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A MIXED FINITE ELEMENT METHOD
FOR A STRONGLY NONLINEAR
SECOND-ORDER ELLIPTIC PROBLEM

F. A. MILNER AND E.-J. PARK

ABSTRACT. The approximation of the solution of the first boundary value prob-
lem for a strongly nonlinear second-order elliptic problem in divergence form
by the mixed finite element method is considered. Existence and uniqueness
of the approximation are proved and optimal error estimates in L2 are estab-
lished for both the scalar and vector functions approximated by the method.
Error estimates are also derived in L7, 2<¢g < +00.

1. INTRODUCTION

A large number of physical phenomena are modeled by partial differential
equations or systems of parabolic type—in evolution, or elliptic—at steady
state. Most of the models have quite strong nonlinearities which, typically,
are either weakened or removed (by linearization) before the problem is treated
analytically or numerically.

It is frequently the case that it is at least as important (if not more so) to
obtain a good approximation of some function of the gradient of the solution
of the differential equation (which may represent, for example, a velocity field
or electric field) as an approximation. of the solution itself (which may repre-
sent, respectively, a pressure or an electric potential). The mixed finite element
method computes both approximations simultaneously and with the same order
of accuracy, be it directly or through postprocessing and, for some problems, it
seems to yield better results than standard finite element methods. For second-
order elliptic problems, the mixed method was described and analyzed by many
authors [3, 5, 7, 11] in the case of linear equations in divergence form, as well
as in [4, 8, 9] for quasilinear problems in divergence form.

In this paper we shall start to study the applicability of the mixed method
to more strongly nonlinear problems. Specifically, we consider the following

boundary value problem:
—div(g(Yp))=/f inQ,
(1.1) {
p=-g on 0Q2,
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where Q C R? is a bounded, convex domain with C2-boundary 9Q; a tilde un-
der a symbol is used to indicate a vector, a : QxR? — R? is twice continuously

differentiable with bounded derivatives through second order, f € H!/2*%(Q)
and g € H*%(0Q), & > 0. Note that this implies p € H32+%(Q) [6].
We shall not indicate explicitly the dependence of any function on the spatial
variables x . Furthermore, we shall assume that g has a bounded positive

definite Jacobian with respect to the second argument, that is, with a(z) =
(al(g)9 a2(%))9 Zz ERZ:

8(alsa2)
O<A(Z)S'm_<_/\(§)-

These conditions are satisfied, for example, for a(Vp) = k(| Y p|) Yp, with
K a nonnegative function. Such is the problem, for example, in the model for
minimal surfaces, where f =0 and

4

MYP):W.

Our assumption on the Jacobian g(‘z’: +2%5 implies (using the implicit function

theorem) that V p can be locally represented as a function of the “flux”

(1.2) u=-a(VYp),
say
(1.3) Vp=-b(u).

We shall assume that this representation is global, and that ¥ € H3/2+%(Q)2n
Cco 1 Q)2 .
Remark 1.1. Note that the domain of b is not known and, though it may be
small in specific cases, it always contains a ball centered at ¥ in L*°(Q). Let
us denote such a ball by %, . _
Combining (1.1)-(1.3), we arrive at the following coupled system of first-

order equations for ¥ and p:

bu)+VYp=0 inQ,

divy = f in Q,

p=-g on Q.
Wenowlet ¥V = H(div; Q) ={v € L(Q)?: divy € L2(Q)}, W = L*(Q),
and arrive at the mixed weak form of (1.1) we shalluse: (u,p)€ V x W is
the solution of the system
{ (b(w),v) - divy,p)=(g,v-n), veV,

(14) (divy, w) = (f, w), wew,
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where # is the unit exterior normal vector on 8Q, (-,-) and (-, -) denote,

respectively, the L2(Q)-inner product and the L?(6Q)-inner product. We con-
sider a family of subspaces ¥V 2 % Wh of ¥ xW (they may be Raviart-Thomas

[11] or Brezzi-Douglas-Marini [1] families, for instance) associated with a quasi-
uniform family of polygonal decompositions of Q by triangles or quadrilaterals,
with boundary elements allowed to have one curved side. The mixed finite el-
ement method we shall analyze is the discrete form of (1.4) and is given by:
Find (uy, pp) € V, x W, such that

(1.5)

(b(up), v) - (divy, pp) =(g,v-n), VEV,
(divyh,U))=(f,'lU), weW,.

This is a nonlinear algebraic system in the components of (u,, py), which

we must prove is uniquely solvable. The plan of the paper is as follows: in
the next section we prove the unique solvability of (1.5); in §3 we derive L2-
error estimates for %, and p,, and in §4 we derive L*°-error estimates for

u ,, . Finally, in §5 we discuss how these results apply to the model for minimal
surfaces.

2. EXISTENCE AND UNIQUENESS

We shall follow some of the ideas of [9] to use a fixed point argument for
the proof of existence. First, we derive from (1.4) and (1.5) the following error
equations:

(2.1)

(b(w) = b(uy), v) = (divy,p—py) =0, vEeEV,
(div(y-—yh),w)=0, we W.

We shall need the following relations, which are integral forms of Taylor’s
formula: for u € %,

(2.2) ~
=-B(u)(u—-pn),

where

ab
B(u) = — = (b1, B2) ¢ the Jacobian of b, a positive definite matrix,
- u  O(ur, up)

9%, . . .

(2.3) H;= i (=1, 2) is the Hessian of b;,

(THH, B) = ((TH G, {THy) € R?,
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for j=1,2,
(2.4)
B fo(l-t)—a—uf(u+t[,u—u] )dt fo(l——t)auauz(u+t[ﬂ—u])dt
Hi(p) =
e fo l—t)auauz(u-i-t[,u—u] )dt fo l—t)WL(uH[u—u])dt
~ Ol%l(u+t[u+t[u ul)dt Jy &b 0L (u + tu — ul) dt
(25  B(u)=

Jo B (u+tlu — pl)dt [y 3 (u+ tlu - p)) dt

Note that B( u) and ﬁj( 1), j=1,2, are well defined since they involve
evaluations of first and second derivatives of 5 along the segment joining
the center u of %, with the point u interior to the ball. Furthermore,

they are bounded (matrix) functions since g has two continuous and bounded

derivatives, and its (continuous) Jacobian is bounded away from 0. Combining
(2.1)-(2.5), we arrive at a more useful set of error equations:

(B(u)(u—uy), v)— (divy, p — py)
(2.6) = ((u—wp) [H(up), B(up))u—up),v), veEV,,
(div(y — u), w) =0, weW,.
Let us choose now ¥/, x W), as the Raviart-Thomas space of index k > 0
and introduce the L2-projection
Py W — W,
and the Raviart-Thomas projection [11]
m: H'(Q)? - V,,
which have the following useful commuting property:
(2.7 divo m, = P, odiv: H'(Q)? - W},.
These projections have the following approximation properties [4, 9, 11]:

(2.8) w - Pawlo,, < Chlwlla,,, O0<a<k+1, 1<r<+oo,

29) I -mtlo,r < Cholellar,  +<a<k+l, 1<r<oo,

where |- ||, denotes the standard norm in the Sobolev space W*:"(Q) (r=2
being omitted in this notation).

Using (2.7), we rewrite (2.6) as
(2.10)

(B(w)[mpt — up], v) — (divy, Ppp — D)

= ((u — up)T[H) (up) , Ha(up)(u — up)+Bw)+BW)[mpu —ul, v), veV,

(div[mpu — uy], w) =0, w e W,.
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Consider now the following (selfadjoint) operator M = M*: H*(Q) — L*(Q),
(2.11) Mw = —div(B~"(4) V),

whose restriction to H?(Q) N H}(Q) has a bounded inverse. That is, for any
y € L*(Q), there is a unique ¢ € H*(Q) N H}(Q) such that M¢ = y and
ll#ll2 < Qllwllo . This is guaranteed by the assumption that B~1(y) = A(u) =

o(ay ,a)
9(21,2,)

We shall show that (2.1) is uniquely solvable by using a fixed point argument.
Let & be small enough that m,u € V A N %, , and choose a ball %, centered

at m, u such that & C %, with respect to the L>°-norm. Let now
®: (BN, x Wy — ¥, x W

(u) is positive definite, since ¥ is uniformly Lipschitz [6].

be given by
Q((u,p)=(y,9),

where (y , g) is the solution of the system

(2.12)
(B(W)lmpu —yl, v) — (divy, Ppp —q)

= (B(w)[mpu — wl+ (u — w)T[H (), Ha(Ww—n),v), veV,,
(diV[TL'hl;!"J:’],'w)=0, weW,.

Note that, since the left-hand side of (2.12) corresponds to the mixed finite
element method for the operator M given by (2.11) with B(u) smooth and

H, (+) and flz(o) uniformly bounded on %, , the operator ® is well defined
[3]. Clearly, in order to establish the solvability of (1.5), it suffices to prove the
following theorem (compare (2.10) with (2.12)):

Theorem 2.1. For h sufficiently small, ® has a fixed point.

We shall need the following technical result, the proof of which follows in an
analogous way to the one used in [9].

Lemma 2.2. Let @ € V, [ € L*(Q)?, and m € L*(Q). If 1 € W, satisfies
the relations

(2.13)

(dive,

(B(%)CQs 'l}_)—(diV'Q, T) = (l,.s Q)’ PAS I{ha
{ w) = (m, w), w e W,

then there exists a constant C > 0, independent of h, but dependent on
%l o1 ye » Such that

Q)
Izllo < Clall @ llo + A2l div @ llo + | Lllo + lImllo]
Letnow 7', = ¥/, endowed with the strong norm
10, =12 llo,ase + 1 div ¥ Jlo.

Theorem 2.1 will be true if we prove the following result.
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Theorem 2.3. For 6 > 0 sufficiently small (dependent on h via the inverse
inequality (2.18), and smaller than the radius of B, so that ® is well defined
on %), ® maps the ball of radius § of 7, x Wy, centered at (myu , Pyp),

into itself.
Proof. Let |mpu — ul 7, <6 and ||P,p — pllw, < 6. We use in the sequel

0=4+¢ (0<e<1)and s=1+¢e+z%. Then, s— 3% =1+ ¢, where

O<ée=¢+y i’;c < 1. Therefore, the Sobolev embedding theorem implies that
HY/2eo(Q) c W 9(Q) and |xlls,6 < Qellxll3/24c -

Note that the second equation in (2.12) implies that

(2.14) div(myu — y)=0.

We now apply Lemma 2.2 t0 (2.12), using @ =myu—y , 1=Fp—q, m=0,
and [ = B(u)lmpu — ul+ (u — ) [Hi(0), Ho(p)(u — p) in (2.13). It
follows from (2.8) and (2.9) that

I1Pop = gllo < ClAllmatt — yllo + Ao llulls + llu — #1341

(2.15) < Clhllmpu — yllo + kollulls + lu — w113 6]
< Clhllmau — yllo + (h° + 62)(1 + lulls, )1,

where C depends on || u ||, @y as we have used Lemma 2.2. Note that,

since s > | is being required in the approximation by projection, we may not
use the Raviart-Thomas space of index k = 0, which is why we have assumed
k > 0. Next, it is easy to show (see [9]) that

Iy = yllo < CliLllo

(2.16)
< C(A* + 821+ |lullsjz4e)?

where C depends on | u |, @e- Substituting (2.16) in (2.15) yields the rela-
tion

(2.17) 1P — qllo < Ki[h° +67],

where K| depends on || % ||3/2+s, and || 4|1 ) - We use now the following
“inverse-type” estimate [2]: for 2<v <@,

(2.18) Imnu = yllo.g < CRY* ¥ |lmyu = yllo., .

Combining (2.14) and (2.18), we see that (2.17) yields
Imnt = yllz;, = 7tk = yllo.ave

< KK he ' [h* + 6]

= K[~ ¥ 4 pEE g2

= Ky[hb*eteis + p-H162),

(2.19)
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Since we want that K>h1**+#% < ¢ and Kyh— 562 < ¢ in (2.19), we need
(2.20) 2RI < 5 < 5}(—}1%#5.
2

Let & < (2K;)~%¢ and 6 = 2K,hi*e*+%'% . It follows that (2.20) holds, and
then (2.19) yields

lzne = ylloy, <.
Similarly (by choosing K> < Kj), (2.17) gives the bound
|1 Pop — qllw, < 5,
which concludes the proof. 0O
Remark 2.4. Note that Theorem 2.3 not only proves that (1.5) is solvable, but
also that the solution is close to (% , p). Specifically, for small 4,
Iz — wnllo, + 1Pap = Dallo < Khitetein

By the inverse inequality (2.18), this implies that

I7ntt = thllo, 00 < CA%5 || mputt — tpllo, ase
(2.21)
< Cheit,

where C depends on | u lI3/2+60 and || %]l o, @2 - We shall need this estimate

in the next section.
We can also show that the solution of (1.5) is unique (near (u , p)).

Theorem 2.5. Let (u,, py) and (v, qn) be solutions of (1.5). Then, u, =
Uy and pp=qy.
Proof. Let U = u,—v, and P = p,—gq,. Then, (1.5) implies that (U , P) €
vV, x W, satisfies the relations
(b(up) — b(vy), v) = (divy, P)=0, vel,,
{(divlj,w)=0, W E W,

and, using the mean value theorem, (2.2), we obtain

{ (B(up)U, v) - (divy, P)=0, veV,,

2.22
(2:22) (divU, w) =0, w e W,

where B(u,) is given by (2.5) with u = u, and u replaced by v, .

The crucial observation is now that, for 4 sufficiently small, the positive
definiteness of B(u) together with (2.21) imply the positive definiteness of

B(u}). Thatis,

(2.23) Avl<Bluy,v.v), vel,
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where 4 > 0 is independent of # and v . Takenow v = U and w = P
in (2.22). Using (2.23), we see that U = 0 and hence (divy,P) = 0,
v € V. Choose v € ¥, suchthat divy =P € W,. Then |P|jo=0 gives
P=0,asneeded. O

3. LZ-ERROR ESTIMATES
Let { = u—uy, ¢ =744 — Uy, §=p—pp,and 7= Pp—p;, and

rewrite (2.1) as

(B¢, ) - (divy, &) =0, veV,,
3 { (div§,w)=0, w e W,
or
(B(up)g, v) — (divy, 1) = (B(yp)[mpu —ul, v), veEV,,
(3:2) {(divg,w):O, w e W,.

With the choices v = ¢ and w =7 in (3.2), we see that
B(un g, g)=Buplmu - ul, q).

Then, the positive definiteness of E( u ), the analogue of (2.23), implies that
lallo < Clmnu — ullo. Thus, by (2.9), if u € H*(Q)?, 1/2<a<k+1,we
have

(3.3) I¢llo < Cllmpu = ullo < Ch*|| ¢ lla

where C depends on || yMCo,,@z. Observing that div g = 0 from (2.7) and

(3.2),if fewr9(Q), 0<y<k+1, 1<g<+o0o0, we obtain from (2.7) and
(2.8) the estimate

I1div {llo,q = Il div e + div g — div o o
= lldivy — Py divullo,q

(3:4) =|If = Pif llo.g
<CH||fly.q
< Chy"l!”yﬂ,(r

Error estimates for the scalar function p, will be obtained by the following
Lemma 3.1. Using (2.2), we.can rewrite the error equations (3.1) as

(B@){, v) - (divy, 1) = (T[Hi(up), Ba(up)l{,v), vev,,
(3:3) (div{, w) =0, weW,.

We shall prove now an improved version of Lemma 2.2 .
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Lemma 3.1. Assume that the solution of (1.1) is sufficiently smooth. Then, there
is a constant C independent of h, but dependent on || 4 ||3/242, and || 4|l ¢, gy »

such that, for 0<s<k+1, 1 <a, f<k+1, 1<y<k+1,
Ill—s < CLATHH1 =107y ||, + BB gy o]l u |11,

where (s + 1 —k)* =max{0,s+1-k}.
Proof. Recall that

T,

lIzll-s = sup (. ¥)
veEH’(Q) ”'/’”s
v#0

We shall employ duality to bound (t, ) for w € H(Q). Let ¢ € H*2(Q)n
H} () be the unique solution of M*¢ =y in Q such that ||@|s12 < K||ly|ls,
where M* is given by (2.11), and K depends on || u HC,,,“—Z),. Then, it follows

from (2.7) and (3.5) that

(t,¥)=(t, M"$) = (z, —div(B~' (&) V9))
= (1, —div(ny(B~' (1)V4)))
(3.6) = ({"UH (), Ho(up)) — B)E, mh(B™' () V9))
= ({T[Hi (), Ha(up)) - BW), na(B~'(w)V4) — B~ (1)V4))
+ (T H (44), Ha(up)Ie, B~ (w)V9) + (div{, 6 — Pigh).
Also, Sobolev’s embedding theorem, (2.9), (2.18), and (3.3) lead to the following
bound: for } <a, B<k+1,
CTTH (us), Ha(up)), mnB~" (w)V 6 — B~ (1)V0)
< CliglollEllo, 2+elimnA(4) Y — Aw) Vg, s
< Cligllolllun = mhtello,2+e + Imntt = llo, 24e1 7 |Vl o, | 212
(3.7) < Ch|ulla(lln — matello + 8 |1ullp- sz, 242)lBll2
< Ch[ulla(ligllo + llma — wllo + ## llull) 6112

< Ch*|lullah® |4l glills+2
< Ch* P lulallullglllssa,
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while (2.9) and (3.3) yield, for { <a<k+1,
(Bw)¢, B~ (w)Y¢ — nn(B~' (w)V4))
< ClENoll B~ (#)Y¢ — (B~ ()Y 9)llo
(3.8) < ClElloh =% 441 |V Bllss1-s, .,
< Che||ulloh* ' =% 41| flls12

< Chrs 10kt ol Bllsea -

Next, note that Sobolev’s embedding theorem, (2.9), (2.18), and (3.3) lead, in
a similar way to how (3.7) was derived from them, to the following bound: for
1<a, p<k+1,

T UH (wy) » Ho(up))S, B~ (w) V) < Cli¢lollEllo, 2+el' Y Bllo, sz
(3.9) < Ch|lullh?= 25 |lullgll¢ll2
< Ch =2 lullallullgllplls2 -

~Finally, (2.8) and (3.4) yield, for 0<y <k +1,
(div{, ¢ — Pyo) < ||div{]lollé — Padllo

(3.10) < CRH 2600 gl Bl s 2— 1k

- —_ +
< CRHH=EH =0Tyl 1852,

and combining (3.6)-(3.10) we conclude the proof. O

Remark 3.2. Lemma 3.1 shows, in particular, that, if u € H'(Q)?, 1<y<
k + 1, then

(3.11) lIzllo < KA ull,,

where K depends on || u |32+, and || %l co. gy -

We shall now apply Lemma 3.1 to the derivation of L9-error estimates for
the scalar function p,, for 2 < g < +o00.

Theorem 3.3. Let 2 < g < +o0o. There exist positive constants C,, independent
of h, but dependent on || u|3/2+¢, and || u ||C0‘.(§)2, such that, if p e W91(Q)

and u eH"EZ(Q)Z, l+§§r§k+1,then

P = phllo.q < Coh"(Ipllr g + 11 #ll,-2)-

Proof. Use Lemma 3.1 with s = 0, (2.8), and the estimate (3.11), and set
y+ 2 =r. Then, by the scalar analogue of (2.18), we obtain, for 1+ 2<r<
k+1,
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lp = pillo,q < lIp = Pupllo,q + llzllo,q
2_
S K [P |pNlr,q + e~ zllo]
2_
S Kylh\|pllr,q + A7 lhy““‘!”y]

< Gh(lIpllr,q + ||l!||r-§)~ o

Remark 3.4. Note that Theorem 3.3 shows, in particular, that,
lp = pullo < CA (IPIlF + Nlullr-1),  2<r<k+1,
D = Dallo,o < CH (DIl 00 + llull), ISP <k+1.
Also note that these estimates are both of optimal rate and, in case that
lu|l—1 < CJpl|r, as in the linear case, and r > 3 (which requires k > 2), then

the L? estimate is also optimal in regularity (that is, ||p — pllo < Ch|lp|lr) -
This is true because Sobolev’s embedding theorem gives H*+¢(Q)? c C*!(Q)%.

4. L°°-ERROR ESTIMATES FOR THE VECTOR FUNCTION U
In this section, we shall extend some of the ideas of [8]. First, we shall need
an L7 version of the Duality Lemma 2.2.

Lemma 4.1. Let 2 < 0 < oo and let t© be given by (3.5). Then the following
relation holds :

lIllo,e < Co(hll ¢ llo,0 + A2l div { llo, 6,
where Cq depends on || 4| co,1 g2 -

Proof. We shall employ a duality argument. For y € L% (Q), let ¢ € W?2:9'(Q)
be the unique solution of M*¢ =y in Q, ¢ =0 on 9Q such that ||¢|2,¢ <
K|vllo,e . The result now follows from (3.6) by the same argument as used in
Lemma 3.1. O

To prove our L>-estimates, we shall use Nitsche’s weighted L?-norms [10].
Let p>0, u(x)=|x—x,*+p*, x,€Q fixed, x € Q. Then, the weighted

L?-norm with weight u is defined as

lvllru=lu"%vllo, reR,yelXQ)>.

We shall need several well-known properties of these norms, which we list as
lemmas.

Lemma 4.2. Let >2. If ¢ € LY(Q)?, §+4 =1, then
IV e ¢llo,e <Kp~ '3,

Lemma 4.3. Given § > 2, if ¢ € L*(Q)?, then

-2
Igllo.o < KON SIF N804
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We shall also need the following relations between L°-norms and weighted
L?-norms [10]:

(4.1) lol,e <Clinplyllo,co, ¥ € L(Q);

if weW,, x,€Q is chosen such that |[wllo, = |w(xo)|, then

(4.2) wllo,e0 < CyA™ pllwlly,, for p <yh,
43) e 'n—m o, S ChpT Il ., e LAQ)2.

Theorem 4.4. Assume that u € W>(Q), 1 <r <k+1. Then, for h suffi-

ciently small,
It = tpllo,o < CHHInAI| 4l o0,

where C depends on ||zg||c0‘,(§)z.

Proof. In view of (2.9), it suffices to prove the theorem for ¢ in place of
¢ = u — u, . Note that it follows from (2.23) and (4.3) that

= C{(B(up)g, 1™'q — mn(u™"q)) — (B(up)luy — 4], mn(1™"q))
— (B(up)ly — maul, ma(u~'9))}
< C{Chp~lgll},, — Bun)luy — ul, ma(n™"' )
+(1+ Chp™ Yl — mputlli, ullglls,u}
and hence, for 4 < yp, y sufficiently small, we get
@5 el u<Cllu —mull ,+ Buply - up), mu™" )}
Next, from (3.1), (2.7), and Lemma 4.2, we see that for any J >0,
(B(un)lu = up), 7a(u™' ) = (div(ma(u~'0)), P — Pa)
= (div(my(n~'q)), 7)
= (div(x~'g), 7)
=(Yu'-g, )+ divg, 1)
<ve~" - gllo.ellllo.e
<Kp~'"hlgll ullello.o

4

< K@){p7?0|Itll3. o) + Slalif -
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Thus, (4.1) and (4.5) yield

lglhu < C{llu = maully,u+ ™"~ lI7lo,0}
(4.6) l g
< C{lInpl2 ||y — mhttllo, 00 + p7 " ?|I7ll0, 0} -

Next note that, by Lemmas 4.1 and 4.3, (3.4), and (4.2), we obtain, for 1 <r <
k+2,

I7llo,6 < CIAIllo, 0 + A1 div o, 6]
(4.7) < Chlllgllo,e + h"llullr, o]
< ChIth™"' p)' " Hllglly,u + A lulr, 0] -
Combining (4.6) and (4.7), we arrive, using (2.9), at the relation
4.8) llgli,u < COMnAE +hp~ =) U]l 00 + A3 p~H a1, 41,
O<r<k+1.
Now fix 8 € (2, oo) and let

LTS

pd = 5%9), that is, & = p2(2C(9))~%.

i

(4.9) h

Then, by (4.8),

lglh,.<Cllnhlih |yl 0, O<r<k+1.

Finally, by (4.2) and (4.9),
lgllo,0 < Ch'pligll1,

<Clnhh Yyl o, S<r<k+1. 0O
Remark 4.5. The error estimate of Theorem 4.4 is optimal in regularity (only

for r > 1, since the constant C depends on || u ||C0‘,(§)2 for any r), but it is

one half power of 4 suboptimal in rate. This matches the estimate obtained in
[9] for the quasilinear case, but it is not as sharp as that of [4].

We can now combine Lemma 4.1 and Theorem 4.4 to obtain a better L°-
estimate for the error in p, than the one given in Remark 3.4. That estimate
requires as many derivativesin ¥ asin p, while the one which follows requires

one half derivative less in % thanin p.

Theorem 4.6. Assume that p € W >°(Q) and u € W"§'°°(Q) for some given
e,0<e<x1l,and 1 <r<k+1. Then, for h sufficiently small,

2 = Pallo.co < CA (11PNl 00 + 1 #llr—y o)

where C depends on || u || ., @2
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Proof. Tt follows from (2.18), Lemma 4.1, and Theorem 4.4 that, for % <a<
k+1,0<B<k+1,
I7llo, 00 < Ch™I2llg, 4

< CR"HLlo, s + A2 EIdivEllg, 4)

< CIA'= 8+ Al ulla, 00 + A2~ 40 Ul p11 oo

< CU Ul - v, 0 + A1 31l 41, 00
SRl g s o0 1<y<k+3-eg,

and the result follows from (2.8). O

Remark 4.7. The error estimate for 7 = P,p — p, in Theorem 4.6 is supercon-
vergent by almost one half power of 4 in L>*°. This is an improvement over
the first result for the quasi-linear case [8], but it is not as sharp as that of [4],
which gives a superconvergent estimate by one power of 4.

5. APPLICATION TO THE MINIMAL SURFACE EQUATION
Let p(x) represent the vertical displacement of a surface (such as a mem-
brane or soap film) at the point x € Q, where the displacements at the bound-

ary are prescribed by the function —g. Assume Q is convex. Then, p is
determined (uniquely if g and 9Q are sufficiently smooth) as the solution of
the following boundary value problem:

~ div V—V" =0 inQ,

p=-8 on 9Q.
We see that (5.1) corresponds to the general equation (1.1) with
Vp
a(Vp) = ———.
J1+1YPl
We let
-Vp
U = —F——,
J1+1YpP
so that
2 _1¥YpP 2 |ul
|l’!| _1+|Yp|2’ |Yp| _1_|y|2'
Thus, we obtain
u
b(u)=-VYp= =
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We compute now the Jacobian matrix B. Very straightforward calculations
lead to the following expressions:

4

Therefore, we see that

b 2y-1 1—u3  wu,
6_44—_(1_|y|) [uluz l—u%]’

with eigenvalues
A = (tr(B) — /(tr B)2 — 4det B) =

1 =3
(-t — 7’

— 1 =

- =A
=i =h

A being the smaller eigenvalue and A the larger. In this case we have 4> 1,
which means that

(Bw)y, v)2lvlE, v eL Q7.

However, in order for B to be bounded, we must be sure that || < 1. This
is equivalent to |V p| being uniformly bounded in Q, which holds under our
assumptions. It then follows that |#| < p < 1 (for some positive constant p).
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