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NUMERICAL EVALUATION OF SURFACE INTEGRALS
IN THREE DIMENSIONS

DAVID CHIEN

ABSTRACT. In this paper, we consider the evaluation of surface integrals over
piecewise smooth surfaces in three dimensions. The method consists in first
replacing a parametrization for the surface and the integrand function by piece-
wise polynomial interpolants of them, and second, using a numerical integration
scheme for the resulting integral. The order of convergence is higher than would
be expected based on the underlying interpolation theory.

1. INTRODUCTION

An efficient numerical integration scheme for surface integrals is important in
boundary element methods. This paper investigates a method which consists in
first replacing both the integrand function and a parametrization for the surface
by piecewise polynomial interpolants of them, and then applying a numerical
integration scheme to the resulting integral.

Let the surface S =S,US,U.--US;, where each Sx is a smooth surface.
Let Fx : Rx <L R3, Ry c R?, be a smooth parametrization of the surface
Sk in R3, with DsFx(s, t) x D,Fx(s, t) # 0 at all points. For each K,
consider the evaluation of the surface integral

(L.1) js £(Q)dSg = /R f(Fi(s, 0) | DeF(s, ) x DiFi(s ) | dsd,

where f is a given continuous function defined on S, and smooth on each
Sk .

In this paper, we approximate the function f and each parametrization
Fx by polynomials of degree n and r, respectively. Thus, we approximate
the integration (1.1) by evaluating

(1.2) / Fu(Fx(s, 1)) | DoFic(s, t) x DFi(s, 1) | dsdt.

Also, we approximate the integration (1.2) by using various numerical integra-
tion schemes.

Recently, Georg and Tausch [8] have investigated the rate of convergence
for the case in which the surface parametrization is approximated by piecewise
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linear interpolation. They obtained asymptotic error results when using integra-
tion rules with degree of precision zero and one. Verlinden and Cools [12] and
Lyness [10] have independently proved a conjecture from Georg and Tausch
[8], obtaining a full asymptotic expansion of the error.

In this paper, we refine the surface S with uniform subdivision, and the
results and their proofs are valid for sufficiently smooth integrand functions.
Schwab and Wendland [11] carry out a detailed analysis for the singular surface
integrals arising in solving boundary integral equations. Also, Yang and Atkin-
son [13] show how the singular case can be treated by composite quadrature
with nonuniform subdivision.

We introduce the method of discretization in §2, and describe the method
of interpolation for the integrand function and the surface parametrization in
§3. Section 4 gives the error analysis when using (1.2), and §5 has the error
analysis for the numerical integration scheme. Section 6 gives some numerical
examples, which illustrate the theorem in §5.

2. THE TRIANGULATION AND REFINEMENT

As discussed in Atkinson [1], we assume the surface S can be written as
(2.1) S=8uUSUuU---USy,

where each S; is a closed, “smooth” surface in R3. The only possible inter-
section of a pair S; and S; is to be along a common portion of the edges
of these two subsurfaces. We assume that each S; has a parametrization in
a region of R?Z, with the parametrization r+ 3 times continuously differen-
tiable. In this case, we say S is piecewise smooth. By a smooth surface, we
mean that for each point P € S there is a neighborhood on S of P having
alocal r+3 times continuously differentiable parametrization in ‘R2 with
the Jacobian of the transformation not vanishing.

For a smooth surface S, we also assume that the integrand f can be
extended into a neighborhood of S, with preservation of its differentiability as
afunctionon S§. For S piecewise smooth, as in (2.1), we assume that f |s,
has a smooth extension to a neighborhood of Sk, for each K . The required
differentiability of f depends on the degree of the interpolant, i.e., if f is
approximated by a polynomial of degree n, then f € C"*2(Sk). Thus Sk,
for each K, should admit an at least n+2 times continuously differentiable
parametrization Fx . For a partial discussion of the existence of extensions of
f preserving differentiability, see Giinter [6, p. 10]

The surface S of (2.1) is divided into a triangular mesh

(2.2) {Agk,N|1<K<N},

where N is the total number of triangles on the surface S. Each §; is
to be broken apart into a set of nonoverlapping triangularly shaped elements
Ak, N; , about which we say more below. In referring to the element Ak, n, the
reference to N will be omitted, but understood implicitly. Define the mesh
size of (2.2) by '

oy = max diam(Ag),

» 1<K<N
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FIGURE 1. The unit simplex

diam(Ax) = max |[p-gq]|.
p,q€A
Let ¢ denote the unit simplex in the st-plane
o={(s,8)|0<s,t,s+t<1}.

Let py,..., pe denote the three vertices and three midpoints of the sides of
o, numbered according to Figure 1. .

One way of obtaining the triangulation (2.2) and the mappings from ¢ to
each Ak is by means of a parametric representation for the region S; of
(2.1). Assume that for each S, there is a mapping

.

1-1 .

(23) Fj:Rj —— §;, 1<j<J,
where R; is a polygonal domain in the plane and Fj € C™*3(R;). Then
the mapping of a triangulation of R;, using F;, yields a triangulation of
Sj. Since the R;’s are polygonal domains and can be written as a union of
triangles, without loss of generality, we assume in this paper that the R j’s are
triangles. A paraboloid with top is a good example of an S that satisfies our
assumptions; but a circular cone is an example of an S for which some of the
above assumptions are not valid, because of the discontinuity of the gradient at
the vertex. ‘

Let Ax be an element in the triangulation of R;, and let ;, ,, and
U3 Dbe its vertices. Define

(2.4) mg(s, t) = Fj(uv + tv + 573), =1-s-t, (s,t)€o0,

andlet Agx be the image of Ax under this mapping. Also, if any two elements
in this triangulation have a side in common, then their intersection will be an
entire side of both triangles. Most surfaces S of interest can be decomposed
as in (2.1), with each S; representable as in (2.3). Also, the surface S
could be smooth, and we would often still want to decompose it as in (2.1).
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FIGURE 3. A Symmetric pair of triangles

The mapping (2.4) is used in defining interpolation and numerical integra-
tion on Ag . Introduce the node points for Ax by

vj,K=mK(pj), j=1,...,6. )
The sequence of (2.2) will usually be obtained by successive refinements. The
reﬁnemenl process is based on connecting the midpoints of the sides of a given
element Ag. Given {¥;,..., s}, connect ¥, Us, Us by lines parallel to
the sides of ZK , as in Figure 2, producing four new triangular elements. The
new elements all are congruent, and they are similar to ZK . More importantly,

in a triangulation of a polygonal region, any symmetric pair of triangles, as
shown in Figure 3, has the following property:

(25) 171 - 172 = —(17| - 174) and 17| - 173 = —(171 - 175)
3. INTERPOLATION

We use Lagrange polynomials to define our polynomial interpolation. As
an example, introduce the basis functions for quadratic interpolation on o .
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Letting u = 1 — (s +¢), define

his,)=uu-1), bL(s,)=1tQ2t-1), bI(s,1)=s2s-1),
14(S, t) = 4tu, lS(S, t) = 4st, 16(5, t) = 4su.

The functions /j(s, t) are quadratic Lagrange polynomials satisfying
li(pj) = 6ij.

Define a corresponding set of basis functions {/; x(¢)} on Ag :

i k(mg(s, 1) =1i(s, 1), 1<j<6, 1<K<N.
Given a function f € C(S), define
6
(3.1) ful@) = fw;, )l k@), q€Ax,
j=1
for K =1,...,N. This is called the piecewise polynomial interpolation of

S/ on the nodes of the mesh {Ax} for S.

Other kinds of interpolation can be used, such as piecewise cubic interpo-
lation in the parametrization variables, and in this case, we need ten node
points, p;,..., P10, and ten basis functions for the interpolation on o.
For any degree n, it is possible to define the needed interpolation by using
(n+1)(n+2)/2 uniformly spaced points on ¢.

The integrand function f(mk(s,?)), (s,t) € g, is approximated by a
polynomial of degree n in (s, 1) :

ng
f(mk(s, 1) = fa(mg(s, 1)) =D f(mx(p)l(s, 1),

j=1
where n; is the number of node points required for a polynomial of degree
n. o
Because it is difficult or inconvenient to calculate the derivatives of parametri-
zations of many surfaces .S, we use an approximate surface Sy _with a parame-
trization that is easy to differentiate. The approximate surface Sy is composed

of elements A;,..., Agx, with Ax an interpolant of Ag . Define
v kli(s, 1)
Tq
m(s, 1) =Y mx(pp)li(s, t) = | T, v2 klis, )| , (s,) €0,

Jj=1

Y v} kli(s, 1)

where v! . isthe ith coordinate of mk(p;),and r; isthe number of node
points required for a polynomial of degree r. Thus, mk(s, t) interpolates
mg(s,t) at {py,..., p,}, and each component is a polynomial of degree
r in (s,t).

In this paper, the interpolation methods we use for an integrand function
f and the surface parametrization m are not necessarily the same, i.e., we
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could have two different sets of node points and two interpolants with different
degrees for f and m. Later on, we will introduce a numerical integration
scheme, and we could have yet another set of node points. Thus, there might be
up to three different sets of node points used in this paper, although in practice,
we often have them coincide.

4. APPROXIMATION OF INTEGRALS

The following is the criterion for choosing node points on each Ak, and it
is important to the proof of Theorem 4.2.

Criterion 1. Let g(s,?) be a polynomial of degree r+ 1. Let {/(s,?)}
be the Lagrange polynomials of degree r, and let {pj};“=l be the associated
interpolation points on o . Let

g(s, )= glp)li(s, )

i=1

be the Lagrange form of the interpolating polynomial. Choose the node points
such that

9 ,

[ 215660 66, O1dsae 0

and | , |
ba—t— (8(s, t) - gr(S, t)]det =

In this paper, using the evenly spaced node points (id, jé), 0<i,j,i+
j<r,d=1/r,with r even, satisfies the Criterion 1, and we prove it in the
following lemma.

Lemma 4.1. Using evenly spaced node points on & and the Lagrange form of the
interpolating polynomial of degree r, with r > 0 and even, satisfies Criterion 1.

Proof. We have

/ [g(s, ?) gr(s,t)]dsdt
1-¢ F)
@y = [ [T e 0- s, mdsar

1
=/0 gl —1, ) &(1 1, )]~ [£(0, ) — £(0, O]} dsa.

Examining (4.1), we can see that g(0, ¢t) — g,(0, ¢) is a polynomial of degree
r+1 in t¢. On the line segment {(0, ¢): 0 <t < 1}, the interpolation node
points are {(0, 0), (0, 1/r),..., (0, 1)}. Using the error formula for the
interpolation error in one varlable, we have

/ [é(O, t)—g(0, t)]dsdt = 0.
0
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With a similar argument, we can show

1
/ [g(1—1, 1) - g(1 -1, O]dsdt = 0,
0

based on examining the interpolation error on the line segment {(1—¢,¢): 0 <
t < 1}. Therefore,

[ 5 let. 08 s, ldsdr =0

and
/ A [g(s, t) — g (s, t)]dsdt =0.
- Ot
This completes the proof. O

Criterion 1 imposes implicitly conditions for choosing node points, and Lem-
ma 4.1 shows that evenly spaced node points satisfy the criterion. Although
Lemma 4.1 did not emphasize any symmetry for the nodes, a symmetry re-
quirement could be essential to showing Criterion 1.

In light of Lemma 4.1, we henceforth choose evenly spaced node points on
o, and we use the Lagrange form of the interpolating polynomial. Note that
if the degree of the interpolant is r, the number of node points, r;, can be
calculated by the following formula:

_(r+1)(r+2)
a= 3

We state the first result below, in which we investigate the error of using (1.2)
to approximate (1.1).

Theorem 4.2. Let S be a piecewise smooth surface in R®. Let 6 be the
mesh size of the triangulation {Ag n} of the various regions R;. Use the
Lagrange interpolating polynomials of degree n to approximate the integrand
function f, and use interpolation polynomials of degree r > 0 to approximate
the parametrization functions mg . Also, choose two sets of equally spaced node
points for approximating f and S over each triangular region. Define

r= n+1 if r isodd

- r+2 if r iseven, ~ n+2 if r iseven,
. . n
r+1 if r isodd,

Then
E = /S £(Q)dS, - /g'mQ) dSg = 0(3),

where u = min{7, 7}, S =8 U---US;, and f e C™(S)NC(S), i=
1,...,J.

We prove the theorem by using the following three lemmas. The first lemma
examines the error of approximating the surface S, and the third lemma com-
putes the error of approximating the integrand function f . The second lemma
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estimates an intermediate term which does not have an intuitive meaning. Write

E - / 1@dso - [ 7@ ds

(4.2) —Z f(mx(s, 1)) | Dsmg x Dymy | dsdt
K=1Y¢

. _
=Y | fulmk(s, 1)) | Dsing x Dynk | dsdt
K=1Y¢

with f, denoting the piecewise polynomial of degree n interpolant of f.
Decompose E; as

E\=E+E;+E;3,

N
Eu=3" [ f0m(s, 0)(| Dmy x Dimy | - | Defig x Difg dst,

N
E=3 [Ufmx(s, 1) = fulmx(s, 0))| D x Difig |
k=179

— | Dsmg x Dymg |)dsdt,
N
Eiy=Y [Ufmk(s, ) - futmx(s, 0)) | Doy x Domc | ds .
Kk=1Y° .

As in equation (2.4), we let

x!(uV), + 1, + 573)
(4.3) mg(s, t) = Fj(uly + 0, + sU3) = |x%(u¥ + 10, + sU3)
x3(u17| + 1V + 5U3)

forsome j and u=1-s—1¢, (s,7) €0, xi € C*3(R)), i=1,2,3.
Since the x' are funptions of s and ¢, and also of x and y, we use
both x!(s,t) and x'(x, y), with the context indicating which is intended.

Lemma 4.3. Use the Lagrange form of the interpolating polynomial of degree
r > 0 to approximate the surface parametrization m as in (4.3). Define

s r+3 if r iseven,
T \r+2 if r isodd.

Then for each Ak,

/ F(mx(s, 0)(| Dsmx x Dimy | — | Dsfx x Dyfig | dsdt| < C3%,
(/4

where 31( is the size of Ax,and C dependson f and {F;}.
Proof. Let

6 .
Xi(s,0) =) xi(s;, tj)li(s, 1), where (s;,8;)=p;, i=1,2,3.
j=1
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By using the Taylor error formula, we have
xi(s, 1) = %i(s, t) = H'(s, 1) + G'(s, 1) + O3,

where
; 1 ( a 2)"'{'1 ;
H'(s,t)= ( T +t6t x'(0, 0)

5.0 8 .
‘Z(Sfa + t;a)’“x’(o, 0)(s, t)| »
Jj=1

r+2
Gi(S, t) = G—Il—z—)i [( aa +t~g;> xi(O, 0)

r+2
—Z <Sj +1ia gt) xi(o’ 0)/;(s, t)] >

and 0(3,’(*“3) comes from the (r + 3)rd derivative of x‘(s, ¢). Note that
the derivatives of x’ with respect to (s, ) give rise to formulas involving
U, — 07 and 73— ;. For example,

; 0 i~ o~ P~ o~
Xxs(s,8) = &x’(uvl + tvU; + sv3) = Vx' - (V3 — 1)

; i i T . .
with Vx! = % R % . Using the Taylor error formula and expanding
functions at (s, ¢) = (0, 0), we obtain

| Dsmk (s, t) x Dymy(s, t) | — | Dsmk(s, t) x Dimk(s, ) |

=E(r+2)(sa t; 62_171, 173_171)
+ E(r+3)(s, t; D~ 01, 03— 1) + 0@,

E(r+2)s,t; 9, -7y, U3— 1)
= {(x2x} — x3x; Dx2H? + x)H? — x2H} — X} ZH3)
+ (3xt = x!xH3H! + X H? —st3 - xHN
+ (elx? = x2x)[x!H? + x2H} — x2H! — x! H}}/ | Dsm(0, 0) x D;m(0, 0) | .

Note that x! and x/ are the abbreviations of x/(0, 0) and x/(0, 0),
respectively, whereas H! and H/} are functions of (s t). The error term,

E(r +2), is the collection of terms which are of order r+2 in J. When r
is even, E(r +2) has the following property:

E(r+2)(s,t; —(0,—0y), —(03—01)) = E(r + 2)(s, t; U2 — 01, U3 —¥y).

We do not give the explicit formula of E(r + 3) here, but it is the collection
of terms which are of order r+3 in . Itissimilar to E(r+2), and it is
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an “odd function” of J:
E(r+3)(s,t; —(0,—-11), —(03—01)) = —E(r+3)(s, t; U2 -0, U3—17y).
Expanding f(mk(s, t)) about (s,t)=(0,0), we have
f(mk(s, t))(| Dsmk(s, t) x Dimk(s, t) | — | Dsmg(s, t) x Dymg(s, t) |)
(4.4) = f(mk(0, 0)) (E(r+2)+ E(r+3))
+[s£i(mk(0, 0)) + tfy(mk(0, ONIE(r +2) + O(3™+*).
Case 1. If r iseven, Lemma 4.1 shows

(4.5) /E(r+ (s, t; B — By, By —0y)dsdt = 0.
g
Therefore,

[ fomx(s, 01 Dt ) x Dim(s, 9
’ — | Dymk (s, t) x Dymk(s, t) |)ds dt
= IE(r+3)(s, t; B — 0y, 03— 0;) + 0(352),
where
l IE(r+3)(s, t; U, — vy, U3 — 7))
= [fime0, 0)EC +3)
+ [s£i(mx(0, 0)) + tfi(mx (0, 0)IE(r + 2)}ds dt.
‘Thus, this shows that
/ F(mx(s, )(| Dsmx(s, t) x Dym(s, ?) |
’ — | Dying(s, t) x Dyik(s, t) |)ds dt
= 0(8"™?) for every Ag.
Note that
(46 IE(r + 3)(s, t; —(0, — 0 A) _(F’ - 61)1
=—IE(r+3)(s, t; v — 01, U3 — )

and this odd function property will play an important role in the next lemma.
Case 2. If r isodd,

IE(r+2) E/E(r+2)(s, t; By -0y, By —Dy)dsdt £ 0,
(2

but IE(r+2) has the same property as IE(r +3) in (4.6). Hence, when r
is odd,

/f(mK(S, )| Dsmk (s, t) x Dymk(s, t) | — | Dsmk (s, t) x Dimk (s, t) |)ds dt

is 0(07+2) for every Ax. O
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Lemma 4.4. There holds Ei; = O(3") .
Proof. For r even, consider a symmetric pair of triangles, as in Figure 3. For
the parametrizations of the two triangles, use

my(s,t) = F(ui)} + 10, + S’l73) ,

my(s, t) = F(uv) + tU4 + sUs).

Then,

2
> [ fomx(s, 0)(1 Dumx(s, 1) x Dim(s, 0|
k=1Y°¢

— | Dsmk(s, t) x Dymg(s, t) |)ds dt
=1E(r+3)(s, t; U301, 03— 01) + IE(r + 3)(s, t; Vs — V1, Us— 1))
+O(3LH).

Using (4.6) and (2.5), we have

IE(r+3)(S',t; ’62-—171, 63—’(71) + IE(I’+3)(S,[; 174—171, 175—’(71)
=IE(r+3)(s,t;62—t71, i)\3_5)\1) '
+ IE(r+3)(s, t; =(02—01), —(U3—-7y))
=0.

Thus, cancellation occurs on each symmetric pair of triangles, and the error
contributed by each such pair of symmetric Ax is O(6"+*). If there are n?
triangles for each R;, we have (n} —n;)/2 pairs of triangles with error of

0(3”“) ,and n; remaining triangles with error of 0(3’*3) . We also can see
that

3%1/”_,’.

Therefore,
Ey = (n}—n))0(@™*) + n;0(d) = C- 0@,

i.e., the global error from using the Jacobian determinant of the approximate
surface is O(6"*2).
If r isodd, IE(r+2) hasthe same propertyas /E(r+3) for r even,and

we can use the same argument as above to get the global error of 0(3’“) . 0

Lemma 4.5. Use the Lagrange form of the interpolating polynomial of degree n
to approximate the integrand function f, and use interpolation of degree r >0

to approximate the surface parametrization m. Then, E\; = o(sn+r+hy
Proof. Let

flmg(s, 1)) = fu(mk(s, t)) = Hy x(s, t) + O@"*?),
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where

1 F) 9 n+l
Hp (s, t)= CES) [(Sa + 157) f(mk(0, 0))

nd n+1
- Z (Sjba; + tjg—t) f(mg(0, 0))1](3, t)} .

j=1
Since »
f(mk(s, 1) = fulm(s, 1)) = O@E"")
and
| Dymy x Dymg | — | Dsing x Dyfng | = O(87*2)
forevery (s,t)€o andfor K=1,..., N, we can conclude that

/[f(mK(S, 1)) — fa(mk(s, 1))1(| Dsmg x Dymg | — | Dsthg x Dymg |) ds dt
a

- 0(gn+r+3)'
Therefore, the global error of E;; is 0(3”*”9). O

Lemma 4.6. There holds E;3 = O(3").

~ Proof. If n is even, for every (s,?) in o we can expand about (s, ?) =
(0, 0) to obtain

[Uftomx(s, 0) = fatrmels, 0)1| Dumic x Do | ds d
@7 o R
- / Hy x(s, 1) | Dym(0, 0) x Dym(0, 0) | dsdt + O(@F"™*).

Thus, we have proved that E;; is of order n+ 2., But, if n is odd,
the cancellation does not occur and we can only prove that E;; is of order
n+l. O

5. THE NUMERICAL SCHEME

In §4, we computed (1.1) by evaluating (1.2) analytically. Here we will eval-
uate (1.2) numerically and examine the error. Let {w;} represent the weights
appropriate for the numerical integration scheme, and let {u;} be the node
points on ¢ . Note that the node points u; are not necessarily the same
as the node points we use for constructing the approximation of the integrand
function f and the surface parametrization m. Therefore, we could have
three different sets of node points involved in this paper. One thing to remem-
ber is that the node points for the numerical integration scheme do not have to
be evenly spaced, in contrast to the way we chose node points for interpolation
in §4.
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Consider the general numerical integration scheme

N
[ 1@ 1dso =3 [ fimx(s, 0)| Dimx x Dimc | dsdt
S K=1 ag

N ug
~ Y Y w; fulmk(u))) | Dsing(uj) x Dk (u;) |,

K=1 j=1

(5.1)

where u; is the number of node points required for the numerical integration
scheme, and u is the degree of precision of the integration scheme, i.e.,
the scheme integrates exactly all polynomials of degree less than or equal to
u . Using the numerical integration scheme to approximate (1.1), we have the
following theorem. In order to prove the theorem, we have to assume that f
and mg foreach K =1,...,J areatleast u+2 times continuously
differentiable because the numerical scheme being chosen has degree of precision

u.

Theorem 5.1. Let f, f,, m, and m be defined as in §4 and choose a numer-
ical scheme which has degree of precision u. If u>r, then

E2—Z f(mk(s, t)) | Dsmg x Dymg | dsdt
Kk=1Y0
N  pa
- 3> w; fulm(u))) | Dsix (uj) x Dy (u;) |

K=1 j=1
= 0(6Y),
where u=min{#i, 7}. If u<r, then E,= O(6"), where u = min{ji, n}
with i=u+2 if u iseven, and ji=u+1 if u is odd.
Proof. In order to analyze the error, we decompose the error into four parts:

E), = Ey +En+E;x+Ey,

where

N
En=% / f(mk(s, 1)) | Dymx x Dymy | dsdt

N ug
= > w;f(mk(uj)) | Dsmg(u;) x Dymg(u;) |,

K=1 j=1

N i

Ex =YY w;if(mg(u;)(| Dsmg(u;) x Dym(uy) |
K=1j=1

— | Dsmg (u;) x Dymk (u)) |)
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N na

Ey =y ) wilf(mx(u))) = fa(mg(u;))(| Dsiig(u;) x Dying (u) |

K=1j=1
— | Dsmg(uj) x Dimg(u;) |),

N pi

Ex=Y_> wlf(mg(u;)) — fa(m(u;))]| Dsmg(u;) x Dymg(u)) | .

K=1 j=1

E,, is the error from the numerical integration, and FE,;- E,; are the errors
from using the approximate surface m and integrand f,. For notation, recall
that f,, w, 7,and 7 are defined as in §4.

Lemma 5.2. If the numerical l’fttegration scheme being chosen has precision of
degree u,then Ej is O(3*).

Proof. This is a standard result and we omit the proof. O

Lemma 5.3. If the degree of precision of the numerical scheme, u, is less than
r, which is the degree of the Lagrange interpolant of the surface parametrization,

then Ey» =0(") if r isevenand Ey = O0(6™") if r isodd If u>r,
then Ey = 0(5").

Proof. Using (4.4), we have
f(mg(s, 8))(| Dsmk(s, t) x Dymg(s, t) | — | Dymg(s, 1) x Dymk(s, 1) |)
= f(mg(0, 0))(E(r+2) + E(r + 3))
+ [sfs(mk(0, 0)) + tfi(mk(0, 0)]E(r + 2) + 0(3’*4).

We divide the proof into two cases.

Casel. u>r.If r iseven, (4.5)istrue. Since E(r+2) isa polynomial of
degree r in s and ¢, and the degree of precision of the numerical scheme
is equal or higher than r, we have

Hd
S wiE(r +2)(uj; B2 =0y, 03— 0y)

Jj=1

=/E(r+2)(s, t; By =By, By —Dy)dsdt = 0.
g

An argument similar to the one in the proof of Lemma 4.4 completes the proof
in this case.

Case 2. u < r. In this case, (4.5) is not trué, and the error contributed by each
Ag 1S 0(6,’9‘2) . Therefore, the global error is O(6”) if r iseven, and it is
O(6"*!) because cancellation occurs when r isodd. O

Lemma 5.4. There holds Ey; = O(3™+!).
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Proof. This is a direct application of Lemma 4.5, and the degree of precision
of the numerical scheme does not affect this result. O

Lemma 5.5. There holds Eyy = O(8").

Proof. Replacing the integration in (4.7) by a numerical scheme, we get the
result. Also, this result is not affected by the degree of precision of the numerical
scheme which we choose to use. 0O

Combining Lemmas 5.2-5.5 yields the assertion in Theorem 5.1. O

6. NUMERICAL EXAMPLES

We give two sets of numerical examples by using the methods analyzed in
§5. All of the numerical examples of this paper were computed on an HP 700
series work station and were computed by using the boundary element package
from Atkinson [3].

The first set of numerical examples gives results for the 3-point numerical
integration method. Thus, we approximate the integrand f and the surface
parametrization m by piecewise quadratic polynomials and we approximate
the integration by the formula

1 6
6.1) [ s, vdsde = ¢S ko)),
g j=4

which has degree of precision two over ¢ . This numerical scheme uses three
midpoints, and all the three sets of node points are the same.
Consider the numerical evaluation of

I= /S F(Q)dS,,

(6.2) 5
—_— —_ V4
F(Q)—F(X,y, z)_anQ(e)'
The exterior unit normalto S at Q is ng. For S we first take the ellipsoid
given by
x2 2 22
? + Ei + 27 =1.

We have
_ 2abr

I — [(c— 1) + (c+1)e™] .
c
The normal derivative in the definition of F is done exactly. The results are
given in Table 1. The column labelled Order gives the logarithm to the base

TaBLE 1. Ellipsoidal surface with (a, b, c) = (1, .75, .5)

N Error  Order
8 2.39E -1
32 328E-2 2.87
128 2.51E-3 3.71
512 1.66E—-4 3.92
2048 1.05SE-5 3.98
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TaBLE 2. Elliptical paraboloid surface with (a, b, ¢) =(1, .75, .5)

N Error Order
8 —429E-2
32 -1.19E-2 1.85
128 -1.79E-3 2.73
512 -195E-4 3.20
2048 -1.80E-5 3.43
8192 -1.52E—-6 3.57

TaBLE 3. Elliptical paraboloid surface with (a, b, ¢) = (1, .75, .5)

N Error Order

8 -—-137E-1
32 -1.41E-1 -0.04
128 —4.66E -2 1.60
512 -1.25E-2 1.90
2048 -3.17E-3 1.98

two of the ratios of successive errors. Thus for u = Order, the error at the
node points is behaving like O(d%).
The second surface we use is an elliptical paraboloid

2 2
xX* Y
?4"35—2, OSZSC,

together with the “cap” of points (x, y, z) satisfying

2 2
Z—Z + %5 <c, z=c.
The numerical results for this surface are given in Table 2. The integral and
integrand are given in (6.2), the same as for Table 1. This numerical example
shows that the order of convergence approaches four more slowly than for the
ellipsoidal surface.
In the next example, we use three vertices to construct the numerical scheme:

1 3
/ah(s, t)ds dt ~ B—fgh(pj)

which has degree of precision one over o . As in the previous examples, we use
piecewise quadratic approximation of the surface, but use linear interpolation
for the integrand. Thus, we would expect the rate of convergence to be two,.
and Table 3 agrees with this.
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