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A MIXED FINITE ELEMENT METHOD 
FOR A STRONGLY NONLINEAR 

SECOND-ORDER ELLIPTIC PROBLEM 

F. A. MILNER AND E.-J. PARK 

ABSTRACT. The approximation of the solution of the first boundary value prob- 
lem for a strongly nonlinear second-order elliptic problem in divergence form 
by the mixed finite element method is considered. Existence and uniqueness 
of the approximation are proved and optimal error estimates in L2 are estab- 
lished for both the scalar and vector functions approximated by the method. 
Error estimates are also derived in LQ, 2 < q < +oo. 

1. INTRODUCTION 

A large number of physical phenomena are modeled by partial differential 
equations or systems of parabolic type-in evolution, or elliptic-at steady 
state. Most of the models have quite strong nonlinearities which, typically, 
are either weakened or removed (by linearization) before the problem is treated 
analytically or numerically. 

It is frequently the case that it is at least as important (if not more so) to 
obtain a good approximation of some function of the gradient of the solution 
of the differential equation (which may represent, for example, a velocity field 
or electric field) as an approximation-of the solution itself (which may repre- 
sent, respectively, a pressure or an electric potential). The mixed finite element 
method computes both approximations simultaneously and with the same order 
of accuracy, be it directly or through postprocessing and, for some problems, it 
seems to yield better results than standard finite element methods. For second- 
order elliptic problems, the mixed method was described and analyzed by many 
authors [3, 5, 7, 1 1] in the case of linear equations in divergence form, as well 
as in [4, 8, 9] for quasilinear problems in divergence form. 

In this paper we shall start to study the applicability of the mixed method 
to more strongly nonlinear problems. Specifically, we consider the following 
boundary value problem: 

( 1. 1 ) {(- div(a(Vp)) =f in Q, 
p = -g on 0Q, 
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where Q c R 2 is a bounded, convex domain with C2-boundary aQ; a tilde un- 
der a symbol is used to indicate a vector, a: Q x R2 , R2 is twice continuously 

differentiable with bounded derivatives through second order, f E Hl/2+eo(gi) 
and g e H2+eo(Og2), e0 > 0. Note that this implies p E H5/2+eo(Q) [6]. 
We shall not indicate explicitly the dependence of any function on the spatial 
variables x . Furthermore, we shall assume that a has a bounded positive 

definite Jacobian with respect to the second argument, that is, with a ( z) = 

(a,(), a2()), z ER2 

0 <A(:) O(aj, a2) A; o~~ ~~<A(z).az )^? 
a(ZI , Z2) - 

These conditions are satisfied, for example, for a ( p) = K(j Q p) V p, with 

K a nonnegative function. Such is the problem, for example, in the model for 
minimal surfaces, where f = 0 and 

Vp 

a(Qp)=1 + I p2* 

Our assumption on the Jacobian a(ZI Z2) implies (using the implicit function 
theorem) that V p can be locally represented as a function of the "flux" 

(1.2) u =-a(Vp), 

say 

(1.3) Vp=-b(y) 

We shall assume that this representation is global, and that U E H3/2+co(n)2 n 
CO, 1(Q)2 

Remark 1.1. Note that the domain of b is not known and, though it may be 

small in specific cases, it always contains a ball centered at u in L? (Q) . Let 

us denote such a ball by Ro. 
Combining (1.1 )-(1.3), we arrive at the following coupled system of first- 

order equations for u and p: 

b(u)+Vp = 0 in Q, 

divu =f in Q, 

_ =-g ond92. 

Wenowlet V = H (div;Q)={v EL2(Q)2: divv eL2(Q)}, W=L2(n), 

and arrive at the mixed weak form of (1.1) we shall use: ( -u, p) E V x W is 

the solution of the system 
f (b(-), v)-(divv,p) = (g, v 

* 
n), v E VU 

( 1 .4) 
(div u, w) (fs 

_ 

w) WEWs 4 ^t 
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where n is the unit exterior normal vector on aQ, (, *) and (, *) denote, 

respectively, the L2(Q)-inner product and the L2(OQ)-inner product. We con- 
sider a family of subspaces Vh x Wh of V x W (they may be Raviart-Thomas 
[ I 1 ] or Brezzi-Douglas-Marini [ 1 ] families, for instance) associated with a quasi- 
uniform family of polygonal decompositions of Q by triangles or quadrilaterals, 
with boundary elements allowed to have one curved side. The mixed finite el- 
ement method we shall analyze is the discrete form of (1.4) and is given by: 
Find ( u h, Ph) E Vh x Wh such that 

(N(YO), v)-(divv, Ph) = (g, V n), V E Vh, 

(1.5) 1 (divuh,w)=(f,w), W E Wh 

This is a nonlinear algebraic system in the components of ( Uh , Ph), which 

we must prove is uniquely solvable. The plan of the paper is as follows: in 
the next section we prove the unique solvability of (1.5); in ?3 we derive L2- 
error estimates for u h and Ph, and in ?4 we derive LI?-error estimates for 

U h. Finally, in ? 5 we discuss how these results apply to the model for minimal 

surfaces. 

2. EXISTENCE AND UNIQUENESS 

We shall follow some of the ideas of. [9] to use a fixed point argument for 
the proof of existence. First, we derive from (1.4) and (1.5) the following error 
equations: 

f (b()- h),tv)-(divv,p-Ph)=0, v E 

(2.1) (div(u-Uh),w)=O, W E Wh. 

We shall need the following relations, which are integral forms of Taylor's 
formula: for ,u E Ro 

b(Nu) - N) =-B(u)(u - u) +(u-)T[H () H()]( -) 

(2.2) 

where 

aOb a (b1, b2) 
B(u) = - O(=d , '2) is the Jacobian of b, a positive definite matrix, 

(2.3) Hj (j= I, 2) is the Hessian of bj, 

cT[,, 2C (T H,C TH C)ER 
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for j= 1, 2, 
(2.4) 

f0l (1 - t) ft (u + tb - u]) dt fOl (- t) J (u + t[ - u])dt 
Hj(~ ~~~~a 8,=L t (y + t[p ] - - t)2(U+t - u)d 

fo (I - , [ + t[u - ,u]) dt fol (I - 8 t + t[ub- - d 

(2.5) B( ,uf) = L 
b 

(i+ t[y ut -]) dt fl + t[u - I) dt I 

Note that B( ,u) and H1( ,i), j = 1, 2, are well defined since they involve 

evaluations of first and second derivatives of b along the segment joining 

the center u of Ro with the point ,u interior to the ball. Furthermore, 

they are bounded (matrix) functions since a has two continuous and bounded 

derivatives, and its (continuous) Jacobian is bounded away from 0. Combining 
(2.1)-(2.5), we arrive at a more useful set of error equations: 

r (B(u)(u - u!h), v) - (div V , P-Ph) 

(2.6) = ((u - h ) T[Hl9(h), H2(uh)](u- !h), v), V E Vh 

I (div(u-uh), W) =0, WE Wh. 

Let us choose now Vh x Wh as the Raviart-Thomas space of index k > 0 

and introduce the L2-projection 

Ph: W Wh, 

and the Raviart-Thomas projection [11] 

7rh: H (Q)2 __ VUh 

which have the following useful commuting property: 

(2.7) divo 7rh = Ph odiv: H'(Q)2 __ Wh. 

These projections have the following approximation properties [4, 9, 1 1]: 

(2.8) IIW-PhWIIO,r ? ChIlJWJIla,r 0 < a < k + 1, 1 < r < +oo, 

(2.9) JII, - 7thflIO,r ? Chalj.lIt,r - <a < k+ 1, 1 < r < +oo, 

where I I a,Jr denotes the standard norm in the Sobolev space W>"r (a) (r = 2 
being omitted in this notation). 

Using (2.7), we rewrite (2.6) as 
(2.10) 

( (B(u)[17rthu - uh I iV) - (div v, PhP -Ph) 

- ((U-U - Uh)T[H,(h), H2(uh)](u- Yh)+B(y)+B(y)17th -], V), V E Vh 

(div[7rhu - UhI, W) =0, WEWh. 
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Consider now the following (selfadjoint) operator M = M*: H2(Q) - L2(Q), 
(2.11) Mw=-div(B-1(u)Vw), 

whose restriction to H2(Q) n Ho' (Q) has a bounded inverse. That is, for any 
yi E L2(Q), there is a unique q E H2(Q) n Ho'(Q) such that MO = y and 
110112 ? QIIVIIo . This is guaranteed by the assumption that B-1( u) = A( u) = 

a(l (a2 u ) is positive definite, since u is uniformly Lipschitz [6]. 

We shall show that (2.1) is uniquely solvable by using a fixed point argument. 
Let h be small enough that 7Jh U E V n R, and choose a ball RI centered 

at 7Jh U such that RI c Ro with respect to the L??-norm. Let now 

q>4S1fnlVh) X Wh - Vh X Wh 

be given by 
(D((p, P)) = (Y- q), 

where (y , q) is the solution of the system 

(2.12) 
(B(u)[7rhu - y], V) - (divv, Php - q) 

=(B (U) 7ThU-]+(-)[18,H()( ) v) 
- 

VE V*, 

t (div[7ThY Y], W) = O, W E Wh. 

Note that, since the left-hand side of (2.12) corresponds to the mixed finite 
element method for the operator M given by (2.11) with B( u) smooth and 

H1(.) and H2(.) uniformly bounded on RI, the operator 'D is well defined 
[3]. Clearly, in order to establish the solvability of (1.5), it suffices to prove the 
following theorem (compare (2.10) with (2.12)): 
Theorem 2.1. For h sufficiently small, 'D has a fixed point. 

We shall need the following technical result, the proof of which follows in an 
analogous way to the one used in [9]. 
Lemma 2.2. Let cw E V, / E L2(Q)2, and m E L2(Q). If T E Wh satisfies 

the relations 
( (B()cl),v)-(dvv, t = (I v-),v-E V-*, 

(2.13) ii (divw2, w) = (m, w), W E Wh, 

then there exists a constant C > 0, independent of h, but dependent on 
11 4 IICO,I(j)2' such that 

kilo < C[hll c lo + h211 div to lo + 11 jllo + Ilmilo]. 

Let now 7h = Vh endowed with the strong norm 

1 V 11 7"h = 1I V 110,4+e + 1 div v- llo. 

Theorem 2.1 will be true if we prove the following result. 
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Theorem 2.3. For ( > 0 sufficiently small (dependent on h via the inverse 
inequality (2.18), and smaller than the radius of Ml so that 1P is well defined 
on 1), (D maps the ball of radius ( of 2rh x Wh, centered at (7th U, Php), 

into itself. 
Proof. Let lI7rh u - u 1 r < ( and IlPhp - PllWA < (. We use in the sequel 

0=4+e (O<e < 1) and s= 1+e+4+I. Then, s- 2 = o,where 
o < go =+ 832e 1< I . Therefore, the Sobolev embedding theorem implies that 

H3/2+eo(Q) c WsJS O(Q) and 1IXlls,0 < QeIIX113/2+,o 
Note that the second equation in (2.12) implies that 

(2.14) div(7rhu - y )O. 

We now apply Lemma 2.2 to (2.12), using T =7rh - y, T=Php-q, m = O, 

and / = B(u)[rh U - U] + (U - )T[H1(p), H2(/i)](u - p) in (2.13). It 

follows from (2.8) and (2.9) that 

IlPhp - qllo < C[hjl7rhu - yllo + hsllulls + Ilu - _P1124] 

(2.15) ? C[hJJ7rhU - yllo + hsIIuIls + JlU - #112, 

? C[hjj7th - Yllo + (hS + (2)(1 + llylls,0)2], 

where C depends on 11 llco. (1)2, 
as we have used Lemma 2.2. Note that, 

since s > 1 is being required in the approximation by projection, we may not 
use the Raviart-Thomas space of index k = 0, which is why we have assumed 
k > 0. Next, it is easy to show (see [9]) that 

11I7th - YIjo < CI11o 

(2.16) < C(h + 32)(I + llyl13/2+c0), 

where C depends on 11u lcoC. (j)2 . Substituting (2.16) in (2.15) yields the rela- 

tion 

(2.17) IlPhp - qllo < K, [hS + (2], 

where K1 depends on 11 ull3/2+e0 and 11 u ICo.(i)2 . We use now the following 

"inverse-type" estimate [2]: for 2 < v < 06 

(2.18) 117rh U - Y 1bo,o ?< Ch210 21vlh7rh u - Y Ibo.v 

Combining (2.14) and (2.18), we see that (2.17) yields 

I7th Uh-Y II =1I- 7h U-Y II0O, 4+e 

(2.19) < K6Kih4 [hS+(52I 
= K2[hs-l+ + h- S(2] 

= K2[h +6+Th7 + h-4+(2] 
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Since we want that K2h2 +8 8+2e < 4 and K2h-4+I62 < 4 in (2.19), we need 

(2.20) 2K2h'+8+ <- -2K2 

Let h < (2K2)-2/E and (5 = 2K2hi~~~82+i+. It follows that (2.20) holds, and 
then (2.19) yields 

Illrhu - Y <?L5- 

Similarly (by choosing K2 < K1), (2.17) gives the bound 

JJPhp - qllJwh <? 

which concludes the proof. O 

Remark 2.4. Note that Theorem 2.3 not only proves that (1.5) is solvable, but 
also that the solution is close to ( u, p) . Specifically, for small h, 

jJ 7h U- Uh 1 rhI + IIPhP-Ph lio < Kh 2 +8+2e 

By the inverse inequality (2.18), this implies that 

iJ7EhY - YhiJO,oo < ChJ4+eJ7rh -Y hJ0,4+c 
(2.21) 

< Ch8 4+e e 

where C depends on II U 113/2+,o and I u II CO, 1()2. We shall need this estimate 

in the next section. 
We can also show that the solution of (1.5) is unique (near ( u, p)) . 

Theorem 2.5. Let (u h Ph) and (vQ h' h) be solutions of (1.5). Then, U= h 

Vh and Ph=qh. 

Proof. Let U = U h -Vh and P = Ph -qh . Then, (I.5) implies that ( ,P) E 

Vh x Wh satisfies the relations 

(NY (()- NVO, v) -(divv, P) =0, E V*h, 

l (divU, w) =0, w E Wh, 

and, using the mean value theorem, (2.2), we obtain 

( (B(u)U, v)-(divv, P) =0, vE V*, 
(2.22) (divU, w) = 0, W E Wh, 

where B( u h) is given by (2.5) with u = u h and u replaced by V h. 

The crucial observation is now that, for h sufficiently small, the positive 
definiteness of B( u) together with (2.21) imply the positive definiteness of 

B(uh). That is,, 

(2.23) Ajjyj < (B(uh), 1v, v), v E V 
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where A > 0 is independent of h and v . Take now v = U and w = P 

in (2.22). Using (2.23), we see that U = 0 and hence (div v P) = 0, 

v- E Vh . Choose v E Vh such that div v =P E Wh. Then IIPIIo= 0 gives 
P = 0, as needed. o 

3. L2-ERROR ESTIMATES 

Let 4 = -u h q = 7th U - h P =P -Ph, and r= Php-Ph, and 

rewrite (2.1) as 

(B(Yh)C, v) -(divv, 4)=0, vE V*h 

(3.1) l (div , w) = 0, W E Wh 

or 

(B(Yh)q, V) -(divv, T) = (B(Yh)[7rhY - ], v), v E V*h 
(3.2) (diva, w) = 0, W E Wh. 

With the choices v = a and w = T in (3.2), we see that 

(B(Y h) q , (J)= (B(Y h)[7J[h - U] q). 

Then, the positive definiteness of B( U h), the analogue of (2.23), implies that 

11 q -lo < C1u17 IuIo . Thus, by (2.9), if U E Ha(Q)2, 1/2 < a < k + 1, we 

have 

(3.3) 1l b llo < Cll17rh U - y llo < Chall u Ila, 

where C depends on I u llco, (U)2 . Observing that div a = 0 from (2.7) and 

(3.2),if fe WY, q (Q), 0<y<k+1, 1 <q<+oo,weobtainfrom (2.7) and 
(2.8) the estimate 

|| div C|lo,q = |div u + div a-div 7rhUIIo,q 

=11 div u - Ph div uIIO, q 

(3.4) = Ilf- Phf 11o,q 
< Chyllf Ily,q 
< ChyllUlly+i,q 

Error estimates for the scalar function Ph will be obtained by the following 
Lemma 3.1. Using (2.2), we can rewrite the error equations (3.1) as 

(B(u)4, v)-(divv, T) = (4T1 H h(uh) H2(uh)]4, v), v E V*h 

(3.5) (div , w) = 0, W E Wh. 

We shall prove now an improved version of Lemma 2.2. 
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Lemma 3.1. Assume that the solution of ( 1.1) is sufficiently smooth. Then, there 
is a constant C independent of h, but dependent on 11 u 113/2+Eo and 11 U 'ICs, I ()2' 

such that, for O < s < k + 1, < a, l< k + l, 1 < y< k + 1, 

llTll-s < C[hy+s+1-(s+l-k)+11 
U 
Ily + ha+V- 1l 

U 
q UlIfl, 

where (s + 1 - k)+ = max{O, s + 1 - k} . 

Proof. Recall that 

jJIII-s= SUP 111) 

Y/30 

We shall employ duality to bound (T, VI) for V e Hs(L) . Let k E Hs+2(n) n 
Ho (Q) be the unique solution of M*q = V in Ql such that 11B1ks+2 < Kjjyisj, 
where M* is given by (2.11), and K depends on 11 U 1lCs,I(i)2. Then, it follows 

from (2.7) and (3.5) that 

(T, YV) = (T, M* ) = (T, -div(B'-(u)V7)) 

= (T, -div(7rh(B-1(u)V0))) 

(3.6) = (C [Hl(uh) H2(uh)]-B(u)4, 7rh(Bl(y)Y0)) 

- (;T[H1(Uh), H2(uh) I- B(u)C, h(B 1(u)V0)-B 1(y)7O)) 

+ (CT[jH1 (U) -(hl4 (y) 0) + (div C, 0 - Ph0) 

Also, Sobolev's embedding theorem, (2.9), (2.18), and (3.3) lead to the following 
bound: for 1 < a, f < k + I, 

( [H1 (Yh), H2(Uh)]4C, 7(hB 1(y)V4 - B1 (y)70) 

< C|4C|| - 2+cII7hA(y)7Q -A(y)7 01140 t?u 

< CjJCJJO[Jijq - 7hqljO, 2+c + i17rh - YIIO, 2+Jh 11l 11+} 

(3.7) < ChaIIu ila(IZuh - 7rhYiO + hflIJjl-L,_ 2+e)II'II2 

< ChalIullo(IljiSo + 1lI7hU - ullo + hfljjuJIfl)IIOIJ2 

< Challjjqjhfljj11Y11f01jj162 

< Cvh'+flIlyIaII lIIOIIs+2 5 
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while (2.9) and (3.3) yield, for 1 < a < k + 1, 2 

(B(u)4, B1 (y)W - 7rh(B (u)Vq$)) 

? CllCllollB1 (u)Q70 - 7rh(B- (u)V0) llo 

(3.8) < Cll4llohs+l3-s,k+l ll70llS+1-3s,k+I 

? Cha lllahS+l -s,k+1 11l11s+2 

? Ch ++ skl l|llakl?lOls+2 

Next, note that Sobolev's embedding theorem, (2.9), (2.18), and (3.3) lead, in 
a similar way to how (3.7) was derived from them, to the following bound: for 

<a, /3 <k+ i, 

(,[f(Yh), fY2(Yh)]K, B I(y)70) < Cl110110lll0,2+8117?0110, 4+2e 

<~~~~~~~~~~~~~~~ (3.9) < Ch a 1llck4 T 1 |,B1?e 1 

< Cha+#-,,jjyjjajjyjjfijj0jjS+2- 

Finally, (2.8) and (3.4) yield, for 0 < y < k + 1, 

(div 4, ? - Ph4) < || div Cliollo - Phkllo 

(3.10) < Chy+s+2-(s+1-k)+ Ik'UI+ 11b11s+2-(s+l-k)+ 

< Chy+s+2-(s+l-k)+ IkII II4?IIs+2 

and combining (3.6)-(3. 10) we conclude the proof. O 

Remark 3.2. Lemma 3.1 shows, in particular, that, if U e HY(Q)2, 1 < y < 

k + 1 , then 

(3.11) lITIIo < KhY+1 11 U IlY 

where K depends on 11 u 113/2+eo and 1I - IICO .I()2 

We shall now apply Lemma 3.1 to the derivation of Lq-error estimates for 
the scalar function Ph, for 2 < q < +oo. 

Theorem 3.3. Let 2 < q < +oc. There exist positive constants Cq, independent 
of h, but dependent on 11 U 113/2+,o and 11u l CO I(Q)2' such that, if p e Wr q(Q) 

and U e H q)2, 1+ 2< r<k+l,then 

IIP -PhIO, q < Cqhr(llPIlr,q + 11 U lIr-2) 
q 

Proof. Use Lemma 3.1 with s = 0, (2.8), and the estimate (3.11), and set 
y + 2 = r. Then, by the scalar analogue of (2.18), we obtain, for 1 + 2 < r < q q 
k + 1 
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IIP -Ph IIO,q < IIP - PhPIIO,q + I|TIIO,q 

? Kq[h'IIpiIr,q + hq-' hTIo] 

< Kq[h IIPIlr,q + h -'h*+l' IIzjIy] 
< Cqhr(lipI1r,q + Ik!!hIr- 2 

Remark 3.4. Note that Theorem 3.3 shows, in particular, that, 

IIP -Ph 110 < Chr(lipir + hhl.lr-1), 2 < r < k + 1, 

IIP -Ph 1Io,oo < Chr(lipIr,Soo + hhl.!r) , 1 < r < k + 1. 

Also note that these estimates are both of optimal rate and, in case that 
II u IIr-I < CIlp Ir, as in the linear case, and r > 3 (which requires k > 2), then 

the L2 estimate is also optimal in regularity (that is, IhP - Ph h ?< ChrIIpIIr) 
This is true because Sobolev's embedding theorem gives H2+e (Q)2 c CO, 1 (Q)2 . 

4. L??-ERROR ESTIMATES FOR THE VECTOR FUNCTION u h 

In this section, we shall extend some of the ideas of [8]. First, we shall need 
an Lq version of the Duality Lemma 2.2. 

Lemma 4.1. Let 2 < 0 < oc and let z be given by (3.5). Then the following 
relation holds: 

hrTIho, < Co(hhl C hho,o + h2hh div C 1ho, ), 

where CO depends on ||U||hcO,I(Qj)2 

Proof. We shall employ a duality argument. For VI e La' (Q), let 0 e W2, ' (0) 
be the unique solution of M*q$= V in Q, 4=0 on 9Q such that 11q112,oI < 
K II'IIo, 0'. The result now follows from (3.6) by the same argument as used in 
Lemma 3.1. 0 

To prove our L??-estimates, we shall use Nitsche's weighted L2-norms [10]. 
Let p>0 ui(x)=Ix-xO12+p2, xo eQ fixed, x e Q. Then, the weighted 

L2-norm with weight ,u is defined as 

11 h ||r,y = hh1-t V hho, rE X, v 

We shall need several well-known properties of these norms, which we list as 
lemmas. 

Lemma 4.2. Let 0 > 2. If ? e La (Q)2, a + 1 = 1, then 

11 
V ,-1 * ?ho, eo < Kp-' a 11 +1 , . 

Lemma 4.3. Given 0 > 2, if X e Lo?(Q)2, then 

11 4 hho,a < K(0) | hh0,1 , 4 Ihl7?. 
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We shall also need the following relations between L??-norms and weighted 
L2-norms [10]: 

(4.1) 1K II1,,4< Clnpi'IIlO,ooq V ELo?(K2 

if W e Wh, X 0 e Q is chosen such that IIw Io,I 0 = Iw (xo) I, then 

(4.2) IIwIIo,o ? Cyh-1pIIwIIj, for p < yh, 
(4.3) 7l,-l h?(,u-l)II_1,/, < Chp-1 IIqIIj,a, t1 E L2(Qi)2 

Theorem 4.4. Assume that u e WVr ?(0), 2 < r < k + 1. Then, for h suJfi- 
ciently small, 

11 U- hlO,oo < Chrl2 Inlfhilf 11 - lir,oo, 

where C depends on |UCO,IC(Q)2 

Proof. In view of (2.9), it suffices to prove the theorem for a in place of 

U= - U h . Note that it follows from (2.23) and (4.3) that 

If ll, = (B(Yh)q, B (U)i q) 

< C(h(Yh)q, Y- l ) 

C{(B(uh)a, jiq - 7-h (h-( q)) - (B(Yh)[Yh - i], rh (I q)) 
(4.4) _U 

- (B(Uh)[u - 7rh], 7rh(/q))} 

? C{ChpIIqII2 ,/ -(B(Uh)[uYh -u ], 7(h(I I)) 

+ (1 + Chp')Ilu - 7rhYll1,MIIqII1 ,k}, 

and hence, for h < yp, y sufficiently small, we get 

(4.5) || I II1 ,q < C{Il u -rUh I I, + (B( Uh)[ U - U!h], 7h(I' q))}. 

Next, from (3.1), (2.7), and Lemma 4.2, we see that for any 3 > 0, 

(h(Yh)[Y- hl], 7Ch(I_ a)) = (div(7rh( '))P -Ph) 

= (div(7rh(W q)), T) 

= (div(,u- I ) T) 

= (PC' *q, T) + (y-i'diva, T) 

? 
? Kp-({p2IIgIIj,+IITIIO,0 

< ( ) p-2- 49 11i H}+2l l 1 



MIXED METHODS FOR A STRONGLY NONLINEAR ELLIPTIC PROBLEM 985 

Thus, (4.1) and (4.5) yield 

11q1I1,M < C{II - 7rhY!II1, + P1 JITIo,o} 

(4.6) < C{li In ilpilly - 7UhYIIO,oo + P -IT11Io,} 

Next note that, by Lemmas 4.1 and 4.3, (3.4), and (4.2), we obtain, for 1 < r < 
k + 2, 

IIIIo,a < C[hIIC4Io,a + h211 div4 Io,6] 

(4.7) < Ch[IqIIo0, + hrIlYIIr,ool 

<Ch[(h- p)1-1 l1aql ,,# + hril Yjr,oo. 

Combining (4.6) and (4.7), we arrive, using (2.9), at the relation 

(4.8) lIqI',M < C(0)[(I lnhi' + hp-l-)hrIkIIlr,oo +hip-4 11 q 11 

0 < r < k + 1. 

Now fix 0 e (2, oc) and let 

2 1 
(4.9) hop-4 - 2C(6)' that is, h = p2(2C())-f. 

Then, by (4.8), 

11 q 11,y < Cl lnhlihril U 1lr,oo S O < r < k + I 

Finally, by (4.2) and (4.9), 

lilo, 00< Ch-1 pIIqIj1,y 

<ClIn hl'h- IIYIr,co 2 <r<k +1. 0 

Remark 4.5. The error estimate of Theorem 4.4 is optimal in regularity (only 
for r > 1, since the constant C depends on IIu ICO, l(1)2 for any r), but it is 

one half power of h suboptimal in rate. This matches the estimate obtained in 
[9] for the quasilinear case, but it is not as sharp as that of [4]. 

We can now combine Lemma 4.1 and Theorem 4.4 to obtain a better L??- 
estimate for the error in Ph than the one given in Remark 3.4. That estimate 
requires as many derivatives in u as in p , while the one which follows requires 
one half derivative less in u than in p . 

Theorem 4.6. Assume that p E Wr??(Q) and u e Wr t ?(Q) for some given 
, O < 1 < l, and 1 < r < k + 1 . Then, for h sufficiently small, 

IIPw-Phe C p0n < Cor(nIIPI roo + 11 U1 llr ioo)i 

where C depends on || U l|CO, I (Qj)2i 
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Proof. It follows from (2.18), Lemma 4.1, and Theorem 4.4 that, for 1 < a < 

k+l, O<fl<k+l, 

IlTII o, 0< Ch`2 lTIlo' 4 

<C(hl-f llCllo 4 + h2- 11 div Clio, 4) 

< C[h l1- +a-I IIln h i II -ula, o + h2- ? hfl lly-llf+ l, o] 

< C[hrIl.11r +8, oo + hr+j++j11 -Illr- +e,ooI 

< ChIllly+ o < y < k + 

and the result follows from (2.8). 0 

Remark 4.7. The error estimate for z = PhP - Ph in Theorem 4.6 is supercon- 
vergent by almost one half power of h in L?? . This is an improvement over 
the first result for the quasi-linear case [8], but it is not as sharp as that of [4], 
which gives a superconvergent estimate by one power of h. 

5. APPLICATION TO THE MINIMAL SURFACE EQUATION 

Let p( x) represent the vertical displacement of a surface (such as a mem- 

brane or soap film) at the point x E Q, where the displacements at the bound- 

ary are prescribed by the function -g. Assume Q is convex. Then, p is 
determined (uniquely if g and aO are sufficiently smooth) as the solution of 
the following boundary value problem: 

( - div( 1+P ) = 0 inQ, 

p = -g on 9. 

We see that (5.1) corresponds to the general equation (1.1) with 

'Vp 
aQ CP) = 

We let 

-'Vp u = 
P 

1IV7pI2' 

so that 

_ 12 IpI2 2 I U 12 

Thus, we obtain 

1-)u-Q 
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We compute now the Jacobian matrix B. Very straightforward calculations 
lead to the following expressions: 

Ob _ -u22 

au, (1 -1U12)j 

Ob, _ UjU2 
OU2 (1-1u12)"23 

b, - _ ul u2 

u - (1-1U12 )! 

Ob2 _ l-u2 
OU2 

Therefore, we see that 

ab (l-IuI2Y4@[l-u2 U1U2] 
O9u uI2 1U2 

with eigenvalues 

(tr(B) - 4detB) = 

A being the smaller eigenvalue and A the larger. In this case we have A > 1, 
which means that 

(B(uv v) > 11 11 o, E eL2(Q)2e 

However, in order for B to be bounded, we must be sure that I - < 1 . This 

is equivalent to I Q PI being uniformly bounded in Q, which holds under our 

assumptions. It then follows that I I I < p < 1 (for some positive constant p) . 
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