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ON THE NUMERICAL INTEGRATION OF WALSH SERIES
BY NUMBER-THEORETIC METHODS

GERHARD LARCHER AND CLAUDIA TRAUNFELLNER

ABSTRACT. In analogy to the theory of good lattice points for the numerical
integration of rapidly converging Fourier series, a theory for the fast numerical
integration of Walsh series is developed. The basis for this theory is provided
by a class of very well-distributed point sets in the s-dimensional unit cube, the
so-called (¢, m, s)-nets.

1. INTRODUCTION

One of the main branches in the theory of numerical integration by number-
theoretic methods is the theory of good lattice points. Good lattice point meth-
ods were introduced independently by Hlawka [4] and Korobov [6], and are an
excellent tool for the numerical integration of functions which are representable
by, in a certain sense, rapidly converging Fourier series. The basic principle is
the following:

Let f: R — R be periodic with period one in each variable. Let

f(x) = Z c(h)e2i(x:h)
h=(h ,. h, h)ezs
for all xeR.S,andforan a>1anda c>0 let
lc(h)| < c(hy---hg)™® with h; := max(1, |A),
for all h. We then say that f belongs to the class E¥(c). Under these assump-
tions we have:

There is a constant ¢’ = c¢’(c, a, s) such that for every N € N there exists a
“good lattice point” g:= (g, ..., &) € Z° so that

flx)ydx - < Zf( )| <

, (log N)**
N I

[0, 1)

(See [4, 7, 12].)
For the case N = p prime, the above result was improved by Bahvalov [1].
In this case one gets an error estimate of the form
o (log Mot
Ne )
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For composite N the best result known until quite recently was established by
Niederreiter [17] with an error estimate of the form

o (log N)als=D+l1 ( N )(a—l)(s—l)
Ne #(N) '
where ¢ is Euler’s totient function.

The method of good lattice points has the great advantage that the smooth-
ness of the function f is highly beneficial, and it gives, especially in higher
dimension, essentially better results than classical integration methods such as
those based on a uniform lattice. Thus, for example, if we take the point set

<Lc—1— -k—s)’ ki=1,...,n: i=1:°'°:s’ N=n'

9 ey

n n
for the numerical integration, then we only get an error estimate of the form
c¢N~—°/s . Increasing the dimension s, therefore, contributes in a much more
essential way to an increase in the integration error.

However, especially for dimension s > 3, it turned out to be a challenge to
give fast algorithms for finding good lattice points g to a given modulus N .
In dimension s = 2, with the help of the continued fraction algorithm, it is
possible to give effective methods for constructing good lattice points. (See, for
example, [7] and [13].) For dimensions s > 3 one essentially has to rely on
tabulated values.

In recent years, in connection with image and signal processing, the impor-
tance of Walsh series, respectively of functions which are representable by Walsh
series, has steadily grown. (See for example [10].) First attempts in the direction
of giving good methods for the numerical integration of such Walsh series were
already made by Sobol. (See [19], [20]; he indeed works with Haar functions.)
But only by a systematic development of the theory of nets by Niederreiter (such
nets will in the following play the role of the good lattice point sequences), which
has turned out to be enormously fruitful in the theory of uniform distribution
(see [14] and [13]), it became possible, first:

to give results analogous to those in the theory of good lattice points, now
concerning the integration of Walsh series (this is the task of §2 of the paper),
and furthermore:

to even give, with regard to such things like effectivity, constructivity of
methods, and quality of the error estimates, more convincing results than in the
classical good lattice point theory (§3).

In the last section the methods developed will be applied to concrete exam-
ples.

2. NUMERICAL INTEGRATION OF WALSH SERIES

Definition. Let b > 2 be an integer and w := e?*//>, The Rademacher func-
tions to base b are defined by

pbo(x) =w* fork/b<x<(k+1)/b, k=0,...,b-1,
and for n > 0 by
pBn(x + 1) 1= p¢n(X) 1= po(b"x).
Definition. The Walsh functions to base b are defined by
pwalp(x) =1
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and if n=qb™ +---+ayb™ with 0<a;<b and ny >ny, >--- by

pwaly(X) = pd3t (X) -+ pPam(X).

For dimension s > 2 and k, ..., ks > 0 we define
pwaly, e (X1, ..., Xg) = pwaly (x1) -+ pwaly, (Xs).
The system of functions W = {,wal, 4 |ki>0, i=1,..., s}, is orthonor-

mal and complete in L?([0, 1)*). (See [2] and [10].)

Definition. For given base b > 2 and for a > 1 and ¢ > 0 let ,E,(c) be the
class of all f: R® — R with

f(x) = Z flky, ..., kg)pwaly, |k (x)
ki o k=0

for all x € [0, 1) and with |f(k, ..., k)| < c(ky-- k)~ for all k :=
A

(In the following we write wal instead of ,wal, and E, instead of ,E; if
it is clear what base b is meant.)

Definition. For an integer b > 2 an elementary interval to base b is defined to
be an interval of the form

S
[11a96=%, (a® + 1)b=%)
i=1

with integers d;, a®) >0 and a®) < b% for 1<i<s.

Definition. Let » > 2 and 0 < ¢ < m be integers. A (¢, m, s)-net to base b
is a set of ™ points in [0, 1)* having the property that in every elementary
interval to base b of volume b!~™ there are exactly b’ points of the set.

(For the last two definitions see [14].)
First we show:

Theorem 1. For a given base b > 2, let f € E;(c), X1, ..., Xy €[0, 1)*, and
R(f) = x) dx — —Zf(xk
[0,1)
(@) If N=b"" and X;, ..., Xy is the uniform lattice, then
S
Ry(f) <c ((1 + %ﬁ?) - 1) <d(s,b,a, )N,
(¢ is Riemann’s zeta-function.)
(b) If X1, ..., Xy isa (t, m, s)-net to base b, then
s—1
Ru(f) < (s, b, cyplo-n (BN

Ne—1

(An estimate for ¢” can easily be given by the proof of (b).)
For the proof we start with four easy lemmas.
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Lemma 1. We have Ry (f)=|y Yy f(k)-Sn(k)| with Sy (k)= Z _, walk(x;).

Proof. Inserting the absolutely converging Walsh series in the definition of
Ry (f) gives the result. O

Lemma 2. For f € E,(c) we have
Z |SN
k;eo
Proof. Follows immediately from Lemma 1. O
Lemma 3. (a) If k = ab” + k', then wal,(l/b") = waly.(I/b") forall | €N.

(b) If k = bk’ +r with 0 < r < b, then wali(x) = walg (bx)w™ ™) with
k(x)/b < x < (k(x)+ 1)/b.

(c)
bl ( I I, > { b ifbrk; foralli =1,
Z walk Ty ey T | = .

L= br’ > pn 0  otherwise.
1seeests=

Proof. Assertions (a) and (b) immediately follow from the definition of Walsh
functions, and (c) follows from

b"—1 -1
S wal (1/6") = 3 waly (1/b"ywr*U/?")
=0 1=0

b-1 b -1
=) w* waly (I/b"~1Y=0 ifr+0.
k=0 1=0

(Here we put kK = bk’ +r asin (b).) O

Lemmad. Let N = b™ andlet x,, n=1,..., N,bea (t, m, s)-net to base b .
Then we have: if k:= (ky, ..., ks;) # 0 is such that there exist integers d; > 0
with ki < b% for i=1,...,5s and di+---+ds=m—1t, then Sy(k) =0.
Proof. Let d,, ..., d; with the above property be given. We divide [0, 1) in
b™=! intervals of the form

N
E =][laib=*, (@ + 1)b~%),  a;=0,...,b% -1
i=1
Each of these intervals has volume b’ | and therefore in each of these intervals
there are exactly b’ points of the net. The function waly (x) is constant on
every interval of the form
[aib™, (a; + 1)b™%),
and therefore waly, 4 1is constant on each of the above intervals E. There-
fore, we have
b4 —1
Sn(k)=b" > waly (a1/b%)- - waly (a;/b%) =0,

ai,...,as=0

which follows from Lemma 3(c). O
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Proof of Theorem 1. (a) From Lemma 2 and Lemma 3(c) we have

s [ere)
S5() & oo

=1

_CZ( )b magr(a) = ¢ ((1+Cb(,i))s—1).

(b) From Lemma 2 and Lemma 4 we have

s s 00 rob%tl_y
nsex (i) X (I X &)
r=1 dy,..,d=0 u=1 k,=hdu

di+-+d;>m—t—r

From Y72 k= < c,A'~® we have

oo

)
N f) S CZ (i) C(: Z b(l—a)(d1+...+d')
r=1

di,..,d,=0
di+-+d>m—t—r

N s oo oo
r 1—a)i
<y (e ¥ % e
r=1 i=m—t-r+1d,,...,d,=0
dy+-+d=i
oo

S
< CZ (i) c E T 1p-a)i
r=1

i=m—t—r+1

) [e )
< ch—ab(a—l)tbl—aZ (i) c;br(a—l)(m _ t)r—l Z [S—1p=a)i
i=1

r=1

(log N)s~!
Na—l :

Remark 1. The estimate in (a) is, apart from the constant c, best possible since

if we take

<c'(s,b,a,c)be M O

F00:= 3 kel o, o(x),

k=1
then
naj—apns _ —a/s
Ry(f) = N;b I=2b ¢().

Remark 2. If a —1 > a/s, thatis, a > s(s — 1), then with nets of any kind
we get a better error estimate than for the uniform lattice. Of course, there
remains the question of possibly improving the estimate. We would like to
have an estimate analogous to that in the theory of good lattice points, that is,

with
¢ (logN)*™
Ne—1
(here, B(s, a) denotes any exponent depending at most on s and «) if we
take the optimal case of (0, m, s)-nets.
But first we will show that such an improvement for arbitrary (0, m, §)-nets
certainly is not possible:

B(s,a)
Ry(f) < @_gll\\//_)a_ instead o
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Theorem 2. For every o > 1 thereis a c, > 0 such that for all m € N there ex-

istsa (0, m, 1)-net to base 2 and an f € E;(1) such that Ry(f) > coN'V/27=.
For the proof we first need a lemma.

Lemma 5. Let b,k €N, b>2 and k =b,_1b" ' +---+bib+by; let x =
ci/b+cy/b*+---€[0, 1). Then

walg(x) = whocrtbicat-+br_i6r

Proof. We have

wal, (x) = H¢3: bix H¢0 (Ct+l) — what+hoie O

Proof of Theorem 2. We consider functions of the form

2m+l_1
f(x)=2"m D " g waly(x) with e, € {0, 1}
k=2m

(therefore, f € E|(1)) and (0, m, 1)-nets to base 2 of the form

a a dam,...,a . .
Xp = 7m+~--+2—,1n+—(—m2—,;l+l—l—) with certain d(ap, , ..., a;) € {0, 1},
if n=a,2"'+.- - +a2+a,,n=0,1,...,2"—1. Then
2m+l 1
2a2(a+1 mRN(f Z e Z d(a; vy Gm)+a1bp— 1+ +ambo
k=2m a,

for k = 2™+ b,y_12"" ' +...+by. We consider d as a function d: {0, 1} —
{0, 1}. For given d, let f;:=3 e wal(-) with

1
€ := sgn ( Z (_l)d(a1,...,am)+a1bm_1+~~+ambo) .
a

1,...,am=0
So,
2 1
202(a+1)mRN(fd) _ E Z (—l)d(a' s ooy @m) A by — 1+ +ambg .
k=2m |a;, =
Then

Y = Z 2a2(a+1)mRN(f;1)

1
= ZE Z (_l)d(al,...,am)+albm_l+...+amb0
k d -
am—1 om
| 22:2" 3 ( ; )(2’”-‘—1').

i=0
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Because of
5o o= (355C4) -4 () . C1)

My M (2M oM -1\ M (2M
=32 +"2‘<M)‘2M§< i >‘7 M)’

we have X > 22'”“(23,"_'1) and therefore there exists a d such that for the net
defined by d and the function f; we have

RN(f;i) > 2—2"’—1 (2r2n’il > 2—ay—(a=1)m_

By Stirling’s formula we have 272M(3¥) ~ n=1/2pf~1/2 and the result fol-
lows. O

So even with optimal nets, that is, with (0, m, s)-nets, the quality of the
classical estimates cannot be obtained. But we will show in the following that if
we restrict to a certain class of nets, we will be able to obtain, and in a certain
sense even to improve, these estimates. Further, we will give some concrete,
constructive methods for the generation of such special nets.

3. INTEGRATION WITH DIGITAL NETS

The following class of nets was introduced in a slightly more general form by
Niederreiter in [14].
Definition. Let b > 2 be a given base. Let R := {0, ..., b—1} bean arbitrary’
ring with zero element 0. Let C; = (c,(c’,)), k,l=1,...,m,i=1,...,5,be
s given m x m-matrices over R.

In the following we identify every integer n, 0 <n < b™—1, n=ap_1b™+
--+ay, a; € {0,...,b— 1}, with the vector 7 := (@m-1,...,a)" and
conversely. Then let

Xp = (Flr;(Cl 7 I blm(Cs . ﬁ)) e[o, 1)°.

In [14] conditions were given for the above point set to be a (¢, m, s)-net to

base b.
For example, if b is a prime power, R = F, the Galois field of order b,

and ci'), ..., c% the row vectors of C;, then x,, n=0,1,...,b5" -1, is
a (t, m, s)-net to base b if and only if for all d;,...,ds € NU {0} with
di +---+d; = m—1t we have: the set of vectors {cﬁ')|j =1,...,d;, i =
1,...,s} is linearly independent over F;. (See [14, Theorem 6.10, Theorem
6.14].) In the following we will call nets of this form digital nets. (See also [9]
and [16].)

The following result of Niederreiter gives concrete examples of such digital
nets. (See [14, Theorem 6.2].)

Let b>2, b=gq---q,,with pairwise relatively prime prime powers g; with
g1 <---<qu, meEN arbitrary, and s < ¢g; + 1. Let R be the direct product
of the F,, i = 1,...,u. Then the following matrices C;, i = 1,...,5,
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provide a (0, m, s)-net to base b: for every v, 1 <v < u, we choose s — 1

pairwise different elements ﬂf”), i=1,...,s—1, from F, . Let g; :=
BY, . B eR, 1<i<s—1.Let Cii=(c\)), 1<j<m,0<r<
m—1. Let

¢)=0 for1<i<s—1,1<j<m, 0<r<j-1,

c“’:(jfl)ﬂ."f“ for1<i<s—1,1<j<m, j—1<r<m-1,

jr i
cﬁi)=5,,m_,- forl<j<m, 0<r<m-1.
Here, f0=1 forall g € R, and ¢ is the Kronecker symbol. (In the following
we will call these special digital nets “ N-nets”.) Simple examples of N-nets are
the following: s=2, b >2:
1

1

Ci " , G =

0

1

This choice of the C; provides the so-called Hammersley sequence to base b,
which is well known in uniform distribution. (See [8].)
s=3, b=2: C; like above, C3 = C, from above, and

(6) (o) - ("a")
G) () (")

C, = : : in F,.

m-—1

.o (m=1))
Remark 3. In [14] it was shown that a necessary condition for the existence of
a (0, m, s)-net to base b is that s < b+ 1. On the other hand, the above
construction proves the existence of digital (0, m, s)-nets to base b whenever
b is a prime power with s < b+1. In the case when s > b+1 there remains the
question how small ¢ can be such that a (¢, m, s)-net to base b exists. Quite
recently, intensive computer calculations were carried out to solve this question
for base b = 2 and certain values of m and s, by Hansen, Mullen, and
Niederreiter in [3]. So, for example, they gave concrete examples of (6, 20, 4)-
digital nets or of (6, 10, 12)-digital nets. Currently, much research is being
done in this direction. As a theoretical result, the following is known from [15]:

For every dimension s and every base b there exists a constant 7(s, b) such
that for all m € N there exists a (¢, m, s)-net to base b with ¢ < 7(s, b). (For
similar results for a special class of digital nets see [9].)
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For digital nets and prime base » we now show the following improvement
of the estimate of Theorem 1(b):

Theorem 3. For a given prime b > 2 let x(,...,Xy, N = b™, be a digital
(t, m, s)-net tobase b. Let f € E?(c) to base b. Then
s—1
Ry(f) (b, s, a, c)b""g—qg—]\—]:/a)—-—.
Corollary 1. Let f € E, (c) to prime base b. Takefor x, , ..., xy the (0, m, s)-
N-net to base b (N = b™). Then
s—1

Ry(f)<d(b,s, a, C)(—k%\,]za)——-
Corollary 2. For every dimension s, every prime base b > 2, and every m € N,
there exists a digital net x,, ..., Xy to base b (N = b™) such that

s—1
Ru(f) < (b, s, a, b0 S8 por gt £ e B2,

Noa

Remark. In the statement and proof of Theorem 3 we limit ourselves to the case
that b is a prime. Although numerical investigations suggest that the assertion
of the theorem is probably true also for an arbitrary base, an attempt to prove
the theorem in this general case causes technical problems. The main reason
for these problems is that Lemma 6(b) is no longer true for arbitrary bases.

In the following let Z, := {0, ..., b — 1}. Again, we use the identification
n < f in the natural way. Further, for m, n € N we denote by m @ n the
integer which corresponds to 71 + 7i .

Lemma 6. Let b, m € N, b > 2 be fixed, Let k,l,n € Ny be given with
0<n<b™, andlet B = (b;;) be an m x m-matrix over F,. Then:

(a) For x € [0, 1) : wal,(x) - wal;(x) = walgg(x) .

(b) wale(B - /1/b™) = waly. ¢ oy (n/B™), Where B* = (byyi—j, me1—i)

Proof. (a) follows immediately from Lemma 5.
(b) Let ii= (@m=1, ..., C_lo)T; then

m m
B.ii= Zbliam—i, cees meiam—i .
i=1 i-1

In the following we omit the bar ~ over elements of F; . It will be clear in
every case whether the digit or the corresponding element of the field is used.

Then, by Lemma 5 with k = ¢,_ 0"~ +--- 4+ ¢y (without loss of generality
we can assume r > m) we have

m—1 m
wal (B - ﬁ/bm) =w' witht= Z chij,,-am_i
j=0 i=1
m m—1
= Zam—i Z bji1,i¢,
i=1 =0

J
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and therefore

m—1 m—1
w! = walq(n/b’”) with 4 = (Z bj+1,ij, ooy Z bj.,.l,]Cj)
j=0 j=0

=B*-k (mod b™). O

Lemma 7. Let Ci,...,Cs be m x m-matrices over F, = Z;, with row vec-
tors cﬁ'), j=1,...,m, i = 1,...,s, and with the property that for all
di,...,d; e NU{O} with dy+---+dy=m—t theset {¢\", j=1,...,d

i=1,...,s} islinearly independent over F,. Let ky, ..., ks be integers with
0 < k; < b™, not all zero, and such that C}ky+---+Crks =(0,...,0)T. Then
we have [];_, max(1l, k;) > bm='=s*1_ (C; is defined like B* in Lemma 6(b).)
Proof. Let k; = (k,(,?_l e k(()i))T; then by insertion we get that the condi-
tion Crky+---+ Crks = (0, ..., 0)7 is equivalent to Y3_, Z;.";,l k](.")cﬁ.fzl
(0, ..., 0). Because of the condition for the C; there must exist #;1, ..., L
>0, 1<i(l)y<i2)<---<i(r)<s with tjqy+---+tjy 2m—t+1 and
k,(iil()l)_)l #0 for /=1, ..., r. Therefore, k;; > bi~! and [];_; max(1, k;) >

bm—l—S+l .o

Proof of Theorem 3. (We follow the ideas of Hlawka in [4] in the classical
case. See also [11] and [21].) With x, := (C, -A/b™, ..., Cs-1i/b™), n =
0,...,b"—1, we have

s 00
RS> X Y k)
r=1 1< < <i <s ki, e ki =1
N-1
x Z walki| (Ci, - 7/b™) - - waly, (C;, - 7i/b™)

n=0

¢ b1

= ]T/ Z Z Z(kil e ki,)_a z walci',ki.+"'+c,»‘,f<.-, (n/bm)
T kg n=0

(here we use the notation kK = k (mod b™)
and the result of Lemma 6(b))
S>3 SRS DR RN AR
r ij kij
Cirkiy++Crkip=(0, ..., 0)7
Now we consider sums of the form of the inner sum in the last expression:
o0

> (---)° =%,

Iy ,Ir=l
Bli|+"'+Br[r=(Or“' ’O)T

where B, ..., B, are such that from B\d, +---+ B.d, = (0, ..., 0)T we get

i_ymax(d;, 1) > b for a certain 4 < m. (We denote this condition by (x).)
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If there were nonnegative integers v, a;,and t; <m, i=1,...,r—1,and
nonnegative integers /;, I; with

aibt <L, Il <(ai+1)b" fori=1,...,r—1
and
pbA—h= i ==D) < [ < (4 1)pA=E =)
such that (/;, ..., ) #({/, ..., l]) and such that

Bili+--+BlL, =B+ +BI=(0,...,07,

then we would have (I, ..., L) # (, ..., I!), and with
Li:=loel<b" fori=1,...,r—-1,
Lyi=1 6l < b=t =D

we would have a further solution of BiLi+---+B,L,=(0, 0)T for which
(Cy,...,L)#(0,...,0) and where [];_ lmax(l L;) < b4==1) which is a
contradiction. We denote this fact by (*x).

So we have
bm—1
< > Gk
Ly l=1
B\l+-+B,1,=(0,...,0)7
r 00 0o
+> S b ) ) o
t=110 .., Ly, g1y =1 L=b™

Byl +--+B1,=(0,...,0)7
=2+

Now because of (x):

m—1 b—1 (a;+1)b" m—1 b—1 (@ +1)b'r-1
S Y YT
H=0 ay=1 [,=a,b"1 tr—1=0a,-1=1},_,=q,_,b'r-!
00 (v+l)b"_"_'""'-l'("')—1
X Z z e
v=1 Ir=vbA—l|—~~~—l,_|—(r—l)

(where summation is over all /,, ..., J with Bij+---+ B, =(0,..., 0)7)
and this, because of (), is at most

m—1 -
( bt, z z lbt,_|)—a

1=1 tr—1=0a,_1=1

.—-

m—1 b—1

~

1=0

i)

o0

x z(vbA—n—m—t,_.—(r—l))—a

< b(r—l)az}?;mr—lcr(a).
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For ¥, we have (by taking in (xx) t; =, = --- = t,_; = 0 and because of
A< m)

oo oo

a<r o Y (e ho)™ Y (wbATT)e
1|,...,1,_|=l v=1
a1
<rpr-h W(C(a))’.
Altogether, with 4 =m —t — s+ 1, we obtain
s

s (log N’
UEDY (3) E+z <t a0 R e

For nets with ¢+ = 0 we thus have a maximal integration error of the form
(log N)*~!/N>. We will now show that this is the best possible result for the

numerical integration of E'f-functions in any case.

Theorem 4. For all b > 2, ¢ > 0, a > 1, s € N there exist constants

c'(c, a, s, b) >0 such that: Forall N and every point set x,, k=1,..., N,
in [0, 1)5, thereisa f € E(c) with f(x;)=0 for k=1,..., N and
log N)s~!
X dec'(——.
o1 (x) o

Remark. An analog to this theorem for the class E® was shown by Sarygin [18].
(See also [5].)

Proof of Theorem 4. Let t be such that b'~! < N < b'. Weadd o' - N -1
points to the initial point set and denote the new set by x;, ..., Xp—;. For
integer-valued vectors r:= (ry, ..., rs), ri+---+rs =t, r; > 0, we consider the
set M(r) of all integer-valued vectors (m,, ..., ms), m; > 0, with m; < b
forall i=1,...,s. M(r) has b’ elements. Therefore, the linear system

Z cr(m)waly(x,) =0, k=1,...,b" -1,
meM(r)

for every r has a nontrivial solution ¢(m), m € M(r). Let |g(m'(r))| :=
MaXme pr(r) [G:(m)|, m”(r) the unique element in M (r) with m'(r) ®m"(r) =0,
and

Walm“ (r) (X)
Wi(X) == —————— cr(m)waly (x).
(x) cr(m'(r)) b mez:ﬁm) r(m) walm (%)
We have W; £0. Let
1 o of_logyy’
f(x):= cz,—,Xr:W,(x) with C’ := 02321” (l'fb‘g_b> , C' < oo.

We show f € E_?(c): For given m, the term waly occurs in W} if and only
if there exists an m € M(r) with m @ m”(r) = m. This is possible only if
m € M(r). In this case there exists exactly one such m. Therefore, for the mth
Walsh coefficient f(m) of f we have

) < cgb™ Y1

r
meM(r)
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From m € M(r) we have r; >%logm;, i=1, ..., s, and therefore

t
blog 77 —_ b b
ogm; <ri=t—r——ri_1—rig1—-—1s <’lo
gM; S T 1 i—1—Fit+1 s S 1og iy ey s )

m:= (my, ..., ms;) and m; := max(1, m;)). Therefore,

) < e Lm0 B >s_m-_a
|f(m) < ¢ : (logml._.msﬂ (my - ms)

So, feE:(c), f(x)=0, k=1,...,N,and

f0dx=c b > / & s Wala om ()

[0, 1) meM (r

— et b"‘Z/ ldx=cgb™ Y 1

r
Fiteetrs=t

s—1
> crloeNY™!

Digital nets, for example digital N-nets, therefore provide best possible, and,
as will be shown in the concluding section, good programmable methods for the
numerical integration of Walsh series.

4. EXAMPLES

Example 1. Let ¢ = 0O.ejeze3..., ¢, € {0,1}, i = 1,2,..., be a fixed
given 0, 1-signal, considered as a real number in [0, 1] represented to base
2. The function f,: [0, 1]> — [0, 1] bundles two incoming 0, l-signals x =
0.x1x3... and y = 0.y1y,... and the given e to the new signal f.(x, ) :=
0.x1y1€1X2)2€5 ... represented again as a real number to base 2. It is easy to
show that

Je(x,y) = % + 22‘3"1(_1)[2’e]+1

+ (27 (=12 4 (27 (=P,

s _
i

I=1

and therefore, f, € F;(2) . For concrete values of e we get, for example,
/ Jo=3/7=0.428571, / fij2 =31/56 = 0.553571428.
[0,1)? [0,1)?

Numerical integration with the uniform lattice, respectively with the Ham-
mersley sequence (digital N-net) to base 2 (N points in each case) gives the
following results:
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TABLE 1. Results for e =0

m N unif. lattice Ry ~ Hammersley seq. Ry ~
4 16 0.421875 10-3  0.428466796875 10—4
6 64 0.427734375 10-3  0.428569793701172 103
8 256 0.428466796875 10~%  0.428571403026581 108

10 1024 0.4285583496093375 10~3  0.42857142817229 10710
12 4096 0.428569793701172 1073  0.428571428565192 10!
14 16384 0.428571224212646 107  0.428571428571331 1013

TABLE 2. Results for e = 1/2

m N unif. lattice Ry ~  Hammersley seq. Ry ~

6 64 0.552734375 103 0.553569793701172 1073
10 1024 0.553558349609375 10=°  0.55357142817229 10-1°
14 16384 0.553571224212646 10~7  0.553571428571331 10~13

Example 2. Let f: [0, 1)3 = R be given by f(x,y, z) = g(x)g(y)g(z) with
g:[0,1) =R, g(x)=2"""" for 27"'<x <27, 1=0,1,.... As s easily
checked, we have

foe) 2k+l—l 1
g(x) = % (2 - z 9—2k Z wal,(x)) and /0 g(x)dx = %
k=0 1=2k

Therefore, f € Fi(l) and [, ;5 f(x)dx = L =0.037. Numerical integration
with the uniform lattice, respectively with the three-dimensional N-net, given
as an example in §3, gives;

TABLE 3
m N unif. lattice Ry ~ N-net Ry ~

6 64 0.030517578125 1072 0.036239624023438 1073
9 512 0.035327911376953 103  0.036406806945801 10~*
12 4096 0.036604702472687 10~*  0.037025457248092 1073
15 32768 0.036928636021912 10~*  0.037037021918877 10~3
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