MATHEMATICS OF COMPUTATION
VOLUME 64, NUMBER 210
APRIL 1995, PAGES 555-580

NUMERICAL SCHEMES FOR CONSERVATION
LAWS VIA HAMILTON-JACOBI EQUATIONS

L. CORRIAS, M. FALCONE, AND R. NATALINI

ABSTRACT. We present some difference approximation schemes which converge
“to the entropy solution of a scalar conservation law having a convex flux. The
numerical methods described here take their origin from approximation schemes
for Hamilton-Jacobi-Bellman equations related to optimal control problems and
exhibit several interesting features: the convergence result still holds for quite
arbitrary time steps, the main assumption for convergence can be interpreted as
a discrete analogue of Oleinik’s entropy condition, numerical diffusion around
the shocks is very limited. Some tests are included in order to compare the
performances of these methods with other classical methods (Godunov, TVD).

1. INTRODUCTION

We are interested in the approximation of the entropy weak solutions in the
sense of Kruzkov [15] of the following scalar conservation law:
(L) {u,+f(u)x=0 %n]Rx(O,oo),
u(x, 0) =up(x) inR.

The connections between this problem and the theory of generalized solutions
(see, e.g., [7, 6, 8, 16]) to the first-order Hamilton-Jacobi equation

(HI) {v,+f(vx)=0 inR x (0, o),

v(x, 0) =vo(x) inR

are known. Roughly speaking, if v is a viscosity solution of (HJ), then u := v,
is an entropy solution of (CL) (for the precise results see §2). This relation
has been used also for numerical purposes in order to derive schemes for (HJ)
from the large collection of methods for (CL). In fact, it has been shown that
integrating a scheme converging to the entropy solution of (CL) (called CL-
scheme in the sequel), one can obtain a scheme converging to the viscosity
solution of (HJ) (HJ-scheme in the sequel). This technique has been applied
by .several authors; e.g., Kruzkov in [17] and Crandall and Lions in [9] have
studied numerical methods derived from first-order schemes for (CL), Osher
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and Sethian in [25] have obtained schemes for (HJ) starting from ENO schemes
(see also the recent paper of Lions and Souganidis [22] on the convergence of
MUSCL schemes). We also use this relation for numerical purposes but in the
opposite direction. The numerical approximation of (HJ) has the advantage
that we deal with more regular solutions (typically they are locally Lipschitz
continuous) and we take a discrete derivative in x on the numerical solution
of (HJ) to go back to u. Another advantage is that the expressions of the
schemes for (HJ) are relatively simple in comparison with their analogs for
(CL) (see §5). Our main result is the following. Assume we have a numerical
scheme approximating the (unique) viscosity solution v of (HJ), where the
Hamiltonian f isa &! convex real functionon R and vy € W!> ©(R) (we will
comment on the nonconvex case in Remark 5.1). Let Ax and At be respectively
the space and time steps and set, for some fixed N € N, T := NAt. Let v]'-' bea
numerical approximation of v at (jAx, nAt),for j€Z and ne {0, ..., N},
and let us define, for example,
vt = v"

(L.1) uj = —’-J'—A—x———

We define on R x (0, T') the piecewise constant function u, as follows:

ua(x, 1) :=uj if (x,t) € [(—%)Ax, (j+%)Ax)x[nAt, (n+1)A?),

and we do the same for v, .

Theorem 1.1. Assume that for any t € (0, T), the sequence v, converges in
L>(R) to the viscosity solution of (HJ) as Ax and At go to zero, and the
Jollowing properties hold:

(i) there exists a constant 'Cy such that for any j € Z and for any integer

ne{0,...,N}
vt —ou?
J+l J| < .
(1.2) Ax <C; ‘
(ii) there exists a constant C2 such that for any j € Z and for any integer
ne{0,..., N}
vt =20 ot

(1.3) <G

Then for any t € (0, T) the sequence up converges in Ll (R) to the entropy
solution u of (CL).

Notice that the assumption (i) only implies the weak convergence of u, to u.
Since assumption (ii) is a discrete equivalent of the celebrated Oleinik’s entropy
condition, this result can be stated saying that from an “entropic” scheme for
viscosity solutions satisfying a bound on the discrete x-derivatives one can
obtain, by (1.1), a scheme which converges strongly to the entropy solution of
(CL). Notice that the forward difference in (1.1) is taken just for simplicity but
that the result is still valid when using centered or backward differences. For
initial data with compact support for (CL) the condition (1.2) can be dropped
since it is implied by (1.3) (see Proposition 4.2).
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An example of methods satisfying assumptions (i), (ii) is given by a class
of schemes studied by Falcone and Giorgi [11] (see also [10] and references
therein). These schemes have been developed for the Hamilton-Jacobi-Bellman .
equation related to a finite horizon optimal control problem but can be adapted
to (HJ). Since they can be written in the form

v} = meilrtl{v”‘l(ij —aAt) + Atf*(a)},

where f* is the Legendre transform of f, one can interpret them as a discrete
version of the Lax-Oleinik-Hopf representation formulas (see [19, 23, 14], and
[21]) for the viscosity solutions of (HJ), see also [24]. An interesting feature
of these schemes is that they do not work on a fixed number of nodes, since
the stencil depends on the ratio Az/Ax which may be nonconstant. Choosing a
large time step will only increase the width of the stencil in such a way that the
domain of dependence of the conservation law will always be contained in the
numerical domain of dependence. Naturally, this will require a larger number
of operations at each time step but, as we will show in the sequel, the global
CPU time necessary to obtain accurate results is even lower than that needed by
some classical schemes (see §6). The HJ-schemes produce accurate approximate
solutions both for smooth and for discontinuous solutions. We refer to [12] and
[20] for a study and numerical experiments related to other difference schemes
with large time step.

The outline of the paper is as follows. In §2 we review the relations be-
tween (CL) and (HJ), establishing some results about the precise correspon-
dence between entropy solutions and viscosity solutions. In §3 we consider
general classes of approximation schemes for both problems and prove the rela-
tions between them. Section 4 is devoted to the proof of our main convergence
result, Theorem 1.1. In §5 we study the schemes derived from optimal control
problems and prove that they satisfy the assumptions of the general convergence
theorem. Some remarks on the CFL condition, the local truncation error and
other properties of HJ-schemes are also included in this section. Finally, §6 is
devoted to numerical results for some typical examples. We compare the accu-
racy of our methods with other more classical schemes (Godunov, TVD) and
we compute the approximate rate of convergence obtained in our tests.

2. PRELIMINARIES: RELATION BETWEEN CONSERVATION LAWS
AND HAMILTON-JACOBI EQUATIONS

In this section we shall present for completeness some simple results about
the equivalence of (HJ) and (CL) from an analytical point of view. First we
quote a preliminary result from [21, Theorem 16.1, p. 268].

Proposition 2.1. Let f € C(R) and assume v € WH*(R x (0, T)) to be a
solution of (HJ). Then u := v, is a weak solution of (CL).

Our first result is the following

Theorem 2.2. Let f € C'(R), vge WH*([R). If ve WL (R x (0, T)) is the
(unique) viscosity solution of (HJ), then u := vy is the (unique) entropy solution
of (CL).
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Proof. As proved in [9], the viscosity solution v is the limit as ¢ — 0% in
L>*(R x (0, T)) of the regular solutions v¢ of the following problems:

2.1) {’Uf+f(v§)=w§x inkRx(0,7),
’ v¥(x,0)=1vo(x) inR.
Hence, we have for any ¢ € Cg°(R x (0, T))

T T '
3 P €
}21_{1;1)/0 / vipdxdt ‘121_21(1)/ /’u pxdxdt

=—/ /vmdxdt-—/ /vxq)dxdt

Obviously, the function u®:= v¢ solves the derived problem
22) {u“+f(u")x-—euxx inRx(0,7T),
ut(x,0)=vox(x) inR,
and, according to [15], the sequence u® convergesin L} (Rx(0, T)),as ¢ =0,

to the entropy solution u of (CL).
Then, for any ¢ € C°(Rx (0, T)),

lm(l)/ /u ¢dxdt_/ /u(odxdt
&—
/ /vxq)dxdt-/ /u¢dxdt

and vy=u ae. in Rx (0, 7). O

Consequently,

A converse of these results also holds true:
Proposition 2.3. Let f € C(R) and assume u € LY. (R x (0, T)) to be a weak
solution of (CL). Let
X
vix, 0= [ u(E, g

for a fixed o € R. Then v € W;*(R x (0, T)), and v is a solution of (HJ)
almost everywhere.

Proof. Since u € L2 (Rx (0, T)), there exists a set 4 C (0 T), with Lebesgue
measure m(A) = 0 such that for any ¢ € (0, T)\A, u is defined a.e. on R
and u(-,?) € Lﬁ;’c(R) . Then for such values of ¢, v(-, t) € L3 (R). Moreover,
for any ¢t € (0, T)\A4 and any ¢ € C°(R x (0, T)),

/Rv(x,t)¢x(x,t)dx=/R[/:u(f,t)dé]‘(px(x,t)dx
—/Ru(x, He(x,t)dx .

Thus, integrating on (0, T'), one has u = v, in the sense of distribution and
almost everywhere. Since u is a weak solution of (CL), we have, for any ¢ €
C®Rx (0, 7)),

T T
/ /f(u)¢dedt=—/ /u¢,dxdt
o Jr o Jr
T T
=—/ /vx¢,dxdt=+/ /v¢,xdxdt.
0 R 0 R
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So there exists v, in the sense of distribution, and v, = —f(u) = —f(vy).

Therefore, v € Wl;é°°(R x (0, T)), and v is a solution almost everywhere of
(H)). O

For any u € C([0, T]; L'(R)), we set

X
(2.3) v(x, t) :=/ ul,rnde.

—00
Therefore, for any ¢ € (0, T), the function v(-, ), is absolutely continuous
and v, =u a.e.

Theorem 2.4. Let f € C!(R) and ug € L*(R) N LY (R). Assume that u €
L*(R x (0, T)) N C([0, T]; L'(R)) is the (unique) entropy solution of (CL);
then the function v given by (2.3) is the (unique) viscosity solution of (HJ), for
vo(x) := [*_ up(é)dE.

Proof. Since u € C([0, T]; L'((R)), we have that v € L*(R x [0, T]). As in
the previous proposition, it is easy to show that v € W1-°(R x (0, T)) and
that it is a solution almost everywhere of (HJ). Also,

timo(x, ) - ()] < lim [ U - @] dE = 0.

Now, suppose v is not the viscosity solution of (HJ), and denote by T the
(unique) actual viscosity solution. So, by Theorem 2.2, U, is the unique entropy
solution of (CL) and therefore, for any ¢ € C§°(R x (0, T)),

//(v -7)p,dxdt=0.

Hence, the conclusion follows from the arbitrariness of ¢. O

Remark 2.1. It would be interesting to prove this analytical equivalence with-
out using the known results about existence, uniqueness, and convergence of the
viscosity approximation. As far as we know, this proof has been obtained by the
viscosity approximation only in the convex case and in the case of piecewise
regular solutions (see [8]). More recently, Caselles [4] has proved the equiv-
alence in a direct way for the stationary problem. It is probably possible to
extend his methods to deal with the time-dependent problem.

3. RELATIONS BETWEEN CL-sCHEMES AND HJ-SCHEMES

Here we consider the numerical aspects of the correspondence between en-
tropy solutions of a conservation law and viscosity solutions of a Hamilton-
Jacobi equation.

To approximate the solution u of (CL), we consider the class of finite dif-
ference schemes depending on (2p + 1) grid points and written in conservation
form, i.e.,

A -
(1) =~ 3 g = T14]

Here, Ax and At are the mesh sizes, u} is the value of the approximation
of the solution u at the grid node (jAx, nAt), for jeZ, ne {0,..., N}
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and f"+;£ = f(u" g1 e Wipp) is the numerical flux, where f:R? — R isa
regular functlon
For Ax and At fixed, the approximate solution is given by
“up(x, t):=u; for (x,t)€l;n,
where, for j€Z, ne{0,..., N},

L= [(- %)Ax (j+ %) Ax) x [nAt, (n+ 1)Af).

We assume for simplicity
(32) {}ezel, Yn20.
From (3.1) it is enough to assume (3.2) only for n =0.
Now we set, for 0<n< N,
j-1

(3.3) vii= Y ufAx.

. Cl=—00
So, we can reverse this relation to obtain

3.4 n UJ"I‘\"I ~ ’U.;l

(34) i van
and therefore, by using again (3.1), we obtain a finite difference (2p + l)-pomt
conservative scheme which approximates (HJ), namely

(3.5) v = o - AL (-;Pt‘—i’ln:ﬂ M) :
J Ax T Ax
The approximate solution for (HJ) is then given by
va(x, t):=v} for (x,t) €l n.
Theorem 3.1. If for any t € (0, T), the sequence ux(-,t) as Ax and At go

to zero, converges in L'(R) to the entropy solution u of (CL), .then, for any
t € (0,T), the sequence va(-,t) converges in L®(R) to the viscosity solution
v of (HJ).

Proof. For any (x,t) € Rx (0, T) let j€Z, ne€ {0,..., N} be such that
(x,t) € I; ,. Since from Theorem 2.4 the function v given by (2.3) is the
viscosity solution of (HJ), we have

s, 1) — v(x, 1)) = lv,'-' - /w u(e, t)dei

Jj—1

=Y wiax- / u(E, ) de
I=—00
(J=1/2)Ax
—oo (j-1/2)Ax

Hence,
lva(, 8) =0 (s Ol < ual-s 8) = u(-, Dl + Ax||ulle®x©, 1) >
and the theorem is proved. O
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Remark 3.1. The extension of Theorem 3.1 to the case when (3.2) does not hold
is straightforward. Notice that the conservation form (3.1) allows the simple
expression (3.5), but in principle Theorem 3.1 holds true for any finite difference
scheme.

4. A GENERAL CONVERGENCE RESULT

In order to obtain numerical schemes for conservation laws from those for
Hamilton-Jacobi equations, we need to reverse the arguments of the preceding
section.

Let vj'.’ be the approximation of the solution v of (HJ) at the grid point
(jAx, nAt), given by a general finite difference scheme

n+l __ n n
v} —F(vj_p, vy vj+p) R

and define u;? , for example, as in (1.1). As above, ux and v, will denote the
corresponding approximate solutions.

We recall that, if the function f is strictly convex and v is the viscosity
solution of (HJ), there exists a constant K such that, for any ¢ >0,

(4.1) vxx <K in D'(Rx (0, T))

if the same inequality holds true at ¢ = 0 (see [21, Theorem 16.1, p. 268] for
a proof).

Lemma 4.1. Assume v € W1-°(R) and suppose there exists a constant K such
that

(4.2) Uy <K in 2'(R).
Then, for any h and any x € R,

v(x +h) - 2v(x)+v(x—h)

(4.3) o~

<K.

The proof is omitted.

Proof of Theorem 1.1. 1t is clearly sufficient to work with the more convenient
convergence in L2 . Let v be the viscosity solution of (HJ). We set

v((j + 1)Ax, nAt) — v(jAx, nAt)
Ax
Let I be any fixed bounded interval of R. We have

/ lua(x, ) — u(x, P dx <2 / lua(x, ) — s (x, ) dx
I I

+2/If¢A(x, £) —u(x, t)Fdx

I :
=:2(I) + L) .

First step: the estimate of I,. Let S = {ji, ..., jm} € Z be such that

of(3- Do 1))

fia(x, t) == for (x,0)el; .
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for any j; € S. Then, if ¢t € [nAt, (n + 1)At), we have
I = [luste, = a(x, P dx

. . 2
< Z J+l ,Uj'! _ U((J + I)Axa nig—U(JAx’ nAt) Ax
JES

With the notation w} :=v] — v(jAx, nAt), the above inequality becomes

II<Z

where Al is the forward first difference operator. Thus, setting S’ = S\{j},
we have

+wn 2

n

I < Z(w_;l+l ) ]

J€S
Atw? Atw” A+w” Az w"
=w7m+1—-Ax—J'"—w}’l%_zw}z__x_F_Ax
jes
A2yn A2v(i
Ssuplv;'—v(ij,nAm[z( R xv(;ﬁ;cz, nAs) )Ax

+2(Cr+ ol
where we have used (1.2) and the definition of w} . Now, from (1.3) we deduce,
forany jeZ and n=1,..., N,

u.'; - u;!_l S CzAx )
and therefore, setting z} := u} — C3jAx, we obtain
1+1 < Z H

forany j€Z and n=1,..., N. Then we have the following inequality:

sz” .
> Ax =Y |uf—ui, <Yz} -2 1|+c2<;m - j1)Ax
JES' jes’ jes'

=z} =z} + Co(jm — J1)AX
=uj —uj +2C(jm — J1)Ax
<2(Ci+ GlI)) .

M' Ax by using

In a similar way we can estimate the term jes’

Lemma 4.1.
Finally, setting

C3:= 4(C1 + [[vllwr.=) + 2(C2 + K|,
we get

(44) L= / jua(x, 1) — da(x, P dx < Cssup v} — v(jAx, nA?)| .
1 Jj.n



NUMERICAL SCHEMES FOR CONSERVATION LAWS 563

Second step: the estimate of I,. We continue to use the previous notations.
Then

b= / lia(x, £) —u(x, D2 dx
I

< 22/0“/2)Ax v((j + 1)Ax, nAt) — v(jAx, nAt)
T s Ju-oax Ax

_U(x+Ax, 1) -v(x,?) 2

Ax dx
v(ix+Ax,t)—v(x,t 2
+2/1 ( A)z 08 x| dx
=2(N1 + 1) .
It is easily seen, from the Rademacher theorem, that
(4.5) J; = O(Ax) .

To estimate the term J; , we shall follow the first step of the proof. Set
w(x, t) :=v(jAx, nAt) —v(x, t) for (x,t)el; .
Then

2
dx

J /‘f“/mx w(x+Ax,t) w(x,?)
1= -
(i—1/2)Ax Ax Ax

jes
(+1/2x A2
- / Aw, 0 4,

w(x, )
s Ji-1/2)ax Ax?

(Jm+3/2)Ax — —
[ g (U0 80,0 o,
(Um+1/2)Ax

(1+1/2)Ax —
_/ T wix, 1) (w(x+AxA)tC)2 w(x,t)) dx
(1—1/2)Ax

Since v € W1>(R x (0, T)), we have immediately
lw(x, 1) < ||v|lwr.o VAXZ + AL2 .

Therefore, by using again Lemma 4.1, we have the following inequality:

A2v(jAx, nAt
Ji suvum,mm[z ___QK_X?___)
jES'!

(j+1/2)Ax
+y /
jes' (Jj—1/2)Ax

(J+1/2)Ax | A2
<ol VET+AE| Y [© A0
(=1/2)Ax

T Ax2
ber Ax

|ax

A2v(x, t)

Ax? dx +4||v||W|,oo]

dx

+6[0llwre + 2K|I|] .
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To conclude the proof, we only have to estimate the sum in the last inequality.

Define
v(x+Ax,t)—v(x, 1)

Ax
By Lemma 4.1, we have for any (x,t)eRx (0, T),

Ura(x+Ax,t)— K(x +Ax) <ia(x,t)—Kx .
Consequently, we can easily show, using the above arguments, that
aA(x’ t) — aA(x _Axa t)

Ga(x,t) =

5 /<j+1/2>Ax
dx
jes' (j—1/2)Ax Ax
1 [ pUd2ax
s—{/ (@a(x — Ax, ) — K(x — Ax)) dx
Ax [Jij+1/2)ax '

(Jm+1/2)Ax
- / (f1a(x, £) — Kx) dx] + K|
(jm—1/2)Ax

< 2|l + 2K|I] .
We conclude that
(4.6) Ji < Ca||v|lwr . VAX2 + A2,

where
Cy:=8||v|lpr. + 4K|I| .

The assertion follows from (4.4), (4.5), and (4.6). DO

We remark that the inequality (1.3) is a discrete analogue of the celebrated
Oleinik entropy condition [23].

Remark 4.1. The proof of Theorem 1.1, for simplicity, has been given using a
forward finite difference representation for v, . The same result (and the same
proof) holds true for centered or backward differences.

Remark 4.2. For compact support initial data for (CL), the condition (1.3)
implies (1.2). In fact, we have the following

Proposition 4.2. Let {v;} be a real-valued sequence, j € Z,and M, R, hy, K
some positive constants such that:

(a) for |hj| >R, forall he (0, hy) and j€eZ
Vjt1 =Vj;
(b) forall he (0, hy) and jE€Z

Vjy1 — 2’Uj + Vi

% <Kk
Then, for all h € (0, hy), j € Z, we have
% < K2R + hy).

Proof. Set, forany je€Z,

1 .
w;=v; - EK(hJ)2~
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Then, by calculation,
(4.7) Wiy —Wj S Wj —wj_g, vj.

By applying (4.7) iteratively we can determine an upper bound for w;,; — w;
which is independent from M . In fact, for |hj| < R, we have

Wj1 — Wj

1
A < 5K(2R + ho),

and therefore

Ujr1 V)| o | Wikl —W; +%Kh(2j+l)$K(2R+h0)- D

h h
Remark 4.3. Let I be any fixed interval of R, and S = {ji, ..., jm} CZ be

such that
In [(j,—%)Ax, (ji+%>Ax) oy

for any j; € §. From (1.1) and (1.3) we have, for any j € Z and n =
l1,..., N, :

<

uj —uj_; < GAx
and therefore, setting 2} = uj - Gy jAx,
. .
Zjn<zj.

Consequently, we have the follbwing inequality for the total variation of uj on
the interval I:

m m
TVi(W") <D | —uly| <D 128 = 20|+ Coljim — J1)AX
=2 j=2
=z} — 2} + Ci(jm — J1)Ax
=u} —uj +2C(jm — j1)Ax
L2(Gi+ Gl

Thus, our schemes are locally TVB (i.e., they have bounded total variation).
Nevertheless, we cannot use Harten’s theorem [13] since, in general, they are
not in conservation form (see also Proposition 5.3 and the Remark 5.1).

5. CL-SCHEMES DERIVED FROM HJ-SCHEMES

As we mentioned in the introduction, we can construct schemes satisfying
the assumptions of the general convergence theorem, starting from the schemes
which have been studied to obtain an approximation of the value function of a
finite horizon optimal control problem.

We briefly describe here the origin of these methods referring to [11] and
[10] for details.

Consider a system of controlled ordinary differential equations

y(s) = b(y(s), s, als)), se, T,
G- {y(t)=x,
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where a(:) € & := {a(:) : [0, T] — A, measurable} is the control, 4 is a

given subset of R™ and y € R” the state. The cost functional related to the
_ finite horizon problem is

T
J(x, t, a(-)) ;=/t. g(y(s)’ s, a(s))e“(s“)ds
+y(y(T))e A1,

where A is a positive real parameter.
The value function is defined as.

(5.2)

w(x, t):= a(glef;v J(x,t,a(s)).

It is well known that, via the Dynamic Programming Principle, one can prove
that w satisfies the Hamilton-Jacobi-Bellman equation

(HJB)
{ -2 w +Aw +sup{-b(x, t,a)- Vyw —g(x,t,a)} =0 inR"x (0, T),
acAd
w(x,T)=wy(x) inR"

Moreover (see, e.g., [21, §8.4]), w is the unique viscosity solution of (HJB).
The scheme for the approximation of the value function w is based on a
discretization in time (step k := At) of the control problem (5.1), (5.2). A
Discrete Dynamic Programming Principle leads to a discrete (in time) version
of (HJB). Adding a grid in the space variable (step 4 := Ax ), one can get an
approximation scheme ([11]) which, in the one-dimensional case, is

w(jh, nk) = rneilrdl{e"lkw(jh +kb(jh,nk,a), (n+1)k)

(HIB)k +k, g(jh, nk, a)} ,
w(jh, Nk) = w(jh),

where n=0,..., N and Nk=T.
With w} denoting the approximate solution obtained by applying the above
scheme, the following estimate holds (see [11]):

(5.3) lw(jh, nk)—wl| < Cik? +C2h+C3%.

We now show how this scheme can be applied to solve (HJ). We start recalling
that whenever f is a convex function, (HJ) can be written as

v; +sup{avy — f*(@)} =0 in Rx (0, T),
(5.4) a€R

v(x, 0) = vo(x) in R,
where f* denotes the Legendre transform of f, that is,

(5.5) fH(x) = sug{ax — f(a)} forany xeR.
ac

By applying to (5.4) the change of variable

v(x,t) =w(x, T —t)eM,
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we transform the original Cauchy problem for v in the following problem with
a terminal condition:

{ —w; +Aw + sup {awy — f*(@)e 79} =0 in Rx(0,7),
a€R

w(x, T)=ve(x) in R,
i.e., we get the (HJB) corresponding to the control problem with b(x, ¢, a) =
—a and
g(x,t,a)= f*(a)e *T0
In order to have a scheme for (HJ), we do now the same, but in the opposite
way, for the discrete problem. Then, introducing the change of variable

w(jh, nk) :=v(jh, T — nk)e *T-mk)
we transform (HJB% ) into the following scheme for the Cauchy problem:
v(jh, nk) = ;gg{v(]h +kb(jh, T —nk,a), (n-1)k)

(5.6) +kg(jh, T — nk, a)e*™*},
v(jh, 0)=w(jh),
which, in the special case of problem (5.4), corresponds to

{ v} = inf{v""'(jh - ka) + kf*(a)},

v? = vo(jh),

where v"(x) := v(x, nk). To recover the information on the approximate
solution of (CL) we just use (1.1) or any other discrete representation of v,
(see Remark 4.1).

However, there are two main difficulties for computing the solution by (5.7).
The first is related to the evaluation of the infimum, since we have to solve an
extremum problem over an unbounded domain (notice that we are looking for
the global minimum) and f* may be hard to compute. An algorithm for the
computation of the Legendre transform has been proposed in [3], and precise
error estimates (in L ) have been established in [5].

The second difficulty is related to the observation that (5.7) is not a standard
finite difference scheme, since in the right term appears v"*~!(jh — ka), that
is, v"~! computed on points which in general are not grid points. If this is
the case we replace v"~!(jh — ka) with the convex combination of v?~! and

q+l , where g € Z is such that (jh — ka) € [gh, (¢ + 1)A].

Let us look more closely into the problem of computing the minimum in
(5.7). Notice that, when f € C%(R) is strictly convex, we can find an analytic
expression for the convex function f*. In fact, under these assumptions, for
any x € R there will be a unique a such that x = f’(a). Since the supremum
in (5.5) is achieved for a = (f")~!(x), the Legendre transform can be written

as
) = x(fN7x) = £ )
Another useful property of the Legendre transform is the following: let f be
such that
(5.8) lim )
lv|—=+00 I’UI

then f* satisfies (5.8) too, [14].

(5.7)

= +00;
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The following proposition shows that, if (5.8) holds, then the search for the
supremum can be done over a bounded set.

Proposition 5.1. Assume that v € W1 °(R) for any t > 0. If f is strictly
convex and satisfies (5.8), there exists a bounded interval A = [-M, M],
M >0, such that ’

(5.9) sup{avy — f*(a)} = sup{avx — f*(a)}.
a€eR acA

Proof. Clearly, to get the result, it suffices to prove that there exists a constant
K such that the set
Agx :={a e R:avy - f*(a) > K}
is bounded and not empty. For any a € Ax , we have
f*(a) +K
la|

Since (5.8) holds and ||vk|| <V, the set Ak is bounded for any K. To obtain
Ag # @, we can choose

< |vxl.

=-lav - 1@ ,
where @ is any fixed value. In particular, (5.9) holds for the set
A={aeR:—|a|V - f*(a)>-f*(0)}. O
Notice also that (5.9) holds only if we assume that f is Lipschitz continuous.

In fact, by definition, in that case, f*(x) = +oo for all x, |x| > L;. More-
over, when (5.9) holds, if we let A(x) := argsup,c4{ax — f*(a)}, the argument
associated with x € [—||vo||w1. , ||vollw1.=], then at least formally

d .

75 (@x = " (@} achix) = 0,
ie.,
(5.10) (f*) (h(x)) = x.
Since :
Sf(x) =h(x)x — f*(h(x)),
differentiating and using (5.10), we obtain

F1(x) = h(x) + B (x)x = (f*) (h(x))K'(x) = h(x)
and in particular f’(vy) = h(vy). The last implies that 4 D [-R, R], where
R= sup - | ().

x€[=llvolly1, 00 » llvolly1, o]

As an example, consider the case f(v) := 1 v?, which corresponds to the
Burgers equation. It is straightforward to show that

f)=3v%,

and the supremum in (5.9) is achieved in the interval [—|lvp|lw1.=, [|vollw1.=].
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Remark 5.1: Representation formula for a nonconvex flux and approximation.
Let f be locally Lipschitz continuous and vy be Lipschitz continuous and
convex; by L,, and L, we will denote respectively their Lipschitz constants.
Then the following representation formula for the solution of (HJ) holds (see
[14, 1]):

(5.11) v(x, t)=supinf{ve(z) +y-(x — z) —tf(»)}.
y€eR ZER

By the definition of the Legendre transform it is easy to prove that (5.11) can
also be written as

v(x, 1) = (vg +tf)*(x).
"Under the above assumptions the search for max and min can be restricted to
two bounded closed intervals ([5]), 4 C {y:y € B(0,L)} and B={z:z €
B(x, Lst)}, so that

(5.12) v(x, 1) = max rzrgg{vo(Z) +y-(x—-z)-tf(»)}

Then we can apply twice the algorithm studied in [3, 5]. We remark that
the representation formula (5.12) also suggests an approximation scheme which
can be interpreted in terms of differential games. Let x = jh, t = nk, and
z = jh—ka; substituting in (5.12), we have

— n—1
(5.13) v} = r;lg}uﬂggf{v (Jjh—ka)+yka—-kf(y)}.
An algonthm for similar problems related to pursuit-evasion games has been
studied in [2].

Now we want to prove that the HJ-scheme (5 7) satisfies the assumptions of
the general convergence theorem when (5.9) is true. Let a € [-M, M] the
point

(jh—ka) €[(j+Dh, G+i+1Dh)=1;

if and only if
. h .h -
ae (—(z + I)E , —1E> N[-M, M]=:4;,

where p:= |M|+1 and i€ P:={—p,...,p— 1} . Then the scheme can
13
be written as -

(5.14) vt = mm{v”“}

where

(5.15)  wftt:= gg}}{(l +i+ ’; a) v (z +: )vj'-'+,~+, +kf*(a)} .

Theorem 5.2. Assume that vy satisfies (1.2), (1.3), and let (5.9) be true. Then
the scheme (5.14), (5.15) satisfies assumptions (i) and (ii) of Theorem 1.1.

Proof. We first show that the scheme satisfies (i).
In fact, let

n —_— gy y
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and
n n 3
vl =i, where i, € P.
We have
n n _ ,n _ n n
(5.16) Vi — V7 = VR Vs, SV, — Y,

Assume a; and a, are the points in (—(iz + 1)k, —iz,’g] N[-M, M], where
the minimum in (5.15) is achieved, respectively for v7,; . and v} ;- Then
(5.16) becomes

.k _ .k
v — v < (1 +ir+ Za,) ”7+11+i2 - (12 + Za,) J+1+,2+, +kf*(ar)
14i k nel k —k
- +12+Za2 Vi, T 12+ha2 ]+,2+1 f*(a2)
k n—1
I+i+ 7% (UHW2 Vi,

.k
-\t ﬁ (vj+l+12+l 1+:2+1)

-1
< max{(v1+1+12 ’U_;l+iz (vj+2+lz 1+12+l )}

In the same way we get

-1 -1
vl+l - v 2 mm{(v}+l+zl - ’U_;l+i|) (v]+2+t| - v;l+i1+l)} ’

and (i) is proved by induction on the initial vector {v°} jez -
We now prove (ii). Set

'U]"I_H = 'Uj"l+l,il s where i; € P,
vj —v, iy where i, € P,
Vi =v7y 4, where i3 € P.
Then
Uiy — 207 + i, = ”1"1+1,i. =207, Vi,
S Vi, = 205, rz"'”z 1,0y

With a;, a,, and a; chosen as before, the above inequality becomes
vl =20t ol < (1 +i+ ]hfaz) Vo — (iz + %az) Vs
-2 (1 +ir+ %az) vl +2 (iz + %az) v
+ (1 +i+ %az) v}'_—11+i2 — (iz + %az) vj":,;
(1 +i+ I; az) (vj ks, — 2075, + V5 ))

.k
- (12 + Z ) (v1+12+2 207 ]+lz+1 + vj+12)

1 -
<max{(v]+l +1 —-2v _7+lz +v1n+12— ) (vj+lz+2 2§ J+12 1+lz)}
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Again, (ii) is proved by induction on the initial vector {v}’} jez. O

Theorem 5.2, by Theorem 1.1, gives a convergence result when the HJ-
schemes converge, in particular, using (5.3), when & = o(k).
We consider now the particular case when %M <l1.

Proposition 5.3. Let §M < 1, (5.9) be true and A =:[-M , M]. Then the CL-
scheme derived from the HJ-scheme (5.7) is a TVB, conservative and consistent
three-point scheme; it is also consistent with the entropy inequality. Furthermore,
if the CFL-number A := % is small, the scheme is monotone.

Proof. Since £M < 1 the CL-scheme is given by

v} = min{v}; v}},
k k
n . : _ n— l
v ,_a&%l’n ]{(1 ha)v hav +kf“*(a)}

. k k
b= oip 01{(1+ ha) S T +kmd)}
If v} =77}, then, by using (1.1), we have

where

and

vf =} 4 min { kaw]~ +kf*(a)}.

ac0, M
So,
(5 17) 'U.;l — ’U { n— 1 f‘ }
. < _—J - min —au” a
k a€l0, M] +/7@)
In the same way, if v} =v}, we have
vj 'U” : : n—1 *
(5.18) _k_ = aefl_l}&l’o]{—auj + f (a)} .
Since
' n—1 n—1
= g1y Y =Y Vi — Y
J =% h h
-1 1
— -l Vi~ Vi v} -~
J h h ’

from (5.17) and (5.18) we have the conservation form (3.1) if we define the
numerical flux function to be

f?+§ i= max {aé{}%][au;’ - f*(a)l, fax 01[ Wiy —f* (a)]} .
The consistency of the scheme, i.e., f(u) = f(u, ..., u) for any u € R, can
be obtained simply using the definition of the Legendre transform. Moreover,
the scheme is TVB from Remark 4.3 and the consistency with the entropy
condition follows directly by (1.3). Finally, using the above definitions, we can
easily prove that the function

H@lyy, wl, @l y) =1 = ATy — Ty
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is monotone nondecreasing with respect to all its arguments, if A is small
enough. O

Remark 5.2: Conservation form and CFL condition for the HJ-schemes. Two
different situations must be considered. The first is when % is constant. Then
the scheme is in conservation form and consistent but, in general, not monotone.
Its convergcncc is guaranteed by Remark 4.3.

When & # is not constant, the CL-scheme obtained from the scheme (5.7) is
not in conservation form, according to the classical Lax-Wendroff definition. In
fact, the number of points involved in the scheme varies according to the ratio
5‘; . However, it is interesting to notice that the CFL condition is not violated
by the scheme, since the domain of dependence of the finite difference method
includes the domain of dependence of the differential operator. More precisely,
if (5.9) holds, then for a fixed time step k£ the domain of dependence at the grid
point x; is given by the interval [x;—kM , x;+kM] for any h. Now, by using
(5.3), it is possible to increase the number of space grid points, without loss of
stability. A numerical discussion of this point will be made in the following
section (see, in particular, Tables 9 and 10).

Remark 5.3: Monotonicity for general HJ-schemes. In general, the monotonic-
ity property will not hold for HJ-schemes. Consider the scheme (5.14), (5.15),
so that the corresponding scheme for (CL) can be written as
,Un+l 'U'-H'l
u;'“ - J“—h_ = E(I}éill’lv-ﬁ-ll i— mmv"“)
Assume that the the first minimum is obtained for / = i; and the second for
i =iy; by (5.15) we get the following explicit scheme:

v —ut .
(5.19) u;’“ = —Jw + min { (ll + ];a) uj+l+l| %f*(a)}

a€A;

. .k n k .,
_;2111; {— (12+Za) WUjpi, + zf (a)}
If iy < i, we will have

L iy—i—2

(5.20) M = Z UT iy 4se

5s=0
Since all the terms uj+1+,l+s ,8=1,...,j+1i,—1, appear only in that sum,
the scheme is not monotone with respect to these arguments.

Remark 5.4: Discretization of the Lax-Oleinik-Hopf representation formula. It
is known ([19, 23, 14, 21]) that, when f is convex and x € R”", the solution
of (HJ) can be written as

(5.21) u(x, 0= inf {vo(z)+tf* (";Z)} .

As we have already noticed,

z:=jh—-kael; ifandonlyif ae 4;.
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We also have .
z= (1+i+%a) (J+ih- (i+%a)(j+i+1)h.

Moreover, we can always extend v" by linear interpolation on any interval
iR, G+1h), jEZ,ie,

v"(z):= (1 +i+ %a) v — (i + %a) Vit -
Then, substituting in (5.15), we have
n+l _ o n )
v = zréhr}{v (2)+kf*(a)}.

Recalling that |J,cp 4i = [-M, M] and that, under appropriate assumptions,
the minimum for a € R is achieved in a bounded interval [-M, M], we can
interprete the scheme (5.14), (5.15) as a discrete version of (5.21).

Remark 5.5: Local truncation error for the scheme related to the viscosity solu-
tion. Even if it seems difficult to derive a local truncation error for the general -
HJ-scheme for (CL), owing to its rather involved formulation (see Remark 5.3),
we can derive it for the viscosity solution.

Let v be a sufficiently smooth solution of (HJ) and f be smooth. We set
x = jh, t = nk, and we define the local truncation error for the scheme (5.7)
(remember that in Proposition 5.1 we have already shown that the infimum is
achieved on a compact set A) by

Li(x,t)= % [v(x, 1) — r‘?eijl{v(x —ka,t-k)+ kf““(a)}]..

Denoting the difference in the square brackets by Dy (x, ) and developing by
Taylor expansion, we get

Di(x,t)=v(x,t)— E}Ei;l{v(x, t—k)+ve(x,t—k)(~ka)
+ Uex(x, t —k)(ka)? + - + kf*(a)}
=v(x,t)—v(x,t-k)
+kr&agc{vx(x, t—k)a— vee(x,t—k)ka®>+-- -+ f*(a)}

=v(x, Dk + -;—v,,(x , ) K2+ Ok + kf(ue(x, t —k))

= v, Dk + %v,,(x, 1) k2 + O(k?)

+k[f(vx(x, 1)) + f'(vx(x, 1)) (Ux(x, t = k) —vx(x, 8)) +--].
Since v is a solution of (HJ), we can conclude that

Lk(x ) t) = % [%vtt('x ’ t)k2 + O(kz) + f'(vx(x ’ t))vxt(x ’ t)kz +- '] = O(k)'

6. TESTS, EXAMPLES AND NUMERICAL EFFICIENCY

The numerical results in this section deal with the solution of the Burgers
equation # + (3 u?) = 0. In this example, (5.7) is



574 L. CORRIAS, M. FALCONE, AND R. NATALINI
(6.1 v"= min v"“(jh—ka)+£a2 ,
T ae[-M,M] 2

where M is the Lipschitz constant of the initial data for the corresponding
problem (HJ).

As one can observe, the number of space nodes necessary to compute v} at
each time step depends strictly on 2 and k. If, for example,

(62) Ko<t vael-m, My,

the scheme is a three-point scheme and

(6.3) v} = min{v} ; v}},
where
k k k
gl — i _ = n—1
(6.4) v} ¢ ael}'(l)l’liﬂ{(l A ) +hav +2a}
and
k k k ,
no._ : &~ n—1_ 7
(6.5) vj = aefn}u? O]{(l+ ha) | hav 1 '+ 74 }
‘A simple case study leads to the followmg explicit formulas:
-1 1 1
(v} . if 77 <viT),
1k
I A FUas Talitatl
v =
’ if v7T! <ol <ot 4 Mh,
v}~ —EM[v” —v 1+ 5 M2 if v}o!+Mh<ol™',
4 —1 . 1 —_
vj'.' if v j” S’U_;'_H s
n—1 _ k1 n—1y2 n—142 n—1
- L~ A I (“;+1 — VY]
v; =
/ if vj";l‘ < v”“ < 'uj+l + Mh,
uvl M[v” -+ 5 M2 if oI+ Mh<ol™.

In contrast, if we choose / = k%2 to respect (5.3) and get the estimate
lw—w?|L~ < Ck'?,

the number of points increases, the accuracy of the method increases too, and
for the computation of the minimum we repeat the same arguments as before
with more cases to be considered. For a general convex flux f, one should use
(5.7) and an approximation of f* (e.g., by the algorithm described in [3, 6]).
For the numerical experiments, we have chosen for (CL) three initial data
such that the corresponding vy has Lipschitz constant M = 1. In all figures
the exact solution is represented by a continuous line, whereas the approxi-
- mate solution is represented by small circles. All the tests have run on a VAX
6500/510, and the CPU time reported in the tables (see Supplement) is in the
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form min:sec.dec. or sec.dec. As we have already remarked, one can use any
discretization of v, ; the numerical results in all the tables refer to a centered
difference scheme. In all the tests we have set the viscosity coefficient for the
Harten scheme equal to 0.25.

Test 1. The initial data is

up(x) = {

1 for xe[-1, 1],
0 elsewhere,

and we have looked for the solution at time 7 = 2. Using characteristics, one
can easily prove that the exact solution has a shock at that time.

u(x)

os

o8

[

02

u(xT)

s

o4

o numerical sol.

~ exact sol.

"
-2

x oxis

©)

u(xT)

u(x,T)

o4

02

os

(X}

02

o numerical sol.
- exact sol.

1 )

-
JF
~5

Py o
HARTEN SCHEME

()

o pumerical sol.

— exact sol.

)

FIGURE 1. Test 1: exact versus approximate solutions at time

T=2

(a) Godunov : space nodes = 270, time nodes = 405

(b) Harten : space nodes = 270, time nodes = 405

(c) H-J scheme k < h: space nodes = 270, time nodes = 405
(d) H-J scheme h = k3/2: space nodes = 233, time nodes = 30
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Figures 1c,d show the numerical results for the three-point scheme, and for
the general scheme where & = k32. They are compared with the results ob-
tained by applying the Godunov scheme and the Harten scheme [13] to the
same problem (Figures 1a,b). The same number of nodes in space and time has
been used for the three-point HJ-scheme, Godunov and Harten methods, since
for these methods a condition of type (6.2) is needed. It is rather interesting to
compare the results; in particular, notice that 1c is almost equal to 1a and that
the general HJ-scheme converges even better where the solution has a jump with
roughly the same number of nodes in space and less steps in time (30 instead
405). In Figure 1d one can see a strange oscillation around the exact solution
but the corners of the entropy solution are picked up very well, and the diffusion
around the shock is almost negligible (1 node).

Table 1 contains the errors (in the L!-norm) of our methods for different
mesh sizes and time steps. This table confirms that, in this test, the general
HJ-scheme is more accurate and requires less CPU time.

In Table 2 we compare the orders of convergence in L! for all the above
schemes. Notice that the general HJ scheme has a higher order of convergence
(0.9 instead of 0.8) and it is not very far from the order of convergence of
Harten’s scheme. '

We have computed the approximate order of convergence y in terms of the
space step A . Assuming for the error in the L!-norm the estimate

Err(h) = O(h?),
we have computed the error for A; and A, to obtain

Err(hy) _ h\’
Er(h) ~ O (E) '

Typically for the methods satisfying (6.2), we have chosen h, = h;/2. The
order for the HJ-schemes where 4 = k? has been computed always in terms of
the space step %, choosing k, = k;/4, so that hy = h;/8.

Test 2. The initial data is

(x)_{l—x for x € [0, 1],
¥o ~lo0 elsewhere,

and we have computed the solution up to time 7 = 0.7.

Again, we compare our methods with Godunov and Harten schemes in Figure
2. The general HJ-scheme behaves very well also in this test (see 2d), staying
close to the sharp cusp, while the other methods smooth it out. Notice that the
result of Figure 2d has been obtained using only 20 nodes in time.

For this example we have computed the errors in L! and L°; they are
shown in Table 3. The difference between the errors in L> of Tables 3a and
3b is very large but also the difference in terms of the L! error is substantial if
we compare the errors which correspond to similar CPU times.

Finally, Table 4 shows the order of convergence in L' and L>. In this test
the general HJ-scheme has the best order of convergence (even better than the
order of Harten’s scheme).
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o numerical sol. o numerical sol.
— exact sol. ~ exact sol.

u(x.T)
u(x.T)

u(x.T)
u(xT)

LU of

os -

04

0z |-

" "
-05 -025 [ 025 [X] 0rs l} 125 s

@

FIGURE 2. Test 2: exact versus approximate solutions at time
T =0.7

(a) Godunov : space nodes = 270, time nodes = 405

(b) Harten : space nodes = 270, time nodes = 405

(c) H-J scheme k < h: space nodes = 270, time nodes = 405
(d) H-J scheme h = k3/2: space nodes = 306, time nodes = 20

Test 3. This test shows the behavior of HJ-schemes when the solution is smooth.
The initial data is u#((x) = 0.5 + sin(nx) with periodic boundary conditions,
and the solution is computed up to time 7 =0.2. ‘

We have taken advantage of the periodic boundary conditions in the imple-
mentation of Godunov and Harten schemes. Notice that this cannot be done

for the HJ-schemes since the corresponding initial condition for (HJ) is not
periodic.
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o numerical sol. o numerical sol.
— exact sol. — exact sol.

u(x.T)

L 1 1
0 028 05 0rs 1 128 18 [E:) 2

@ - ®)

o numerical sol.

1
o 015 X3 0.75 1 128 18 [E:) 2

x oxis

© @

FicurE 3. Test 3: exact versus approximate solutions at time
T=0.2 '

(a) Godunov : space nodes = 60, time nodes = 90

(b) Harten : space nodes = 60, time nodes = 90

(c) H-J scheme k < h: space nodes = 60, time nodes = 90
(d) H-J scheme h = k3/2: space nodes = 64, time nodes =2

In Figure 3 we show the drawings corresponding to the above methods. The
approximate solution corresponding to the general HJ-scheme stays close to the
solution also near the local maximum and minimum points (where the solutions
obtained by the other methods differ from the exact solution). Notice that the
result of Figure 3d has been obtained using only 2 nodes in time (i.e., kK = 0.1).

Table 5 contains the errorsin L! and L> and the CPU times corresponding
to a number of different time steps and mesh sizes. In 02.28 seconds the general
HJ-scheme produces a solution with an L* error of 0.0154.The Harten scheme



NUMERICAL SCHEMES FOR CONSERVATION LAWS 579

uses 3.01 seconds to obtain a similar L>® error and the other methods never
reach that accuracy. In Table 6 we show the orders of convergence in L' and
L>. Table 9 contains the results for a HJ-scheme where the choice of 4 is
independent from k. In fact, even if the a priori estimate (5.3) suggests that
the choice & = k3/? is optimal, a different choice is still possible. The best result
is obtained with only two steps in time and the smallest mesh size (A = 0.001).
The orders of convergence are always close to, or above, 1.

Test 4. This test shows the behavior of HJ-schemes in smooth regions after a
shock appears. We have considered the same initial data (with periodic bound-
ary conditions) of Test 3 but the solution is computed up to T = 1. As one
can easily prove, the entropy solution has a jump. In Tables 7 and 8 we com-
pare the methods in term of the errors, CPU time and order of convergence.
In this example we have computed also the L>® error related to the region
where the solution is smooth (in particular, this error refers to the set I\ Iy,
where Iy = (X —0.1,X+0.1) and X is the point of discontinuity). Notice that
HJ-schemes fit well the exact solution in the regularity region.

Tables 11 and 12 contain the results for an HJ-scheme where the choice of
h is independent of k. Also in this test, the best result is obtained with only
two steps in time and the smallest mesh size. The approximate solution stays
very close to the exact solution in the region of regularity (the corresponding
L error is about 10~2 or less). The orders of convergence are close to 1.

Conclusion. The numerical results show that the HJ-schemes that we propose
are very accurate and faster than our implementation of the methods of Go-
dunov and Harten. We observe that the general HJ-scheme stays very close to
the solution wherever it is continuous (in particular, look at the results for Test
2): in fact the main contribution to its L! error is given by the jump around
the shocks (see Test 4). Even better results can be obtained for large time steps
and small mesh sizes (see Tables 9 and 11). ,

Finally, we observe that, for the same L! error, the CPU times of the general
HJ-scheme are drastically lower than those of the other methods.
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