MATHEMATICS OF COMPUTATION
VOLUME 63, NUMBER 208
OCTOBER 1994, PAGES 461-478

THE ANALYSIS OF MULTIGRID ALGORITHMS FOR
PSEUDODIFFERENTIAL OPERATORS OF ORDER MINUS ONE
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ABSTRACT. Multigrid algorithms are developed to solve the discrete systems
approximating the solutions of operator equations involving pseudodifferential
operators of order minus one. Classical multigrid theory deals with the case of
differential operators of positive order. The pseudodifferential operator gives
rise to a coercive form on H~!/2(Q) . Effective multigrid algorithms are devel-
oped for this problem. These algorithms are novel in that they use the inner
product on H~!(Q) as a base inner product for the multigrid development.
We show that the resulting rate of iterative convergence can, at worst, depend
linearly on the number of levels in these novel multigrid algorithms. In ad-
dition, it is shown that the convergence rate is independent of the number of
levels (and unknowns) in the case of a pseudodifferential operator defined by a
single-layer potential. Finally, the results of numerical experiments illustrating
the theory are presented.

1. INTRODUCTION

The goal of this paper is to develop a technique for defining and analyz-
ing multigrid algorithms for solving equations which involve discretizations of
pseudodifferential operators of negative order. Standard multilevel methods
most often apply to discretizations of differential operators of positive order
(cf. [1-4, 7-9, 16, 17]).

Let Q be a polygonal domain in R?. For nonnegative real s, let H%(Q)
denote the Sobolev space of real-valued functions with norm ||-||; (see [14]).
In addition, we shall use Sobolev spaces of negative index. For the purpose of
this paper, we shall define H~!(Q) to be the set of functionals on H'(Q) for
which the norm

oll_y = sup ¥:?)

seri@ N9l

is finite. Here (-, -) denotes the inner product in L?(Q). For 0 < s < 1, the
spaces H~*(Q) are defined by the real method (K-method) of interpolation
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[13] between L%(Q) and H~!(Q). These spaces are Hilbert spaces, and we
shall let (-, -)_s; be the corresponding inner product.

As a canonical example of a pseudodifferential operator of negative order,
we consider an operator which is defined in terms of a symmetric bilinear form
7°(-,+) on H~/2(Q). We will assume that this form satisfies the following
coercivity and boundedness inequalities:

(1.1) Co ||v||2_1/2 <7 (v,v)<C ||v||2_1/2 for all v € H™1/2(Q).

Here and in the remainder of this paper, C with or without subscripts denotes
a generic positive constant which can take on different values in different places.
These constants will always be independent of mesh sizes and the number of
levels in subsequent multigrid schemes.

Multigrid schemes will be developed in this paper for the efficient solution
of the problem: Given a bounded linear functional F on H-1/2(Q), find U €
H-12(Q) satisfying

(1.2) 7(U,0)=F() forall @ c H'/*(Q).

This problem has a unique solution by the Riesz Representation Theorem.

The basic philosophy of a multigrid/multilevel algorithm is that simple re-
laxation schemes can be used to reduce the high eigenvalue components of the
errors while a coarser grid problem is used to reduced the smooth components.
This works very well in the case of differential operators of positive order since
the high eigenvalue components of the differential operator correspond to highly
oscillatory components of the error and thus all components are reduced either
by smoothing or correction. In contrast, in the case of pseudodifferential opera-
tors of negative order, the high eigenvalue component is smooth and thus neither
relaxation nor coarse grid correction reduces the oscillatory components.

The solution to the above problem is to use a base inner product which cor-
responds to a weaker norm than that induced by the form 77(-, -). We use the
norm in H~!(Q). This effectively changes the relationship between eigenvalues
and eigenvectors so that the eigenvectors with large eigenvalues correspond to
highly oscillatory components in the eigenspace decomposition.

Smoothers for the multigrid algorithm are developed in terms of discrete
inner products which are equivalent to the inner product in H~!(Q) on the
respective subspaces. The discrete inner products are defined in §3 in terms
of a discretization of a second-order problem. The use of smoothers involving
differences for this type of problem was suggested earlier in [12] although no
supporting theory was included.

There are three basic theories for providing estimates for V-cycle multigrid
algorithms. The first is the so-called “regularity and approximation theory”
and provides estimates as long as elliptic regularity results are available for
the underlying operator 7” [2, 3]. The second theory requires the weakest
hypotheses but gives rise to estimates which depend on the number of levels in
the multigrid algorithm [7]. The third theory does not require elliptic regularity
and often leads to uniform estimates on the rate of iterative convergence [4].

We prove the conditions required for the application of the “no-regularity”
theory of [7] in §4 provided that (1.1) holds. In §5, we reduce to the case when
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the form 7 is given by the single-layer potential
(1.3) 7 (u, v) / / Us(s2) e g,y
Q

st — s Szl
We will show that (1.1) holds, and hence [7] can be applied. We next apply [4]
to develop uniform multigrid convergence estimates in the case when Q is a
polygonal domain in R?. We note that integral operators of positive order are
considered in [19].
Finally, the results of numerical experiments are given in §6. These results
are in agreement with the theory of earlier sections.

2. THE MULTIGRID ALGORITHM

In this section, we describe the multigrid algorithm following [3]. We assume
that we are given a nested sequence of finite-dimensional inner product spaces

MyC M C - CMCHVQ).

As earlier described, let 77(-, -) be a symmetric positive definite bilinear
form on .#; satisfying (1.1). We shall develop multigrid algorithms for com-
puting the solution of the problem: Given a linear functional F on .#;, find
u € #; satisfying

(2.1) 7 (u, ¢) = F(9) for all ¢ € 4.

We describe the multigrid algorithms in terms of certain operators. To this
end, we first define 7 : 4 — #; by

(2.2) (Zru,v)1 =7 (u, v) forall u, v € 4.
In addition, we define the projectors %, : H~1(Q) — # and P, : H-'/2(Q) —
M. by
(Frw, ¢)-1 = (w, ¢)—
and
7 (Pw, ¢)=7(w, ¢)
for all ¢ € 4 .
The final ingredient in a multigrid algorithm is a sequence of smoothing
operators. These operators are defined in terms of additional discrete inner

products on .4, which will be denoted [-, -], k=1, ..., j. The smoothing
operator Ry : .#, — # is then defined by

(2.3) [Rrw, O], = Zi(w , 0) for all 6 € 4.
k
Here A, is an upper bound for the eigenvalue
A = sup 710, 9)

oct, [0, 0%
The assumption on A, implies that for all 6 € .4,
7 (R0, 6) < L2 R0, RZ:01, 78, 0)'1?
=7 (R 70, 0> 7°(6, 6)"/2,
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and hence
(2.4) 7 (Rc7:6,0)<7°(8, 0).

The inequality (2.4) shows that the smoothing operator is properly scaled [3].
In addition, A; should be bounded by a fixed multiple of A .

In standard applications, it is often more effective to use smoothers defined
by variations of Gauss-Seidel iterative methods [5]. However, in the case of the
integral equation application of this paper, Gauss-Seidel smoothing is inappro-
priate whereas the smoother defined by (2.3) is both computable and theoreti-
cally justified.

The multigrid algorithm is defined in terms of a sequence of operators By :
M), — M, which “approximately” invert 7} . The following algorithm provides
the simplest V-cycle algorithm.

Algorithm 2.1. For k =0, set By =7;"'. For k >0, By is defined in terms
of By_; as follows: Let g € .4 .

(1) Set
(2.5) x! = Reg.
(2) Define x2 = x! + g, where
g =B 1Fi_1(g — Zix").

(3) Finally, set
Big = x* + Ry(g — Zix?).

The multigrid algorithm is presented this way for theoretical purposes. Even
though the use of the inner product on H~!(Q) is often not computationally
feasible, it is possible to implement the above algorithm in practice provided
that the inner products [-, -], are appropriately defined. These inner products
are defined in §3. They are critical from both the theoretical and implementation
points of view. The concrete realization of the algorithm in terms of matrices
is also given in §3.

The first and last step in the above algorithm correspond to smoothing. The
second step is the coarser-grid correction step. More general versions of this
algorithm involving increased smoothing on the various levels as well as more
iterations in the coarser-grid step are defined in the usual way (cf., [1, 3, 11,
15]). Our theory extends to these algorithms as well (cf. [7]).

Typical presentations of the multigrid algorithm directly give rise to an iter-
ative process with a linear reducer. This linear reducer is equal to I — B;7; (cf.
[4]). Thus, the usual multigrid reduction process applied to the problem

Vv =f
is equivalent to the simple linear preconditioned iterative scheme
’U,’+1=’U,‘+Bj(f—%’l)i), i=0,1,...,

with B; defined by Algorithm 2.1. Thus, our algorithm is the usual symmetric
V-cycle multigrid algorithm described in a notation which is convenient for our
analysis. Note that B; is clearly a linear operator for each k.
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Nonsymmetric cycling algorithms are defined by avoiding Steps 1 or 3 (cf.
[3]). Both the symmetric and nonsymmetric versions are covered by the analysis
to be presented. The symmetric operator B; given above can also be used as a
preconditioner in, for example, the conjugate gradient algorithm.

3. THE DISCRETE INNER PRODUCTS

We define the discrete inner products [-, -] used in the definition of the
smoothing operators in this section. As we shall see, there are two distinct
cases depending on whether the functions in .4, are continuous or not. The
discrete inner product will always be defined in terms of a difference operator
Ak : '/lk — */lk .

We shall only consider multigrid algorithms for finite element approximations
to (1.2) in this paper. Because the form 77(-, :) is so weak, the finite element
approximation subspaces need only be in H~!/2(Q). However, for simplicity,
we shall first consider the case when .#; consists of continuous piecewise linear
finite element functions.

To this end, we start with a coarse triangulation {7)} of Q. Assuming that
{ri_,} has been defined, the finer triangulation {7} is defined by breaking
each triangle in {r}_,} into four by connecting the midpoints of the sides. The
space A, for k=0, ..., j, is defined to be the set of functions which are
piecewise linear with respect to {7/} and continuous on Q.

To avoid the inversion of Gram matrices in the multigrid implementation, we
next consider a diagonal inner product approximating the L2(Q) inner product
on the subspace. Let (-, ), be defined for v € .# by

1 . : : .
(W, V)= 3 21Tl Wl ) + v )2 + 006 )’
%

Here, |1;;| denotes area of 1;; and {x,i" }, 1=1,2, 3, denotes the vertices of
7t . It is known that

B.1) (v, w) - (v, w)| < Chelvlllwll, forallve s, we s,

where hy (hi = 27¥hg) is the mesh size of the kth mesh. It is also immediate
that

(3.2) c(v,v),<(v,v)<C (v,v), for all v € .4,.

The discrete form [-, -] is defined in terms of the finite element discretiza-
tion of a second-order problem. For v, w in H'(Q), let

(3.3) A(v, w) = / (Vv - Vw + vw) dx.
Q
Clearly, A(-, -) is symmetric and positive definite on H!(Q) and
lull = A(u, w)'/?  for all u € H'(Q).

For k=0,..., j, let the operators Ay : .# — 4 be defined by
(3.4) (Arw, @), = A(w, @) for all w, ¢ € 4.
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The operator Aj is clearly symmetric (in both the A(-,:) and (-, ), inner
products) and positive definite. In this case, the discrete inner product used in
the multigrid algorithm is defined by

(3.5) [u, vl = (4 'u, v),

As we shall see later, the implementation of the multigrid algorithm using this
discrete inner product only requires the evaluation of the action of A4; (not
A,:‘ ). The next lemma shows that the norm corresponding to this inner product
is uniformly equivalent to the norm in H~1(Q).

Lemma3.1. Let [-, -], bedefined by (3.5). There exist positive constants Cy, Cy
which are independent of j and satisfy

(3.6) Collvl*, < v, vl < Ci ]2, .

The inequalities (3.6) hold for all v € #, and k=0, ..., ]

Proof. Let Q, denote the L2(Q) orthogonal projector onto .4 . It is well
known that (see, for example, [10])

(3.7) I = Qwll < Chycllwlly s 1Qewlly < Cllwlly

for all w € H!(Q). Moreover, it easily follows from (3.7) and the fact that
M C H(Q), that

for all u, v € 4.

(w, ¢)?
3.8 Gy ||lw < su w for all w € 4.
The constant C, is 1ndependent of k. Let v be in .#; . We note that
W, 4.2 (v, 0%

(3.9)  [v, vl = (4v, )i = sup e = = sup S,

Using the well-known inverse property,
A, 9) <ch* |9l forall ¢ € 4,
and (3.8) implies

3.10 of? = sup 2 < ch? qup ¢) < Chi2 |l
The same argument and (3.2) gives that

3.11 oll? < Ch? sup 22 P

31D I Che” 388 4@, o1

Applying (3.1) and (3.10) gives
(v, O)l < (v, O) — (v, 0)| + (v, )|
< Chiclloll 161l + vl 16l < Cllvll_y 101, -

Combining (3.9) and (3.12) proves the upper inequality of (3.6).
For the lower inequality, because of (3.8), we need only show that

(v, ¢)? (v, 9k
(3-13) P A6, 0 =S AT, 6y

(3.12)
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Applying (3.1) gives
(v, )] <I(v, 0) = (v, O)c| + (v, O)l
< Chiclloll 161l + (v, O)l.

By combining (3.11) and (3.14), the inequality (3.13) follows. This completes
the proof of the lemma. 0O

(3.14)

We next consider the case when the subspaces are discontinuous functions.
In this case we assume for simplicity that Q is a rectangle in R?>. We divide
this rectangle into a rectangular mesh to define the partitioning {z)}. Subse-
quently finer meshes are defined by mathematical induction. Given {7}_,},
the rectangles of {rf{} are defined by breaking each rectangle in {7i_,} into
four congruent smaller rectangles. Functions in .#; are defined to be piecewise
constant with respect to the mesh {7}}.

In this application, we do not require the introduction of a discrete L?(Q)
inner product, since the Gram matrix for ./#, (with the natural basis) is already
diagonal. The discrete operators A; are defined directly in terms of differences.
Functions in .4}, are determined by doubly indexed arrays of coefficients {c;;},
(i, j) € # . The set #, consists of the indices labeling the rectangles in {‘c;'(} .
Ay is defined to be the symmetric difference operator with diagonal

(3.15) (dic,c)=hE Y &+ D (cij—cijr)*+ Y (cij — Civt, )
(i, /)M

Terms are included in the last two sums above if and only if both of the coef-
ficients’ indices are in .#; . Note that A, is the five-point difference operator
with appropriate modification near the boundary. We define [-, -], by

(3.16) [v, w = A v, w) forallv, w € 4.
We then have the following lemma.

Lemma 3.2. Let A; be defined by (3.15). Then (3.6) holds for [-, -]x defined
by (3.16).

Proof. Let v be an arbitrary function in .#, . We first note that

_ 4y v) = sup (8
(3.17) [0, vl = (A0, v) = sup T2 5 )

We again let Q; denote the L2(Q) orthogonal projection onto .# . It is easy
to check that

(AxQi8, Qk0) < C||6]}  forall € HY(Q).
Consequently,

(’U > Qko)2

2
”v”—] = 3
oeH (@)  [|O||y

('U, Qko)2 -1
<C sup ——=—————=C(4;'v,v).
- GGH'I()Q) (A Q0 , Qk0) (A )

Let ¢ be in .4, . We define a shifted rectangular mesh {‘Ef{} by connecting
the centers of the original rectangles and let Q; denote the union of the shifted
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FIGURE 1. Local extension regions

rectangles contained in Q (see the rectangular mesh formed by the dashed
lines in Figure 1). Note that Q, differs from Q by a strip of width A;/2.
Let @ denote the function which is continuous on € , piecewise bilinear with
respect to the shifted rectangles, and interpolates ¢ on the vertices of the shifted
rectangles (these vertices are labelled x in Figure 1). We extend ® to all of Q
in a piecewise bilinear fashion. For example, the bilinear function ® on the
shifted triangle 7! in Figure 1 is extended bilinearly into the shaded region.
Figure 1 (a) illustrates the case of a corner of Q while Figure 1 (b) illustrates
the case of an edge of Q. This extension is also denoted by ®. It is easy to
see that ® € H'(Q) and furthermore, it is elementary to see that

(3.18) (A, ¢) < |@IIF < C(Axg, ¢), 16— @|| < Chi| @l

for all ¢ € 4 .
We now prove the upper bound of (3.6). By (3.18),

|(Ua ¢)I < |(Ua ¢_ ¢)| + |(Us (D)I

< Clhy ol + Il )I@l < Clhe [l + llvll=y ) (Ax > ¢)'72.
Thus, using (3.17), the upper inequality of (3.6) will follow if we prove that
(3.20) ol < Ch vl -

For any 6 € .#,, there exists a function ® € H 1(Q) which has the same
average values as 6 on the rectangles of {7} and satisfies

(3.21) Iell, < Ch' 6]l

Infact, © can be constructed by taking linear combinations of smooth functions
supported on the rectangles of {7} . Thus,
(v, 8)

_ 0) _
3.22 v|| = su sChlsup(v’ <Ch7'vl_,.
(322) Il = sup “p= < Ok sup Tgp= < Ch vl

(3.19)
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This proves (3.20) and hence completes the proof of the lemma. O

We now present the matrix form of Algorithm 2.1, since this elucidates its
computational implementation. A common notation for the two cases can be
developed if we define (-, -); = (-, +) in the case when .# consists of discon-
tinuous constants.

We shall use a bar for denoting matrices and vectors. Let n;, = dim(.#;) and
{¢’ , be the natural basis functions for .#; . Note that by scaling the basis
functlons we may assume that (d)k , ¢’ ), = di, where & is the Kronecker

Delta. Let
{(Akd’k, ¢k) }, I=1
and

Z ={7 (0, $0)} 1

In addition, let the matrix Cy = {ci/} be defined from the coefficients {c;/

satisfying ¢} = /%' cllgf ..
In terms of matrlces (2.1) can be represented
(3.23) Zin =

Here, @ is the vector of coefficients in the expansion of the function # in the
basis {¢’},and F is the vector {F(¢})}.

We consider the matrix operator B; defined by the following algorithm. As
we shall see in the subsequent proposition, this algorithm provides a concrete
realization of the operator B; .

Algorithm 3.1 (Matrix form of Algorithm 2.1).
Set By = 7;‘1 . Assume that Bj_; has been defined and define B, G for
G € R™ as follows:

(1) Set

x! =17'4,6.
(2) Define x2 = x!+ C!_,q, where
g =Bi_1Ci_1(G - Zx).
(3) Finally, set
BG = x* + 2" 4k (G - Zx7).

Proposition 3.1. Let v € #, and U denote the vector of coefficients for the
expansion of the function v in the basis {¢.}. Then, By Z;v is the vector of
coefficients for the expansion of the function B, 7;v .

Proof. The proof is by induction. The result is obvious for k = 0. Let k be
greater than zero and let v and ¥ be as above. We consider applying Algorithm
2.1 to Zv and Algorithm 3.1 to Z;v. In the first step of Algorithm 2.1, we
compute the function x! satisfying

(3.24) [x!, 8]k = (A;'x‘, 0)i = I;‘%(v, 8) for all 6 € 4.
In contrast, G = ;0 in Algorithm 3.1. Let G € .#; satisfy
(3.25) (G, ) =7 (v, 0) for all 8 € 4.
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Note that G is the vector of coefficients for the expansion of G in the basis
for .# . Combining (3.24) and (3.25) and changing variables gives

(x', @)k = A7 (AkG, dh )k, i=1,...,n.
This means that the coefficients of x! (denoted by x!) satisfy
x! = j.,:lAkG = Z;lx‘IkG
This coincides with the first step of Algorithm 3.1.

To compare the results of the second steps of the algorithms, we note that the
previous conclusion immediately implies that G — Z;x! = Zk(v — x') equals
the vector {7'(v — x', ¢})}. Consequently, Cy_{(G — Z;x') is the vector
{7'(v-x', ¢, _,)}. However,

%('U - xl ) ¢;.¢_1) = <'gak—l%(v - xl), ¢;;_1)—l

= (Zk—1Pe—1(v — X"), $f_)-1-
Note that the right-hand side of (3.26) is Z;_; applied to the coefficients of
Pi_1(v —x!) expanded in the basis for .#;_, . Thus, by the induction hypoth-

esis, g in Algorithm 3.1 is the vector of coefficients (with respect to the basis
for #,_,) of the expansion of

Bi_1Zk—1 Py (v —x') =q.
Consequently, x? defined by Algorithm 3.1 gives the coefficients of x2 defined
by Algorithm 2.1.
The proof that the final step of Algorithm 3.1 results in the coefficients of the

function developed in the final step of Algorithm 2.1 is similar. This completes
the proof of the proposition. 0O

(3.26)

Remark 3.1. The proposition immediately implies that for all v € ./#;,
(Z;(I - B;7})0) -0 =7'((I - B;Z})v, v)
and B
(Zjo)- v =7 (v, v).
Thus, contraction estimates for I—B;7; and estimates on the condition number
k(B;Z7}) lead to the same results for their matrix counterparts.
4. “NO-REGULARITY” MULTIGRID ANALYSIS

We apply the theory of [7] to develop a convergence theory for Algorithm 2.1.
To do this, we need operators & : #; — # with &; =1 and satisfying

(4.1) (@ — G_)ul®) < CAL' P (u,u) fork=1,...,J,
(4.2) 7 (@u, Gu) < C37 (u,u) fork=0,...,j-1.
The inequalities (4.1) and (4.2) hold for all u € .#;.

Lemma 4.1. Let # consist of continuous piecewise linear functions on triangles
as described in the first application of the previous section, and set @), = Qi . Then
(4.1) and (4.2) hold with constants C, and Cs which are independent of j .

Proof. The inequalities (3.7) and duality immediately imply that
I = Qo wll_; < Chy|lw||  forall w € L*(Q),

(4.3) «
IQkwl|l_; <Cllw|_, forallwe H Q).
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Applying the real method of interpolation gives
17 = Quywli_y < iy lwll_, ), forallw € H~'X(Q).
Let v be an arbitrary function in .#;. Applying (1.1) gives that
I0Qk = Q-2 <201 = Qo)wliZ, + 211 - Qe—p)vl2,
< Chc ol ), < Ci? (v, v).
By interpolation and (4.3),
7 (Qw, Quw) < CllQwl2,
<C ||w[|2_1/2 <C7 (w, w) for all w € H~2(Q).
To complete the proof, we need only show that
(4.4) he < CALL.
By definition,
2
i = sup 7 (¢, ¢) < C sup ”¢|l_21/2.
sct, (9, DLk st ||9I%,
By (3.8) and (3.10), for ¢ € .4,

1811212 < Cligll llll_, < Chi 1ol -
This completes the proof of the lemma. O

Lemma 4.2. Let # consist of discontinuous piecewise constant functions on
rectangles as described in the second application of the previous section, and set
G = P . Then, (4.1) and (4.2) hold with constants C, and C; which are
independent of j .

Proof. As in the proof of Lemma 4.1, it follows from (3.22) that A; < CA,:‘ .
In addition, for w € L?(Q),
w, (I — Q)b
45 I0-gowl = sup T2 COD gy
9eH!(Q) 161,

Since (I — &} )w is the minimizer,

I =@ )wll_y < ChyJlw]| .
The operator (I — &},) is clearly bounded from H~!(Q) into H~1(Q), and
hence by interpolation,

I -@)wl_, < Ch/*wll_,,,  forallw e H~/2(Q).
Inequality (4.1) follows from (1.1).
For inequality (4.2), we first note that by (3.22),

1@ — Qu)wll < Ch' |G — Qu)wl_, < Cllw||  forall w € LX(Q).
Consequently, & is bounded both as an operator on L2(Q) — L?(Q) as well
as an operator on H~!(Q) — H~!(Q). By interpolation,

IGcwll_y/, < Cllwll_y, forallwe H™ Q).

Inequality (4.2) now follows from (1.1). This completes the proof of the lem-
ma. O :

The following theorem is a consequence of [7] and Lemmas 4.1 and 4.2.
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Theorem 4.1. Let #; be as in §3. There exists a constant C not depending on
j such that

0<7Z(I—-BjZj)u,u)<0;7 (u,u) forallue #,

where
di=1-(Cj)~L

In terms of matrices,

0<(Z(I - Bj7Z)v)-0 <d;(Z;v)-v  forall v € R™.
Proof. We need only verify that the smoothing operators satisfy appropriate
conditions. The appropriate upper bound for the smoothing operator is given
by (2.4). By the definition of R; and Lemmas 3.1 and 3.2, for w € .4,

lwl?, = R w, R*wli < ci(Rew , w)_y

This provides the appropriate lower bound and completes the proof of the the-
orem. 0O

Remark 4.1. The above theorem provides an estimate for the contraction asso-
ciated with the linear preconditioned iteration

ﬂi+1=ﬂi+Bj(F—%ﬂ,'), i=0,1,
In fact, the error e; = it — @1; satisfies
(Ze:) - e < 87 (Zjey) - eo.

In addition, the theorem implies that the condition number x(B;7;) is bounded
by Cj. Such a bound implies that the corresponding preconditioned conjugate
gradient iteration also converges rapidly.

Remark 4.2. There is no problem extending the results of this section to the
case when Q consists of a union of polygonal faces and forms the boundary of
a domain in R3.

5. THE CASE OF A SINGLE-LAYER POTENTIAL

In this section, we consider the case when the form 7 is defined from the
single-layer potential (1.3). It is first shown that (1.1) holds. Next, conditions
for the application of the theory of [4] are verified and lead to iterative con-
vergence estimates for the multigrid algorithm which are independent of the
number of levels.

Let . be a smooth boundary of a domain in R3. It was shown in [18] that

(5.1) Gollvl?,, o <o), v) < Cilwl2y), 5  forallve H'2(),
where Z() is defined by

u(s))v(s
Z(5\(u,v) = / / I(Sll)—gzlz ds, ds,.
In addition, they .also showed that the operator Z{s defined by
u(s
(Z(7)u)(s2) = / 1)

|s1 —
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is an isomorphism of H*(%) onto H**!(%”) for all real s. This implies that
there are constants Cp; and C; such that

(52)  Golwly,» < |Zowll,,, »<Cilwl, s forallweH ().

The above norms denote the norms in H*(¥) and HS*!(%).

Remark 5.1. The inequalities (5.1) hold for Q =% when % consists of the
union of polygonal faces and is the boundary of a region in R?. Consequently,
we can apply the results of §4 in this case (see Remark 4.2).

The plane domain Q can be extended to be the smooth boundary of a
bounded domain in R3. We shall denote this extended surface by .¥. The
following lemma will be critical in the analysis provided in the remainder of
this section. Its proof will be given at the end of this section.

Lemma5.1. Let 0 € L*(Q) and 6 denote the extension by zero of ¢ to L*(5).
There exist positive constants C, and Cs such that for s € [-1, 0],

Gllolly <6l 5 < Csllally,  for all ¢ € HY(Q).

By (5.1), 7 (0, 6) = #(#)(é , &) is equivalent to |||, , 5. Butby Lemma
5.1, 1161l_y/2, 5 is equivalent to lloll_y, » and hence (1.1) holds.

We next verify inequality (3.5) of [4]. For our application, this translates
into proving the inequality

(5.3) ,1,:‘ ||%v||?_l < (Ce N7 (v, v) for all v € 4.
The above inequality must be proved for / < k and some € < 1 not depending

on/, k,or j.
Let v be an arbitrary function in .. We first note that

1Zzvl2, = (Zv, Zv)-1 = Z (v, Z4v)

= (Zoy0, Zev)s < |70, 0 |70,
where (-, +)s is the inner product in L2(.%). Applying (5.2) and Lemma 5.1
gives )

1ZcvllZ, < ClvllIZvll_y

and hence
(5.4) 1Zol2, < Cllvl*
The inverse inequality
(5.5) lul® < Ch M lull?,,,  forall u .4

easily follows from standard inverse inequalities, convexity and duality in the
case when .#, consists of continuous piecewise linear functions. In the case of
discontinuous constants, (5.5) still holds. This can be seen by noting that for
6 € A, the function O constructed in the proof of Lemma 3.2 satisfies the
inequality

el < Clé|l.

By convexity and (3.21),
I8ll,, < Ch; 26|
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Consequently, for u € 4,

(u, ©) ~12 (u, ©) ~1/2
u|| = sup <Ch sup <Ch lull_ /-
Ill = sup g < Ch ™ sup qigy, < Ol

Combining (5.4) and (5.5) gives
AMNZIE, < COxh)™' P (v, v)  forallv € 4.
The proof of (5.3) will be complete once we show that
(5.6) ATt < Chy.

Let &, be as in Lemmas 4.1 and 4.2. In either case, it was shown that &
was simultaneously bounded as an operator on both H~1(Q) and L?*(Q) (with
bounds which are independent of /). Thus, it follows from (3.2), Lemmas 3.1
and 3.2 that

@, quw)}* <Cllw||  forallw e L¥Q),
A4'Gqw, qu),* < Clw|_, forallwe H Q).

Since A; is positive definite and symmetric with respect to (-, -);, its powers
define a Hilbert scale. Using the real method of interpolation gives
(4@, qu),? < Cllwl_,, forallw e H-3(Q).
We then have by (1.1) and Lemmas 3.1 and 3.2,
76, 0)
), = Su e S A
' pes; 10, 61
A7, 6 A%6, 6
> C sup (——’-T—)l =Csu 4,76, 0
oct; (4710, 0), oce; (0, 0)
The last inequality above follows easily from the fact that the largest eigenvalue
of A, is bounded from below by ch;” 2. This completes the proof of (5.3).

The second condition which one must verify before applying [4] is as follows.
We must show that there is a constant Cp not depending on j and satisfying

> Chjl.

J
5.7 Z7(v,v) <Gy [W(Pov , V) + Zl,:l ||%ka||2_l] for all v € 4.
k=1
Let P, denote the orthogonal projection operator onto the subspace .#, with
respect to the inner product (-, -)_;/,. Lemma 3.1 of [4] shows that (5.7) will

follow if we prove the analogous inequality for the equivalent form (-, -)_y3,
i.e., (5.7) follows from

R J Y
(5.8) (v, v)_1)2 gc[(Pov,v)_1/2+za;l||%pkv||_l] for all v € 4.
k=1
Here, 7, : M) — M, is defined by

(5.9) (Ziv, 0)_1 = (v,0)_y;y forall 6 € 4.
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By Remark 3.1 of [4], inequality (5.8) will follow if we prove full regularity
and approximation for P, . More precisely, it suffices to show that there exists
a constant C not dependingon k=1, 2, ..., j satisfying

a N 2
(5.10) (I = B_y)v, v)_1p < CAT! ”%v“_l for all v € .

It is well known that the spaces H*(Q) form a Hilbert scale, and hence there
is an unbounded selfadjoint operator 7” defined on H~!(Q) (with domain
L%(Q)) such that for y € [0, 1],

lwllZ 4,y = “77'111”_1 for all w € H~*7(Q).

Let w be an arbitrary function in H~!/2(Q). It follows that
(7= Pw, ¢)

I-P_)w| = sup
i |- Pevw], = sup. I
' _ up U= Pedw, U= P)d)ip
$eL2(Q) [l

By convexity, the L2(QQ) boundedness of Qy_;, (4.3) and (4.5),
I = Qe-)@ll_y /o < Ch2 NGl for all ¢ € L2(Q).

Using the minimization property of the orthogonal projector gives

(I = Pe_)g, A 12 < (= Qk-1)9, I — Qr—1)P) 1,2
< Ch|l¢|*  forall ¢ € LX(RQ).

Combining (5.11) and (5.12) with the inequality 4, < CA;' gives

(5.12)

| = Pcoyw]|_, < €421 - Benyw, w)f,
Hencé, for v € A,
(= Pe_)v, v)_yp = (T = Bo)v, Ziv)—
< O || Zo|_ (1 = Bicayo, o)
The inequality (5.10) immediately follows. This completes the proof of (5.7).
The following theorem is a consequence of (5.3) and (5.7) [4].

Theorem 5.1. Let B; be defined by Algorithm 2.1 with 77 defined by (1.3).
Then
0<7(I-BjZ)v,v)<dZ (v,v) forallved,

where & < 1 is a constant independent of j. In terms of matrices,
0<(ZjI - B;7;)v)-v <6(Z;v)-0  forallv € R™.

Remark 5.2. Additive versions of the multigrid algorithm can also be defined
(as developed in [4]). Theorem 3.1 of [4] guarantees that the additive version
will lead to a preconditioned system which has a condition number which is
independent of the number of levels.
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Remark 5.3. We proved full regularity and approximation for the equivalent
quadratic form (-, -)_;/, as part of the proof of (5.7). In contrast, it is unlikely
that the original form 77(-, -) satisfies the full regularity and approximation
condition (with constants that are independent of j ).
We conclude this section with the proof of Lemma 5.1. Let o bein H~1(Q).
We first prove the upper inequality. This is obvious for s = 0. Moreover,
(6,9)s

loll_, & = sup ——Z—=
L& PEH!(F) ||¢||1,5ﬂ
(,9)

< sup === <|lo|_,.
semi() |19l :
The upper inequality follows by interpolation.
To prove the lower inequality of the lemma, we use a simultaneously bounded
extension operator E : H5(Q) — H*(%”), for s € [0, 1]. The existence of such
an extension is well known (cf. [14]). Then,

(0,¢)

gll_¢ = Sup -——7—

loll-s sers@) 19l
<C sup TEDr gy

sems@ IED;
This completes the proof of Lemma 5.1.

6. NUMERICAL COMPUTATIONS

In this section, we provide the results of numerical examples illustrating the
theory developed in earlier sections. We shall consider the integral equation
(1.3) defined on Q =[-1, 1] x[-1,1].

We consider the case when the subspaces are given by piecewise constant
functions on a rectangular mesh. Let m; = 2*k*! and define the kth mesh by
partitioning the domain Q into my; x m; square subdomains of side length
1/m; . The approximation space .# is defined to be the set of functions
which are picewise constant with respect to this mesh. Equations involving By
are solved exactly.

Because of the fact that the mesh lines are parallel to the x and y axes, the
integrals required for the entries of the matrix Z; can be computed analytically.
Moreover, since 7 is translationally invariant, its action can be computed in
O(kn;) operations by use of the fast discrete Fourier transform [6].

We will present results using the multigrid operator as a preconditioner in
a preconditioned conjugate gradient iteration. One factor which can be used
to interpret the efficiency of the proposed iterative scheme is the number of
iterations required to achieve a certain accuracy. Let NI be the number of steps
required to reduce the initial error by the factor of 1079 i.e.,

(6.1) llensll < 1076||e]l.

Here, é; = # — 7;, where # is the solution of (3.23) and 7, is the ith iterate
in the iterative algorithm.

We compare two iterative schemes for computing the solution of (3.23). The
first is the conjugate gradient algorithm using the multigrid preconditioner of
Algorithm 3.1. The second is the conjugate gradient algorithm (CG) applied
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TABLE 6.1. CG preconditioned with B;

1/h | x(B,7) | NI
16 1.92 7
32 1.98 8
64 2.00 8
128 2.01 8
256 2.01 8

TABLE 6.2. CG directly applied to (3.23)

1/h | x(Z) | NI

16 44.3 18
32 89.0 26
64 176.9 37
128 344.9 51
256 657.0 68

directly to (3.23). In Tables 6.1 and 6.2, we report the condition numbers,
k(B;7;) and k(7;), respectively, and the number of iterative steps required to
satisfy the condition (6.1). The use of the multigrid preconditioner results in
significant improvements in both the condition number as well as the number
of iterations required to satisfy (6.1). Note the condition numbers in Table 6.1
appear bounded. This is in agreement with the theoretical results of Theorem

5.1.
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