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ON GENERALIZED INVERSIVE CONGRUENTIAL
PSEUDORANDOM NUMBERS

JURGEN EICHENAUER-HERRMANN

ABSTRACT. The inversive congruential method with prime modulus for gener-
ating uniform pseudorandom numbers has several very promising properties.
Very recently, a generalization for composite moduli has been introduced. In
the present paper it is shown that the generated sequences have very attractive
statistical independence properties.

1. INTRODUCTION AND MAIN RESULTS

Several nonlinear congruential methods of generating uniform pseudorandom
numbers in the interval [0, 1) have been studied during the last few years. A
review of the developments in this area is given in the survey articles [3, 13,
14, 16, 17] and in H. Niederreiter’s excellent monograph [15]. A particularly
attractive approach is the inversive congruential method with prime modulus,
which has been analyzed in [1, 2, 4-6, 11, 12, 17]. Recently, a generalization
for arbitrary composite moduli has been introduced in [8]. The present paper
restricts itself to the case of a modulus m = p; - p, - - - p, with arbitrary distinct
primes p;, p2,...,pr>5. Let Z,, ={0, 1, ..., m—1}. For integers a, b €
Z, with gcd(a, m) = 1 a generalized inversive congruential sequence (yn)n>o0
of elements of Z,, is defined by

Yup1 =ays™ ' +b (modm),  n>0,

where p(m) = (p; —1)---(p, — 1) denotes the number of positive integers less
than m which are relatively prime to m . A sequence (X,),>o of generalized in-
versive congruential pseudorandom numbers in the interval [0, 1) is obtained by
Xn = yn/m for n > 0. The result below shows that these sequences are closely
related to the following inversive congruential sequences with prime moduli.
For 1<i<rletZ, ={0,1,...,pi—1}, m; = m/p;, and a;, b; € Zy, be
integers with

a=m?a; (modp;) and b = m;b; (modp;).
Let (yﬁ,i)),,zo be a sequence of elements of Z, given by
YW =aP)P 2+ b (modp;), n20,

Received by the editor May 24, 1993 and, in revised form, August 20, 1993.

1991 Mathematics Subject Classification. Primary 65C10; Secondary 11K45.

Key words and phrases. Uniform pseudorandom numbers, inversive congruential method, com-
posite modulus, statistical independence, discrepancy.

© 1994 American Mathematical Society
0025-5718/94 $1.00 + $.25 per page

293



294 JURGEN EICHENAUER-HERRMANN

where yg = m,-y(()i) (mod p;) is assumed. Note that z7~2 = z~! (modp;) for
any integer z € Z, \{0} according to Fermat’s Theorem; i.e., (yf,i)),,zo is an
(ordinary) inversive congruential sequence in the sense of [1]. As usual, a se-
quence (x,(,i)),,zo of (ordinary) inversive congruential pseudorandom numbers

in the interval [0, 1) is defined by x{’ = y{"/p; for n > 0.

Theorem 1. Let (yf,i))nzo and (x,(,i))nzo for 1 <i<r bedefined as above. Then
Vn = mlyﬁ,l) 4+ 4 m,yﬁ,’) (mod m)

and
xn=xP 4+ x{” (mod1)

for n>0.

The proof of Theorem 1 is given in the third section. Theorem 1 shows that
an implementation of generalized inversive congruential generators is possible,
where exact integer computations have to be performed only in Z, , ..., Zp, ,
but not in Z,, . From now on it is always assumed that the generalized inversive
congruential sequence (yx)n>o is purely periodic with maximal period length
m;ie., {yo,Yi,.-.5¥Ym-1} = Z,. Theorem 1 implies that (y,),>o shares
this property if and only if (yf,')) n>0 is purely periodic with period length p;
for 1 < i < r. A characterization of these (ordinary) inversive congruential
generators is given in [6], whereas a handy sufficient condition demands for
z2—b;z—a; (or equivalently, y2—by—a) to be a primitive polynomial modulo
p; for 1 <i<r (cf. [1, 11]).

Obviously, generalized inversive congruential pseudorandom numbers are
well equidistributed in one dimension. A reliable theoretical approach for as-
sessing their statistical independence properties is based on the discrepancy of

s-tuples of pseudorandom numbers. For N arbitrary points ty, t;, ..., ty_1 €
[0, 1)° the discrepancy is defined by
DN(t0> tl y see s tN—l) = SgplFN(‘I) - V(J)l )

where the supremum is extended over all subintervals J of [0, 1)*, Fy(J) is
N-! times the number of points among to, t;, ..., ty_; falling into J, and
V(J) denotes the s-dimensional volume of J. For s > 2 consider the s-tuples

Xp = (xn,xn+la---axn+s—l)€[03 l)sa nZOa

of generalized inversive congruential pseudorandom numbers. In the following,
the abbreviation Dﬁ;‘,) = Dp(X0, X1, ..., Xm—1) is used. In the results of the

next theorems upper and lower bounds for the discrepancy DY) are established.
Their proof is given in the third section.

Theorem 2. Let s > 2. Then the discrepancy DY) satisfies

s r
DY) < m~112 (%logm + g) [Is - 2+sp7 ) +sm™!

i=1

for any generalized inversive congruential operator.
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Theorem 3. There exist generalized inversive congruential generators with

1/2
(s) m—1/2 pi—3
D' 2 32 +2 H(p,—1>

for all dimensions s > 2.

For a fixed number r of prime factors of m, Theorem 2 shows that DY) =
O(m~'2(logm)*) for any generalized inversive congruential sequence. In this
case, Theorem 3 implies that there exist generalized inversive congruential gen-
erators having a discrepancy DY) which is at least of the order of magni-
tude m~!/2 for all dimensions s > 2. However, if m is composed only of
small primes, then r can be of an order of magnitude (logm)/loglogm , and
hence JIi_;(2s -2+ sp_l/z) O(m?®) for every ¢ > 0 (cf. [7]). Therefore,

one obtalns in the general case DY) = O(m~1/2*¢) for every ¢ > 0. Since
[T ((p: — 3)/(p: — 1))/2 > 277/2 | similar arguments imply that in the general
case the lower bound in Theorem 3 is at least of the order of magnitude m—1/2—¢
for every ¢ > 0. It is in this range of magnitudes where one also finds the dis-
crepancy of m independent and uniformly distributed random points from
[0, 1)*, which almost always has the order of magnitude m~'/?(loglogm)!/2
according to the law of the iterated logarithm for discrepancies (cf. [9]). In this
sense, generalized inversive congruential pseudorandom numbers model true
random numbers very closely.

2. AUXILIARY RESULTS

First, some further notation is necessary. For integers £ > 1 and g > 2 let
Ci(q) be the set of all nonzero lattice points (4, ..., ) € ZK with —gq/2 <
hj <q/2 for 1 < j<k. Define

1 forh=0
rh, q) = qsin%h' for h € Ci(q),
and
k
j=1

for h=(hy, ..., h) € Cr(q). Forreal t the abbreviation e(f) = e*™! is used,
and u-v stands for the standard inner product of u, ve R¥.

In the following, three known general results for estimating discrepancies are
stated. The first lemma follows from [15, Theorem 3.10], the second one is a
special version of [15, Corollary 3.17], and the third lemma is from [10, Lemma
2.3].

Lemma 1. Let N> 1 and q > 2 be integers, and let t, = g~ 'y, € [0, 1)¥ with

Yo € {0,1,...,9—1}* for 0 < n < N. Then the discrepancy of the points
to, t1, ..., ty_1 satisfies
Dn(to, ty, ..., tn—1) < — Z > e(h-ty)].
q by , q) s
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Lemma 2. The discrepancy of N arbitrary points ty, t;, ..., ty_1 € [0, 1)k
satisfies

i N-1
oo, ty—1) 2> .
Dn(to, t1, ty-1) > CESA AL ;)e(h t,)

for any lattice point h= (hy, hy, 0, ..., 0) € Z*X with hihy #0.
Lemma 3. Let q > 2 be an integer. Then
heCota) rth,q) = 5

Lemmas 1 and 2 indicate that a crucial role for the analysis of the discrepancy
Df,’,) is played by the exponential sums

m—1

Sh):= ) e(h-xy,)

n=0
for h € Z°. The next lemma shows that these sums are closely related to the
exponential sums

Si(h):= Y e(h-x{")

kez,,

fl'or h € Z*, where xg) = ( ,(c"),x,(cﬂ)rl, cees x,(('is_l) € [0, 1)* for kK > 0 and
<i<r.

Lemma 4. Let h € Z*. Then
r
S(h) = [ Si(h).
i=1

Proof. First, it follows from

r
Xn = xy (modl), n>0,

i=1

m—1 r m—1 r
Shy=>Ye (Eh-xﬁﬁ) => [Tet-xP).

n=0 i=1 n=0 i=1

that

Now, the Chinese Remainder Theorem implies that

S(h) = > f[e(h xP).

(Ky s e o) EZp) X - X Zp, i=1
n=k; (modp;), 1<i<r

Since the sequence (xﬁ,i)),,zo has period length p; for 1 < i < r, one finally
obtains

S(h) = Y [Tet- )

(ki y .. ,k,)GZ,,] X+ XZp, i=1

= ]‘[ S em-xP) = f[s,(h). 8]
i=1

i=1 kez,,
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Observe that S;(h) = p; for all h € Z° with h = 0 (modp;). The upper
bound for |S;(h)| with h # 0 (mod p;) given in the next lemma follows from
[11, proof of Theorem 1].

Lemma 5. Let 1 <i<r and heZ® with h# 0 (modp;). Then

|Si(h)] < (25 - 2)p;? +5 - 1.

3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. First, observe that m; = 0 (modp;) for i # j, and hence
yn = myd + -+ my{? (modm) if and only if y, = m;p$) (modp;) for
1<i<r, Wthh will be shown by induction on n > 0. Recall that yy =
miy(()’) (mod p;) is assumed for 1 < i < r. Now, suppose that 1 < i <r and

Vo = mpdd) (mod p;) for some integer n > 0. Then straightforward calculations
and Fermat’s Theorem yield

nst = apf™ 7 4 b = my(@m{ ()M =1+ by)
= mi(a;()P 72 + bi) = myyy), (medp;),

which implies the desired result. O

Proof of Theorem 2. First, Lemma 1 is applied with N =g =m, k =s, and
t, = x, for 0 < n < m. This yields

1 1
DY <>4+— 3 ———IS(h)

m mhecs(m)r(h,m)

S 1 r

=+ . > T H|S,(h>

€Cs(m ) i=1

—atm X% S | (]
“m ' m r(h,m)i=1 e

1, heCs(m)
I|<r h 0 (modp,), i€l
h#0 (modp;), i¢l

I
|

where in the second step Lemma 4 has been used. Now, Lemma 5 can be
applied to obtain

1 2 1
DY <« s. 2 Z I _ 1/ Z
mS ot m " H((2s ts-1) r(h, m)
Ic{l,..,r} i¢l heCs(m)
I|<r h=0 (modp,), i€l

h#£0 (modp,), i¢l

5%+% > m'[Jues-2 9pP+s-1) N r(—h,l—m_)’

Ic{1,..,r} i¢l heCs(m)
[I<r h=0 (mod m’)

where m! = [1;c; pi forsubsets I of {1, ..., r}. Straightforward calculations
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show that
( N
1 1
S o] Z ot !
heCs(m) r(h, m) heCy(m) r(h, m)
h=0 (mod m!) h=0 (mod m’)
s
1 1
=|— X prrt+l] -1,
m kecl(m/ml)r(k’m/m) )

and hence Lemma 3 implies that

1
> <
heCy(m) r(h, m)
=0 (mod m!)

Altogether, one obtains

W<yt Elogm+zs > Jl@s-2p/?+s-1)
" m m\=n 5

Ic{l,..,r}i¢l

=i+i(72zlogm+ )H((2s P2 +s),

m m

which yields the desired result. O

Proof of Theorem 3. First, Lemma 2 is applied with N =m, k=35, t, = x,
for 0<n<m,and h=(1,1,0,...,0) € Z. This and Lemma 4 yield

(5)
DY 2 s +2)m| ()] = HIS

Now, it follows from [2, Lemma 2] that there exist inversive congruential gen-

erators with
1/2
pi—3 1/2
. > A |
|Si(h)| > (Pi — 1) D;

for 1 <i < r. Hence, according to the Chinese Remainder Theorem there exist
generalized inversive congruential generators with

r 1/2
© > 1 pi—3 1/2
O 2 3+ om H<p,—1> P

“”H p,—s)‘/z. .
2(7z+2 pi—1
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