x) = Z We(x —y)dI(y"),
eGBK’ e'

xeR!, X' eK',K' €,
Next we define the corresponding approximations 8}¢, 8}¢, V¢, and V*'¢
of the exact time derivative and space gradients of the test function ¢, respec-

tively:

(L, x5 1, X) = Pe (x 3 X)Bwey (= 1),

(3.4)

lrp(t, x;t', x') = =@l (x; X' )Bwe,(t — 1),
and

VAg(t, x; 1, X)) = @ (t; )V (x —x),
(3.5) é( ) = @e,(2; 1) VYe( )

VH(t, x5 0, xX) = =@l (t; ) Vye(x — x).

Similarly, it will be convenient to introduce a piecewise constant approximation
of the exact solution u:

(3.6) u(t, x)=u(ty, x) fortel[ty, ths1)-

The quantities u(¢, x), #(¢, x), and u*(¢', x') will be abbreviated as u, i,
and u”, respectively.

For definiteness, we consider # and u” as right-continuous functions from
[0, T) to L'(R?) whose limits from the left exist on (0, 7). The function u
represents the entropy solution to problem (1.1)-(1.2), while #” denotes the
piecewise constant approximate solution (2.4) given by the scheme (2.6). We
start our derivation by introducing the approximate entropy dissipation form

E! (u, u") as follows:

(3.7a) 606 (u, uh)—/ 860, u, ub(¢, x'); ¢, x")dx'dt,
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where, for all constants c,

e! (u,c;t',x")
. / [Un(it, 3} $(t', x') + Faru, ¢) - V' (¢, x')}dxdt
Q
(3.7b) !
- [ Un((0, ), 60, x5 ¢, x')dx
Rd
+/ Uy (u(T, x), c)p(T, x; t', x")dx.
R4
The term Oé’o,e(u ,c;t', x') is a measure of the entropy dissipation associated

with the entropy solution u: it is basically nonpositive; Proposition 3.3 be-
low will give a precise statement. Observe that # defined by (3.6) appears in
the first term of the right-hand side of (3.7b): this is due to the fact that the
time derivative of u” needs special treatment, as was observed in [9]. Set-
ting #* = u” (which is a natural definition in view of the definition (3.6) of
# and the fact that u” is piecewise constant), we can define Ee"o,e(u" , u) and
6" (c,u";t, x) by the same formulas.

Following Kuznetsov, and using the fact that U,, is a symmetric function,
we have the following identity:

(3.8a) R (u,uh)=St (u,ut)+E! (u,ut)+E! (4", u),
where
(3.8b)
Rl ((u, uh) = / Un(W"(T, x'), u(t, x))$(t, x; T, x')dx'dxdt
Qr JR4

+ / U (2, x"), w(T, x))¢(T, x; t', x")dxdx'dt
Q; /R4

- / Up (0, x'), u(t, x))p(t, x; 0, x')dx'dxdt
QOr JR4

- / Un (', x'), u(0, x))p(0, x; t', x")dxdx'dt,
Q; /R

and
h h
Sey,e(u, u)

(3.8¢) - /Q / AFu(u, Wi~ Fy (", w)vl, } - Vyedx'dt'dxdt

+/ . {Une(it, uh)ge — Uy (u, u") !} 8,0, dx'dt'dxdt.
T/ Qr
Since, as €, € — 0, the term R _(u, u") is expected to converge to
/Rd Un ("(T, %), u(T , x))dx - /Rd Up (40, x), (0, x))dx,
it will be called the error term. Note that S?  (u, u*) =0 if we would use the

original KruZzkov entropies (2.9), if & is replaced by u, and if the exact time
derivative and space gradient are used. As we prove in Proposition 3.2, this
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term is essentially bounded by a quantity proportional to 2/M , which is the
size of the support of ¥

Our treatment of the term Rﬁ’o’e (u, u) is different from [28] and [41], where
the L! contraction property was used. Our motivation (for the application
to formally high-order schemes) is to obtain a lower bound for R60 S, ut)
independent of the modulus of continuity of the function #” : [0, T] — L'(R%).

Lemma 3.1 (Lower bound for R? (u, u*)). We have
2RE ((u, u")
z/ Une (44T, '), u(T, x')) dx’ —/ Use (1400, X, (0, ') dx’
R4 R4

~2 [ wq()Ux (W, X), u(t, X)) dx'dl
o

-3 (6 + €9 %(uo) Loo) TV (uy).

Proof. In view of (3.8b), we can write R% . = R; + Ry + R3 + Ry, with the
obvious notation. We estimate R, in the following crude manner: R, > 0. In
order to estimate R;, we consider the decomposition

Ut (u”(T, x'), u(t, x))
= Uy (u”(T, XY, (T, x'))
+ {UM (wh(T, x'), w(T, X)) - U (u"(T, x'), u(T, %)) }
+ {UM (u”(T, x'), u(t, x)) - Uy (u”(T, x'), w(T, x))} ,

and get
Uy (u”(T, x'), u(t, x))
zUM(u”(T, x'), (T, x'))—|u(T, x) = u(T, x")|=|u(t, x) — u(T, x)|,

since the Lipschitz norm of Uy, is 1. Taking into account the fact that u is
the entropy solution, as was done by Kuznetsov, we obtain

Ri25 / UM ’),u(T,x'))dx’
2TV (o) - :‘z o e | TVw).

We proceed in a similar way to estimate R3 and Kj:

R; > —% RdU ( u"(0, x"), u(0, x)) dx' — 1 (e+€0 d—f(uo) ) TV (up),
Rys> — e, (1)U (u”(t’ , x'), u(t', x’)) dx'dt
Qr
_ % (e + €o %(uo) L°°> TV (ug).
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The desired result follows by adding the above inequalities. 0O
For clarity in the following statement we render here explicit the dependence

of St (u,ut), Eé’o ((u, ut) and E" (u*,u) upon T by writing, instead,
Sho(u,ut;T), Et (u,u";T), and Eg) (", u; T), respectively. Our basic

approximation result follows from Lemma 3.1 by an application of Gronwall’s
inequality.
Propesition 3.1 (Basic approximation inequality). We have

/|u”(T,x)—u(T,x)|dx
RY
|Q"(T)|
S o
9 TV
+ (e+eo Lw) (up)

+6 sup (S (u,u; ) +EL (u,u";0)+E! (', u;0)),
0<I<T

where Q"(T) is the union of the supports of u and u" .
Proof. By Lemma 3.1, we have

/Rd Uwm (uh(T, x"), uw(T, x/)) dx'

<A+2 | o, (f)Uy (u”(t’, X', u(t', x')) dx'dt
o,

+ 3/ (0, x) — u(0, x)| dx
R4

%(uo)

where
A= [ Uy (u”(O, x'), u(0, x')) dx' +3 (e +é€o
Rd

L) ) v

Loo
+2 sup (Sg; (s )+ EL (u, w0+ EL (b w3 0)).
0<t<T
A simple application of Gronwall’s inequality gives

/Rd Uy (uh(T, x), u(T, xl)) dx' < Aexp (2/Tweo(t’)dt/> ’

and the result follows from the fact that [ w,(#')d? < i (actually fo e, (t)dt
=3 if T >€g) and the inequalities, cf. (2.10),

lw—v|-1/2M < Uy(v,w)<|w-v|. O
3.2. Estimating the lack of symmetry of the entropy. In this subsection, we
prove the following result.

Proposition 3.2 (Estimate of Sg’o (u, ut)). We have

h
Sttty < CT (2 2+ o)+ 50) TV o)+ (luoll= 4 Cot?)

where the constant C does not depend upon h, €, ¢g, M, T, and uy. (The
constant C, was introduced in (2.18).)

In view of the formula (3.8c), we can set S* (u, u") = S, +S, with obvious
notation. The next two lemmas provide estimates for S; and S, respectively,
which immediately imply the estimate stated in Proposition 3.2.
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Lemma 3.2 (Estimate of S ). We have

T 1
< — R V
Sl < CcT (60 + M) T (uo).

Lemma 3.3 (Estimate of S,). We have
S, <CT ( h) TV (ug) + C (||uo||Loo + Coh™ ﬂ)
€0
Proof of Lemma 3.2. We consider the decomposnion Sy =81 +S7, where

ZS{ / / {FM U, u )+ FM } Ve {wfo - d);o} d‘thdxldtl’
or JQ;

and
287 = / / {FM(u, uhy — Fyp(u", u)} -V {@c, + &, } dxdtdx'dt’.

We shall assume ¥ smooth. If u is not smooth, it is not possible to integrate by
parts as we do below. However, the formulas we shall derive are still valid, as
is easily checked by a standard regularization argument. Using the divergence
theorem, the definition (2.12) of Fj, and by (2.19), one gets

2|87 < / / IV . {FM(u, u") + Fyr(u”, u)}‘ |@e, - @, | We dxdtdx'dt’
or JQr

T
<C |V - u(t, x)| (/ |@e, —cb;0|dt'> (/ Ve dx’) dtdx
Or 0 R4

z (T
<ct / TV (u(t))dt,
€0 Jo
thus, since TV (u(t)) is a nonincreasing function of ¢,
(3.9) 1S1] < C T TV (ug) El
0
Here we have used the following estimates:

T
T
/0|coq,(t,,+1—t’)—coeo(t—t')|dz’5Ca for t € [ty, the1),

T
T
/0 |We,(thi — 1) — e, (8 — 1) A < C5 fort et thiy)
On the other hand, by (2.13) and the assumption (2.19), we have

3} 1 ||d%f C
\%(FM(%’U) Fyu(v, w)| < 537 a2, _Su

M’
and thus,

2|87 = ‘/ / {FM u, u) — Fy(u ,u)} Vy{ @, + 0 }dxdtdx'dt

V- {Fy(u, uh) — Fy(u", w)}ye{@e, + @, }dx'dt'dxdt
r JQr

0
¢ ax') [ [ e+t yar | dxd
SH QT|V.u(t,x)| (/Rdl//6 x) /0 {@¢, + @ }dt' | dxdt.
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From the above inequality, we deduce that
T
(3.10) ST < C 32 TV (o).

In view of (3.9) and (3.10), the proof of Lemma 3.2 is complete. O

Proof of Lemma 3.3. As in the proof of Lemma 3.2, we can assume that u is
smooth. Consider the decomposition S; = §; + 57 , where

r
S = | / {Uni(it, u") ~ Up(t, u")} 910, 0, dxdrdx'd,
orJQ'r
Sy = / Une(u, u!)we, { e — 0!} dxdtdx'dr’.
rvQ'

In view of (3.2) and (3.3), we can estimate S; as follows:

|53 S/Q |, x) —u(t, x)| (/ Wé(x;X')dX'> (/Tlat'weoldt') dxdt

<T sup i)~ uOllown ¢ swp o= 3 [ [ vl - ) axareo).
0<t<T Keg, Pk eeaK e

Since u satisfies the L' contraction property, and in view of the definition
(3.6) of i1, one obtains

(3.11) |S5] < CTGLTV(uo).
0
To estimate S% , we integrate by parts, i.e.,

- / / | ‘9(%(14, MOy e, (e — ¥ }dxdtdx'd
Or

+ / Up(u(T , x), u") we, (T — ¢'){ e — W/ }dxdx'dt’
R? JQ!

- / U (0, x), u") we, (') {0 — . }dxdx'd?'.
R4 Q’T

In view of

/|'//ex x') = we(x—x")|dx' <C— /| (x5 X") = we(x —x")|dx’' <Cﬁ

and (3.3), we get

/ aUM(u uh) dyu we, {We — W }dxdtdx'dt
Or

ov
T
|6,u(t, x)|/ |we — W] / weodt') dx'dtdx
Lo R? 0

“ Uy
< CT TV (up).




ERROR ESTIMATE FOR CONSERVATION LAWS 91

The remaining two terms are easily estimated; for instance, using (2.18), we
have

/ Up(u(T, %), uh)wre,(T — O ){¥ic — ) dxdx'dl’
R Jo;

h
< Clluoll oo (rey + ”uh”Lw([O,T]de))g
_gh
< C(|luoll oo rey + Cah ﬂ);
This shows that
h _
(3.12) 1S3] < Cg("“O"Loo(Rd) + Ch™F + T TV (up)).

The proof of Lemma 3.3 is complete in view of inequalities (3.11) and
(3.12). O

3.3. Estimating the entropy production for the exact solution.

Proposition 3.3 (Estimate of Eé'o,e(u, u")). We have

h
E€0,€

h
(u, u") < C - (lluoll oo rey + Ch ™2+ T TV (u)),

where the constant C does not depend upon h, €, €¢g, M, T, and uy. (The
constant C, was introduced in (2.18).)

Proof. Since u is an entropy solution to (1.1), for each (¢, x’) and n, one
has

/Rd {UM(u(tn+l ) )C) ’ uh(t/ s x/)) - UM(u(tn ) x) ) uh(t/ ) x,))} V’e(x - x,)dx

In+1
- / / Fu(u(t, x), u")V - we(x — x")dtdx < 0.
Re

tn

Multiplying this inequality by we,(¢+1 —¢'), using (3.2), and summing in time,
we arrive at the following inequality:

nT—l

- Z /Rd Upt(u(tn, X), ") {0, (tns1 = ') — @ey(tn — ')} We(x — X")dx
=0

- Fu(u(t, x), uh)VWe(x — x")@e,(t; t')dtdx
or

+ UM(u(T9 x) ’ uh)wfo(T - t/)v’f(x - xl)dx
R4

- / Up(u(0, x), u")we, (') we(x — x")dx < 0.
R4
By the definition of i, (3.6), we have the identity

/ Une(u(tn, %), 1) {@ey(tmsr — 1) — @y (tn — )} We(x — X')dx
RY

thti
= [T [} Uttt 20, uhdiosq (e = el = )dxdt,
th R4
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h
so E¢ .

/ Une(ii(t, X) , €Oy (£ — ) {we(x = X') — e (x; X')}dtdxdt'dx’.
or JQr

(u, u") defined by (3.7) is bounded above by the quantity

Using integration by parts in time, we can rewrite this term as follows:
/ Up(t(t, x) , €")0,e, (¢ — 1) {we (x = X') — e (x; x')}dtdxdt dx’
QrxQf

n7‘1

- /R sy (U (Wltnst ). ) = Vst ), uh)}
«(We — We)Wey(tns1 — ')dxdx'dt
[ ] UM UT %), i) (el = ) = Do )} (T = £)dxdx'd
R o,

- / Upr(u(0, x), u"){we(x — X') — e (x; X') e, (£ )dxdx'dr .
RY JQ)
Each term in the right-hand side above can be estimated along the lines in the
proof of Lemma 3.3. We omit the details. O

3.4. Estimating the entropy production for the approximate solution. In this
subsection, we prove the following result.

Proposition 3.4 (Estlmate of EX (u,u")). We have

Ef, ("

u) < C ("uo"Loo + Cyh™ ﬂ) +MC h”

hi
+ C(TIQNT)) ' = (ol 2wy + €1 202)

where the constant C does not depend upon h, €, €, M, T, and uy.

This result is a direct consequence of Lemmas 3.4, 3.5, 3.6, and 3.7, which
we prove in the remainder of this section.

Lemma 3.4. We have
E! (", u) <E +E,

€p, €
where
nr— 1
K ~ ~1 !
Er= X 3 S U 0 - 900t ~ v
Qr p=0 KET,
+ / Up(uh (T, X'), w)we, (T — t) {we (x — x") — @l(x; x)} dtdxdx’
r JR4
- / Up(#(0, X'), @)y (T) {we (x — X') = 9l(x; x')} dtdxdx’,
r JR4
and

n7‘ 1
avM aDM
E n n — ——(v?
2_/Q' { a,v (vK,e’u) av (er,e’u)}

T n=0 KE?;,
e€aK

Ve o (X)0ey Ly — )Tle|dtd x.
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Note that, if we set
. 1
G1%) )= /e ve(x —y)dT('), ¢ €dK', K eI,
then, in view of (3.3), we have

(3.13b)  @l(x; x") —Z W o (x)e'], xeRY, x'eK', K eI,
K ercok’

by the definition of ¥/ ; cf. (3.4). We use this identity in the proof below.

Proof of Lemma 3.4. Following [9], we use the entropy inequalities (2.15) as
follows: we sum the entropy inequalities (2.15), written for the polyhedron K
and for the polyhedron K, , respectively; in view of the conservation properties,
(2.14a) and (2.17), the numerical entropy fluxes cancel each other, and only the
exact entropy fluxes remain; then we get

K] 1 |Kel ¢/ 1
—Unm(ug'y, c )+pK MUy o, C

Pr +r{FM(v,’}e,c)—FM(u;’(,,c)}-NK,e

¢)
|K| Uy |Ke| OUps
< 1a" n _ n
— T‘sz,e { Dk ov (vlf H ) 17K} v (1)K} c)

We multiply the last inequality by ¥ .|e| and sum over all faces and all poly-
hedra:

e
Zmz" W, Ol — S U, yhIK|

Keg, ccok P KeF,
+ Z/FM Uk, ¢)+ Ng o We(x — x")dT(x")
Kegy, V€
eEBK
oU, .
< T ¥ o {Gropt o - Sk, o ol ctlel.
KeT, e€dkK

Observe that for each polyhedron K

> [ Pk e+ N evele = X)) = = [ Firlutg, ) Vyelx = x)dx’
ecdK V€ K

We multiply the last inequality by we,(¢,,,; —t) and sum with respect to the
time variable:

— | Un((t', X)), )0y e, + Far(u", ¢) - V'yedol (t; t')ddx’

2
+ [ UnM(T, XY, ¢) Wl we (T - )dx’ — / Une (0, X'}, ¢) Wlwe, (H)dx'
R4 d
nT—l
<Y D IK|og(thy — ){UM( & owl-— Z Un(ug',, ©) elel}
n=0 KeJ; K ecok

nr— 1
U, ou,
+ Y S ap fS Mg o av"’(v,'z*‘e,c)} P 00ty — O]

n=0 K€J,
e€dK
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The statement in Lemma 3.4 then is a consequence of Jensen’s inequality ap-
plied to the convex decomposition (2.8). O

The following a priori estimate of the entropy dissipation of the scheme was
derived in [9].

Lemma 3.5. We have

nT—

e||K
(3.14) }: }: | “ | n+1 un+1) < "uO“LZ(Rd +C1ha
n=0 Keg,
e€0K

where C, was introduced in (2.16).

Proof. The entropy inequalities (2.15) hold for all M, so, for each 4 fixed, we
can take M to be larger than ||u” ||z~ , and in view of (2.10), condition (2.15)
then reduces to a discrete entropy inequality for the quadratic entropy u?.
By summation in space and time, we can deduce from this quadratic entropy
inequality that

Ny L = |e||K| e
ST+ YN —vpth
Keg, n=0 Keg
e€K
nr—
< S WK+ YD D lag it — uEt el
K67 n=0 Keg,

eEBK

The proof is based on the arguments already used in the proof of Lemma 3.4.
See [9] for a proof. The proof is complete in view of (2.10). O

In the derivation of (3.14), the assumption (2.16) is used to estimate the en-
tropy production only. When the antidiffusive term a} , vanishes identically,

(3.14) holds with C; =0.

Equipped with (3.14), we now turn to estimating £; and E,. In view of
Lemma 3.4, Proposition 3.4 is an immediate consequence of Lemmas 3.6 and
3.7 below.

"Lemma 3.6 (Estimate of E,). We have

hl
E; < ch = (luolle + Coh~ #) + c(TiQNT)))'* L ~— (loll 2y + € [2hed?),

Proof. In view of the identity (3.10b), for all K € Z, we have

Z Um(ug™ , w){ye — 0l el = 0

eGBK

and thus E;| can be rewritten in the form

E =/Q {01(1, X) + 03(t, X) + 03(t, x)}dtdx,
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with
|€||K| n+l1 n+1
1(t, x) = LZ Un(ui'e, ) — Un(ug™ , u)

n=0 K€,

e€dK
° (Wé - V?é,e)weo(t;wl - t) s
0,(t, x) = Uy (u'(T, x'), w)we, (T — O){We(x — x') — @l(x; x')}dx',

Rd

05(t, x) = — g Upr(u"(0, x'), w)we, () {We(x — x') — Wl(x; x')}dx'.

In order to estimate 6, , we write

e |€||K| n+1_ n+l 7!
01(t, x)dxdt| < > 3 Tk | | — W e ldx
or n=0 Ke,
eEaK
nT 1
K|le
<CF S gt Bl

n=0 K€,
e€dk

where we have used the following estimate valid for all x’:
[ 19t0xs ) = s 20l < €
RY ’ €

Since the triangulation satisfies condition (2.1), and by using the Cauchy-
Schwarz inequality, we deduce that

nr 1

/ 6:1(t, x)dtdx‘ <C S u?lllKlIeIT
or DK

n=0 KeJ,
ecdk

1/2
(TlQh T)l 1/2< Z Z Iun+1 n+1|2|I;||e|T> ,
K

n=0 Keg,
e€dK

where |Q#(T)| represents the Lebesgue measure of the support of the approx-
imate solution at time 7 . Using the entropy dissipation estimate (3.13), we
thus get

12 hi
< C(TIQMT)N) " = (ol 2guey + €1 *12).

(3.15) 0,(t, x)dtdx

Or
Similar arguments as those used in the proof of Lemma 3.3 yield the following
estimate for 6, and 6;:

{1622, x)| +163(¢, x)|}dtdx < C}e—l(||uh”L°°([o,T)de) + |luollz)
(3.16) or
< 2 (luglie~ + Coh?).
The proof of Lemma 3.6 is complete in view of (3.15) and (3.16). O
Lemma 3.7 (Estimate of E,). We have
E, < MCyhe.
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Proof. By the definition of E; in Lemma 3.4, the definition (2.10) of Uy, and
the property (2.11), one has

nr—1 T
|Ey| < M al ||vit! —prt! y/ x'; x)dx we,dt | tle|
K,ellK e K, ,e €,e 0 0

n=0 Keg,
e€dkK
nr— 1
SM YD lak g —vitllel,
n=0 Keg,

e€okK

where we have used the following identity:

/Rd Ve e(x)dx = %/e (/Rd Ve (x; x’)dx) dr(x') =

The conclusion is a consequence of assumption (2.16). O

3.5. Completion of the proof of Theorem 2.1. From Propositions 3.1 to 3.4,
we immediately deduce that

" (T) — u(T)l|p1rey < At M~ + Ao+ AL M,

where

A =C+CTTV(up),
Ao = 2||Py(uo) — uoll 1mey + C TV (o) €
C
+ ((T TV (o) + |l o l| Lo (re)) 1
+ T2 Il 40 “LZW) Rl2 4 T2 CII/Z p1+a)/2
+(1+ T TV(ug)) Coh'~#),
=C h”,

where C dependson |Q"(T)|, o, y, and on the ratio €, ||§!;(u0)||Loo /€ , which
we set equal to a fixed constant.
Minimizing over M , we obtain

4(7) = u(T) | sey < 2V/AZTAT + Ao,
that is,
15T = u(T) ey < 2 1P () = ol ey + C TV (o) €
+ ST TV (10) + 1l i)

+ T2 Il 40 ||L2(Rd) hl2 4 12 Cll/Z p+a)/2
+ (14 T TV (up)) Cr h'~#)
+CCl*her,
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Minimizing over €, we get

u"(T) = u(T)|| 11 (rey
< 2||Py(uo) — uollL1(re)

+ C TV (o) (T2 TV (u0) "/ + || o Il /2 gay) B2

+ T4 o ”;,/Z%Rd R4 4 T1/4 C11/4 pli/4+a/4

+(1+ T2 TV (ug)'1?) €, h112-512)
+CC}Pher,

The result follows from the fact that ||P,(uo) — uollLigey < Ch TV (uo). (See,
for example, [8] for a proof.) This completes the proof of Theorem 2.1. O

4. THE ANTIDIFFUSION SCHEMES

In this section, we prove that Theorem 2.1 does apply to the so-called mod-
ified antidiffusive flux schemes constructed from monotone schemes. For sim-
plicity, we assume here that the underlying monotone scheme satisfies sharp
entropy inequalities, in the sense of [14]. The antidiffusion schemes are for-
mally high-order accurate schemes of the form (2.6) with a numerical flux g}
given by

(4'1a) ge K_ggnr}(n_*_ae K>
where
(4.1b) g¥" is a two-point monotone flux,

and a} , satisfies the conservativity property (2. 17) and the estimate
(4.1c) la; x| < Ahg,

for some number y in (0, 1]. To apply Theorem 2.1 to the schemes under
consideration, we only have to verify that the discrete entropy inequality (2.15),
the estimate (2.16), and the L> bound (2.18) hold.

We first show that the entropy inequality (2.15) is satisfied. By (2.8), we have

n+l - Z un+1 |6’|

K ccok
where
ughl = uf — I?I{ & +al g — Nex - f(ug)}-
Setting
w[’?é un+1 +’T'|'ae K>
we get

T
with = uk = T8l = Neax - S}
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and so, by (4.1b) and the CFL condition (2.7),
Un(ug"y > ¢) — Un(uk , ©) + P |K| S{Gr = N,k Fy (W}, ©)}

< Up(ug, ¢) — Un(wgtl, o)
aUM Wk, o0Um
(u?_}z wKe ( e’ )= lKl Ke v ( ),
where
(9%
(4.2) VE o= (1 -0} Jufth + 0% Jwitl=ugt, + 6%, |KI|< e, K>

and 6% K.e is some number in (0, 1). This proves that the entropy inequality
(2.15) is satisfied for the schemes under consideration. ThlS together with
(4.1c), proves that the L> bound (2.18) holds with g =1 —

Now, we prove the estimate (2.16). By (4.2) and (4.1c), we have

T
|0F o~V | < ult —uitt | +24 2K

IKI
n+1 +1
< |ug uKe l+2A"f,Il
and hence,
Nr—1
(4.3a) DY > vk -k ellag ollelt < T+ Ty,
n=0 KeJ, ecdK
where
Nr
(4.3b) Ti=AY Y 3 luk—uk, | lelt,
n=1 KeJ, ecdk
Nr—1
(4.30) Ty=24% o — Z S 3 b el
1/l &= & Sk

KCQT)
If 2y > 1, the term T, can be easily estimated by using the compactness of

the support of the approximate solution and the property (2.3) of the triangu-
lation:

Nr—1
14 —
n=2A Y Y A e he/IKD) Kl
(4.42) L= 420 ke, KcQ(T)
<24> - — uTIQT)| K2

[FAPS

Estimating the term 77 is a more delicate matter because we need to control
the differences |ug — ug |. To be able to do that, we require that the values

(4.5a) wit! =yt R Z a? g le|
eeaK

satisfy the so-called sharp entropy dissipation estimate

(4.5b) D (Ua(wgt!) = Un(ug)) K| + Ca @)y <0,

Keg,
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where

=D > luk—uk, PPlelt

Keg), ecdK

for some p > 1. In [9], it is shown indeed that (4.5) holds with U, (w) = w?/2,
and p=2 or p=3.
We start with the following result.

Lemma 4.1. Assume that y > 1 —1/p. Then we have
1-1/p
1< 6 (wriQ(my) - w,

where ©, = YN @n.
Proof. By Hoélder’s inequality, we obtain easily that
Nr—1

AZ Z Z|uK uk | hyle|t

n=0 KeJ, ecdK
Nr—1

SAe,‘,/P(Z 3> zh”|elr)q

n=0 Ke9,,KCQ(T)e€dkK
Nr—1 1/q
> % Boee)

n=0 KeJ,KCUT)

(
=Ae}/”(NTZ_ZI > (PKhK/IKI)IKIT)l/q
(

n=0 KeJy,KCQ(T)

T 1/q
n=0

—0KeT; , KCQ(T)
1/q
<aelfr (wria()  we,

This completes the proof. O
Next, we use the sharp entropy inequality (4.5) to obtain a bound on O, .
Lemma 4.2. Assume that y > max{l —1/p, 1/2}. Then one has

2
6, < & D Un(uk)IK|
Ked,

1 M. A\?
- - * (1=1/p)(y—1+1/p)
+(1-5) ruiami ()

uT | Q(T) | h®~1.

v
Call /" lILee
In the case of the (first-order) monotone schemes, 4 = 0, and the above
inequality becomes 6, < -(% Ykeg U.(u%) |K|, which is (up to a factor 2) the
weak estimate proven for monotone schemes in [9]. In the case of the A’-
antidiffusion schemes, we can say, roughly speaking, that ©, remains bounded

+2M, A%
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if the scheme does not produce too much antidiffusion. This is reflected in the
condition y > max{l —1/p, 1/2}.

Proof of Lemma 4.2. If we sum over n in the sharp entropy inequality (4.5b),
we get

Nr
YN (Ua(wp) - U K|+ Ca 8, <0,

n=1Ke9,
and hence
Ca©, < Z > (Ualug™") = Us(wp)) K]
n=1Ke9,
Nr Nr
= Z Z (Uu (") = Un (i) KT+ > > (Un(ug) — Un(wg) K|
n=1 n=1 Ke9,
<) Ud(uy) K| +Z > (Ud(ug) - Un(wg)) K|
Ke9, n=1 Ke9,
Z uK>|Kl+Z > UL0g)) (uk —wg) K],
Keg, n=1Keg,
where
~ ‘z'p
K (l_oK e)un+l +0K ewlté+:’_unK+L+01n( elKI'(ae K>

and 9,"(,,_, is some number in (0, 1). Then,

Nr
Ci0p < Y UK=Y > Ulogalglelt

Keg, n=1 K€, e€dK
Nr
= Y UK=Y Y Y (Uilvg,) - U@ ™) ag g lel T,
KeI, n=1KeZ, e€0K

where 0} = (0 , + 0% ,)/2. Hence, with M, = sup,cg| U/ (u)], which by
hypothesis is a constant, we have
Np—1

Ci€p < ) Un(ul) K|+ 5 M., Yo D 10k~ 0k, llak cllel T

Keg, n=0 Kc9, ecdk
By (4.2) and (4.1c), we have
1
Ci©, < ) U.(uf) IK|+ 5 M. {Ti + T2}
Keg;
and, by (4.4a) and Lemma 4.1,

Ci8y < 3 UL(ul) K| + Mo AP — uT | QT) | h7~!
= T/ Tz

1 1-1/p
+ EM* Aell)/P (# TlQ(T)’) pr=1+1/p
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By using the inequality

Soe(-3) Ga)”
ab< —a’+(1-=) | —= b,
-2 p) \pCs

with a = 6, , we get, after some simple algebraic manipulations,

Ci©, <2 ) U.(ug) K|

Keg,
q
_,_(1_1) T u|QT)| _{@4_ ha(r—1+1/p)
D pl/pC4/P
FOM, A2 uT|Q(T)| R~
TASa

This completes the proof. O
In this way, by Lemmas 4.1 and 4.2, if y > max{1—1/p, 1/2}, then
(4.4b) T <£Cs hY—1+lp,

Finally, by (4.4a) and (4.4b), we get that the scheme under consideration satisfies
the estimate (2.16) with

a=min{2y -1,y -1+ 1/p}.

Since 8 = 1 — y, Theorem 2.1 states that the scheme under consideration
converges to the entropy solution, with an order of convergence no smaller than

min{a, 1 — f}/2=min{y - 1/2,y/2-1/2+1/2p, y/2}.
Taking y = 1, we see that the order of convergence is no smaller than 1/2p.
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