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INTERIOR MAXIMUM-NORM ESTIMATES
FOR FINITE ELEMENT METHODS, PART II

A. H. SCHATZ AND L. B. WAHLBIN

ABSTRACT. We consider bilinear forms A(-, ») connected with second-order
elliptic problems and assume that for u, in a finite element space S) , we have
A(u —uy, x) = F(x) for x in S, with local compact support. We give local
estimates for u — u, in Lo and WL of the type “local best approximation
plus weak outside influences plus the local size of F .

1. INTRODUCTION

This is the second in a series of papers on local estimates for finite element
methods. Our main aim here is to extend the maximum-norm interior estimates
given in the first part, Schatz and Wahlbin [10], and to give some new interior
estimates in W . As a by-product of our proofs we also obtain an extension
of the global W, stability results of Rannacher and Scott [9] from two to an
arbitrary number of space dimensions. In order to describe the results, we shall
first need some notation. Some familiarity with the first part of this paper would
be helpful to the reader.

Let then & be a bounded domain in RN, N > 1, and let $" = $"(2) C
WL (Z), 0 < h < 1/2, be a one-parameter family of finite element spaces

(the “ h-method”). We shall use standard terminology for W,”, W and their
associated norms and seminorms. For a domain Q C 2 we let S*(Q) denote

the restrictions of functions in S to Q, and we let S$”(Q) denote the set
of those functions in S#(Z) with compact support in the interior of Q. We
consider a basic domain Q( and also Q; with Qy cc Q; C &, where d =
dist(9€Q, 02,) . We shall assume that the meshes are locally quasi-uniform of
size A ; we shall then require

(1.1) d >coh for ¢y >0 large enough.

Let now u be a function on Q; and u;, € S*(Q,) be such that

(o)
(1.2) Aw—uy, x)=F(x) for xeS"(Qy).
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Here,

Al ov ow
(1.3) A(v, w) /( Z aij(x +Z a;(x) —w+a(x)vw)a’x

ax; Ox;
i,j=1 ! J

where the coefficients a;;, a; and a are sufficiently smooth in Q, and the a;;
satisfy the uniform ellipticity condition

(1.4) }j x)&&; > calé]’ for &€ R",

i,j=1
with cg > 0 independent of x in Qg. No coercivity condition, local or
global, will be assumed for our main results. Further, F(¢) is a bounded linear

o
functional on W1(Q,).

In the first part of this paper, [10], we gave local maximum-norm estimates
for the error e = u — u,, satisfying (1.2) in the case of F = 0. Here we shall
extend those results to the case of nontrivial F, and also give estimates for the
gradient of the error.

Nonvanishing functionals F as in (1.2) arise in a variety of situations. Typ-
ically, they represent a perturbation term for quantities which do not quite sat-
isfy the original Ritz-Galerkin equations: For example, in Nitsche and Schatz
[8] and in Cayco, Schatz and Wahlbin [2], they occur naturally in proving su-
perconvergence estimates for difference quotients. Again, in [2], they will be
necessary in analyzing the behavior of finite element methods on meshes which
are locally isoparametric approximations of smooth mappings of translation
invariant grids. In Schatz, Sloan and Wahlbin [12] they arise in investigating
superconvergence on meshes which are locally symmetric with respect to a point.

In this paper (§5) we shall give an application to local maximum-norm esti-
mates for gradients when numerical integration is taken into account.

We proceed to state our two main results. The technical assumptions A.0-
A.5 referred to below are given in detail in an appendix. We first give a local
maximum-norm error estimate. As in [10], 7 = 0 or | according to whether
the optimal order r of approximation in L, is greater than or equal to two,
respectively.

Theorem 1.1. Given 1 < q < oo and s a nonnegative integer, there exists a
constant C depending only on q, s, N, the constant cq in (1.1), the ellipticity
constant cg in (1.4) on Qg , the maximum norm of the coefficients of A and
a sufficient number of their derivatives in Q,, and also the constants involved in
A.0-A.5 over Qg , such that if e = u — uy, satisfies (1.2), then

lellz.. ) < C(Ind/h) min|lu - x|l (@,
XESH

(1.5) + Cd™Mlelly -, + ChInd /AY|IIFIl| -1 .o .,
+Cnd/MIFl|-2.c0.0,

Here,

(1.6) IFN-1 0.0, = sup  F(p),

PEW(Qy)

|¢|urllmd,=|
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and

(L.7) NEN-2,00,0,= sup F(g).
PEWT(Q,)
|¢|W|2(Qd)=1

Our second main result is a corresponding estimate for gradients.

Theorem 1.2. Under the conditions of Theorem 1.1,

lelwy @) + d_1||€||Loo(Qo)
i -1
(1.8) < C)r(rélsq (|“’X|W°10(Q,,)+d ||u—x||Loo<g,,))

+Cd™' = Mlell gy + CIn(dWIFIl|-1 o, 0,

Remark 1.1. In some applications, F(¢) (for ¢ € W1(Q,)) is “naturally” given

from F(x) (for x € S"(Qy,)), see, e.g., [2], [12]. In other applications, e.g.,
our present one to numerical quadrature in §5, useful estimation of F involves
steps which require that y € S*. In (1.2) the functional is seen only by how

it acts on S"(Q,). Since S"(Qy) € W!(Q,), we may then assume by the
Hahn-Banach extension theorem that we actually have

HEN-1,00,0, = sup F(x)
€S (Qy)

|X|W]l(nd)=l

in Theorem 1.1. O

We shall next discuss the relationship of these results with earlier work. In
the analogous cases of local error estimates in L, and W,!, respectively, they
were given in [8]. As already remarked, the case of Theorem 1.1 for F =0 is
contained in [10]. To the best of our knowledge, a complete proof of Theorem
1.2, even in the case F = 0, has not been published. (In Chen [3] the author
assumes that the global two-dimensional results of [9] generalize to arbitrary
space dimension N . He also makes an intuitively reasonable claim concerning
suitable mesh perturbations [3, p.3, following Eq.(3.1)] which, however, appears
hard to substantiate in a rigorous manner.) Our proofs are based on the tech-
niques of [10] and the idea of a regularized Green’s function from [9]. Without
using a regularized Green’s function, a straightforward application of the tech-
niques of [10] would introduce an unnecessary factor (Ind/h)" in Theorem 1.2,
cf. Remark 3.1 below. For the necessity of the factor (Ind/h)" in Theorem 1.1
we refer the reader to Haverkamp [6].

As a by-product of our proof we also obtain an extension of the global W. -
stability results of [9] in two space dimensions to arbitrary space dimension.
This is briefly discussed in §4.

An outline of the paper is as follows. In §2 we collect various preliminary
results, which will be used in the proofs of Theorems 1.1 and 1.2, given in
§3. As already mentioned, in §4 we will show how global results follow from
our techniques and, in §5, we give an application to numerical quadrature. We
conclude with an appendix in which we state our basic assumptions A.0-A.S.
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2. PRELIMINARIES

For the convenience of the reader we shall first collect some technical results
which will be used in our proofs of Theorems 1.1 and 1.2. As we will see at the
beginning of §3, we shall only need these technical lemmas in the case that the
domains are balls of unit size. Let thus B, denote a ball of radius r around a
point X .

Our first result pertains to the following conormal Neumann problem in
Bycca:

ov

— =0 on JBs.

on L 3

Here, L is the second-order differential operator naturally associated with the
form A4 in (1.3), which is in this context assumed to be coercive over W, (Bj3),
1.e.,

(2.1) Lv=finB;,

(2.2) A, v) > cco||v||%,,,2,(33) with ¢, > 0.
From Krasovskii [7], e.g., we have the following:

Lemma 2.1. Let the form A be coercive over W, (Bs). There exists a constant
C such that for G(x, y), the Green’s function for the problem (2.1),

IDEDEG(x, y)| < Clx — y| V2148l for |a+ B >0, x,y € Bs.

The constant C depends on «, B, cui, various norms of the coefficients and
their derivatives, and on the coercivity constant Ce, .

We shall also need a priori estimates in  L;-based norms for the problem
(2.1), as well as for the problem

(2.3) Lv=DifinB;. 2% —0 on 9By, i=1,....N.

BnL
Lemma 2.2. Let the form A be coercive over W) (Bs). There exists a constant
C independent of q, 1 < q <2, such that for v satisfying (2.1),

C
||U||wa(33) < q_:—1||f||Lq(Bg)-

Similarly, for v in (2.3),

9wy < =1 e

Essentially, these results can be found, e.g., in Schechter [13]. In the lemma
above we require a rather exact dependence on ¢ . For this, one needs to trace
the constants through a proof (and we have found Gilbarg and Trudinger [5,
Chapter 9] a convenient place for doing so, with appropriate modifications in
that they treat a Dirichlet problem rather than a Neumann problem). Let us
remark that Lemmas 2.1 and 2.2 also hold for the adjoint operator L* and, in
83, will be applied to this case without explicit mention.

Our next lemma has to do with cutting down functions in S* to have compact
support. It is an easy, indeed trivial, consequence of our superapproximation
hypothesis A.3, cf. [10, Prop. 2.2].
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Lemma 2.3. Let D, cC D, cC D3. There exists a constant C such that given
X € S"(D3), there exists n € S"(D3) with n=x on D, such that

X = nllwyps\pyy < CllXllwy(Dy\Dy)

and
Inllz,5) < Clixl, ;) for 1< g < oo,

We now state a well-known error estimate for Galerkin approximations in
the problem (2.1).

Lemma 2.4. Let the form A be coercive over W,!(B3). There exists a constant
C such that if v satisfies (2.1) and v, € S"(B3) satisfies

(2.4) AW —vy, 2)=0 for xeS"(By),

then
2
v — vallL,85) + Allv = Vallwy sy < CAEN S llLyBy)-

The standard proof uses extensions of functions beyond B; and relies on the
fact that the mesh on Bj is actually formed by intersecting B3 with a “quasi-
uniform” mesh having the appropriate approximation properties for extended
functions.

Our final technical preliminaries are concerned with local estimates in W' .

Lemma 2.5. Let the form A be coercive over W, (B3). Let xo € By, dj =27/
and Qj={x € By :d; <|x —xo| <dj_1}, for dj > coh, co > 0 large enough
(cf. (1.1)). Further let

{ Qj+1 UQjUQj_l if Qj.H CcC B3,

(2.5) Ql =

j Qj.,_lUQjUQj_lU{XGB;;IdiSI(X,aB;)de}

if Qj+1 UQ_,' UQj-} meets O B3.
There exists a constant C independent of j such that for v —wv,, satisfying (2.4),

N/2-1
2w — vl a)-

If Q; cC Bj, this result is contained in [8]; it was extended up to boundaries
in [10, Lemma 4.4].

—1 -
v = vnllwya, < € (A 0l + 9;

Remark 2.1. The reason for the change in Q} in (2.5) to include a “collar”
around the boundary if we are close to dB; is as follows. The proof in-
volves use of cutoff functions w and superapproximation, Assumption A.3.
The proof of superapproximation typically involves inverse properties. If we
are at the boundary, and if the cutoff function w is not identically constant
near the boundary, superapproximation may fail since, for elements 7 meeting
the boundary, T N B3 may not satisfy inverse properties. 0O

Our last result in this section is a special case of [8, (5.6)]. Here we do not
assume that the form A is coercive over W,!(Bs). Instead it is merely assumed

to be coercive on ﬁ/’é(Q) for Q sufficiently small (cf. [8, R1, p. 940]). Such is
obviously the case in our present situation.
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Lemma 2.6. Let wy, € S"(B3) satisfy A(wy, x) = F(x) for x € .§'h(B3), with
F(.) a linear functional on W 5(B3). Forany 1 < q < oo and s > 0 there
exists a constant C mdependent of wy, and F such that
lwallwy s,y < Cllwallw,-+s,) + CKr,
where
Kr= sup F(p).

o
9EW(B3)

|¢|W21(B3)=l

We finally remark that we shall also use two other results from Part 1, viz.,
[10, Lemma A.1 and Lemma 5.3]. These will not be stated here but will be
referred to at the appropriate places in §3.

3. PROOFs OF THEOREMS 1.1 AND 1.2
It turns out to be convenient to first prove Theorem 1.2.

3.A. Proof of Theorem 1.2. We start with some preliminary reductions. First,
since the norms W, and |||F|||_s,o,q, are based on duality with respect to

W, spaces, it suffices to prove our results with € replaced by a ball B; and
Q, by a concentric ball B3; (say), cf. [8, Lemma 1.1]. Secondly, we shall now
show that it suffices to consider the case d = 1. Let us thus assume that we have
proven the following form of the theorem in the case d = 1: If A(e, x) = F(x)

for x € S*(B;), then

G llellwy @y < Clillwy, s, + Cllelly-sz,) + CAn1/MIF|l|-1, 00, 5,

We claim that then Theorem 1.2 would follow for general coh < d < 1. For, if
we scale the situation from Bj3; to B; by introducing a new variable y = x/d,

we have with e(y) = u(y) — us(y) = u(yd) — uy(yd) and with
(3.2)

N
~ 81) ow
A, w E/ a;; — +dY a(yd)v +d2a dyvw)d
(v, w) B}(f%;l C o o Z (vd) (vdyvw)dy
that A(e, x) = d¥N-24(¢, ¥). Hence (1.2) becomes

(3.3) A@,7)=d* NF(x)=F(%) for 7€ Sh4(B,).

The parameter 4 is now replaced by h/d. In this we appeal to our scaling
hypotheses A.4. (Note that #/d < 1/cy is assumed sufficiently small. This
means that the difference domain Bj; \ B; contains sufficiently many (scaled)
elements to allow operations such as “cytting down to local support”, “local
approximation”, ....) Note also that 4 has the same modulus of ellipticity
as A and that the norms of coefficients and their derivatives have certainly not
increased. Thus, from (3.1) we have

(3.4)  llellwy, s < Cllullwy, sy + Cll€lly,-«(s,) + Cnd /W||IF||-1, 00, 8,
It is elementary to check that ‘
(3.5) lelwy, 8, + d el =47 ellw s, »
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(3.6) Nl (8y) = dlulwy (Byy) + 14ll Lo (Bs)
and
(3.7) 1w sy = @72 lellys(p,,)-
Finally, _ ~
E-1,00,8 = sup F(),
¢€~W§(Bs)
I¢IW11=1

where
F(§)=d*"F(p)

< d’“NIIIFlll-l,oo,awlwlw;w,,,)

= dz_N“lFlH—l,oo,B;ddN_II(ﬂW,l(&)-
Hence, |||ﬁ||l_1,c,<,,33 < d|||F|||-1,00, B, - Using this and (3.5)-(3.7) in (3.4),
we obtain

lelwy 8,y +d 7 el 52
(3.8) <C (lulwgow,,,) + d“llullewM))
+ Cd_l_s_N/q”e”vI/;S(B,d) + CInd/M)|[|F|ll-1,00,Bs,-
Writing here e = u — u, = (4 — x) — (u, — x) for a general y € S, we obtain
(1.8) of Theorem 1.2.
In the rest of §3.A we shall thus give a proof of the inequality (3.1). This will

be accomplished through a sequence of lemmas.

In our first lemma we take J, as in A.5, to be a %! function supported in
an element 1) C B, and satisfying

(3.9) 181z, + AlIV3lz, < CAMI=D for 1< g <oo.

We assume that the form A is coercive over W)(B3) and let v € W,!(B3) be
defined by

(3.10) Lv=03, 2% -0 on 9B, (i=1,...,N)
ony

Further, we let v, € S"(B3) be given by
(3.11) A(x,v—-vy) =0 for xeS"(Bs).

Lemma 3.1. With the form A coercive over W, (B3), with ) € B,, and with
further notation as above, we have

(3.12) lv = vallwis,y) < C,

where C depends on the quantities specified in Theorem 1.1 and also on the
coercivity constant of A (cf. (2.2)).

Proof. Let xo € 79 and set d; = 27/ . Introduce

Qj={x:dj<|x—-x0| <d,—1}NBs.
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With C, to be chosen (sufficiently large) and J, = [— l“hf;" ] so that 277 ~
C.h, we let

J.
;=8\ (U @)
j=-3
Further, we set Qﬁ. =Q;_(U---UQj;, for £ =1, 2,3, with the modification
as in (2.5) to include an annulus at 9B;3 if Q;,, meets dB;. Note that this
modification occurs only if d; = 0(1), since 1 € B, .
With e = v — v, we then have

J‘
(3.13) lellmacay = lellwyan + (3 lellwyay )-
j=-3

Using Holder’s inequality, the standard error estimates for the Neumann prob-
lem of Lemma 2.4, and (3.9), we obtain

lellwiar) < (Ch)*llellyaa,
< CCMP RN D 0y < CCM.

Further, again using Holder’s inequality and then the local error estimates of
Lemma 2.5, we get

N2
lellw: g, < dj/ lellw, @)
N2[pr— —-N/2-1
< Cd} P [H = ol + 5 lellz, )
With G the Green’s function for the problem (3.10) we have

(316) D*w(x)= [ DiG(x, D)y == [ (Ds,,DIGLx, )5()dy.

Th

(3.14)

(3.15)

Since x € Q} satisfies |x —y| > Cd; for y € ), the estimates of Lemma 2.1
give, with |a| <r in (3.16),
—N+2— 7 —N+2—(r+1
|Dv(x)| < Cd] N+ (r+1)”5"L|(12) < Cd] +2—(r+ ),

where we used (3.9) in the last step. Thus,

—N/2—r+1
(3.17) lollwya < Cd; [2=r+l

Let us pause here to give credit to Rannacher and Scott.

Remark 3.1. If we had followed a straightforward adaption of [10], our final
result would have ended up with an unnecessary factor (In1/k)". The integra-
tion by parts performed in (3.16) (following [9]) is precisely the reason why this
logarithmic loss is now avoided. O

Continuing now with the proof of Lemma 3.1, from (3.15) we have
Jt

Ju Ju
> lellway < C( X di7)a 1 +C Y d; ' lellr,ay

j==3 j==3 j==3

Je
<C(C)+C Y dilell, .
j=-3

(3.18)
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Let us introduce

(3.19) I:= h"e“L.(Q' + Z d;lellL, @)
Jj==3

From (3.13), (3.14) and (3.18) we thus obtain (since modifications of Qf. at
the boundary are done only if d; =0(1))

(3.20) !lequn(m <C(Cy+ClI.
Now, again using the L, error estimates for the Neumann problem (Lemma
2.4) and (3.9), we have

2-1
hﬂellu(n') < G el Ly,
(3.21) < C( *)N/Z—th/Z-H"Dialle(tg)

< C(C,.)N/z_l.

In the following estimations we take C, > Cy, Cp large enough. It is then
easily seen that the constants appearing below can be taken independent of
C We shall perform a duality argument to estimate |le||.,(q, . Thus, with
(e,n) = [endx,

(3.22) lellz, @)= sup (e, n).
nEF™(Q;)
|]’l]|L<,°(nj)=1

Let now L*y = 5 in B; with homogeneous conormal Neumann boundary
conditions. Then, for x € S"(B3),

(e,n)=A(e, y)=Ale, ¥y —x)
(3.23) < Clellwsnanllv = Xllwy,soa
+ C||e||W2'(Q§)l|‘/’ - X“W;(Qf)-

By our approximation assumption A.l, and using also the estimate for the
Green’s function, Lemma 2.1, we have for a suitable x

lw - X”WO'O(B;\Qf) < Ch”'/’llwgowg\n;)

(3.24) )
<Ch [ dr¥nw)idy < Chll.a = Ch.
)
Also,

< ChlnllLye) < Chd,wz-
Thus, from (3.23)-(3.25),
(3.26) (e, )| < Chllellwysnaz) + Chd;llellwy qz)-

Here, again using the local W, estimates of Lemma 2.5, essentially as in (3.15),
we get

—N/2—-1
(3.27) lellw, @z < Chllvllwyas + Cd; Y el s
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where, by the Green’s function estimates of Lemma 2.1, ||v||W22(Qs,) <C dj_N /2-1
J
(for C. large enough). Hence, by (3.26), (3.27) and (3.22),
lellzi@y < Chllellw sz
(3.28) + Chd; Phd; ™2 1+ d7 M el )]
S Cth]—l + Ch”e”u/ll(B:‘) + Chdj_l ||e||Ll(qu).
From (3.19), (3.21) and (3.28) we now have

J. Ju
I <C(CHN?1 4 Ch? Z d;? + Cllellw (s, Z d;!
(3.29) =3 /=3

"‘
-2
+Ch Y d; llellz, @)
=3

As already remarked, the constants C occurring may be taken independent of
C. provided that constant is large enough. Since now

J‘ C
Ry dt < oy =L

j==3
and
hJ' d? _5 AAWEY < AFYREN
j;s J ||€||L1(Q;) = j=z_3 (d_,) j ||6’||L.(Q§) = j=93}?,}f,,[ (d_,) =c.h
we have from (3.29) that
- ¢ C C
I< C(C*)N/z 1y C_z + a”e”Wl'(Bs) + —C,—*I

Hence, for C, large enough,
C
N/2-1
1< C(C)N 1 4 < lellm -

Recalling now (3.20), i.e., ”e||W1'(33) < C(C,) + CI, we obtain the lemma by
choosing, if needed, C,. even larger. O

In our next result we do not assume that the form A4 is necessarily coercive
over W, (B3).

Lemma 3.2. Assume that wy € S" satisfies A(wy, x) = (f, x) for x € 3‘;,(33).
Then

lwallwy, 8y < Cllwallw-+g;) + Cll N Lo (8y)-

Remark 3.2. This result is not optimal with respect to the norm of f involved,
but it suffices for our present purposes. A better result is obtained by taking
# =0 in Theorem 1.2. O

Proof of Lemma 3.2. Let k be such that the bilinear form
(3.30) Ar(v, w)=A(v, w)+k(v, w)
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is coercive over W,(B;). We note that this can be accomplished with &
bounded in terms of ¢ and quantities involving the coefficients and their
derivatives. We shall also let 6 = J; x, be such that, for x € By,

D;x(x0) = (Djx, 8), all xeS"

By Assumption A.5, 3 can be taken to satisfy the hypotheses of Lemma 3.1.
We let v and vy, be as in Lemma 3.1 (see (3.10), (3.11)), but now based on the
operator L; = L* + kI, which thus satisfies the coercivity hypothesis of that
lemma.

We shall need to cut down w, to have compact support in B3 . Our purpose
is to estimate Djwp(xo), for xo € B;. Using Lemma 2.3 (with D; = &,

D, =By 4 and D3 = By 5), we have 1, € g‘h(Bl.s) with #, = wy, in B4 such
that

(3.31) ||’7h||Wzl(B,,bs) < C”wh”Wz‘(BLS) )
and
(3.32) 110l Lo (B15) < CllWall Lo (815)-

We then obtain, for x; € By,
Djwi(x0) = Djny(x0) = (Dymy, 9)
(3.33) = —(nn, D;0) = Ar(nn, v)
= Ai(Mn > v) = A(Mn , vi) + k(np , vp).

Let now g, € S"(BM) (recall that n, = w, on Bj4) with x, = v, in B3
such that

(3.34) lvn = Xallwp B, \B.3) < CllVRllw (B, 5\By2)
and
(3.35) lxallL,Bis) < CllvallL,B.s)-

Again, such a y; is found from Lemma 2.3. From (3.33) we then have, using

]
our basic assumption about wj, (i.e., that A(wy, x) = (f, x) for x € S*(B3)),
and the fact that #, = w;, on the support of yy,

(3.36) Djwp(xo0) = A(My > vp — Xn) + k(s V) + (f 5 Xn)-
Here, by (3.31) and (3.34),
337) 1A, v — )| < Clwnllwy s, 10wy a1

By Lemma 2.6 (with a nonessential change of domains) we have, since now
trivially Kr < C||fllLo(8:) »

(3.38) lwallwys,5) < Clwnlly-s,) + Cll Lo (8y)-

Further, since A(x, v,) =0 for xy € §”(BZ\BL1) , again from Lemma 2.6 (now
with F =0), we obtain

(3.39) VAl (B, s\B.2) < CllVRllw (BB, -
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Using Lemma 2.1 and Lemma 3.1, we conclude that

(3.40) “vh"Wl‘(B;\B“) < ”U"Wll(a,\g,,,) + Cllv - vh“Wl‘(B;) <C
Hence, from (3.37)-(3.40),
(3.41) A > 04 = x0)] < Cllwilly—+iay) + CIL N i

Further, again using Lemmas 2.1 and 3.1, and (3.35),

I(f5 x0)] S NN Lo @)1 XRIIL, (B, a)
< Clf N Lo B) VRl Ly (Bs)

3.42 ,
(3.42) < Ol il Lo (1 + [0]12,ca)
< Cl SN Lo (Bs)-
From (3.36), (3.41) and (3.42) we now have
(3.43) IDjwh(x0)| < Cllwnlly,-s(z,) + CNA N Loo(Bs) + 1K (M > VR)I-

It remains to estimate the last term in (3.43), |k(n,, vy)|. We note that if
the basic form A4 had been (uniformly) coercive, we could have taken k = 0.
Recalling that £ may be bounded in terms of c.; and the coefficients of A4,
we have from (3.32) and Lemma 3.1 (since ||v||.,z,) < C ) that

(3.44) |k > vi)| < Cllwpll Lo, 8,5 1VallLy(83) < Cllwhll Lo (B, 5)-

It is, thus, a “lower-order” term. A technique for treating a similar situation
was given in Appendix 1 of [10]. We shall not repeat the full arguments here
but merely apply a result from that appendix. Let thus Ly = f in B;, with
now Y satisfying homogeneous Dirichlet boundary conditions. (Shrinking our
domains, if necessary, we may assume that this problem has a solution.) Then

Ay —wy, x) =0 for x e S"(By).
Lemma A.1 in [10] now applies exactly to this situation and says that
1V = WillLwsis) < CUWIwy 8y + 1V = Whlly-ss,)-

Hence,
lwillLB5) < ClWllwy sy + C"wh"Wq_‘(BJ)'

Since, as is easily seen, |||l (8,) < C||f|lL..(8,) » We thus have from (3.44) that
k(> wa)l < Cllwnll Lo (8i5) € CNANlLoc(By) + CllWnllg =+ 5y)-

Together with (3.43) this completes the proof of the lemma. 0O

We now come to our final lemma in this subsection.

Lemma 3.3. Assume that the form A is coercive over W,!(Bs) and let w €
%>°(B3). Let w and wy, € S"(B;) satisfy A(w —wy, x) = F(wy) for x €
S"(B3). Then

lw — wallwy (8, < Cllwllwy, (s, + CUn 1/A)|||FI||-1, . B,
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Proof. With xg € rg C B, and J the delta function for the ith first derivative,
see (A.5), we have

(3.45) Diwy(xo) = (Diwy, 8) = (Dw , &) + (w — wy, D;d).
With v and v, asin (3.10), (3.11) we then have

(w—wh,D,-g)=A(w—wh,v)=A(w—wh,v—vh)+F(wvh)

(3.46) ‘
=A(w,v—vy) + F(ov,) =1 + L.

Here, by Lemma 3.1,

(3.47) 11| < Cllwllwy, sy llv = vallwis, < Cllwllwy, s,)-

Further, since wvy, € ﬁ/}(B;;) ,
12| < {IIFll-1, 00, B l0Vhll w1 (p,)
(3.48) < ClIFl-1,00,8,(Iv = Vallw sy + 101l wi(sy))
< ClIF||l-1,00,B,(1 + ”v”Wl‘(B,))s
where we used Lemma 3.1 in the last step.
By Lemma 2.2, with 1 < ¢ <2, and (3.9),

C = C | _na-1
lvllwisy < Cllvllwy ;) < q—_—1||5”1,,,(rg) < quh Mi=3) < C(in1/h),

if we choose ¢ =1+ 1/(In1/A). Hence from (3.48)
(3.49) || < C(n1/R)|||Fl|-1, 00,85
From (3.46), (3.47) and (3.49) it follows that
(w = wh, Did)| < Cllwllwy sy + CAn 1/MIIFl|-1,c0,5-

Since also ||6~ |z, < C the desired result now follows from (3.45). O

We are now set to prove Theorem 1.2, or, in light of our preliminary reduc-
tions, the estimate (3.1). Recall that A(u—uy, x) = F(x) for x € S"(B3). Let
€ B™(B3) be such that w =1 on B,. Then with u = wu,

(3.50) A(i—up, x) = F(wy) for x e S"(By).

Let k be such that 4 (v, w) = A(v, w)+ k(v, w) is coercive over W (Bs).
Note again that kK may be assumed bounded in terms of ¢; and the coefficients
of A. Define then (), € S*(B3) by

(3.51) Ai(ii — (@), x) = F(wy) for x € S"(Bs).

Hence, from Lemma 3.3,

& — (@llwy ey < Cllullwy sy + CAn1/M)||F|ll-1,00, 5,

3.52
(3:32) < Cllullws oy + CUn /AIF N1 00,5
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~ We now have for x € g‘"(Bz)
F(wy) =AU —up, x) = A — W)y, 2) + A(@)n — un, X)
= Ap(u— (W, x) — k@@= @)y, x) + AW — un, X),
ie., by (3.51),

A(@) — un, x) = k(@i — (@), 1) for xeSH(By).

Thus, from Lemma 3.2 (after an inconsequential change of the domains in-
volved) we have, using the triangle inequality, the fact that w =1 on B,, and
(3.52),

1@)n — unllwy, 8y < CN@n = Unlly-+8,) + Clltt = (@l Lo (B)
= Cll(@)n — w) + (u — un)lly,-+(8,) + Clltt = Wl Loc(8)
S CNlt = (@l Loo (B + Cllt = Ul —ss,)
< Cllullwy, sy + CAn 1/BIF |-y, 00, 8, + Cllelly,-(z,)-
Hence, by (3.52) and (3.53),
u — unllwy B,y < Nl = @nllwy, 8, + 1(@)n — unllwy s,
< Cllullwy, (s, + CAn 1/R)|||Fl|-1,00, 8, + Cllelly,-s(s,)

which is the desired estimate (3.1).
This completes the proof of Theorem 1.2. O

3.B. Proof of Theorem 1.1. As in the previous subsection (cf. (3.1)-(3.8)) it
suffices to show, taking d = 1, that

lell o) < C(In1/RY UllL(8y) + Cllelw-s(a,)
+ Ch(In 1/h)|||F|||-1,00, 8, + C(In 1/A)[||F|||-2, 00, 8;-

Following the last part of §3.A, we let w € %°(B3) with w = 1 on By,
u = wu, and we let (%), be defined by (3.51). As in (the first parts of) (3.53)
we then have

N@)n — unll L)) < @k = unllwy (8,
S C'"a - (a)h“Loo(Bz) + C"e”PVq_s(Bz)'

It thus remains to estimate ||u — (#)4||L.. (8, , Which we recall satisfies (3.51),
Ar(# = (@)n, X) = F(wy) for x € S"(Bs).

In §3.A we relied on Lemma 3.3 for this. Below we shall describe how a suitably
modified version of Lemma 3.3 ((3.62) below) follows from the results above

and those of [10]. With § now such that

(3.53)

(3.54)

(3.55)

x(x0) = (x,8) for xeS*Bs), xo€ By,
we have with w =u, w, = (4),
(3.56) wy(x0) = (wy, 8) = (w, &) + (wy —w, d).

By A.5 we may again assume that S is supported in the element 12 (x0 € ;g)
and satisfies the estimate (3.9).
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Here, by (3.9),
(3.57) l(w, 6)] < Cllwll Lo B)IOll L, (o) < Cllttll oo (83)-

We now let v be defined by Liv = J in B3, with homogeneous conormal
Neumann conditions in d B3 . Similarly, v, € S*(B3) is given by Ax(x, v —vp)
=0, for x € S"(B3). Then

~

(w—wy, d) = A(w —wy, V) = Ap(W — Wy, V—vp) + A (W — Wy, V)
(3.58) = Ax(w, v —vy) + F(wvy,)
= Ar(w, v —vy) + F(w(v, —v)) + F(wv).
We now further assume, as we may, that w is supported in B 5. Then so

is w =owu. In 4,(w, v—v,) we then integrate by parts over each element t;',
meeting B, s to obtain

Ar(w, v —vy) = Z (/ wL;(v —vp)dx + w ('v—vh)do).

Gt 7%, O
With “’”WZ,h( Bae) the piecewise W? norm over elements meeting B¢ we then
2B,
have, using the trace inequality A.0 (cf. [10, page 430]),
|[Ak(w, v = vp)| < CllwllLo(8,0€Q
where Q = h~!|jv — Vallw (e + IV = v;,llwlz,h(m) . Now [10, Lemma 5.3] says
exactly that Q < C(In1/h)" and hence, recalling that w = wu,
(3.59) |Ak(w, v —vp)| < CAn 1/h) ||ullL 8-
Furthermore, again from [10, Lemma 5.3, (5.9)],
|F (v = v))| < ClIFll-1,00, 8108 = Vllw1(8,5)
< Ch(In 1/h) |IIF|l|-1, 00, s-
For the last term in (3.58), we have
|F(wv)| < C”|F”|—2,oo,B;”v||W|2(B3)
and, using Lemma 2.2, with ¢ =1+ 1/(In1/h), and (3.9),

(3.60)

C = C ,_na-
"v"le(B3) < C||”||W}(B,) < 5—_—1”5”1_@(12) < ﬁh NA-1/9) < C(In 1/h).

Thus,
(3.61) |F(wv)] < C(n1/A)IF|l|-2, 00, ;-
From (3.58)-(3.61) we now have that
(w = wy, 8)| < C(In 1/hY ||ull o5, + ChIn 1/AYI|Fl|-1 00, 5,
+ C(n 1/M)|IF|||-2, 00, 8-
Combining this with (3.57) in (3.56), we obtain

1% = @)ll Loo(B) < CIN /R ||| g8y + ChAR 1/RYNIIF -1, 00, B,

(3.62)
+ C(In1/M)|[|F -2, 00. B,
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(Apart from minor changes in notation, this is the counterpart of Lemma 3.3
referred to above.)

Combining next (3.62) with (3.55) yields the desired estimate (3.54).

This completes the proof of Theorem 1.1. O

4. GLOBAL ESTIMATES

Let 2 be a fixed bounded domain in RY with 82 sufficiently smooth,
and let 4 (for simplicity) be coercive on W, (2). Here we shall give global
estimates for the Neumann problem with homogeneous boundary conditions.
Let thus u be a given function on & and u, € S* = S*(D) satisfy

(4.1) A(u—uy, x)=F(y) for xyeSt,

where F is a linear functional on W}'(2).

For our global estimates we shall need some modifications of the assumptions
used for our local estimates. In particular, we need assumptions pertaining to
those elements which are near or at the boundary. In this regard we shall
assume that & is partitioned into disjoint elements rf‘ which are globally
quasi-uniform of size h. For simplicity we assume that the elements which
meet 0 are curved to fit 0 exactly (an assumption which is not unrealistic
in a Neumann problem if one disregards numerical integration). Regarding the
assumptions A.0-A.5 we assume the following: A.0, A.4 and A.5 hold without
changes. As for A.1 and A.2, we assume that they hold for all domains G; C
G C g arising as the intersections of < with two concentric balls 81 and
B,, dlSt(Bl, 632) > ch; G, =B N, i=1,2. Of course, statements

such as functions “being in S"(G) are now suitably modified if we are at the
boundary. For A.3 we assume (with the same notation as above) that it holds

with w € ?W(EI) and 5 with support in G;.

Theorem 4.1. Under the above conditions there exists a constant C independent
of u, u, and h such that for u— uy asin (4.1),

(42) = unllwye < C( min = Zlwy @ + W 1/DIFI1,0,2)-

€Sh(D)
Here,
NEW-1,00,2 = sup |F(p)|
PEW (D)
|’¢]|Wll(g)=l

Remark 4.1. In the case of F =0, Theorem 4.1 represents an extension of the
global two-dimensional results given in [9] to any number of space dimensions.

Remark 4.2. The obvious analogue of Remark 1.1 applies.

Proof of Theorem 4.1. We shall give the essential modifications necessary in
§3.A. No preliminary scaling arguments need to be performed. We first observe
that the principal Lemma 3:1 now holds with & replacing B; and, more im-
portantly, with d in (3.9) supported in any basic element r" € @ . The reason
for this is that with our present modified assumptions, the modlﬁcatwn in (2.5)
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when we are close to the boundary, is not needed; cf. Remark 2.1. It is now
easy to trace through the proof of Lemma 3.1 to see that

lv = vallwi@) < C,

where v and v, are as in (3.9)—(3.11), with 1) € 9.

Since we are now in a global setting, Lemma 3.2 will not be needed. Instead,
we go directly at (4.2) following the proof of Lemma 3.3. (Again, the concluding
arguments for the local case are now superfluous.) In fact, the cutoff function w
there is now not involved and any tg € & is allowed. The proof now consists
of reading through the proof of Lemma 3.3 with the appropriate minor (and
simplifying) modifications. O

One may similarly derive maximum-norm estimates for function values for
the Neumann problem in (4.1); in the case F = 0 and the harder case of the
Dirichlet problem, this was done in [11].

5. APPLICATION TO NUMERICAL INTEGRATION

In this section we shall apply Theorem 1.2 to derive interior estimates in
W] , taking into account the presence of numerical integration. For simplicity,
let Q; be a domain of unit size and let u satisfy

(5.1) A(u, x) = (f, x) for all x € Wh(Q).
We shall assume that our approximate solution u;, € S#(Q,) satisfies
(5.2) Ap(up, X) = (f, %) for all x € S*(Q)).

Here, A(-, +) is an approximation to the bilinear form A(-, :) and (-, +); an
approximation to the L,-inner product (-, -). Note that e = u — u;, satisfies

(5.3) A(e, x) = (A — A)up, x) + (f, 1) = (f, 0 for x € SH(Qy).

We shall next state some assumptions on A(-, +), (-, +); and the subspaces
(in addition to those of the Appendix). We shall discuss the first two of these
assumptions at the end of the section. Assume then that

(A= 41)(@, 01 < CH 9l 12 Iy

(5.4) o
for p € S"(Qy), x € S"(Qy),

and that for f smooth enough,

(5.5) I(f5 1) = (f5 208l S CUOR M xllwy ) for x € §h(91)-

Furthermore suppose that, given v, there exists x, € S?(€;) such that the
following (rather weak) estimates hold:

(5.6) v = xollwe @y < CH 20wy, @+ch)
and
(5.7) xollpr=1.0q,) < Cllvllwg, @ +chy-

Finally, it will be assumed that the inverse property A.2 (see the Appendix)
holds over the wider range

(5.8) 0<t<s<r-1.
As an application of Theorem 1.2 we then have
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Corollary 5.1. Let u and uy satisfy (5.1) and (5.2) in Q,. Suppose that the
general conditions of the Appendix hold and, in addition, (5.4)-(5.8). Then for
Qycc Q,

(5.9) lellwy o < CA 0 1/h) (lullwy, @) + 1) + llelly-@,]-

Proof. We shall need to introduce a few subdomains contained between €
and Q;. Abusing notation, we shall call them all Q; although they may be
different at each occurrence.

Applying Theorem 1.2 to (5.3) and using (5.4), (5.5) and Remark 1.1 (and
approximation theory), we get

llellwgo(go) < Chr_l ||u”W(;°(Ql) + C“e”VVq"(Ql)
+ Cln /R (lunll gt m, + CLO).

Choosing x as an approximation to u satisfying (5.6) and (5.7) and then using
inverse estimates, we have

(5.10)

Ntnllyr-1.nq,) < Nn = Xllyrornq,) + Ixlw=14 g,
< Ch* " lup = xllwy @, + Cllullwy, @)
< Ch*"|lellwy ) + Cllullwy, @)
Thus, from (5.10),
lellwy @q) < CH™™'(In 1/k)(1+llullwg, @) +Cllelly,-5q,) + Chn 1/h)llellwy @,)-
Repeating the argument M times, using that 2ln1/h < 1, we find that

lellwy o < CA™(In 1/k)(1 + l[ullwg, @) + Cllelly-q,)
+(Chln l/h)Mlluh”W;;'-"(Q.) ’

whereupon an application of an inverse estimate leads to

llellw: @) < Ch™~'(In1/h)(1 + lullwy @) + C”e“Wq_’(Ql)
+(ChIn1/RMh==D=5"Na |y |y g .

Writing ”uh”Wq“(Ql) < “e”wq--f(n,) + ”u”Wq_’(Q,) and taking M large enough, we
have our desired estimate (5.9). O

We conclude this section with some comments about the two major assump-
tions (5.4)-(5.5). For (5.4), let us consider only Lagrangian elements on sim-
plices and the highest-order terms in 4. Then with p = o%% € Il,_, (the
polynomials of total degree <r—2), g = 5’—){7 e Il,_,, consider ft aij(x)pgdx
over a simplex 7. Let &, kK = 1,..., K, be quadrature points and wy
corresponding weights so that the error over a simplex is

K
E = E.(aijpq) = /aiqudx =) o (ai;pg) (&)
T k=1
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Assume that the method is exact on I1,,_4,1i.e., E(y) =0 for v € Il;,_4. By
the Bramble-Hilbert lemma one then has

|E| < CRN* = Ila;;pq|| -3
< C(aij)hN+(2r_3)”Pllwgz(r)”qllwggz(t)
< Claip)h M 1pllyr=2 A PNl =2 o)
< Claiph™ bl ol »

where the last step used inverse inequalities. With the lower-order terms of A4
treated similarly, clearly (5.4) would follow.

We also remark that the case of tensor-product elements is somewhat trickier,
unless one uses a quadrature method of sufficiently high accuracy. If not, one
has to employ a sharp form of the Bramble-Hilbert lemma (only those deriva-
tives are involved which annihilate the finite elements under consideration). A
template for a verification of (5.4) can be found in the stepwise procedure in
the proof of Ciarlet [4, Theorem 28.2]; we forego the details.

The estimate (5.5) is similar, for f smooth enough, cf. [4, Theorem 28.3]
for ideas for sharper estimates.

Let us also note that (5.4) and (5.5) are rather trivially satisfied if the coef-
ficients a;;, a; and a, and the function f, are replaced by suitable “inter-
polants” and then the resulting integrals done exactly by a suitable quadrature
rule.

APPENDIX

Here we shall state the basic assumptions, A.0-A.5, on the finite element
subspaces which are used in proving Theorems 1.1 and 1.2. Let Q, Q cC
Z c RV, be fixed throughout this discussion. We remark that A.0-A.4 are
essentially as in [10]. (Of course, the very minor changes done do not change
the results of [10].)

We shall make use of spaces defined relative to partitionsof Q. Let 0 < h <
1/2 be a parameter, and for each 4 let -cf’ , 0<i<I(h),be a finite number of

disjoint open sets such that Q C Ufgg ?f-’ . The sets rﬁ’ NQ induce a partition of

Q, and relative to each such partition, we define qu’h(Q) (C5-7(Q)) as the
space consisting of those functions which belong to Wj(rf’ nQ) (Ci(t'nQ)),
0 < i < I(h). We introduce the seminorms

1(h)

1/q
q
_ (Z|U|qu(ﬂ,m)) for1 < g < oo,
|UIW';-"(Q) = i=0

max |v|ys for g = oo,

i=0, .. ,l(h)l Iwg e g§=00

and the corresponding norms | - llws\h(m. Note that if v € W;(Q), then
q

10 lmiy = 10 0 -

For each 0 < h < 1/2, S*(Q) will denote a finite-dimensional subspace
of WL1(Q)n C%k(Q). Our first assumption relates to the geometry of the
partitioning sets rf' . We shall assume that a certain trace inequality holds on
each of the 7.
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A.0. Trace. There exists a constant C such that, for 0 < 4 < 1/2, and any
fe le(tﬁ'), i=0,...,Ih)),

1
| 1911do < {71 e + Uz -

We remark that the assumption A.0 is satisfied for a large class of partitions
of Q. For example, it holds if the rf’ are taken to be N-simplices or N-
dimensional parallelepipeds of diameter c¢;k, ¢; < C, provided the ratio of the
diameter and the radius of the largest inscribed sphere is uniformly bounded.
Briefly, to verify A.O in these cases one maps each of the r? onto a standard
domain. The inequality can then be proven, with 4 = 1, using integration by
parts. The desired inequality is then obtained by mapping back to 7%.

For G C Q, S"(G) is defined as the restriction of S*(Q) to G, and

SH(G) = {x | x € $"(G), supp x cC G}.

Let r > 2 be a given integer. We shall assume that there exist positive constants
C,, Gy, C3, C4, ko, 7,and 0 < hg < 1/2 such that the spaces S"(Q) satisfy
the following conditions A.1-A.4 for 0 < h < hg.

A.1. Approximation. Let G cC Q with dist(G, Q) > koh . Then for each
v there exists a y € S*(G) such that for G, cc G, ¢ G with dist(G;, 8G,) >
koh,
v = Xl < Crh " 0lwgccny

(A.1)
for0<t<s<f<r, 1<q<o0, t=0,1,2.

Furthermore, if supp v C G, then x € .g'h(Gz) .

Remark A.1. The approximation hypothesis above contains a full norm of v
on the right of (A.1) rather than a seminorm. It is thus satisfied for example by
certain curved isoparametric elements, cf. [4, (37.27) and discussion, p. 246,
7~ etseq.]. O

A.2. Inverse properties. Let p > —1 be an integer and G; CC G, with
dist(G; , 8G;) > koh . Then for y € S*(G,),

Ixllwy 6y < C2h_(p+l)”X”W2"’(G2) ,
and
”x“Wj*"(G,) < Czht_s_N(]/q'—]/q)“X”W"l"'(Gz) for0<t<s<2,1<¢q;<g< .
A.3. Superapproximation. Let G, CC G, with dist(G;, 0G2) > koh, and let
[ ]
@ € C®(Gy) . Then for each x € S*(G,) there exists an 7 € S$#(G,) satisfying
lwx = nllwscy < CGihllollwyeyllxlwscy, 1<g9<1, s=0,1,

and
I, < Cllxllz,6y for 1 < g < oo.
Furthermore, let G_; CC Gy CC G; CC G, with dist(G_,, 8Gy) > koh and
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dist(Gy, 8G1) > koh . Then, if w =1 on G;, we have =y on Gy and
lwx = nllwsc,) < Cshllllwz 6yl xlwzG\6_1)-

Remark A.2. The superapproximation hypothesis above has been discussed in
[8] and [10] and, as seen there, is valid for many finite element spaces met in
practice. Here we wish to emphasize that, for tensor-product elements, its verifi-
cation often depends on a sharp form of the Bramble-Hilbert lemma (involving
only derivatives which annihilate the finite elements under consideration), cf.
also Bramble, Nitsche and Schatz [1, Appendix]. Isoparametric cases are, of
course, handled by mapping to a reference element. In particular, A.3 is satis-
fied for the 4-node (isoparametric) quadrilateral, cf. [4, (37.33)]. O

We shall further make the assumption that if a sphere or radius d in Q is
transformed by similarity to a sphere of unit size, then the transformed finite
element space satisfies A.1, A.2, and A.3 with 4 replaced by 4/d and with the
constants occurring the same as before.

A.4. Scaling. Let B; cC Q be a sphere of radius d > C4h with center
at xo. The linear transformation y = (x — x)/d takes B; into a sphere B
and S"*(B;) into a new function space S(B). Then S(B) satisfies A.1, A.2,
and A.3 with A4 replaced by 4/d . Furthermore, the constants occurring in A.1,
A.2, and A.3 remain unchanged, in particular, independent of d .

Our final basic assumption is concerned with the existence of regularized
delta functions, cf. [9].

A.5. There exists a constant Cs such that the following holds.
(i) For any xo € Q with xo € 1! there exists a function Jy € &' with
support in 7/ such that

x(xo0) = /;. Xgo for all y € S*,
T

and
(A2)  |Idollz, < Csh™M1=9), || Véol|, < Csh™M(!=0~! for 1 < ¢ < oo
(i1) Similarly, for j =1, ... , n, there exists 31 ,j such that
_ [ 9x5
ax; (x0) = . axj(s“

and (A.2) holds.
To verify A.5, say, in the second form, for a typical finite element space, it
suffices to consider a reference element T with 4 = 1; the general case then
follows by mapping and scaling. Let w be a fixed nonnegative C'!-function
with compact support in 7 and [w = 1, and let (v, w) = fvwwdx be
the corresponding weighted inner product. Let n;, ... , 7p be an orthonormal
basis for the finite-dimensional space l‘)—%h with respect to the weighted inner
product above. Then
D

81.j(x) =Y mi(xo)mi(x)w(x)
i=1

is the desired function.
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