MATHEMATICS OF COMPUTATION
VOLUME 64, NUMBER 210
APRIL 1995, PAGES 537-553

FINITE DIFFERENCE METHOD FOR GENERALIZED
ZAKHAROYV EQUATIONS

QIANSHUN CHANG, BOLING GUO, AND HONG JIANG

ABSTRACT. A conservative difference scheme is presented for the initial-
boundary value problem for generalized Zakharov equations. The scheme can
be implicit or semiexplicit depending on the choice of a parameter. On the
basis of a priori estimates and an inequality about norms, convergence of the
difference solution is proved in order O(h2 + 12), which is better than previous
results.

INTRODUCTION
The Zakharov equations [20]
(l.l) iEt+Exx_NE=O,

1

22
describe the propagation of Langmuir waves in plasmas. Here the complex
unknown function E is the slowly varying envelope of the highly oscillatory
electric field, and the unknown real function N denotes the fluctuation of the
ion density about its equilibrium value.

The global existence of a weak solution for the Zakharov equations in one
dimension is proved in [19], and existence and uniqueness of a smooth solution
for the equations are obtained provided smooth initial data are prescribed.

Numerical methods for the Zakharov equations are studied only in [5, 9, 10,
and 15]. A spectral method is used to compute solitary waves and the collision
of two solitary waves in [15]. In [9, 10], Glassey considered an energy-preserving
implicit difference scheme for the equations and proved its convergence in or-
der O(h + 7). In [5], we propose a new conservative difference scheme which
involves a parameter 6, 0 < 0 < % ; when 6 = % , the new scheme is identical
to Glassey’s scheme. For 6 = 0, the new scheme is semiexplicit, explicit in N,
but implicit in E£. Numerical experiments demonstrate that the new scheme
with 8 = 0 is more accurate and efficient compared to 8 = % . Convergence of
these schemes is proved in order O(h + 1) in [5, 9, and 10], while the order of
the truncation errors is O(h? + 12).

(1.2) Ne=(N+|EP)xx =0
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For suitable initial data, the solution of the initial value problem for (1.1)-
(1.2) converges as 4 — oo to a solution of the cubic nonlinear Schrodinger
equation

(1.3) iE;+ Exx +|EE =0

(see [1, 17]).
The generalized nonlinear Schrodinger equation

(1.4) iE;+ Exx + f(|E*)-E=0

has been considered in physics (see, for example, [2, 3, and 11]). Here, f(s) =
#(p > 0), f(s) =1-e*, f(5) = i35 or f(s) = In(1 +5). Existence and
uniqueness of the generalized solution for the equation (1.4) have been obtained
and numerical methods for (1.4) have been studied (see [4, 6, and 18]).

The generalized Zakharov equations are also considered in [21]. In the
present paper, we consider the following initial-boundary value problem of gen-

eralized Zakharov equations in one dimension:

(1.5) iE;+Exx=Nf(|EP)E, xr<x<xg,T>t>0,
(1.6 N, _ o 2
(1.6) tt—Nxx—W(F(IEI ),
where
5
wn fec=®?), F@)=[ fod
0

(1.8) E(x,0)=E%x), N(x,0)=N(x), Nfx,0)=N"'(x),

(1-9) E|x=xL = E|x=xk =0, N|x=x,_ = N|x=xg =0, u|x=x1_ = u|x=xR =0,
and the potential function u is given by
(1.10) Uxx = N;.

Moreover, we supplement (1.5)=(1.10) by imposing the compatibility condition

XR
(1.11) N'(x)dx =0.
XL

We propose a conservative difference scheme with parameter 6 of the gener-
alized Zakharov equations. The difference scheme conserves two conservation
laws that the differential equations possess. For 6 = 0, the scheme is semiex-
plicit. We will prove the convergence of the difference solution for all 6 € [0, %]
in order O(h? + 12), which is consistent with the order of the truncation error
of the difference scheme. This improves the results of order O(h + 1) which
were given in [5, 9].

In §2, we describe the difference scheme and its basic properties. Some a
priori estimates and the proof of convergence of the difference scheme are given
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in §3. Long and highly technical proofs of two lemmas in §3 are placed in the
Supplement section at the end of this issue.

2. FINITE DIFFERENCE SCHEME

We consider a finite difference method for the problem (1.5)-(1.11). As
usual, the following notations are used:

xJ=xL+jh’ tn=n.1’ OSjSJ=[xR;xL]’ n=0,1,2,,._§[—{—],
E(j9n)EE(xjatn)a N(j9n)EN(xj9tn)a
E;'IN'E(J.’”)’ N;INN(J""),
1 .
(W)x = 7 oW, (W

' 1
(W)= (W =), ()

1
HUARS 7]

1 -
?(I,an _ ijn 1)’

J
W3 =h>S W2, (WMl = sup [W]|,
j=1 1<j<T
T T
r= Z’ B - ﬁ,

and in this paper C denotes a general constant, which may have different values
in different occurrences. Thus, our scheme is written as
(2.1)

E} Y+ 3 (] ez + (E])ss)

FOEF"B) - FUERD) |
EFE-EE T

1
= (NP £ NI)(EF + E)) -

) (NP)g — (1= 20)(NP) iz — O((NT*Y) 1z + (N7 1) 1z)
22 = (F(EM)sz, 0<6< 1.

The initial data and boundary conditions are af)proximated as
(2.3) EY=E'xj), N}=Nx)),

N} =N+ 1N'(xj) or
@4) N = NN + S+ (FUES )l
(2.5) El=E"=0, Nl=N'=0, u"i=y"t-o,

where the difference scheme (2.2) is used to approximate N9 in (2.4). We also
define {u"*1}, as R. T. Glassey did in [9], by
(2.6) W =N, j=1,2,.., 7L

We note that the equations (2.1) are implicit, and a tridiagonal system of
equations is involved. For 6 = }, the equations (2.2) are also implicit, and
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another tridiagonal system of equations needs to be solved. However, when
6 = 0, then the scheme (2.2) for N is explicit, and no tridiagonal system needs
to be solved.

Theorem 1. The difference problem (2.1)-(2.6) possesses the following invariants:
|[E™||3 = Const
and ‘

"H = EZ* B+ IEZE + 1213 + (1 - 20)h Z NT*INT
Jj=1
1
+O(IN"13 + INFIID) + 3h S IF(EF) + F(ET)) (NI + N1
j=1
= Const.
Proof. Computing the inner product of (2.1) with (E;'““l +E7) implies
(2.7)
i(Ef*Y);, EFY' 4+ ED) + l((E","')xx +(E])xz, EJ*' +E})
F(EF*'1)) - F(IETP)
1
[EjF =B}

1 1 1
((N"+ + NI)(E' +E) , EM +E;.') ,

Bl -

where
(Ef*YY;, EF'+E})

(5

= —(Er*! —E7, E"* + E)

)

= —(IlE™"|13 - |E"|I3) +hZE"+l ‘ET - hZE” E"+1
Jj=1 j=1
— (E™")uz + (E])xz, ETT' +ET)
= ] X j/X i X i]x
(EF*™)x + (ED)x> (EF*)x+ (ED)x)

«_Q

J J
= IEZE + NEZIE + b S (B} ) B)x+h S (B (B} Vs,
j=1 | j=1
FES'P) - FUERP) oy, E,,)
1 > J
[T 1B}
F(EPP) - F(E}P)
7T = 1B}

((N;"L1 + N}‘)(E}’“Ll + E})

J
=h3 (N + )
Jj=1
Thus, we take the imaginary part of (2.7) and use the formulae derived above
to get

- |ET + ET.

1

;(IIE”“IB —lE"|3) =
i.e.,
(2.8) IE™3 = |E°|13 = Const.
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Computing the inner product of (2.1) with 7(E ]'.’“ ); and taking the real part,
we have

1 1, &
(2.9) —E(IIEI}“ I3 - |EZI3) = Zh S (NP NIIF(IEFY?) - F(ETP))
Jj=1

Next, we compute the inner product of (2.2) with (u?*'& + u;'i), and by
using (2.6) we obtain
(NP> w4 7h) = (1= 20)(N], (V) + (N7 71)0)
—O(NH 4+ NPTL (N + (NF7Y))
= (F(IEJ?), (N}))e+ (NF7H)),
which is equivalent to

(2.10)

J J
B+ N3+ (1 = 260k 3 N N — (1= 20)h 3 NP - NP
Jj=1 j=1

J
+O(IN™E - IN"13) + A D F(EFP) (NI - NP1 =0,
Jj=1

where (2.6) is used to reduce the first term.
It follows from (2.9) that

1, |
—IEFY3 + | EFHE = 5’1 Z(F(lE}'+l|2) — F(E}))(NI + NT)
Jj=1

, |
(2.11) — S S (FUED) + FOEF )N + N
j=1 ,

J
—hY (F(EJP)NT = N7 7).
j=1
Combining (2.10) and (2.11) yields
H,:H'é = H,:'_i =Const. O

Theorem 2. Assume E(x,t) € C°, N(x,t) € C° for the solution of problem
(1.5)-(1.11) and f(s) € C3(R*). Then the difference scheme (2.1)-(2.2) pos-
sesses truncation errors of order O(h? + 12).

Proof. By Taylor’s expansion, we have

2
EG,n+1)+E(,n) = [2E+%E,,+O(r3)]

b
x=xj,t=t"* 3

1-2
(EG,n+1))= [Et + ﬂEm + 0(13)]

b
x=x;, 1=t
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. h?
(NG me = [N+ Ty o + O]

bl
X=xj , t=t"

and

F(E(,n+ 1)) -F(E(J, n)*
|E(, n+1)2—|E(j, n)]?
={[F(EG,n+ )P+ F(EG,n+HPEU, n+ 1P - |EG, n+ 317
;F"(|E(J n+ HANEG, n+ D - |EG, n+ H)I?)?
LF"(EG, n+ HP)EG, n+ DR = |EG, n+ HP? +
—[F(|E(1,n+7)|2)+F'(lE(1,n+f)| JIEG, m)> —1E(,n+} )|2
+1F"(|EG, n+ HPEG, n))> - |E(, n+ 1)»)?
+ 5 F"(EG, n+ HPIEG, n)* - |EG, n+ HP3 +---1}/
UEG, n+ D —|EG, m)]

=F'(EG,n+ )P +3F"(EG, n+ $)?)
“(EG,n+DP+|EG, W) -2E(, n+ HF) + §F"(EG, n+ )P
[(EG, n+ V)P = |EG, n+ })»)?
+(EG, n+ V)P = |EG, n+ )P - (EG, n)* = |EG, n+ 3)P)
+(EG, m)I* - |EG, n+ $)2+ 0z
=F'(EG,n+ )P +§F"(EG, n+ PP - (EG, n+ 3P
+$F"(EG, n+ )P
“(EG,n+ D*+|EG, m)|*+3|E(, n+ )
HIEG, n4 D - |EG, m =31, n+ DPEG, n+ )P
—31E(, )PP+ |E(j, n+3)P) + O(z%)
= JUBG, n+ PP+ SLUBG, n+ DP) - (BG, n+ DY
+3/"(EG, n+ 3P ;[(lE(j, n+ PP+ 0.
Using equalities derived above, we obtain from the difference schemes (2.1)
and (2.2)
(2.12)

iE;+ Exx = Nf(|E|2) E

it? h?
[ 24 El" 8 EXX" 12EXXXX

2
+ ZESIER N + SN JIER) Ea+ SNELUERIER )

2
+ 5 NES(EP(EP))
+0(h* + %)
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and

Ny — Nex = (F(|E|2))xx
h?

(2.13) + [ lem'.'e T Nxxtt+ 12

4 .
B Newr + 15 (F<|E|2))xxxx]
+O(h® + 13).

Thus, the truncation errors are O(h? + 12).

In [5], we have used the conservative scheme to compute solitary waves and
the interaction of two colliding solitary waves for the Zakharov equations (1.1)
and (1.2). Numerical experiments demonstrate that the semiexplicit scheme
with @ = 0 is more efficient and accurate than the implicit scheme with 6 = % .
For example, if we require that computational errors be less than 0.1 during the
entire time period of the solitary wave, then the step sizes 2 = 7 = 0.25 can be
taken for the scheme with 6 = 0, but the step sizes # = T = 0.1 are needed
for the scheme with 6 = — . To achieve the same accuracy, the scheme with
6 = ; takes a longer CPU tlme than the scheme with 6 = 0, and the ratio of -
the CPU times used by the two schemes is

534.94
Ri==556 78.26 ~6.3.

3. CONVERGENCE OF THE DIFFERENCE SCHEME

In this section, we consider the convergence of the difference scheme (2.1)-
(2.6).
We define the errors by

(3.1) el =E(j,n)—E! and n?=N(j,n)—- NI
Let
(32) W=y, Ut =uptt=o.

Then the error equations are obtained as follows:
(3.3)

i(e] ) + l(e* ez + (€]
= RE 4 3ING, m)+ NG, n+ 1))

* [E(.]’ n+ 1) +E(.]’ n)]
F(EJ*'1)) - F(ETP)
BT IET

F(E(, n+ D) = F(EU, m)*)
|EG, n+ 12— |E(, n)l?

1
- 7N/ + N7 (EJ*' + E}),

(M = (1 =20)(n))xx — O1(n ™ )xx + (0}~ xx]

34
(3.4) = R¥ + [F(E(j, m)])2 - F(E!P)x»
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where ,
) 2 h?
RE = [—%E’" - %Exxtt - ﬁExxxx
12 5 ‘[2 2 12 ' 2 2
+ —=Ef(EP)Ny+ =Nf(EP)Ey + = NEf(EP)(E*)u
(3.5) 8 8 , 8
T
+ DNEPGERQEDY|
x=X‘,t=t
+O0(h +1%), |
V- 2w +6-12N, +h—2N +h—4(F(|E|2)) ]
(3.6) 12 xau T g Maxxx T3 i | P

+0h +1%),
in view of the formulae (2.12) and (2.13).
Lemma 1 (Sobolev estimate [8]). Suppose W € Ly(R"), D"W € L,(R"), 1<
g,r<oo. Thenfor 0<j<m, £ <a<1, wehave

ID/Wl|z, < CIID"WIIE, - IWIIL,*

=lt+o(l-2)+(1-0a)l.

Lemma 2. Let r =} < /1255, 0< 0 < 1. If we define C, = %—fi('i:—i%l)é, then
the following inequality holds:

R‘t S CIQT )

where .
Re= [y 3 + 1(1 = 20)(IN" |3 + IN"13),

J
Q. = w3 + (1 - 20)h Y NI+ - N
j=1 ,
Proof of Lemma 2. Let (W}"), = u;fH and (W)),zx = N?; then Wj' =W} =0
and N} = (W}),z . Thus, we have

J J
Q: = hY (W)l + (1= 20)h Y (W )z - (W)ix,
N ]=l

Jj=1
J ' J
Re=hY (WMl + (1 = 20)h Y _[(NT*1)2 + (N])).
Jj=1 j=1
We use the following notation:

DW]'=(W)x, DW}'=(W/):,

Op = —772D?, 2D + 3(1 - 20)D4]-
P= 1202 4+1(1-26)D%, —172p2
and
R = [-T72D? +3(1-26)D4, t72D? ]
b= 1-2D2, —772D2 4+ L(1-20)D*|"
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It is easily verified that

J
Q. = hZ(W’}"H , VVJ")

j=1
[-t72D?, t72D?+ §(1-26)D* wrt
172p? +1(1-26)D*4, —t2D2 |\ W)

. n+1 n W'n+1
=hZI(W} ,W})'QD'(,,{,},),
J=

and
J
W."'H
Re=n Y7 ) -Ro- (V).
Jj=1
Assume that (Y;, Y>) is an eigenfunction associated with an eigenvalue A
of Qp;then
—172D%Y; + t72D%Y, + §(1 - 26)D*Y, =AY,
172D%Y; + 4(1 - 20)D*Y; — 172D%Y, = AY,.

By adding and subtracting these equations, we obtain

(3.7) 11-20)D*(Y1+ Y,) =AY + Y7),
(3.8) —2172D¥(Y; - Y,) - 1(1-20)D* ("1 - Y,) = A(Y: - Y2).
If we look for an eigenfunction with Y; = Y, = Y, then (3.8) always holds
and (3.7) implies that Y is an eigenfunction of the operator }(1—26)D* with
eigenvalue %(1 — 20)ug, where u4 is the eigenvalue of D*. This provides
J eigenvalues of Qp. On the other hand, if we seek an eigenfunction with
Y, =-Y, =Y, then (3.7) holds and (3.8) implies that the eigenvalue A is of
the form —21%u; — $(1 — 260)us with u, an eigenvalue of D?.
For an eigenvalue of Rp, we have
—-172D%Y; + §(1 - 20)D*Y; + t72D*Y, =AYy,
172D%Y) — 172D%Y; + (1 = 26)D*Y, = AY,.
A similar argument yields that the eigenvalues and eigenfunctions of Rp are
(30 =200, (Y, )}, (=20 212 + 4(1 ~ 20)ua, (¥, - Y)}.

Since Rp and Qp have a common set of eigenfunctions, the inequality R, <
CQ; is equivalent to

(3.9) A(Rp) < CA(Qp)

~ for the corresponding eigenvalues.
~ It follows from Fourier analysis that the eigenvalues of the operators D? and
D* are
U =2h~2 (cos 2njh

XR — XL

-1) and pa=p2, j=1,2,...,J
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Thus, we have

: . 2
AR=_27"2.2p72 (cos 2njh l) +(1-26)2n* (cos 2njh__ l) ,
XR — XL X

J

R — XL

. . 2

22 = —2072. 252 (cos 2njh__ 1) +(1-26)2h7 (cos 2mjh_ 1) .
XR — XL XR — XL

Substituting these eigenvalues into (3.9) yields

. N2
4r72.p72 (1 — cos 2njh ) +2(1-20)h~* (l — cos -—211}'—)

XR — XL XR— XL
. )
<C [4‘5‘2h‘2 (l — cos 2njh ) -2(1-20)n~* (1 — cos 2njh ) ] ,
XR — XL XR— XL
i.e.,
(3.10) ' o
2+ (1-20)° (1 ~ cos 22 ) < [2—(1 -20)r? (l — cos %" )]

The inequality (3.10) holds with C; = 2+(1=20)r - , provided r < This
2-(1-20)r =%
completes the proof. O

Lemma 3. Assume E°(x) € H}, N°(x) € Ly, N'(x) € Ly; |F(s)| < Cis® +

G, 0<a<$}, for s>0,and r=3%< /12, 0< 6 < 3. Then we have the
estimates

IE"2<C, NEX2<C, |E"w<C,
IVl <C, It <C, wtlesC, 0<ns
Proof. It follows from Theorem 1 that
IE"l2 < C,

S

and

J
IEZUB + 1EZIB + s 413 + (1 - 20)h Y N7+ - N
Jj=1
FO(IN™ 13+ [IN"I) + h SSUF(ERP) + FEJRIN + N))

Jj=1
= Const.
Using Lemma 2, we have
- 26
B2 + B2 + g + (3 + 0) N - I

; ‘hZ[F EP) + FEIDNM! + NJ) < C.

j=1

(3.11)
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The last term % on the left of the inequality (3.11) is estimated by

1 J
121 < 5h S IF(E}*P) - NI+ + F(E ) - Nj+!
j=1
2 2
+ F(EF' PN + FEHN]

3.12
G342 < h U+ ()
J

J
+ %glh SIE(E; ) + (FOE7 )
j=1

J

for any &; > 0. By Lemma 1 and the Interpolation Lemma [14], we get

J
R I(F(EF'1®)? + (F(IE}1H)]
j=1
J )
< ChY (B ) + |[EJ[* + |EJ*! = + |E} ) + C
Jj=1
J
=C+Ch Z(lEJ(x+l|6—26 + |Ejr}|6—26 + |E}!+l|3—5 + |E}1|3-—5)
Jj=1
< C+CIEF 378 - |EY*=0 + ||EZ|IZ° - | E™)I5~°
+IEZ I E g 4 et e,

where a=3—%, 3>6>0.

Using the inequality

(ib)p’ l+>—1——l a,b,p,p',e2>0
b p p, b b b b b 2 b

1 1
h< = Py
a b_p(eza) + = %

p
we have
; .
R UF(ET 1) + (F(E)H
(3.13) Jj=1
C
< C+e(IlEF 3+ IERIR) + e

Substituting (3.12) and (3.13) into (3.11) and choosing &; =& = -1-2:@2;2 +0,we
get the following inequali_ty:

1 1 1
SIEE I3+ FIERIE + - ™13

1/1-26 n+1))2 nn2
2( 2G, +‘9)("1\’ I3+ IN"3) < C,

from which the following estimates are obtained:

n+1
IEZI3<C, IN"I3<C, |u"*3<C.
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It follows from the discrete Sobolev inequality in one dimension that

IEMlo < C, [} < C. O

The proofs of the following two lemmas are given in the Supplement section.

Lemma 4. Assume that the function F(s) is analyticin R*, E%(x) € H}, N°(x)
€ Ly, N'(x) € Ly; f(s) € C®(R*), |[F(s) < C1s°+ C2, 0< a < 3, for

§>0,and r=% < /L=, 0< 80 <. Suppose that the solution of problem
h 1-2 2

(1.5)-(1.11) satisfies E(x,t) € C°, N(x, t) € C3. Then we have the following
estimates: '

I an]
< Ctr(h* + )2 + Cr(lle™ 13 + lle™ 13 + llex+ 13 + lleZll3 + lln™ 113 + Iln™113),
where

F(E(,n+ D) = F(EG ;)P
|EG,n+ D2 -|E(, n)l?

Pt = Re (WG m) + NG+ 1)
(B, n+ 1)+ E(, )
F(EI'P) - F(ER)
EF - B

—(NJ + N

n+1 n n+l n
(E]*" +E}), € —ej>,

. J
PP = Y IF(EG, n+ DP) - F(EG, n)P)
Jj=1

~ F(EJY'?)+ F(E(, m))Imi*! +n}).

Lemma 5. Assume E%(x) € H}, N°x) € L,, N'(x) € Ly; f(s) € C*(R"),
|F(s)| < Cis*+Cy, 0<a<3, for s>0,and r=3%< /12, 0<560<

%. Suppose that the solution of problem (1.5)-(1.11) satisfies E(x,t) € C3,

N(x,t) € C3. Then we have the following estimates:
|(RE, er*! —ef)| < Cr(h* + 12)?
+Ct(lle™ 3+ lle 13+ llext G+ e+ ™ 13+ 110" 13).
Theorem 3. Assume that the function F(s) is analytic in R*, E%x) € H},
NO(x) € Ly, N'(x) € Ly; f(s) € C®(R*), |F(s)| < C15°+ C2, 0<a< 3,
for s >0, and r =} < /125, 0 < 6 < ;. Suppose that the solution of

problem (1.5)-(1.11) satisfies E(x,t) € C°, N(x,t) € C3. Then the solution
of the difference problem (2.1)-(2.6) converges to the solution of problem (1.5)-
(1.11) with order O(h? + 12) in the L, norm for E, and in the L, norm for
N.

Proof. First, we derive an estimate of e’. Computing the inner product of
(3.3) with (e‘j"”“1 +e}) and taking the imaginary part, we have

(3.14) Ll 3~ le"I3) = Im(RE , &7 + &) + Py,
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where

F(EG,n+ D) - F(EG, n)P)
|EG, n+1)2-|E(, n)l*

Py=Im (%(N(j, n)+N(j, n+1))
“(E(j,n+1)+E(j,n)
F(EJ*'») - F(IE??)
[EE = B
F(EF'1)) - F(EMP)
|EJ*1|2 — |ET|?

1 |
- SN 4], 4]

1
=Im (Z(ﬂ;' + 'I;'H)

(EF*' +E}), el + e}')

+Im (%(N(j, n)+ N(j,n+1))

(FUEG, n+ 1)R) - F(EG, m)P?)  FOEM') - F(EfP)
[EG, n+ DE = [E(, n)P [EFTR Z|ETP

-(EM'+ E}), eJ'-"rl +e}'> .

Using the inequalities (4.2), (4.3) in the Supplement, and Lemma 3, we obtain
(3.15) P3| < ClIn™ 13 + ™13 + lle™ 113 + lle™113).
It is easy to obtain the estimate

IIm(RE, e/*! +ef)| = [Im(O(h? + 12), e]*! + &)
< C((B + ) + ||e™ 15 + lle™13)-

Thus, it follows from (3.14), (3.15), and (3.16) that

(3.16)

le™ 13 = lle™I13 < Ce(lln™ 113 + lln™ 13 + le™ 113 + lle™[13)
+ Ct(h* + 12)2.

(3.17)

Computing the inner product of (3.4) with U;'H + U;'_% and using (3.2), we
have
(3.18)

(W U+ U — - 200, 0+ U )
=00+ np 7, (U U )
= R, U+ U7+ (FUEG, mP) - FOE]P), (U] 4+ 0 e,
where

n n n— 1 n n— n n—
(U, U+ U = LU - U 0 4 U

= 20 HE - 1w HaB),
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), (U4 U ) ) = r(n, , (n"“) + (117

_hZ( n+l ’1]’1] l),

o + i, (U U ) = I3 - I3,

«(F(E(j, n)}?) - F (|E<'|2>,<U;"+*+U,~"‘*)x;>

Xj:F(IE(J mP) = FOEIPI0 — ™!
Xi:FﬂEJ n+ D) = F(EFM 21" +n)
~h j;[F(lE(f, n)P) = F(E; DI} +n77")
- hZi;[F(IE(j, n+ 1)) = F(E(, n))
) - F(EM'P) + F(E D))+ + ),

TR, U 4 U h)] < Co(h? + 722 + C(|UH 3 + [U™=H]3).

Thus,
(3.19)
J
lUr)z - uvx'*n2+<1—2e>h2 mHgn_ (1-20)h Y nin!
Jj=1 Jj=1
J
+ 0l 13 = 1" 13) + A SIF(EG, n+ D) = F(EM I + )
j=1
J
—hY [F(EG, n)?) = F(E}NIM} + 777"

j=1
< PPE 4 Co(h? 4 122 + Co(| U + U4 R).

We now compute the inner product of (3.3) with t(e}‘“); and take the real
part. There results the equality

1
—5(lex*113 ~ llefI}) = Re(RE , e7*! — ef) + 4P,
Using Lemma 5, we have

2(llem |2 — [le?|2) < — PM*Y 4 Cr(h? + 1)
(3.20) + Ce(llen* 12 + llell3 + le™ 13 + le” I3
+ {13 + [ 3).
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Multiplying (3.17) by a positive constant C, and adding the result to the sum
of (3.19) and (3.20), we obtain

(3.21) L < L4 4 Cr(h? + 12)2 + C1Gm+ — (PP - P,
where
LM = Clle™ |3 + 2ne g+ U3

+(1-20)h Z g + 6™ 3 + 1)
j=1

+h Z[F(IE(J n+ D) = FEM DI+ + ),
Jj=1
G™+E = el 13 + llegl13 — ™13 + lle” 13
+ U+ UR 2 + 13 + 2
It follows from Lemma 4 that
L™ < L= 4 Cr(h? + )2 + CrG™

n
<LYt+Cchr+1®)?2+Cey Gt
(3.22) g

n
<Ch*+1%)?+Cty_ GHh
1=0
Lemma 2 yields

1 +
L 2 Colle™! |} + 201 + o IUE ™13

(323 +(5 2020 +8) (™1 + I1"13)
+ hZ[F(IE(j, n+ 1)) = F(EFY DI +07),
Jj=1
while
(3.24)
J .
RS IF(EG, n+ 1)) = F(EF' MM + 1))
Jj=1

< es(ln™ 5 + lIn” ||2)+ hZIF(lE(J n+ 1)) - F(Ef'P)?
j 1

< &(In™3 + " Ilz)+—h2|f(€3)| (IEG,n+ 1)|+|E"+'|) lef*12
Jj=1

< 83(II'7”+1||§ +lI7"13) + ;;lle"“llﬁ-
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Substituting (3.24) into (3.23) and choosing &3 = %(% +6) and C, = 2751 ,
we have ‘

L’H—% > 2C3

= 1-26
2C, +0

(3.25) 1/1-26 n+ly2 n)2
> C(le™ 13 + llez* 13 + 1UF 13 + 1™ 13 + 17 13)-
Thus, combining (3.25) and (3.22) yields

n+
le™ 13 + llef+ 13 + ™13 + ™13 + 1 Ux 413

1
2 n+
le"* 115 + 20! 15 + U™ 13

. n
<CR+1)+Cry ) G,
1=0
which is equivalent to

n
G* <2C(h? + 132 +2CT Y G,

1=0
i.e.,
n—1
Gt < C(hr+ 122+ Cr Y GHL
1=0
Using the discrete Gronwall inequality [12], we obtain
Gt <Chr+12)?, 0<n< %

where Cr is a constant depending on 7.
It follows from the definition of G"*+} that

le”lloo < C(lle™ll2 + llefll2) < C(h? +12)

and
"l < C(h? + 12).

This completes the proof. O

Finally, it is easy to verify that all lemmas and theorems in this paper hold
for the periodic initial-value problem for the generalized Zakharov equations.
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