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A NEW VERSION OF THE
TWO-DIMENSIONAL LAX-FRIEDRICHS SCHEME

T. BOUKADIDA AND A. Y. LEROUX

ABSTRACT. We develop a new two-dimensional version of the Lax-Friedrichs
scheme, which corresponds exactly to a transport projection method. The
scheme we obtain in this way is different from the one derived by averaging
the one-dimensional scheme in the two directions as usually done. The Lax-
Friedrichs scheme is known to be a very stable scheme with much diffusion.
However, this diffusion can be easily reduced by using corrected fluxes, without
altering the total-variation estimates. The accuracy of this corrected scheme is
of order two except near a local extrema. The numerical results computed by us-
ing this corrected scheme are similar to the ones obtained by using the Godunov
scheme with corrected fluxes but require less CPU time. Convergence towards
the entropy solution is proved, and some extensions to systems of conservation
laws or three-dimensional models are discussed. Some numerical experiments
are reported.

1. INTRODUCTION

We are concerned with the approximation of the initial value problem in two
space dimensions, on Qr = R? x (0, T) for a given T >0,
(1) ut+f(u)x+g(u)y=0 fOI'(X,y,l)GQT,
u(x,y,0)=uo(x,y) for(x,y)eR?,

where u is a function of (x, y, ¢) defined on Qr. We assume that
(2) f.g€CHR),  up€ L*(R?)NBVie(R?),

where BVi.(R?) is the set of all locally bounded variation functions on R?, in
the sense of Tonelli-Cesari. This means that for any bounded open set Q in
R?,

(3) Var(u; Q) = / Var(u(-, y); Qy)dy + / Var(u(x, +); Q) dx
R R
with
Q,=Qn{(&,y);{eR}; Q, =Qn{(x,n);neR}.

The entropy condition, which is required for uniqueness, is contained in the
following Kruzkov characterization (see [8]).
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For any real k and any nonnegative test function ¢ lyingin C?(R?x[0, T)),

/ / [ (= ki + sgntu— )
(4) X [(f(u) = FK))bx + (2(u) — g(K))y] dx dy dt

+// luo — klg(x, v, 0)dxdy > 0.
R2

Here sgn denotes the sign function. The formulation (4) leads to the definition
of a semigroup operator S(¢) such that u(-, ) = S(¢)up for all ¢t € (0, T1].
Such a solution is called a Kruzkov solution or an entropy solution. We know
(see [7]) that this semigroup is a contraction in L!(R?).

The usual version of the Lax-Friedrichs scheme for several space dimensions
has been developed in [9], and convergence is proved in [3]. This scheme is
obtained as an average of one-dimensional schemes proceeding in each direc-
tion. Even though the one-dimensional scheme is really a transport projection
method, that is, a combination of S(#)-operators and projection operators on
a discrete space, this is no longer true for the several-dimensional scheme con-
structed as above. Moreover, the dimensional averaging introduces an addi-
tional error on the numerical fluxes, which makes the correction of these fluxes
more difficult to handle.

For each time cycle, the one-dimensional scheme corresponds to an exact
computation of the fluxes from a constant piecewise approximate solution, and
then to a projection on a shifted mesh. This projection introduces a great deal
of linear diffusion, which can be reduced easily and efficiently. We use here the
same arguments: exact computation of fluxes and shifted projections.

This construction is detailed in §2. Then §3 deals with a result of conver-
gence involving a stability condition which is weaker than for the usual two-
dimensional Lax-Friedrichs scheme. The accuracy may be improved too, by
using some flux-corrected method. Two such methods are proposed in §4. The
first preserves the L*° stability, but not the BV estimate, and leads to a really
improved approximate solution. The second preserves the BV stability, but is
not really efficient for the correction and involves some squeezing conditions,
which makes it inoperative because the order-two accuracy is attained for too
few points. Section 5 deals with a discussion of some extensions of this scheme
to systems of conservation laws or to the three-dimensional case. Numerical re-
sults are given in §§2 and 4, to illustrate the properties of the different schemes
presented in this study.

2. THE CONSTRUCTION OF THE SCHEME

We denote by # = Ax the space meshsize in the x- and y-directions, and
we set for any i, j in Z, x; = ih, y; = jh. We use for simplicity the same
space meshsize in the two directions; the generalization to different meshsizes
is obvious. We shall use the notations a« = i+ 1/2 and f = j+1/2 asa
convention. In this way the plane R? is discretized with the cells

Cop = (Xi, Xiy1) X (V)5 Vjr1)
for i, j € Z . We define the discrete space
Vi, = {v € L*(R?)|v = constant on [,g, i, j € Z}.
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The constant value of v € V;, on the cell ', is denoted v,p.
Let P, be the orthogonal projection on ¥}, associated with the usual L? inner
product. This projection gives the usual mean value on each cell as follows:

e L () Po(x.y) =gz [[ & mdzdn if (x.p) €Tup.
af

The midpoint of the cell I',4 is denoted (x,, yg) .
We construct a second discrete space, which corresponds to the shifted mesh.
We set as before I';j = (Xo—1, Xa) X (Vp—1,¥p), for i, j € Z, and

W, = {w € L°(R?) | w constant on [';;, i, j € Z}.

The constant value of w € W), on I';; is denoted w;;. The space W) is made
up of the translated functions of ¥}, with the shift #/2 in both directions. The
orthogonal projection onto ¥}, is denoted Q.

Let At be the time stepsize. We introduce the sequence ¢, = nAt, and define
the ratio r = At/h, which will be used to control the stability.

The approximate solution at time ¢, is denoted u”, and is supposed to
belong to ¥}, . The numerical scheme corresponds to the following formulation:

(5) u" _P,,s( )th(z) n-1,

This formula corresponds effectively to a double time cycle, each part of which
advances in time by At/2. Weset u=n+1/2,and t, =t,_; +At/2.

Let n € N, n > 1. We assume that the approximate solution u"~! € ¥}
is known. Then by integrating over I',g % (f,—1, t,) the solution of (1) which
corresponds to the Cauchy data

Ux,y, tims) =u""(x, y)

for (x, y) € R? at time ¢ = t,_;, we get the following value:

1 1
(6) “ﬁﬁ 4( u; +uz 1+1+u1+1 j+ul+1 j+1) d)” +<Dﬂ ,J+1 (Du q)¢+1 B
where uz P is the averaged value of the solution at ¢ = ¢, on Faﬂ , and <I>’; j
denotes the flux through the interface

Oh={(x,y, )| Xi <X <Xiy1, y=Vj, tamt <t <},
which is a face of T'jj x (f,—_1, t,). The fluxes @ _j41 through r ey
through I', 5> and @, 8 through I'* p are deﬁned the same way, with

I"f‘ﬁz (x,y, )| x=xXxi, YVi<Vy<Vjr1, tho1 <t <t}
Figure 1 (next page) corresponds to the construction of the scheme.

We have

7) o= o j / gwdydt, q>;‘,,=% j / ) f(u)dxd.

If At is small enough ( the size will be limited by a stablhty condition in §3), the
exact computation of these fluxes can be performed by using a one-dimensional
Riemann solver. As a matter of fact, we have

®) A [ sew, oy dyar,

@iy

i+1,
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FiGURE 1

where v is the solution of the following Riemann problem:
v, +8(w)y =0 fort>t,_,,y€R,

9) B tor) = uliy' fory < Bh,
el u'!  fory> Bh.

i,j+1

We compute (8) as follows. Let ¢ be either the convex hull of g on the interval

n—1 u” 1 : n—1 n—1
lufi s uf ] w7 <ui7,

or the concave hull of g on the interval

n—1 n—1 n—1
AT B R T

For instance, in the first case one gets, with £ =y —y;, t=1t—1,_;, that

;! for & < 1g'(u}"),
10 v 0=] @1 (2) forezuyh <<zl
ul for & > 78/ (u} },)-

This formula takes into account the discontinuities of v, which correspond to
linear segments of the convex (or concave) hull g.
By using (10) in (8), we get, since At =rh,

o=z (1+ %é’(u?,‘j‘)) Faih+ g (1= 28 @E5h) fw5h) + K

with
Atf2  pT8 (u, 1+l
-7/ / fw(E. D) dédr.
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In this last integral we change the variable £ into v by writing & = t8'(v),
and we get

Kﬂ 1 At/2 p /rg (ui,j+l)f( ) d (~/( ))dé
= tdt v)=— (&' (v)) dé&.
h2 @) dv

Then, by integrating by parts, we obtain

u r’ n—1 \g5/c,n—1 n—1\xt/,,n—1 z,+1 ,
Klﬂ—f (f(ui,jﬂ)g (ui,j+1)_f(uij )8 (u}; )"/ ()@ (v) ’U) R

i

which allows us to write Qﬁ‘ﬂ the following way:

2
(11) = 2L + fwr 01— TS
where
F:nfil = Fuj;!, u?,_j-lH)’
with
b
(12) F(a,b)= / FOF &) de.

By generating the @/, i using the same technique, we can compute the values

uﬁﬂ by means of (6) for any o and B. This corresponds to the result of the

projection of S(At/2)u"~! on W, . That is exactly the value of Q,S(At/2)u""!
on each I'yp. We have computed in this way u* € W, . We have

] _ n—1 n—1
ua’ﬁ——[u +ul A+ u Ui

1+l JJ i,j+

[f(uH.l j) f( o 1)+f( 1+1 ]+1) f(u; ]+1)]

[g(u, ) -l + el ) — gl )]

(13)
8 [GZ ]1+1 GZ 11 Ftr-lHlﬂ FI'ZEI]’

where, as in (12),

b
(14) G =Gyt ). with Gla,b) = [ g@F @,
which involves a Riemann problem for the equation

v+ f(v)x = 0.

From these values we compute
u® = PhS (A2t> u"

which corresponds to the same scheme as above, but with shifted indices: i
(resp. j) becomes o (resp. f), and a — 1 (resp. f — 1) becomes i (resp. j).
This completes the construction of the scheme.
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We may notice that the computation of F(a, b) or G(a, b) is rather simple
in practice. For example, for g concave, we have

F(a,b) = Lf(b) - f(tll))yi(b) —g@)]

Moreover, by writing g = 0, we get a one-dimensional problem (we identify
all the values with the same index i), and the corresponding scheme is exactly
the one-dimensional Lax-Friedrich scheme

wh = S0+l = S - £ )

The two-dimensional extension which is proposed in [3] by Conway and Smoller
corresponds to (13) with F = G =0 and after two A¢/2-timesteps. These terms
F and G correspond to a crossed derivative of the second order. This remark
shows that this scheme is not an alternating direction scheme.

One may notice that this term allows the timestep to be twice as big in the
stability condition. For example, in the linear case, with f(u) = Au and g(u) =
Bu , the scheme reads

1
uyp = 7 {ufi (14 rA)(1+rB) +uj 7 (1+rA)(1 - rB)
+ul (1—rd) (1 +rB)+ul! ., (1 -rd)(1-rB)},

i+1,j i+1, j+1
which is obviously L>-stable for r|4| < 1 and r|B| < 1. If we get rid of the r?
terms in the expression above, the condition becomes r(|4| + |B|) < 1, and the
scheme becomes the usual Lax-Friedrichs scheme (after two At/2-timesteps).
We present now a numerical result using the scheme (13) and the flux func-

tions
2

u
Sf(u) =g(u) = 3
and the initial data

1 if0<x<0.45,
0 elsewhere.

u(x,y,0)={

In Figure 2 we have used a 40 x 40 space grid and a CFL number equal to 0.8.

——
]

FIGURE 2
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Some numerical diffusion of the shock surface is still present, but less than for
the usual scheme. The aim of §4 is to reduce this numerical diffusion.

3. A CONVERGENCE THEOREM

We consider the following form of the scheme:

i) un —P,,s( )Q,,S(A’) n-1

ul = Pyuy.

The convergence theorem is now easy to prove by using the properties of S,
P,, and Q). However, we have to notice that the practical interest of (15)
is in its potential to provide an effective computational scheme. Actually, this
is possible only when At is small enough to prevent too complex interactions
between the waves emanating from the different cells. Such interactions cannot
occur if the Courant-Friedrichs-Lewy (CFL) condition

At

16
(16) 3 {I€l<l Aluoe

(Ig(é)l I7@n<t

is satisfied. This comes from the following argument. The solution of (1)
computed by starting from «"~! as the Cauchy data at ¢ = t,_; coincides with
the solution of a Riemann problem such as (9) on each side of I'; ; x [t,_1, #,]
as long as Ar satisfies (16). Otherwise, the solution on the segments I'y; or I'j,
will be perturbed by characteristics coming from cells other than the adjacent
one.

We underline the importance in the introduction of F and G, which allows
the CFL condition (16) with a bound (also called CFL number) equal to 1 in-
stead of 1/2 as usual for two-dimensional schemes, including the usual version
of the two-dimensional Lax-Friedrichs scheme.

Theorem 1. The formula (15) allows to construct a sequence of approximate
solutions which is convergent towards the Kruzkov solution of (1). Moreover, if
the CFL condition (16) is satisfied, a numerical scheme can be derived from (15)
and leads to convergence.

The proof is part of another one given in §4 below. We only mention that
it is based on properties of L!-contraction and L™ and BV stability of the
operators S(¢), P,, and Q.

4. ANTIDIFFUSION

The main drawback of the Lax-Friedrichs scheme is its excessive numerical
diffusion. If we are able to reduce efficiently this diffusion, we get a scheme
for which the error is lower than for many other schemes. We have noticed
that the main part of the diffusion comes from the double projection. This part
of the diffusion can easily be exhibited and the corresponding correction easily
performed. This is evaluated by applying the scheme to the trivial equation
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u; = 0. We get
ul j=ult+ (“1+1, 2uf 7+ Ul 1'1)+$1;(u§',‘jﬂr1—2 n- '+u,1 )
(17) +%(u?+_ll,j+l_2 P )
+%(u?+_ll,j—1 = 2u;; 1"‘“? 11 )

This corresponds to a discretization of a heat equation using four directions in
the plane: the two axes and the two diagonals. By using Taylor expansion, we
get

n n—1 hz
(18) ui,j=u,-’j +T
where (A‘u”‘l),-, j denotes the value of the Laplace operator applied to u" at the
point (ih, jk). From this formula we get the amount of diffusion introduced
at each double cycle, and the antidiffusion technique is now a way to get rid of
it.
The new version of the scheme corresponds to the following formulas. First
we compute the value %", using the scheme (15) as before. Then we perform
the antidiffusion step by using some operator Ay ; that is,

(Aun_l),‘,]’ + O(hz) s

= A,u".
This leads to the following scheme:
19 = vmes () s (&)
The operator A4, has the form
(20) up j=u j—ay j+ay_, j—alg+al s .

The coefficients a” jor at i p are real parameters called corrected fluxes. Such
methods were mtroduced in [1] and analyzed, for example, in [10].

The corrected fluxes correspond to space finite differences because our aim is
to approximate a Laplace operator.

They are written this way:

=ﬂg j(ﬁ?+2 Jj = ul+1 j)'_ (ol j(ul J u?—l,j)’

ai g = Ui ,9( ij+2 ui,j+l) =A7 ,9( LW 1)

n

(21)

with some real parameters Hy s u? > An D At p to be chosen later. We first
look for sufficient conditions concerning these parameters.

Lemma 1. If forany i, j

ﬂa}>0 'uln,ﬁZO, A'g,jzoa :‘,BZO,
(22) P " 1
Ho— 1,+)~a,_2’ li,ﬂ+ﬂi,ﬂ—lsi’

then the scheme (19) is L°°-stable, that is,

||z < U7 Lw.
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Proof. The L> stability of S(¢), P,, or Qp implies that |[#"|1=~ < [ .
Next, for any { and j, we have

1 "
ui = (E_A'Z,j_.ug—l,j) it uy_ |,+l‘a 1,u:+1 j

1 - - -
+ (‘2‘ N #f’,ﬁ—l) i+ AL gL o1+ B g B s

where all coefficients are nonnegative. Then L stability is easily derived. O

Of course, the conditions (22) are not sufficient to define uniquely the aj ;
and a7 E In practice, we consider (22) as a set of constraints, and the optlmal
scheme is obtained by minimizing

|ag

a,j_(u

Foy—ul I and laf g — (] 5 —uf )1

subject to the constraints (22). Other choices are also possible, for example, by
computing successively
Gqj = sen(u}y, j— uj;),

—n n
yj Max (0 mln{d (u,+21 i+1,j)’

1_ n —n — _
§|u?+1,j —ujj|, Go;(u; j — “?—1,,’)}) ;

(23)

n _ =nh —=n
Anj = 0p;lnj/2.

The conditions (22) are not sufficient to maintain the BV estimates. We can
get a stronger correction which implies a BV estimate stability by proceeding as
follows. This is specific to the multidimensional case, since BV is not a subset
of L*. The analogue of Lemma 1 in one dimension yields the BV stability
too.

Let #" denote the approximate solution computed after the first correction
(21). On any cell T';;, the corrected value will have the form
(24) u? kL

ij=
This way the previous correction corresponds to
n _jpn —n
ki j=kij=uj ;-4 ;,

and up to now we have no BV stability for this value. This BV stability requires
a reduction of the k[ L In order to get it, we assume that we can find four real

numbers af;, B s Vi 6[; such that

25) kP j = af;(ui,, j‘ﬁ? D= B5@ = ai )
= }’;nj( ij+1 = ) dj (u, JJ u?,j—l)'

This means that k[ ; is automatically set to zero if #} ; is a local extremum
when compared to its neighbors @}, ;, 47, ;, % j.1,0r 4 ;_,. Wehave the
following lemma.
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Theorem 2. Under the conditions

(26)
l—al;+B],>0, 1—y+65>0

we have BV stability for the scheme.
Proof. As before, we know that all operators S(¢), P,, and Qj preserve the
total variation. It remains to prove this also for the correction operator A .
We have _
. w2
Var(u"; R°) = (|u7+1,j —uf |+ uf o —uf Dk
We set
ain,j = sgn(a?,j) = Sgn(ﬂ;’,j) ’ T?,j = Sgn()’?,j) = Sgn(ézn,j)
and then
uipyj—upj =@y, — 4 ))(1—af j+ Bl )
which leads to
[uber,j —ui | < [y =4 51+ ol Ikl ;1 — ol k7.
By using the same arguments, we get
(47 jor —ui | S N47 o — 47 1+ 17 KDl = 1] Sk
Now, by summing for i, j € Z, we get
Var(u"; R?) < Var(@"; R?),
which completes the proof. O
From the stability results we can state a theorem of convergence towards a
weak solution. Here we denote by u, the approximate solution defined by

up(x t)_{S(t—t,,_l)u"" ift,_ <t<ty,,
B2 S0 - t)ur if 1, <t<tn,

which coincides with an exact solution of (4) on each layer R? x [t,_, t,) or
R? x [t,, tn) -

Theorem 2. From the family {u,} of approximate solutions constructed by (19)
with the correction operator satisfying (22) and (26), we can extract a sequence
{up'} which converges towards a weak solution of (1) as h goes to zero.

The proof is a classical one. We only sketch it. For Bj, being any of the
operators Ay, P,, Oy, or S(t), and for any w € BV(R?), we have

|Byw|reo < |w|re,  Var(Byw; R?) < Var(w; R?)

and

(27)

// (Byw —w)pdxdy| < Ch* Var(w ; R?)|Ve|re ,
RZ

where C does not depend on 4. Then thanks to Helly’s theorem, we can
extract a subsequence which converges in the L' norm towards some function
u in BV(R? x R,). Next, by writing that %, (from an extracted sequence) is
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FIGURE 3 FIGURE 4

a weak solution on the layers R? x [t,_;, #,) or R? x[¢,, t,), and using (27) to
bound the jumps at each ¢,_; or f,, we get that the limit u is a weak solution.

To have the convergence towards the entropy solution, we assume as in [10]
the coefficients a” ; and a{'ﬂ to be bounded by a modulus of continuity w(k);
that is,

(28) lag| < w(h) and |ajp| < w(h).
Then we get

Theorem 3. Suppose that the correction operator A, satisfies (22), (26), and
(28). Then the whole family {u,} converges towards the entropy solution as h
goes to zero.

The proof is also a classical one. We use an approximate solution u, from
any extracted sequence in the previous theorem. Since u, is an entropy solu-
tion on any layer R? x [t,_1, t,) or R? x [t,, t,), and using (27) and (28) to
bound the jumps at the times #,_; and ¢, , we get that the limit u satisfies (4).
Next, from the uniqueness of the entropy solution, we have convergence for the
whole family.

We present now some computational results on the same example as before,
with the same conditions. Figure 3 deals with the correction (20), (23), and
Figure 4 with (24), and

n __ n n n n n
kij=00(-az, j+aq1,j—al p+ai p1)

where 67, € [0, 1] is as large as possible subject to the constraints (26).

The difference between Figure 2 and Figure 4 is not significant, which means
that the correction which preserves the BV norm is not really operative (that
is, kI i= 0 too often). On the other hand, Figure 3 shows a really improved
result.

5. CONCLUSIONS

We can expect another theorem of convergence by using some results of
convergence by R. DiPerna [5], or adapted to some two-dimensional cases by
A. Szepessy [12]; see also [4], where the different steps of the proof are detailed.
However, the hypotheses (22) and (28) seem to be not sufficient for this theorem,
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and we need to add another one, which is close to (26) in practice. In any case,
a correction is needed (see [6]).

The three-dimensional case may be solved in this way also. However, the
corresponding two-dimensional Riemann problem is the following one:

3
ur+ Yy {fi)x} =0
i=1

with

u; ifx>0andy >0,
u, ifx<Oandy >0,
uy ifx<O0andy <0,
uy ifx>0andy<0.

u(x,0) =

This is far more complicated, and the resulting scheme would be rather slow in
practice. However, the above 2D scheme can be used to approximate the 2D
Riemann problem on each 3D face in order to construct a 3D version of the
scheme.

The two-dimensional scheme, mainly with the correction (22), is a relatively
efficient method in terms of CPU time. This method can be adapted to systems
of conservation laws as long as we are able to solve the one-dimensional Rie-
mann solver. Many one-dimensional Riemann solvers have been generated in
practice for the usual applications such as those in hydrodynamics.

This scheme allows us to work with a method which is not an alternating
direction one, and no axes phenomena are expected. It may be a good investi-
gation tool for the validation of other methods. A Lagrange-Euler version (as
in [11]) can also be derived.
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