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APPROXIMATE ZEROS
OF QUADRATICALLY CONVERGENT ALGORITHMS

PENGYUAN CHEN

ABSTRACT. Smale’s condition for a point to be an approximate zero of a func-
tion for Newton’s method is extended to the general quadratically convergent
iterative algorithm. It is shown in which way the bound in the condition is
affected by the characteristics of the algorithm. This puts the original condition
of Smale for Newton’s method in a more general perspective. The results are
also discussed in the light of numerical evidence.

1. INTRODUCTION

When an iterative zero-seeking algorithm has a local quadratic convergence
property, the iteration, if it ever converges, will eventually display the so-called
precision-doubling phenomenon at each step, i.e., the precision of approxima-
tion is asymptotically doubled at each iteration. The traditional approach to
the problem is largely based on asymptotic analysis, which often involves large
unknown constants in the estimation and only provides a qualitative description
of the convergence property. It is of practical use to have some kind of quantita-
tive criterion for predicting the immediate appearance of such fast convergence.
This kind of knowledge is also useful in the construction of more efficient algo-
rithms and in the analysis of their efficiency (cf. [3, 4, 5, 6, 7, 9]).

A point where fast convergence to a zero starts immediately under iteration
is called an approximate zero. Several versions of this notion exist for the well-
known Newton’s method and its higher-order generalizations (cf. [4, 5, 6, 7,
8]). The definition in [8], which is solely in terms of the convergence property
and reflects the order of convergence, seems most appealing. In that paper, a
point z; is called an approximate zero of f for Newton’s method if the Newton
sequence {z;},where z; = zx_1—f(zxk_1)/f (zx—y) for k=1, 2, ..., starting
with z( satisfies the following fast convergence condition:

3
1 28—1
'Zk+1_Zk|S<§) IZI—Z()', k=0,1,2,....

Under this definition, Smale [8] proved the following theorem that gives a
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sufficient condition for a point to be an approximate zero based on estimates
from data at that point.

Theorem (Smale). There is a constant oy ~ 0.130707 such that z, is an ap-
proximate zero of f for Newton’s method if ys(zo)|f(20)l/|f"(20)| < a0, where

fR(z)
772) = W p(a)

This work was later extended by Curry [1] and Kim [3] to some higher-order
iterative algorithms including Euler’s method and Halley’s method. Although
their definitions of an approximate zero are not exactly the same as that of
Smale [8], the conditions they obtained are essentially the same, except for a
different constant oy .

Our paper is in the same spirit as those works. We deal with the gen-
eral Newton-like quadratically convergent iterative algorithms of the form z +
M(f(z), f'(z)), which includes Newton’s method as a special case. The mo-
tivation for this work is twofold. First, since the conditions for a point to be
an approximate zero, given in [8, 1, and 3], are basically the same (namely,
77(20)|f(20)|/1f"(20)| < ap for a certain constant o which varies among [8, 1,
3]), regardless of what iterative algorithm is under investigation (Newton’s, Eu-
ler’s, or Halley’s), it is natural to ask to what extent this condition is universal,
or in what form the condition would appear in a general setting. If the con-
dition is indeed universal for a certain class of iterative algorithms, how does
the constant « in the condition vary from one algorithm to another? In this
paper, a similar condition for a point to be an approximate zero is established
for the class of quadratically convergent algorithms. Moreover, it is shown how
the bound «g in the condition varies from one algorithm to another and what
characteristic of the algorithm affects the bound. This puts the conditions found
in [8, 1, and 3] for Newton’s method in a more general perspective. Second,
other iterative algorithms of this form may be used to improve the convergence
behavior of Newton’s method in the global sense. According to the Fatou-Julia
theory, each attracting cycle or fixed point attracts at least one critical point
under the iteration of a rational map z + M(f(z), f'(z)); the nonconvergent
behavior is essentially due to the existence of attracting cycles other than the
fixed points (i.e., the zeros). So it may be possible to perturb Newton’s method
appropriately so as to remove some of the attracting cycles. In this way, in the
region where Newton’s method fails to converge to zeros, one may alter it to
some other methods to achieve convergence. For example, Newton’s method
when applied to the polynomial f(z) = %23 — z + 1 has the attracting cycle
{0, 1} on the real line. When using M(f, ') = —f/f" + f3/(/"(1 +2f?)),
the attracting cycle {0, 1} no longer exists. In fact, the whole real line is free
of any attracting cycles. Therefore, to find a condition for a point to be an
approximate zero for other quadratically convergent algorithms is important in
its own right.

1
=T

2. NOTATIONS AND STATEMENTS OF THE RESULTS
For a function M : C x (C\ {0}) — C, consider iterative algorithms defined
by
Ig(z) = z+ M(f(2), f'(2))
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for finding zeros of f, where f can be any analytic function in the complex
plane C. (We will work in this setting; but everything should readily carry
over to the case of the real line or more general setting of Banach spaces with
appropriate definitions and interpretations.) The assumptions we make on M
are the following:

(a) M:Cx(C\{0}) — C is analytic;

(b) M(0,-)=0;

(c) M1:9(0,v) = —%, where MO, v) = @%"u’—@.

Assumption (a) is reasonable; assumptions (b) and (c) are equivalent to the
iteration I, being locally quadratically convergent at simple zeros of f. New-
ton’s method is M (u, v) = —u/v, which clearly satisfies assumptions (a), (b),
and (c).

We adopt most of the terminologies and notations used in [8], except that
the notion of an approximate zero is defined here in terms of the residual and
in a somewhat stronger sense.

Definition. We call z, an approximate zero of f with respect to the iteration I,
defined by M if there exist positive numbers ag, a;, a2, ... satisfying ap < 1
and aiy; < a} forall k>0 such that

|f(zas)l < ap 'f(z)l,  n>0,k>0,
where z, = I}(zo) for n>0.

Remark. One of the advantages of our definition of an approximate zero is
that it is forward-invariant, namely, if z, is an approximate zero, then so
is zy = I;(z9). The original definition in [8] lacks this property. Another
advantage is that it captures the full strength of quadratic convergence. It is
easy to see that if zy is an approximate zero under our definition, then

If(za)l < a2~ f(z0)), n2>0,

which is the residual version of the original definition in [8] when ap = 1/2. It
should be pointed out that the condition for a point to be an approximate zero
found in [8] is still valid under our definition.

Let
e
fB(2) [F
yr(z) =sup |5 ms| s
7(2) =9 17 (z)
. v) M) (y y) |77
ty(u,v)= sup |———~ ,
M n,+n?21 ny!ny!

where M) (y v) = 9M+mM(u, v)/0u™ov™ .

Theorem 1. Let M satisfy the assumptions (a), (b), and (c). Assume that

Ky def sup |v|tp(0, v) < 00}
[v]#0
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then there exists a number t,(Ky) depending on Ky (in a way to be specified
in the next section and pictured in Figure 2.1) such that if

(7£(20) + D)|f(20)ltm (0, f'(20)) < t1(Kn),
then zy is an approximate zero of f with respect to M, namely, there exist
positive numbers ag, ai, az, ... satisfying ag <1 and ayy < a2 forall k >0
such that |f(zpx)| < ak"‘llf(zk)l forall n >0 and k >0, where z, = I1}(z) .

Let t}(Kuy) = t1(Km)/Kpr . The following is an immediate corollary to The-
orem 1.

Corollary 1. If

(rstz0) + )| HED

< t{(Km),

then zy is an approximate zero of f with respect to M .

For Newton’s method, it is easy to compute that 7,,(0,v) = 1/|v|. So
Ky =1, consequently ¢}(1) =#,(1) ~ 0.142301. So we have the following.

Corollary 2. For Newton’s method, if

f(20)
Sf'(z0)

then zq is an approximate zero of [ with respect to the Newton iteration.

< t1(1) = 0.142301,

(vs(z0) + 1)

Note that the general condition in Theorem 1 essentially specializes in this
case to the condition obtained in [8, 1, and 3] for Newton’s method.

The functions #(Ky) and ¢}(Kys) are decreasing in Ky, as pictured in
Figure 2.1. This reveals how the bound in the condition for approximate zeros
depends on the algorithm A/ ; it depends on M through the number K, in a
decreasing manner.

As another example, consider the iteration defined by M(u, v) = —u/v +
u?/v?. Tt can be checked that 7,,(0, v) = V4/|v|. So Ky = V4 ~ 1.3195 and
t1(v/4) = 0.120574 . Hence, we have the following corollary.
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Corollary 3. If
f ( ZO) 5
22200 < 171(V4) ~ 0.091378,
Fizg| <Y
then zy is an approximate zero of f with respect to the iteration defined by
Mu,v)=-u/v+u?/v?.

Even though satisfied by Newton’s method, the assumption that K3s < co in

Theorem 1 seems overly strong. Fortunately, it is by no means necessary. The
following is an extension of Theorem 1 without that assumption.

Theorem 2. Let M satisfy the assumptions (a), (b), and (c). There exists a
Junction t,(r) (to be specified in §4 and pictured in Figure 2.2) such that if

(71(z0) + DIf (20)l7ae(0, f'(20)) < t2 (If"(20)|7m (0, f'(20)))
then zg is an approximate zero of f with respect to M, namely, there exist

positive numbers ay, a1, ay, ... satisfying ag <1 and aj, < a,% forall k>0
such that | f(zpi)| < @2 = f(zx)| forall n >0 and k > 0, where z, = THER

Let £5(r) = t,(r)/r; then the condition in Theorem 2 can be rephrased as
z
SE0 | 45 (17/(20) (0, (20))).

S"(z0)

Again notice how the information about the algorithm M enters the bound.
The bound depends on the quantity |f”(zo)|7a(0, f'(zo)) in a decreasing man-
ner, as pictured in Figure 2.2.

For Newton’s method, |f"(zo)|ta(0, f'(z9)) =1 for all zy. So the bound
given by Theorem 2 is £5(1) = (1) = 0.090571 .
_ As an illustration for this case, consider the iteration defined by M(u, v) =

—u/v + u?. It can be checked that

T;(0, v) = max{1, 1/|v|}.

Suppose that we want to find an approximate zero of f(z) = z4—z—1/100. It
can be calculated that y,(1) =2 and |f"(1)|t(0, f'(1)) = 3. So the bound is

(7f(z0) + 1)

(v(z0) + 1)
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t5(3) = 0.0131. Note that (y,(1) + 1)|f(1)|/]f'(1)| = 0.01 < 0.0131, so Theo-
rem 2 guarantees that zo = 1 is an approximate zero of f with respect to the
M specified above. Incidentally, note that the exact zero is about 1.00331135.
As another illustration, consider the function g(z) = ze? + z — 1/30. It can
be verified that y,(0) = 1/2 and |g’(0)|ta (0, g'(0)) = 2. So the bound is
t3(2) = 0.0273788. Since (y4(0) + 1)|g(0)|/|g’(0)] = 0.025 < 0.0273788, by
Theorem 2, zp = 0 is an approximate zero of g with respect to the given M .
Again note that the exact zero of g is about 0.0165289.

3. PROOF OF THEOREM 1
Let z* denote I7(z) and M, denote M(f(z), f'(z));then z* =z 4+ M,.

Lemma 3.1. If |u|t) (0, v) < 1, then

M(Z,O) (k,0)
(a) M(u’v)=_E_f___%v_)uz_*_..._*_{‘z#uk.}_... ;

!ultM(Oa 'U)

Proof. (a) This is Taylor expansion of M(u, v) in u at ¥ = 0. The radius of
convergence is at least 1/7,(0, v) since |M*-9(0, v)|/k! < T4(0, v)*, k >

0.
(b) is an immediate consequence of (a). O

Lemma 3.2. If |f(z)|tm (0, f(2)) < 1, then
(k,O) i
(@) M(f(z), () = - L2 4 Z QLD 1z
=2

- f(2)
1/ (2) ITM(O f'(2))
Lf(2)tm(0, f1(2))
Proof. This follows from Lemma 3.1 with u = f(z),v = f'(z). O

©) IM(f(2), f(2)] < 12

Lemma 3.3. If (y/(z)+ 1)|f(2)|tm(0, f'(2)) < 1, then

f(z9)| o Gr2) + DI (2)lem (0, f(2))?

f(z) 1= (rp(2) + DIf(2)tm(0, f'(2)) ~
Proof. By Lemma 3.2(b), (y/(z) + 1)|f(2)|tm(0, f'(z)) < 1 implies that
|M:|ys(z) < 1. So the Taylor series

oo

f(z) =

k=0

is convergent, since |/*)(z)|/k! < |f'(z)|(y7(2))*~". Then

S (1 LD, L@ & M
702) <1+f() ) Zk’f’(z

Now by Lemma 3.2(a),
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L@ L[S & ME00, p()
1+f(Z)MZ_1+f(Z)[f’()+Z 2 f‘z)J

_ S1(2) & M*%0(0, f(2))
=75 ,;2 P f(2)k.

So

M¥900, f'(z))
k!

M,

£12)
,‘ Wie)

f()
=73 kZ;
r) N F
= kng(o,f(z)) £zl

L'(@)| 1f(2)Ptu(0, f'(2))?
F@) 1 =1f(2)ltu (0, f'(2))’

IA

By Lemma 3.2(b),

(2) § S0z
7(2) Z k'f'(z

)k—~l|Mz|k

,f’(Z)
~ 1 f(2)

lf ()T (0, £1(2)) 17
Iz )[1—|f 2t 0, f'(Z))] |
stz )[ /@0, 7(2)) J
— /(@) (0, f1(z))

_|f @] vr@If ()P0, £1(2))> 1
@] 1=+ DIF @I, F1(2) T= 7@t 0, F1(2)°

So (by abbreviating f(z), f'(z), 77(2), (0, f'(2)) as f, f, Vs Tm, Te-

spectively)
f(z*)
flz)

=’f’(2) Vr(2)| M |? ‘f’(z
Z) I_Yf(z)'le

’f’ P, ’ I, 1
1—ff|TM L=+ Dfltar 1= |flty

A >

“f T ltn (”1— Gy +1) |f!w>
 Gr+ DI,
T 1= 0+ O/

Lemma 3.4. (a) If |M.|y;(z) < 1, then

1
(1 =yr(2)IM;])? IJ '

(®) If (v7(2) + DIf(2)|tm(0, f'(2)) < 1, then

(2] < !f’ Z)I[l—lf(Z Nt (0, f'(2))1
~ 1= 0r(2) + DIf(2)Ta 0, f1(2))P

£z = £(2)] < 17(2) [
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Proof. (a) Since |M;|ys(z) <1, the Taylor series
©  r(k+1)( 4
() = e+ M) = i(2)+ 3 Lt

k=1

is convergent. Then

f(k+l ( )
kUf(z)

< (2) | M|

k=

i k+ (Z

s|f'(z>|2(k+1>yf<z>k|Mz|k=|f'<z>|[ -

k=1

If(z%) = f'(2)] =

(b) Again note that (y,(z)+1)|f(z)|tsm(0, f'(z)) < 1 implies that |M_|ys(z)
< 1 by Lemma 3.2(b). It follows from part (a) and Lemma 3.2(b) that

A + i + — i i !f,(Z)l
SEN<IE) = L@ < G, e

TG GO E)) .
= =2+ DT Nen(0, ()P

Lemma 3.5. If |h|ty(0,v) <1, then

Tm(0, v)
= (1= |hltm(0, v))?
Proof. For n; > 0,n, >0, n; +n, > 1, expanding M™-™)(0, ) at v into
Taylor series, we have

Tm(0,v+h) <

M, n2+k)(0 U) 1
(ny,n3) k - -
M 0,v+h)= g T h*, W<1M(O,v)'
Then
MO0, v+ h)| & (g + k) [ MMm+R (0, v)] o
< Al
ny'ny! pard nylk! nl(ny + k)!
+k)!
< Z (n2 i TM(O, U)"'+"2+k|h|k
0’ p)mtn: 0
. —M(—;z,)—Z(nz )= (ko DAl 0, )
’ k=0
_ (0, v)m*m ny! _ (0, v)mtm
B ny! (1= [Altar(0, v))ma+t = (1 — [h|Tar(0, v))matl”
So

MM-m)(Q v+ h) ey
ny'ny!
Tm(0, V) Tm(0, v)
~ (1= [Altu(0, v))?"

T;m(0,v+h)= sup

ny+ny>0

O

< sup L
ny+ny;>0 1_ |h|TM(O ’U))"l*"Z
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Lemma 3.6. If

(r(2) + DIf @0, f1(2) | Ku
1= (rs(2) + DIf(D)tar (0, f7(2)) 1+ Ky

(e, (77(2) + DIf (D)t (0, f1(2)) < (1 -/ 18/ (2 — /[ 1X4)) , then

e a0, PN = (r(2) + DI Dlen(0, ()T
w0 L) S T Rl = (770 + DT @m0, FE)F = K2

Proof. Let yp(z), f(z), tm(0, f'(2)) be abbreviated as y;, f, Tu, respec-
tively. Since

Ao <y + DI o < — ==
2=ty

by Lemma 3.2(b),

vrlfltm (rr+ DIfltm Ky
M, < < <1l =y ——.
Ml S T S T= Gt DifTon T Ky

So 1/(1 —y7M;|)> =1 < 1/Kp. If f'(z*) = f'(2z) + 6(z), then by Lemma
3.4(a),

1

10(2)ITm (0, f'(2)) < |f|tar tm

—1]<KMK—1-=1.
M

Now by Lemma 3.5, Lemma 3.4, and Lemma 3.2,

(0, f1(z7) = w(0, f(2) +6(2)) < = xerM(ﬁMf;( })'(z»lz
< M
a {1—[f'|1' -;—1]}2
M (1= )’fl-]uzl)2

T
< M

< - )
1
1—|f —1
{ | !TM.(I—?f!fITM/ (1 =1|fltar) )2 J}

(1= + DUffean*
~ {T= O+ Do) = [ Teadd (1 = 1fTean? = (T = Gy + DI T 2112
§ ta(1 = (o + Do)
= =G+ DIfTen = Knll = (1= (7 + DI T P12
(1= (o7 + DIfJrar)?

S0+ KT =y Diflen)? —Kup
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Lemma 3.7 ([8, Lemma 2 of §3]). Forall z, z,, if |21 — z|ys(z) < 1 =V2/2,
then
Vf(Z)
720 S BT =Tz = 2 0)E - 0 = [z1 = 2I7,2))°

Corollary. If y;(z)|M;| < 1-V2/2, then

N 7r(2)
212 S =5, @R = 110 = 7,2 ML)

Proof. This follows from Lemma 3.7 with z; =z*. O

Lemma 3.8. If

(wu+nvam0ﬂu»<d_gz

1= (4(2) + DIf(2)tm(0, f(2)) 2

(ie. (rp+ DIfltw < (1= 2)/ (2= ¥2)), then
Vs .
w+|ﬂw)—mﬁww+MﬂwV
Vr+
() (=) + 1 S B DI fTean)? = 1 = Gy + DI o]
where v =yp(z), f=f(z), and ts = T;(0, f'(2)) as before.
Proof. (a) By Lemma 3.2(b),

(@) 7/(=) < =

Yrlfltm (s + Difltm V2
M,| < < <1-2=.
yfl z|_1—|f[rM l—yf+1|f[1M 2

By the Corollary to Lemma 3.7,

77(2)
P12 S B3 = 0 = 7,100

vr(2)

<
- Sl VP _ vl
PO ) ‘]O )
_ 721~ a0’
2(1 = (77 + DIfltan)? = (1 = | flran)2llL = (77 + DISf |7m]
< 77(2)
= 201 = (7 + DIflean)? = 11 = (27 + DIfITad]

(b) This follows from part (a) and the fact that 1/[(2(1 -x)2-1(1-x)] >
1, Vxe[0,1-+v2/2). O

Let
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B =
(1-x)*
[(1+ Kp)(1 —x)2— Ky]?’
1
) = BT - =)
d(x, Kn) = K1 (x)d2(x, Kar)s(x)
_ KM(l —X)2
T 0+ K1 —x2 - KuPR20-%)72 1]
vix, Ku) = xd(x, Kug) = Kyx(1 —x)°
e M P OMIT I+ K )(1 = x)2 — K P2(1 = x)2 = 1]

¢2(x> KM) =

It can be checked that ¢(x, Kjs) is increasing in x on [0, 1 — —lfilg;)
(note that 1 — ,/ﬁ‘fg; <1- ‘/Ti since Kpr > 1). So w;(+, Ky) maps [0, 1 —

l—fi‘g;) monotonically onto [0, co) for each Ky, > 1. Let t,(Ky) denote

the unique number in [0, 1 — /X&) such that yy(t1(Kn), Ku) = 1.

Lemma 3.9. There holds
- lKK
0< t(Ky) < R

2 /Ky ’
1+ K

The proof of this lemma is left to the appendix since it does not shed any
light on later developments.

Let Ty(z) = (v7(2) + DIf(2)ltm (0, f'(2)) .

Lemma 3.10. If zq satisfies Tr(z0) < t1(Kar), then there exist positive numbers
ap, ai, ay, ... satisfying ag < 1 and axy < a} for all k > 0 such that
Ty(znk) < ai 'Ty(zg) forall n>0 and k >0, where z, = I'(z), n > 0.

Proof. By Lemma 3.9 and Lemma 3.3, we have

(3.1) 17z < 5 0 (7 o T )

By Lemma 3.9 and Lemma 3.6, we have

(3.2) (0, f(21)) < (0, f'(20))92(Ty(20) , Knr).

By Lemma 3.9 and Lemma 3.8(b), we have

(3.3) Pr(z1) + 1 < (v7(20) + 1)¢3(Ty(20))-

Combining (3.1), (3.2), (3.3) and using the definitions of K and ¢, we have
(3.4) Ty(z1) < $(Ty(z0), Knr)(Ty(20))*

Let ag = y1(Tr(20), Ku); then Ty(z1) < agTy(zo). Since Ty(zo) < t1(Knm),
we have ag < 1. Inductively, we have
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Ty(znt1) < aoTy(zn), n>0,
Ti(zn1) < O(T7(zn) , Knr)(T4(2n))?, n>0.

Hence, it follows that
(3.5) Ty(zn) < [Ty(z0)$(Ts(z0), Kar) '~ Ty(z0) = af ' Ty(20), n>0.

To see this, we use induction on »n and note that ¢(-, Kjs) is increasing and
Ty(zn) < Ty(20). So assuming (3.5) holds for n, we see from the following
that it also holds for n+1:

Tr(zn1) < O(Tr(zn) , Kna)(Ty(2n))
< @(Ty(z0) » Kno)[Ty(20)$(T(20) , Kan) "™ ~X(Ty(20))
= [Tp(z0)(Ty(20) , Knn)P" "' Ty(z0) = @~ Ty(z0)-
Now for each k > 1, let a; = w(Ts(zx), Ku); then we have ay,y < a} for
all k > 0. Indeed, since Ty(zx41) < Tr(zx) and ¢(-, Kar) is increasing,
a1 = Wi(Tr(zies1) » Kn) = Tp(zkr1) (T (Zk1) » Knr)
< H(Tp(zi) s Ko)(Tp(z))2$(Tr(zk) , Kar) = (Wi(Tp(zi) » Km))* = 3.
Since Ty(zy) < t1(Ka) for each k > 0, the argument above can be appl1ed to

z; in place of zq as the initial point to conclude that Ty(z,4x) < ak lTf(zk)
n>0. O

Theorem 1. If z satisfies Ty;(zo) < t\(Ku), then zo is an approximate zero
of f with respect to M, namely, there exist positive numbers ag, a, az, ...
satisfying ag < 1 and ay,y < a} forall k >0 such that

|f(zni)l < @i “'f(zi)l, n>0,k20.
Proof. Let ag, ay, ay, ... be as defined in Lemma 3.10; then from Lemma
3.10 we have a,; < a? forall kK >0 and

(3.6) Ti(zn) S ap 'Tp(z), n>0,k>0.

By Lemma 3.3, we have

(B 1zl < 1 a0, F ey ), nz

- Tf(zn—l)

Using these facts, we prove the theorem by induction on n for each k > 0.
When n = 0, the inequality to be proved clearly holds. Suppose we have
| f(Znsi)| < ak"‘llf(zk)l; then by using (3.6), (3.7), and the definition of Ky,
we see .

1 Zasies))] < 1F Casid)[Tar 0, f’(zn+k))le( Znsi)|

Tr(Znsk )
2"—1
T n ni_o Ky T
G Ty i) < g -2 Rl )
1 - ai Tf(Zk) 1 - Tf(zk)

<a" N f(z)l.

< Ky 1f(zi)]
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The last inequality follows from the fact that

KuTy(z)

1 —Ty(zk)
To see that, note that the function (1 — x)¢(x, Kps) is increasing in x on
[0, 1—-+/Kp/(1 +KM)) foreach Ky > 1. So (1—-x)¢(x, Kpr) > ¢(0, Kpr) =
Ky, or Ky/(1—x) <o(x,Kp) on [0, 1 —/Kp/(1+Kp)). O

For Newton’s method, M(u, v) = —u/v, t4(0,v) =1/|v|,and Ky = 1.
So wi(x, 1) =x(1-x)?/[2(1=x)2—=1]% and #;(1) ~ 0.142301 . The condition
in Theorem 1 specializes in this case to the following:

Z9)

S Tr(zi)d(Tr(zk) » Knr) = ay.

<1 (1) = 1;(1) ~ 0.142301.

(vs(z0) + !f’

For the iteration defined by M(u, v) = —u/v + u?/v?, we have 14,0, v) =
v4/|v| and Ky = V4. So

wi(x, V) = ‘sfx“ -

[((1+V4)(1 f)2 2(1—x)2—1)
and tl(\ﬁ) ~ 0.120574. The constant bound in the condition in this case is

£(Va) = t,(V4) V4~ 0.091378 .

From the proof of Lemma 3.10, we see that a = w1(Ts(z0), Kar). So for
Newton’s method, in order to have ag < 1/2 as in Smale’s definition of an ap-
proximate zero, we need to have (y,(zo) + 1)|f(20)|/|f"(20)] £ a = 0.115354,
where o satisfies y;(a, 1) = 1/2. Notice that the constant bound obtained
from our more general result is a little smaller than that in Smale’s condition
(which has been improved upon by Rheinboldt [10] by using the Kantorovich
theory). This is probably the price that one usually has to pay for being more
general. When comparing these results, one should also bear in mind that the
definitions of an approximate zero upon which the results are derived are tech-
nically not quite the same.

4. PROOF OF THEOREM 2
Let ry(z) =|f'(2)|tm(0, f'(2)), z* =1Iy(z), and
Ty(z) = (7(2) + DIF(2)lTm (0, f'(2))
as in §3. Lemma 3.6 can be rephrased in the following form.
Lemma 4.1. If Ty(z)/(1 = T¢(z)) < 1 = /ru(2)/(1 + rs(2)), then
"(2))(1 = Ty(2))*
R e e (s e v e

Proof. The proof is virtually the same as that of Lemma 3.6 with K, being
replaced by ry(z). O

Combining Lemma 3.4(b) and Lemma 4.1, we have the following estimate
on ry(z%).
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Lemma 4.2. If T/(z)/(1 - Ty(2)) < 1= /ru(2)/(1 + ry(z)), then

m(2)(1 = Ty(2))*
) S T~ T~ I
From the proof of Lemma 3.10, we have the following estimate on T,(z*).
Lemma 4.3. If T;(z)/(1 — Ty(2)) < 1 — \/ru(z)/(1 + rp(z)), then
ru(2)(Ty(2))*(1 = Ty(2))*
1+ rM(Z))(l = Tp(2))* = ru(2)P[2(1 = Ty(2))2 = 1

The following four technical lemmas are also needed for the proof of Theo-
rem 2. Since their proofs are either somewhat lengthy or have little to do with
the development of the proof of the theorem itself, they are consigned to the

Ty(z*) <

appendix.
For r > 1 and m > 1, let u(r, m) be the positive solution of the equation
u
(I+ru2—r " vm;

then it is easy to see that
1++/1+4mr(l+r)
2vm(1+7) )

Lemma 4.4. There exists a constant ¢ > 1 such that u(r, m) > /mr/(1 + mr)
forall r>1 and 1<m<c. Infact, c = (3+V5)/2 ~2.618 will do.

For r>1,1<m<c(c=3++V5)/2),and 0<a<1,let

1l —a+au(r, m)
(1+mr)(1 —a+au(r, m))2—mr’

u(r, m) =

g(r,m,a)=

where u(r, m) is defined above. Notice that in the specified domain, the func-
tion g is well defined, i.e., the denominator is nonzero (in fact, positive) by
Lemma 4.4.
Lemma 4.5.

(a) g(r,m,a) isincreasingin r on [1,0) if 1<m<c, 0<a<l;

(b) lim g(r,m,a)= if1<m<c, 0<a<l;

1+a\/_ am
< _ <m< <a<l.
(c) 1<g(r,m,a)< _1+a\/_ — ifl<m<c, 0<as
Lemma 4.6.
1 1 1 1
(@) l+avm—am>0if 1<m<x+—+4/7+-;
1 S\/WZfISmsé 0<a<l.

(®) 1+ aym—am

Let
(1-x)*
[(T+nT-x)7-r?

m(x,r)=
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6
. 1) = v e, 1) = TS
Then w;(x, r) is increasing in x on [0, 1 - +/r/(1+r)) and maps [0, i —
r/(1+r)) onto [0, c0). Let #(r) denote the unique number in [0, 1 —
v/r/(1 +r)) such that y,(t2(r), r)=1.
Lemma 4.7.
(a) ty(ry<ty(r) forall r > 1;
(b) m(ty(r), r) <clc=3+V5)/2) forall r>1.

Lemma4.8. If T((zo) < t2(ra(20)), then there exist positive numbers ag, ai, . ..
satisfying ao < 1 and ayy, < a} forall k >0 suchthat Tp(z,x) < ai ' Ty(zx)
forall n>0 and k >0, where z, = T}'(zo).

Proof. Let my = m(Ty(zx), rm(zi)), ax = wi(Tr(zk), rm(zi))me, k > 0.
Then wo(Ts(zk), ru(zk)) = axmy . Since Typ(zg) < ta(rm(z0)), we see that
aomg = ¥»(Ty(z0), rm(z0)) < 1. Consequently, ap < 1 since mo > 1 and
my < 1/ag. By Lemmas 3.9, 4.7(a), 4.2, 4.3, we have

(4.1) ry(zy) < morp(zo),

Ty(z1) < wi(Ty(z0), rm(20))Tr(20)
S wi(Ty(z0), r(z0))moTs(2z0) = aoTy(z0) -

Note that mg = m(Ts(zo), ru(z0)) < ¢ by Lemma 4.7(b), that my < 1/ao,
and that Ty(zo) = 1 — u(rp(z0), mo) . So by (4.1), (4.2) and Lemmas 4.4, 4.5,
4.6, we have

(4.2)

(1—Ty(z1))?
[+ rar(20))(1 = Ty(21))? = ru(z0)]?
< (1 — aoTy(20))?
= [(1 4+ morar(20))(1 = aoT¢(20))* — mora(zo

1
< < my,
= (1 + agy/mg — agmg)? ~ 0

m; =

e (8(ru(z0), Mo, a0))?

2 = ra(z0)Tr(z)m?  mora(zo) i (Tr(20) , rar(20)) Ty(2z0)md
YT 2= Ty(z))2 -1 2(1 = Ty(z0))2 - 1

2
= v1(Ts(z0), ru(z0))mo 221;1(_221222)32’?01

2=a}.

= (W1(Ts(z0) » rm(z0))mo)
Inductively, we have the following for all n > 0:
M (Zns1) < Mnty(24),
Tf(zn+1) < Wl(Tf(Zn)s rM(Zn))Tf(Zn)
Swi(Tr(zn), tm(2n))MnTp(2n) = anTy(zn),

2
Myt S my, apy1 S an-
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It follows that Ty(z,.) < a? ~'Ty(zy) forall n >0 and k > 0. This can be
proved by induction on »n for each k as follows. Clearly, the inequality holds
for n = 1. Suppose that it holds for »; then

n n_ n+l_
Ti(Znrks1) < ek Tr(Zur) < af ap 'Ty(zi) = a; ' Tr(zy).

So it also holds for n+1. O

Theorem 2. If T((zo) < t2(rap(z0)), then zq is an approximate zero of [ with
respect to M, namely, there exist positive numbers ay, ay, ay, ... satisfying
ao < 1 and ag, < a} forall k >0 such that |f(z,4)| < @@ = f(zx)| for all
n>0 and k >0, where z, = I%(zo) .

Proof. Let ag,a;,a,,... be as in Lemma 4.8; then we have Tr(zny1) <
anTy(z,) forall n>0 and a, < a,% for all £ > 0. By Lemma 3.3,

ru(zi) Tr(2k)
(4.3) If(zis )l _T:—Tf(Tk)— If(ze)l, k=>0.

“!f(z;)| forall n>0 and kK >0. In

From this it follows that |f(z,.4)| < a7’
0. Now suppose that it is valid for »n; then,

fact, this is clearly valid for n =
by (4.3),

[ anrio] < P2 1z, )

rM(Zn+k)Tf(Zn+k)(1 - Tf(zn+k))2mn+k If(Zn+k)!
T+ 7 (Zrs)) (1= T(Zaa)? = rar(Zasi)]” 21 = Ty(Znii))? — 1]
= Wl(Tf(Zn+k) s TM(Zngk) )Mk | f (Z k)]

n+ 1

= @uik | (zns)l S 05 @ 1S (20)l = 7S (20l
The second inequality above makes use of the facts that m, > 1 forall n >0
and that
1
1- Tf (Zn+k)

< (1 = Ty(zn4k))? '
T+ (Zaer)) (X = Tp(zn4k))? — rM(Zn+k)]2 [2(1 = Ty(zn4i))? — 1]

The last inequality makes use of the fact that a;,; < a,% forall k>0. O

5. NUMERICAL EXPERIMENTS AND DISCUSSION

Our experimental work shows that the theoretical bounds given in the theo-
rems are rather conservative, which echoes the findings by Curry and Van Vleck
[2] about Smale’s bound for Newton’s method when applied to cubic polyno-
mials. Nevertheless, these bounds provide a theoretical guarantee that a point
satisfying the condition is an approximate zero of any given analytic function
with respect to any given quadratically convergent iteration scheme M .
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To illustrate our findings, we plot the true regions of fast convergence (i.e.,
true regions of approximate zeros) for the functions f(z) = z*—1 and f(z) =
e?+z—1 with respect to the Newton iteration, the iteration defined by M (u, v)
= —u/v + u*/v?, and the iteration defined by M(u, v) = —u/v +u?. We also
plot the regions of approximate zeros predicted by our conditions and that of
Smale. The plots are made in the following way. For each region to be plotted,
the boundary point of the region along each of the 128 evenly spaced radial
lines from the zero is determined to a certain accuracy, and these 128 boundary
points are then connected.

Figure 5.1 gives the true regions of approximate zeros with level ao = 0.5
(the inner contour) and @y = 0.75 (the outer contour) corresponding to the
four zeros 1, —1, i, —i of the function f(z)= z%—1 with respect to Newton
iteration.

Figure 5.2 gives the true region of approximate zeros with level ap = 0.5 (the
outer contour), the region of approximate zeros predicted by Smale’s condition
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(the middle contour), and the region of approximate zeros predicted by our
condition with ap = 0.5 (the inner contour) for the zero z = 1 of the function
f(z) = z* — 1 with respect to Newton iteration. When comparing the region of
approximate zeros predicted by our condition with that by Smale’s condition,
one must bear in mind that our definition of an approximate zero is technically
not quite the same as that of Smale and other people. So the comparison can
only serve as a rough indication.

Figure 5.3 gives the true region of approximate zeros with level ay = 0.75
(the outer contour) and gy = 0.5 (the middle contour), and the region predicted
by our condition (the inner contour) for the zero z = 1 of the function f(z) =
z# — 1 with respect to the iteration defined by M(u, v) = —u/v + u?/v?.

Figure 5.4 gives the true regions of approximate zeros with level ay = 0.5
and ap = 0.75 of the function f(z) = z* — 1 around z = 1 with respect
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to both Newton iteration (the dashed contours) and the iteration defined by
Mu,v)=—u/v+u*/v?.

Figure 5.5 gives the true region of approximate zeros with level ay = 0.75
(the outer contour) and ap = 0.5 (the middle contour), and the region predicted
by our condition (the inner contour) for the zero z = 0 of the function f(z) =
e? + z — 1 with respect to the iteration defined by M(u, v) = —u/v + u?/v?.

Figure 5.6 gives the true region of approximate zeros with level ay = 0.75
(the outer contour) and @y = 0.5 (the middle contour), and the region predicted
by our condition (the inner contour) for the zero z = 0 of the function f(z) =
e? + z — 1 with respect to the iteration defined by M (u, v) = —u/v + u?.

As evidenced from these plots, the regions of approximate zeros predicted
by our conditions are rather conservative; in fact, they seem to be completely
contained in the true region of approximate zeros with level ag = 0.5. So it
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would be nice if the bounds could be improved. From Figure 5.4, it is seen
that the regions of approximate zeros with respect to the iteration defined by
M(u,v) = —u/v + u*/v? are completely contained in the corresponding re-
gions with respect to Newton iteration. Does this suggest any optimality of the
Newton iteration compared to other quadratically convergent iterations in the
sense of having the largest regions of approximate zeros?

APPENDIX

Proof of Lemma 3.9. Since y,(x, Kjs) is increasing in x on [0, 1 — &%7)
and y,(t1(Kp), Kar) = 1, it suffices to show that for all Ky, > 1,

[ Ky

1 - 1+Ky

4} Nk Ky | > 1.
2 - V 1+Ky

Let q=,/é%;;then KM=1—EZ7; and v2/2< g < 1. Thus,

1-qg q¢* \ _
Vi <2—q’ 1—(12) - [

(1+75) (1~ 5] [20-50)"

_a(1+g) ! 2-q)
T (1-¢) (1+29-4¢»)?[2-(2-q)?)
= hi(q)h2(9)h3(q),
where
2(1+x)* 1 _2-x
hy(x) = ')E(](T}Tx))T’ ha(x) = T+ 2x —x22° ha(x) = 2(_(2 iC)x)z'

It is easy to check that 4, is positive and increasing on [% , 1), while A and
h; are positive and decreasing on [% , 1). So

hi(@)ha(a)h3(q) > hi(V2/2)hy(1)hs(1) = (1+V2/2)*/2> 1. O

Proof of Lemma 4.4. The inequality to be proved is equivalent to

(VE+Vu+ar(L+r)vJu+r>2/r(1 +71),

where u = 1/m. By squaring both sides, we get the following equivalent in-
equality:

2+ a2+ apr(L+ 1) + pr + 4r2(1 4 1)) > 2(1 = wyr(1+ 1) — 4> = .
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It is easy to see that the right-hand side of the inequality is nonpositive if

4> VArt +12r3 + 17r2 4+ 8r — (2r? 4 3r)
> 5 .

In this case, the inequality clearly holds. For the other case, squaring both sides
again, we get the following equivalent inequality:

(= +3u— )P+ (—p? +6p—2)r2 + (w2 +3u— V)r+p2 > 0.

Denote the left-hand side of the inequality by A(r, u); then it can be checked
that for 1 > u > (3 —V/5)/2, we have h(1,u) > 0, dh(1, u)/dr > 0,
0%h(1, w)/or* > 0, and 33h(r, u)/0r* = 6(—u>+3u — 1) > 0. It follows
that A(r, u) >0 forall r>1 and 1> x> (3—+/5)/2. The lemma is proved
by combining both cases and noting that 4 = 1/m and that

VAT £ 12r3 + 1712 + 8r — (212 + 3r) S 3- V5

> 1.
> 2,r_ll:l

Proof of Lemma 4.5. (a) We shall show that dg(r, m, a)/dr > 0. It can be
calculated that

og(r,m, a)
or
_m(l—a+au)—amru' —m(1 —a+au)’ —a(l + mr)(1 —a+ au)?v’
N [(1+mr)(1 —a+ au(r, m))?2 —mr)?

b

where u = u(r, m) and v’ = du(r, m)/dr. So we need to show that the nu-
merator is nonnegative. To do that, we need the following facts about u(r, m),
which can be easily derived from the equation defining u(r, m), namely,

u(r, m)/[(1+r)(u(r, m))* —rl=vm:
(1) 0<u(r,m)<1;
(2) du(r, m)/dr =vm(l —u?)/2vVm( +r)u—1);
3) vVm(l+rju—1=+vmr/u.

Using these facts, we see that the numerator is

m(l —a+ au) —amri' — m(1 —a+au)® — a(l + mr)(1 —a + au)*v’
=m(l —a+au)l — (1 —a+au)®]— aw'[mr + (1 + mr)(1 — a + au)?]

__aym(l —u)
T 2vm( 4 r)u— i, m. a),

where
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H(r,m,a)=vm(l —a+au)2-a+auw)2vm(1 +r)u—1]
—(1+uw)[mr+ (1 +mr)(1 —a+au)?
=m(l1+r)(1 —a+aw)’u+vm(l —a+au)’[Vm(l +r)u-1]
+vm(l —a+au)+2vm(l —a+ au)[Vm(l +r)ju—1]
—(1+w)[mr+ (1 +mr)(1—a+au)?

\/_\/_r(l—a+au +vm(l —a+ au)

=m(l +r)(1 —a+au)’u

N 2\/m\/mr(ul —a+au) _ (1 +wmr+ (1 +mr)(1 —a+ au)*]

mr(1 —a + au)?
u

+vm(l —a+ au)

=m(1+n(1-a+aw)tu+

2mr(l —a+ au)
u
—mr(1 —a+au)* — mru— (1 + mr)(1 — a + au)’u
mr(1 —a+ au)*(1 — u)
u

+(1—a+aw)[(vm—-1)+a(l —u)]+

1 - 1 -
+mr( a:u)( u

—mr—(1—a+au)?

=(m-1)(1-a+au)u+

mr(l —a)(l —u)
u

) >0,

since every term is nonnegative.
(b) It is easy to see that

1++/1+4mr(l+r)

2ym(+r

So the numerator 1 —a+au — 1 (r — 00). For the denominator, we see that
as r — oo,

u(r, m) = -1 (r— o).

(1+mr)(1 —a+ au)* — mr
=(l-a+au)l’+amr(u—1)2—-a+au) -1 +2am lim r(u-1).

To calculate lim,_., (u — 1), we note that

ru—1)=

1 r 1—4m— 4mr
2ym1+r \/_ITZlm—r(l_—+2\/_ (1+7r)
1-—

2ym

So lim, o g(r, m,a)=1/(1 + ay/m —am).
(c) Part (c) follows immediately from parts (a) and (b). O

3

—

(r — o).

Proof of Lemma 4.6. (a) straightforward.
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(b) Since 1+ ay/m —am > 0 by part (a), the inequality is equivalent to
1 < vm(1+ay/m—-am) or amy/m—am—/m+1=(y/m—-1)(am—-1)<0. O

Proof of Lemma 4.7. (a) Since m(x,r) > 1 for x > 0, we have y,(x,r) =
wi(x, r)(m(x, r))* > wi(x, r). So t(r) < t;(r) by the definitions of ¢,(r) and
t,(r) and the fact that both w(x,r) and y»(x, r) are increasing in x on
[0,1—+/r/(1+7T)).

(b) Notice that m(x, r) is increasing in x on [0, 1 —+/r/(1 +r)) and maps
[0,1-+/r/(1+7r)) onto [1, c0). Let s(r) be the unique number in [0, 1 —
/r/(1+r)) such that m(s(r), r) = c. We shall show that wy(s(r),r) > 1
for all r > 1, from which it follows that #(r) < s(r) for all r > 1, and
consequently, m(t(r),r) < ¢ forall r > 1. Since 0 < s(r) < 1, we have
2(1=s(r))2=1<1 forall r> 1. So, noting that s(r) = 1 — u(r, ¢), we have
forall r > 1

Wa(s(r), r) = sgr()lr[_nz(:r()r)l’_r)ll

3 (1_ 1+\/1+4cr(1+r))

’ > crs(r) = Ar(1 —u(r, ¢))

=T 2/l + 1)

_02\/5( r> 4c — 1+ 4cr _1
2 L+r/ \2y/c(14+r)++/1+4cr(1 +7)
2 —

Zc\/E lim 4c — 1+ 4cr 1
4 \r=002\/c(1+r)++/1+4cr(1+7r)

=£4ﬁ_5(\/5_1)> 1.

In the above, the facts that r/(1+r) > 1/2 forall r > 1 and that
4c — 1+ 4cr
2vc(1+r)++/1+4cr(l +7)

is decreasing in r on [1, oco) are used. O
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