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FINITE DIFFERENCE METHOD FOR GENERALIZED 
ZAKHAROV EQUATIONS 

QIANSHUN CHANG, BOLING GUO, AND HONG JIANG 

ABSTRACT. A conservative difference scheme is presented for the initial- 
boundary value problem for generalized Zakharov equations. The scheme can 
be implicit or semiexplicit depending on the choice of a parameter. On the 
basis of a priori estimates and an inequality about norms, convergence of the 
difference solution is proved in order O(h2 + T2) , which is better than previous 
resplts. 

INTRODUCTION 

The Zakharov equations [20] 

(1.1) iEt + EXX-NE = 0, 

(1.2) 1 2 Ntt(N + IEI2)xx = 0 

describe the propagation of Langmuir waves in plasmas. Here the complex 
unknown function E is the slowly varying envelope of the highly oscillatory 
electric field, and the unknown real function N denotes the fluctuation of the 
ion density about its equilibrium value. 

The global existence of a weak solution for the Zakharov equations in one 
dimension is proved in [ 19], and existence and uniqueness of a smooth solution 
for the equations are obtained provided smooth initial data are prescribed. 

Numerical methods for the Zakharov equations are studied only in [5, 9, 10, 
and 15]. A spectral method is used to compute solitary waves and the collision 
of two solitary waves in [15]. In [9, 10], Glassey considered an energy-preserving 
implicit difference scheme for the equations and proved its convergence in or- 
der O(h + T). In [5], we propose a new conservative difference scheme which 
involves a parameter 0, 0 < < I2; when 0 = 2, the new scheme is identical 
to Glassey's scheme. For 0 = 0, the new scheme is semiexplicit, explicit in N, 
but implicit in E. Numerical experiments demonstrate that the new scheme 
with 0 = 0 is more accurate and efficient compared to 6 = I . Convergence of 
these schemes is proved in order O(h + T) in [5, 9, and 1 0], while the order of 
the truncation errors is O(h2 + T2). 
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For suitable initial data, the solution of the initial value problem for (1.1)- 
(1.2) converges as A -x oo to a solution of the cubic nonlinear Schrodinger 
equation 

(1.3) iEt + EXX + IEI2E = 0 

(see [1, 17]). 
The generalized nonlinear Schrodinger equation 

(1.4) iEt + EXX + f(IE12) * E = 0 

has been considered in physics (see, for example, [2, 3, and 11]). Here, f(s) = 
sP(p > 0), f(s) = 1 - e-s, f(s) = s or f(s) = ln(1 + s). Existence and 
uniqueness of the generalized solution for the equation (1.4) have been obtained 
and numerical methods for (1.4) have been studied (see [4, 6, and 18]). 

The generalized Zakharov equations are also considered in [21]. In the 
present paper, we consider the following initial-boundary value problem of gen- 
eralized Zakharov equations in one dimension: 

(1.5) iEt + EXX= Nf(JEi2)E, XL < X < XR , T > t > O, 

(1.6) Ntt - NXX = 2 

where 
.s 

(1.7) f E CO(R+), F(s) = f(T) dT; 

(1.8) E(x, O)- E(x), N(x, O) =N0(x), Nt(x, O) N1(x), 

(1.9) EIX=XL = Ex=xR= 0, N=xL = NIx=xR - 0, UIX=XL UIX=XR 0, 

and the potential function u is given by 

(1.10) UXX = Nt- 

Moreover, we supplement (1.5)-(1.10) by imposing the compatibility condition 

(1.11) j N1 (x)dx = O. 

We propose a conservative difference scheme with parameter 0 of the gener- 
alized Zakharov equations. The difference scheme conserves two conservation 
laws that the differential equations possess. For 6 = 0, the scheme is semiex- 
plicit. We will prove the convergence of the difference solution for all 0 e [0, 2 ] 
in order O(h2 + T2), which is consistent with the order of the truncation error 
of the difference scheme. This improves the results of order O(h + T) which 
were given in [5, 9]. 

In ?2, we describe the difference scheme and its basic properties. Some a 
priori estimates and the proof of convergence of the difference scheme are given 
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in ?3. Long and highly technical proofs of two lemmas in ?3 are placed in the 
Supplement section at the end of this issue. 

2. FINITE DIFFERENCE SCHEME 

We consider a finite difference method for the problem (1.5)-(1.11). As 
usual, the following notations are used: 

Xj= XL + jh, tn = n *T, 0 < j< J- XR= Xh n =0, 1,2, .. * T, _] 

E(j, n) =_E(Xj ,tn), N(j, n) = N(xj, tn), 

Ej -E(j , n) , Nj - N(j, n) , 

Wn= -W7), (jn) n= -n 

Wnt=(Wjn+l Win)- _Wnt=l(Wjn _Wn-1) 

(2.1)~~~~~~~~ 
i(Eyn+t )t j j j(j+ jX EnX - 

(2.2)~ 1 Wn 112 I Wn 12)- ?1 Wn 1<- 

(2W32h E? j IIWI K= sup IJJjfI' 
j=l 

N3~~~r h2j N'x)o 

and in this paper C denotes a general constant, which may have different values 
in different occurrences. Thus, our scheme is written as 
(2.1) 

ine ( +jn+l+, a+N)(E_ E)x. TF( G2) - FE [) 1 ? j (1 - j6(7~ (N1~ N")~ 

(2.2) = (F(IEXX2=)(Nj o < 6 = 12, 12- 

The initia dthat and bounarcodtions(21 are approxim,ated astiignlytmo 

equations is involved. N Fr o(rejl 

n+1 n n+1 n)n+ n+ 

(2.5) ENjg=E, (I, 2)Nj'N)x=O- u0 =1 0 

(2.6) (Fl+ jn ))7 0 

Whe inotea dthat the equnarcodtions(.) areimplicit,aneda trdagoas ytmo 

equtios3 i invlved FOrxj Nj = 1O(j 
Njl = jo + N'(2j tho qainr22 reas mlct n 
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another tridiagonal system of equations needs to be solved. However, when 
0 = 0, then the scheme (2.2) for N is explicit, and no tridiagonal system needs 
to be solved. 

Theorem 1. The difference problem (2.1)-(2.6) possesses thefollowing invariants: 

IIE1112 - Const 

and 

J~~~ 
+ + IIExnII12 + IIunl112I + (1 - +1N+ 

j=1 

+ 6(IIN'~ 2I + 2I7I~ + jhZ[F((jE!7+1j2) +F(IEjI)(N7~ +N7) 
j=1 

= Const. 

Proof. Computing the inner product of (2.1) with (Ejn+1 + E7) implies 
(2.7) 

=(1 n+1+ n)(En+n+En)F(EJ I2) - FE7), E, + ) 

where 
((E7+1)7, En + E E) 

1 (+-j En+1 +jn)F(IEn 12-F(IEn2)n 

J~ J 

n+ n (j j= j= 

-(NEj+ + NEj E jn + EE) 

J J _ 

= (IIExn+1 j12 - IIExnII) + h ZE7n+1 -x * (E! )+ h ZEn 12 
j=l j=l 

((E ((E;j1)(E+ (E7)x (E) + ) )) 

= IE.+1 j +jEjj+h Z(n)x E) (7x(7"x 
j ~~~~j=j1 

Thus, we take the imaginary part of (2.7) and use the formulae derived above 
to get 

1 (IIEn 
- II-1EnII2) = 0, 

T~~~~ 

i.e., 

(2.8) IIEn 112 - 11E012 - Const. 
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Computing the inner product of (2.1) with T(Ej7+1)- and taking the real part, 
we have 

(2.9) -2(iEn+ 112 IlExI E2) = hZ(N7+1 + N7)[F( E7+1 12) - F(IEjn 12)]. 
j=-1 

Next, we compute the inner product of (2.2) with (uj+ + u7 ), and by 
using (2.6) we obtain 

((N 7)tt, UJ++ + U )-(1- 20)(Nj, (NJ7)t + (NJ -l)t) 

- O(NJ +1 + n-?, (AJn)t + (NJn-")t) 
= (F( IEn 12), (Nn)t + (Nn-1 )t) 

which is equivalent to 
(2.10) 

J J 

11 ut l2 + 11u-12 + -2o)h N , j Nj+1 Njn - (1 120)h Njn * Njn 
- 

j=l j=l 

+ O(IIN"+ l n 2- IIN1 jj2) + h l F(tE7I2)(Njn+l n-1 ) ) , 
j=l 

where (2.6) is used to reduce the first term. 
It follows from (2.9) that 

-IlEx+l 112 + IjExn-I 112 - 2h Z(F(IE n+l 2)-F(jE7j2))(n7l + N7) 

(2.11) - ~~~~~~~~~~~~~~~~~~~~~h Z(F(1Ej7 12) + F(1Ejh1I2))( 
j=l 

- h Z(F(1E712))(N.7+1 - Nl) -1) 
j=l 

Combining (2.10) and (2.1 1) yields 

= Hh Const. O h 

Theorem 2. Assume E(x, t) e C5, N(x, t) e C5 for the solution of problem 
(1.5)-(1.1 1) and f(s) E C2(R+) . Then the difference scheme (2.1)-(2.2) pos- 
sesses truncation errors of order O(h2 + T2). 

Proof. By Taylor's expansion, we have 

E(j, n + 1) + E(j, n) = [2E + Ett + O(] 

(E(j, n + 1))7 = [Et + Ettt + Q(T3)] 
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(N(j, n))xF = [Nxx + !2Nxxxx + 0(h3)1,tt, 12 ~~~~X=Xj , t=tn 

and 

F(jE(j , n + 1)12) - F(jE(j, n)12) 
IE(j, n + 1)12 - jE(j, n)12 

= {[F(1E(j, n + 2)I2) + F'(IE(j, n + n + 1)12 - fE(j, n + 1)I2) 
+ IF"(IE(j, n + )12)(IE(j, n + 1)12 - JE(j, n + 2)12)2 

+ } F"'(IE(i , n + 1)12)(E(IE, n + 1)12 - IE(j, n + 2)12)3 +* ] 

- [F(IE(j, n + 1)12) + F'(IE(j, n + 1)12)(IE(j, n)12 - IE(j, n + 1)12) 
+ 1F"(JE(j , n + 1)12)(IE(j, n)l2 - IE(ji n + 1)12)2 

+23lF"'(E(j,n + 2)l2)(lE(i, n)12 - IE(j, n + 2)I2)3 + ... 

[EE(j, n + 1)22 - IE(i, n)121 
- F 3(lE(j, n + -)Ej) + n + 

(/E(j, n + 1)12 + /E(j, n)/2 - 2lE(j, n + !)2) + lF'(lE(ij n +n)12 

* [(IE(j, n + 1)12 - IE(Ej, n + . )12) 

+ (/E(j, n + 1)2 2 - IE(i, n + 2),2) (/E(j, n)l2 - E(j, n + 

+1(IE(i, n)12 - E(j, )2)2]+ 

= F'(IE(j, n + )I2) + F"(IE(i, n + E)22) . n 2 . (IE(j, n + F )j2)tt 

+ 6F"'(1E(j, n + 2)12) 

* (IE(j, n + 1)I4 + IE(j, n)l4 + 3jE(] n + 

+ IE(j n + 1)12* IE(j n)j2 - 3 jE(j, n + 1)12-E(j, n + )12 

- 31E(j, n)2 *jE(j, n + )2)2] + o(T3) 

= F(IE(j n + 1)12) + I -F'(lE(ji n + 1)12) * (IE(i, n + 2)12)tt 

+ 6f"(IE(2, n + 2)I2) *2[(IE(i, n + 2)12 + 0(0) 

Using equalities derived above, we obtain from the difference schemes (2.1) 
and (2.2) 
(2.12) 
iE + EXX = Nf (1E12) *E 

6 r2 

22 
r iT2 1 12 12 ) +Ej,n+ L-4E(jn- Ext-31E(jn+) E(n 

+ 8 -Ef(IE12)Ntt + 8 3Nf(1EI2)Ett + 8E NEf'(IEI2)(IE12)tt 
+ 1 2 + TE12)((1E2)t)2] 

+ O(h3j + 3) 
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and 

Ntt - Nxx = (F(IE12))xx 
F2 12h (2.13) + [-12Ntttt + 0 * T2Nxxt + 72Nxxxx + j2(F(IE12))xxxx] 

+ 0(h 3 + T 3). 

Thus, the truncation errors are O(h2 + T2). 

In [5], we have used the conservative scheme to compute solitary waves and 
the interaction of two colliding solitary waves for the Zakharov equations (1.1) 
and (1.2). Numerical experiments demonstrate that the semiexplicit scheme 
with 0 = 0 is more efficient and accurate than the implicit scheme with 0 = I 
For example, if we require that computational errors be less than 0.1 during the 
entire time period of the solitary wave, then the step sizes h = T= 0.25 can be 
taken for the scheme with 0 = 0, but the step sizes h = T = 0.1 are needed 
for the scheme with 0 = I . To achieve the same accuracy, the scheme with 

2 takes a longer CPU time than the scheme with 0 = 0, and the ratio of 
the CPU times used by the two schemes is 

78.26o 

3. CONVERGENCE OF THE DIFFERENCE SCHEME 

In this section, we consider the convergence of the difference scheme (2.1)- 
(2.6). 

We define the errors by 

(3.1) e7 =E(j,n)-Ej7 and Uj =N(j,n)-Nj. 

Let 

(3.2) (UJ)XX = (UJ+1), U0 - - 0.- 

Then the error equations are obtained as follows: 
(3.3) 

J n+) 2 J +)xx + (e )xx] 

RE + 1 [N(j n) + N(j n + 1)]F(IE(ji n + 1)12) - F(IE(j, n)12) 

.[E(j, n+ 1)+E(j, n)] 

* 1 - F(lEn+ll~~~2)-(n2 

4 J i IE+( 2- IEjnl2 ( + n) 

=nR)tN - ([-E20)(jn)xy - 0[(Ejn-l)x + (jn-l 
* ~~~~= R N + [F(JE(j. n)1)2 -F(JEjnl2)]x3F 
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where 

RE= [_2TEttt- TExxtt- Exxxx 

T2 r2 r 
+ 8Ef(JE12)Ntt + T8Nf(IE12)Ett + T8NEf2(JEI2)(JE12)tt 

(3.5) 

RN F~~~~~~~~~~2 ~ 

+ NEftt(JEJ2)(( JE12)t)2] t+ 

+ 0(h3 + T3), 

(3.6) Ntt= [_ Ntt+ * + + Nxxtt + + Nj-+(F(IE12))xxxxJ | 

+ 0(h 3 + T3) 

in view of the formulae (2.12) and (2.13). 

Lemma 1 (Sobolev estimate [8]). Suppose W e Lq(Rn), Dm W E Lr(Rn), 1 < 
q r< oo. Thenfor O < j < m < c < 1, we have 

jjDi 
WIIL, 

< CjjDmWjil II W 'ji- 

where 1 = + a(r+ n)++(1 a)q 

Lemma 2. Let r = < < 0 < 6 . If we define Ci = 12), then 
the following inequality holds: 

R1 < CIQT, 
where 

n1= jjuxj12 + n(1-26)( 12Nn+1jj2 + jjN 112) 
T 2~ 2 2-2)h 

QT = IIUX 112 +( 20)h jNn+ Njn. 
j=1 

Proof of Lemma 2. Let (W1)t = U and (Wj),-= N5?; then WO =WJ=0 
and N= (Wjn),x. Thus, we have 

J J 

Q E= [(WJn)xt2 + - h(Wyn+l )x- . (Wyn)xy, QT h Z(Vj )xt] + (1 20)h Z( j ~.JJj), 

j=1 j=1 

J J 

h Z[(Win)xtI2 + 2(1-2)hZ[(Nn+1)2 + (Nn)2]. 
j=1 j=1 

We use the following notation: 

D Wjn=- (Wjn)x, D2 Fjn Wjn) 

_ T -T-2D T-2D2+'(1-20)D4 I ' ~ ~~~~~~~~~2i QD 2D2 -2D2 

- 2D2 +I(1-20)D4 TJ 
RD [ LT 2D2, -T 2D2 2)(D - 20)D4Y 
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It is easily verified that 

J 
QT =h Z(Wi+, Wjn) 

j=1 

Ft-2D, T-2D2 + 2(1 - 20)D4 Wn+ 

*LT-2D2 +2'+(1-20)D4, -T2D2 ( wn ) 

=h Z(Wjn+ Wjn) *QDj* (Wfn+) 
j=1 

J 

and 

RT =h Z(Wjn+, WJn)*RD* (wn R)j 
1=1j 

Assume that (Y1, Y2) is an eigenfunction associated with an eigenvalue A 
of QD; then 

_T-2D2yl + r72D2Y2 + T(1 - 20)D4Y2 = 

T-2D2y Y+ '(1 - 20)D4Y1 - T-2DY2 -=Y2. 

By adding and subtracting these equations, we obtain 

(3.7) '(I - 20)D4(YI + Y2) = A(Y1 + Y2), 

(3.8) -2T-2D2(Y1 - Y2) - - 20)D4(Y1 - Y2) = -(Y- Y2). 

If we look for an eigenfunction with Y1 = Y, then (3.8) always holds 
and (3.7) implies that Y is an eigenfunction of the operator 2(1 - 20)D4 with 
eigenvalue (1 - 20),U4, where #4 is the eigenvalue of D4. This provides 
J eigenvalues of QD. On the other hand, if we seek an eigenfunction with 
Y, = -Y2 = Y, then (3.7) holds and (3.8) implies that the eigenvalue A is of 
the form -2T2 U2 - 2(1 - 20),ul4 with U2 an eigenvalue of D2. 

For an eigenvalue of RD, we have 

_T-2D2Y + '(1 - 20)D4Y1 + T2D2Y2 Y, 
T-2D2y - 72D2 Y2 + 1(1 - 20)D4Y2 = 1Y2 

A similar argument yields that the eigenvalues and eigenfunctions of RD are 

{a(1 - 20),U4, (Y, Y)}, {-2T-2. #2 + '(1 - 20),u4, (Y, -Y)}. 

Since RD and QD have a common set of eigenfunctions, the inequality R, < 
CQT is equivalent to 

(3.9) 1(RD) ? C)(QD) 

for the corresponding eigenvalues. 
It follows from Fourier analysis that the eigenvalues of the operators D2 and 

D are 

-2 ( 22 h _ 
j 2. u22h co 1) and u4= u2, =l2.,J 

XR - XL 
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Thus, we have 

R = -2T-2 2h-2 cos 2h + (I - 20)2h-4 (CO 2h 
XR-XL XR-XL 

AQ = -2T 2 *2h 2 (COS -2 1+(I - 20)2h 4 2COS j - h 

Substituting these eigenvalues into (3.9) yields 

4T 2 - h-2 (1 - cos XR-L) + 2(1 - 20)h-4 (1 - co SX L) 
XR -XL XR XL 

< C [4T 2h 2 1 - COS ) 2(1 - 20)h 4 1COS)] 

i.e., 

(3.10) 
2 + (1 - 20)r 2 (i ~COS -1( < [2-(1 -20)r 2 (i_ -COS2 ) 

( XR -L) [(R XL R ] 

The inequality (3.10) holds with Ci = 2+(1-20)r2 provided r < . I ~~~~2-(1-26)r2 ~ proidd r< This 
completes the proof. 0 

Lemma 3. Assume EO(x) E Ho, NO(x) E L2, N1(x) E L2; IF(s)I ? C1s' + 

C2, 0< a < 7, fors>0,and r= < 1 0< 2< Then wehavethe 

estimates 

jlEnj12 < C, IjExnjj2 < C, jjEnlj. ? C, 

lINnII2 < C, Ix II12 < C, IIun+II00 ? C, O< n <-. 

Proof. It follows from Theorem 1 that 

IIE 112 < C, 

and 

Exn+ 112 + IjExn jl + |jUn+j112 + (1 -20)hZATNj+l Njn 
j=1 

+ 0(jjNn+ 112 + jINnjj1) + 2h Z[F(Ejn+l 12) + F(jEjn 12)](N7"+ + N) 

j=1 

= Const. 

Using Lemma 2, we have 

IlExnlil2llEx I2+ nIU+1 2+2 C 20)( N+ 12[NnI12) 

(3.1E1) ' 1 1 
- + 2h Z[F(JEjn+1l 2) + F(IEjn12)](Nn+ 

I 
+ Nn) < C. 

j=1 
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The last term ' on the left of the inequality (3.1 1) is estimated by 

2S1 ' 2h I[F(Ejn+l 2) . Nj+1 + F(Ej72) .j 
j=l 

+ F(Ejn+l 12)N + F(IEj j2)N] 

(3.12)? el2 Z:(N;+1)2 + (Nn)2] 

j=l 

+ 2e h Er(F('E(Ir+1 12))2 + (F(IEjn 12))2] 
261 j=l 

for any e1 > 0. By Lemma 1 and the Interpolation Lemma [14], we get 

hZ[(F(Ejn+l 12))2 + (F(11En12))2] 
j=l 

J 

<Ch (IEn+lj4aj + IEl4a 
+ jEn + l E;n2a) + C 

j=l 

J 

- C + Ch Z(jEEn+l6-26 + Eni6-2c5+ iEjn+lj3- + iEni3-) 
j=l 

< C + C[jlExn+l 112-Jj. IEn+I 114- + jExn 11j2-j1 * En 11E4- 

+ IIEx+l1IP" IIEn+lII-4 + IjExJlli-A 
* 

liEnsl- ], 

2~~~~ 2- 
wherea=42-1, 3>3>0. 

Using the inequality 

a* b < -(e2a)P + b , p+0 a, b, pi p' 2 > O, 
-p P'Y2I p 

we have 

h Z[(F(Ejn+l 12))2 + (F(Ejn 12))2] 
(3.13) j=l 

C 
< C + 12( (jEj1 I12 + IEI112) +-* 

Substituting (3.12) and (3.13) into (3.11) and choosing el =2 = 1o+ 0 ,we 

get the following inequality: 

n+l 1 2+llExnII2+. 
I 

llun 1112 
2 X ~ C 

+1 ( -20 +0 (jjNn+ + jjNnjj2) < C, 2 \2c~~~i / 

from which the following estimates are obtained: 

IIEXtII2 ? c, {IN"I2 ? c, 1124 l <C c. 
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It follows from the discrete Sobolev inequality in one dimension that 

IIEnlI < C, Iun+111K <'C. 0 

The proofs of the following two lemmas are given in the Supplement section. 

Lemma 4. Assume that thefunction F(s) is analytic in R+, E?(x) E Ho', N?(x) 
E L2, N1(x) e L2; f(s) e COO(R+), IF(sl < Cis" + C2, 0 < a < 3, for 

s > 0, and r = < 
1-2'? 

< 0 < 4. Suppose that the solution of problem 

(1.5)-(1.1 1) satisfies E(x, t) E C5, N(x, t) e C5. Then we have the following 
estimates: 

< CT(h2 + T2)2 +'CT(Ilen+lll + 
n 

e11j2 + lexn+ll2 + Ilenl12 + l1,,n+lI2 + 

where 

pn+ = Re((N(j n3 + N(j n+lV) F(IE(j, n + 1)12) - F(jE(j. In) 12) 
1 ~~~ $''''''' j~~~E(j], n + 1)12 -IE(i,. n)12 

.(E(j, n+ 1)+E(j, n)) 
-12 F(1E712)(En+1+En\en+1-en\ 

J 

Pfl++ = h Z(F(IE( j, n + 1 )12) - F(IE(ij, n) 12) 
j=l 

- F(1E781 12) + F(E(j, n)F2)I(jnI+ + n 

Lemma 5. Assume E?(x) e Ho, N?(x) e L2, N1(x) e L2; f(s) e C e(R), 

F(s)j Cis+G2, 0? a< 3for s>O and r =h< / 0<j0< 

- 2 - 2 - s d 1- @j} -12 Ej- 1 

4. Suppose that the solution of problem (j.5)-(l.11) satisfies E(x, t) e C5, 
N(x, t) e C-5. Then we have the following estimates: 

1(RE, eJ +-e7n)l?<Cz(h2 +z2)2 

F(IE+ C e1 + IIeF Ejn12 +Iex+ 1+2+ 11e jI) +l 1122+ 1 l11). 

Theorem 3. Assume that the function F(s) is analytic ~in R+, E?(x) C o1 
NL(x) e L2J N1(X) eOL2; f(s) e CN(RX ), IF(s)I ? CNX + L2 2, 0? a < R , 
Fsor s ? 0, and r = T < i-?- 0 0 4. Suppose that the solution of 

problem (11.5)-(1.11) satisfies E(x, t) e C5, N(x, t) e C5. Then thesolution 
of the difference problem (2.1)-(2.6) converges to thesolution of problem (1.5)- 
( 1.1) with order O(h2 + 22) in the L norm for E, and in the L2 norm for 

N. 
Proof. First, we derive an estimate of eft . Computing the inner product of 
(3.3) with (e +1 + e ) and taking the imaginary part, we have 

(3.14) -(IIen+l 1 st lles El2) - Im(RE eC +Nex ) + C5T 
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where 

(4 Im (N(j, n) + N(j, n + F(jE(j , n + 1) 1) - F(jE(j, n) 2) 
4 ~~~~~~~jE(j, n +1)12 - E(j, n)12 

. (E(j , n + 1) + E(j , n)) 

1 4(NJn+NJn+ F(JEjE !2) - (Ejl n+1 n) )n 

-I(N7 +N+ ) N 2jEn) (E + E) e+' + e7) 

+Im 
(4(N(F(1E+1 Nj2) 

n+ 
F()) 

-m 4\t]J] E7+1- E12 (IE +1E7e+1e2 

( F(jE(j, n + 1)12) -F(jE(j, n)12) _F(1Ey+l 2) -F(1En12) 
j IE(j, n + 1)12-jE(j, n)l2 IE7+1I2 - 1E12 ) 

. (E(E+F +Ejn), e+1 n 

Using the inequalities (4.2), (4.3) in the Supplement, and Lemma 3, we obtain 

(3. 1 5) 1P3 1 ? CIIt, 112 + 12 -II1 + IIe1'iI1 + jjenj11). 

It is easy to obtain the estimate 

(3.16) 
IIm(RE, eyn+1 

+ eyn )I 
=- 

Im(O(h2 + 
T2), e+1 

+ 12) 

< C((h2 + T2)2 + IIen+11 + 12eIIEn)1 

Thus, it follows from (3.14), (3.15), and (3.16) that 

+3.17) +CE(h2e+ I j 

Computing the inner product of (3.4) with Upplement, + and using (3.2), we 
have 
(3.18) 

((Ujn+~ II(R , e-,Un jn-l +- 1-jH)( = II (Ujh2 + T2 jn+ + ejX-) 

-3 (tjh T l + t461, (U7en l + 112)- 

(RN, Uflo + fo ) + (F(3E(j, n)12) - F(jEyh2), JXX 

where 

-(( U7 i )xxt 112 + U12 n) 1-1((U +- U1n 1)x (Un+11+ Un7 )t 

-11U +2-I(Ujn+) 2)U 
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T(qj7, (U. + U= r(t, (tjn1)7 + (,jn).) 

h E(qjn+lqnj_ 00Q-l 
j=1 

T(njn++ +jn1, (Uj7' + U ) = 2I2n+1II2 - IIQn1I 

T(F(jE(j, n)12) -F(Ejn712) (U7+ + U - y) 

=h [F(IE(j, n)12) -F(Ejn12)](,jn+l _- n-1) 

j=1 
J 

= h Z[F(IE(j, n + 1) 12) -F(1Ejn+1 12)](,jn+l + +7 
j=1 

-hZ[F(IE(j, n)12) -F(iE7j2)](j7 +,jn-fl) 
j=1 

J 
- h [F(IE(j, n + 1)12) - F(IE(j, n)12) 

j=1 

- F(IEjn+7 12) + F(IEjn12)](,jn+l + jn 

IT(R N, Uj+ + Uj i)| < CT(h2 + T2)2 + CT(||Un+j|12 + ||Un-I112) 

Thus, 
(3.19) 

J J 
1 UXn+ 1122 _ 1 Uxn- i1122 + (I-20)h jn+',j7- (I 20)h 7jjn-' 

j=1 j=1 

+ O(IIn+ j2- IItn11) + hZ[F(E(j, n + 1)12) - F(LEjn+l 12)](n+l + j7) 
j=1 

J 
- h Z[F(IE(j, n)j2) - F(1E712)](tj + Ujn-l) 

j=1 

< p + + CT( + T2)2 + CT(II 2un+II + II 2) 

We now compute the inner product of (3.3) with T(e7+1)7 and take the real 
part. There results the equality 

1-+(lex 12 _ IlexnhI2) = Re(RE, el+' - e7) + 1Pln+1 

Using Lemma 5, we have 

2(IIexn+1 112- lexn112) < - pln+l + C(h2 + T 2)2 

(3.20) + CT(jlexn+ 112j + jjexn|j2 + lien+1112 + lie n12 

+ jn+1 112 + ,jn+1 112) 
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Multiplying (3.17) by a positive constant :C, and adding the result to the sum 
of (3.19) and (3.20), we obtain 

(3.21) Ln Ln-i + CT(Q2 + T2)2 + CTG1+ 2-(pl+t-pfl+) 

where 

n+t C en+l 112 + 2IIe.n+112 + 11 Un+1 112 

+ ( 1 20)h E qj+ Ij + 0((li 'n+l 12I + 1IIn 11I) 
1=1 

J- 

+ h ,[F(IE(j, n + 1)12)-F(1Ej+11 2)](?n+l +?1n) 
j=1 

-n+ = I1exn+1112I + Ilex 112iien+1ii + 11e2nj2 

+ IIu I12 + IlUxn t||2 + ||ln+1112 + llqtn 2 

It follows from Lemma 4 that 

Ln+t < Ln-I + CT(h2 + T2)2 + CTGn+l 
n 

+ +C(h2+' 2)2 +CzG (3.22) 
L-+ +T CTE Gl1+ 

n 
< C(h2+ T2)2 + CTE G+. 

1=0 

Lemma 2 yields 

Cl 
(1-20 \ C112n 12llnll2 

(3.23) + ( 2C, + 0) (Il 2 + ll 1l2) 
J 

+ h [F(JE(j, n + 1) 12) -- F(JEjn+l 12)](?Ijn+l + jn) 
j=1 

while 
(3.24) 

h EjF(1E(j, n + 1)12) - F(Ejn+l 12)](?1jn+l + jn) 
j=1 

? n 
(lIt11Z2 + lwIInI)+ 112 F(IE(i,n+1)12)-F(IE7 12)12 

31 2 + 2) + -h IF()E(j, n + 1) + FEjn+) 

j=1 

? e3 (I||1n+1 112 + II Plln) + C3 Ilen+l 112 
63 
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Substituting (3.24) into (3.23) and choosing e3 = 2( ljj,? + 0) and C8 = C3 

we have 

n+> 2C3 IIen+l 11+2I1e1+1II2+ 1 iiUn+1112 LI>1-20 0 
2 11x+ 2 +C 

(3.25) + 2 C-2 + o0 (11fn+1112+11,nljj2) 
2~~~~~~~~ 

>. C(je~~n+l12 + Ilexn+1112 + IIUxn+1112 + jj.n+lj12 + ||,njj2). 

Thus, combining (3.25) and (3.22) yields 

IIen+1112 + 11en+1112 + 11n+1+112II + 12 + IIUI n+12 
n 

< C(h2 + T2) + T , G'+1, 
1=0 

which is equivalent to 
n 

Gn+j < 2C(h2 + T 2)2 + 2CT G1+? 
1=0 

i.e., 
n-I 

Gn+j < C(h2 + Tr2)2 + CT. G G'+. 
1=0 

Using the discrete Gronwall inequality [12], we obtain 

T 

where CT is a constant depending on T. 
It follows from the definition of Gn+1 that 

lienjj0 < C(jle 112 + Ilexn 112) < C(h2 + T2) 

and 
IIn1 112 < C(h2 + T2). 

This completes the proof. 0 

Finally, it is easy to verify that all lemmas and theorems in this paper hold 
for the periodic initial-value problem for the generalized Zakharov equations. 
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