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SUMMATION BY PARTS, PROJECTIONS, AND STABILITY. I

PELLE OLSSON

ABSTRACT. We have derived stability results for high-order finite difference ap-
proximations of mixed hyperbolic-parabolic initial-boundary value problems
(IBVP). The results are obtained using summation by parts and a new way
of representing general linear boundary conditions as an orthogonal projection.
By rearranging the analytic equations slightly, we can prove strict stability for
hyperbolic-parabolic IBVP. Furthermore, we generalize our technique so as to
yield stability on nonsmooth domains in two space dimensions. Using the same
procedure, one can prove stability in higher dimensions as well.

1. INTRODUCTION

When solving a partial differential equation numerically it is necessary to
have some bound of the growth rate of the solution, since otherwise roundoff
errors could grow arbitrarily fast. This upper bound can be established by ensur-
ing some kind of stability. We have elected to use the energy method, because
it can be applied to the continuous as well as the discrete model. Furthermore,
it can be applied to general domains, which is important when studying multi-
dimensional problems.

Stability of the continuous problem is established by means of an integration-
by-parts procedure introducing boundary terms, some of which must be elimi-
nated to ensure stability. For the finite difference model integration by parts is
replaced by summation by parts. This amounts to designing the discrete differ-
ence operator ensuring that, in addition to the accuracy requirements, certain
conditions of antisymmetry are met. As a consequence, the common problem
of finding proper “numerical” boundary conditions will be eliminated; they will
be built in the discrete difference operator.

The analytic boundary conditions are yet to be incorporated. We propose a
certain projection operator, which interacts with the difference operator so as
to generate boundary terms that are completely analogous to those of the con-
tinuous problem. This can be done for any type of linear boundary conditions.
Thus, an energy estimate is obtained for the discrete problem, provided there
is one for the analytic model. This conclusion remains true for domains in sev-
eral space dimensions, even if the boundary is nonsmooth. Furthermore, using
this projection operator allows us to derive stability results for a larger class of
finite difference operators than those considered in [5]. Stability will be proved
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for high-order finite difference approximations of mixed hyperbolic-parabolic
variable-coefficient systems subject to general boundary conditions.

1.1. An introductory example. To illustrate the underlying principles of the en-
ergy method, we consider the convection-diffusion equation

Uy =Uxx + Uy, X€(0,1), t>0,
u(x, 0) = f(x),

u(0,t =0,

ux(l, 1) =g(1).

In the sequel we shall use the standard L2-scalar product

1
(u,v)= / uvdx
0

with the corresponding norm defined as ||u||> = (u, u).
We can obtain an a priori estimate for this example using the following tools.

(i) Integration by parts:

d
Ellull2 =2(u, thex) 4+ 2(u, Ux) = =2||ux||? + 2(u, uy) + 2uuyld.
(i) Boundary conditions:
d, 2
leull = =2Jux||* + 2(u, ux) + 2u(l, t)g(1, t).

(iii) Cauchy-Schwarz inequality:
d
g;llull2 < =2 fux|? + 2 ull||ux| + 2u(1, )g(1, 1).

(iv) Algebraic inequality:
2xy| < ex? + e 1y?
implies (€ = 1)
d
dt
(v) Sobolev inequality:

1l < =l + [l + u(1, 0 + g(1, 1)

|ulZ, < elluxll® + (7" + Df[ull®
is used to eliminate u(l,t) (e =1)
d
Ellull2 < 3|jull* + g(1, 1%,

which can be solved analytically to yield

. 2 3t 2 ! 2
lu(-, DI < e (ufn +/0 £(7) dr).

If we are to obtain such an estimate for a system of equations we will also need

(vi) The adjoint of A4: ‘
(u, Av) = (ATu, v).
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Summing up, the energy method boils down to the six basic “tools” above. In
the subsequent sections we shall see how these principles can be modified so as
to give an energy estimate for the semidiscrete system.

2. GENERAL PRINCIPLES FOR THE SEMIDISCRETE CASE

In this section the basic principles of the energy method will be transferred to
the semidiscrete case. Furthermore, a number of lemmas, which will be needed
later, will be stated. Throughout this section grid vectors will be denoted by
vIT=@wl...v]), vje R? . Difference operators approximating 8/8x will be
designated by
doo] een do,,I

D==| : : |, IeR¥?,

dpol ... dy1

where D is written as a square matrix for convenience; in reality D will be a
banded matrix, where the bandwidth is independent of the mesh size A = 1/v.

2.1. Summation by parts. In the semidiscrete case we employ summation by
parts instead of integration by parts. The basic idea is to use difference operators
satisfying

(2.1) (u, DV)y = uy v, — ufvo — (Du, V)

with respect to a weighted scalar product

v
,v)p=hY ojulv;.
i,j=0
It should be remarked that the usual Euclidean scalar product cannot be used.
To prove the existence of summation by parts, it suffices to consider scalar
products of the form

T
(2.2) = I , I g RUrNadxtrtbd -y o
5(2)

where the blocks of X are given by X;; =o0;;/,1 € R4, r; and the elements

of £V [ =1, 2, are independent of 4. The following existence proof can be
found in [5].

Proposition 2.1. There exist scalar products (2.2) and difference operators D of
accuracy 2p — 1 at the boundaries and 2p in the interior, p > 0, such that the
summation-by-parts property (2.1) holds.

Confining ourselves to the case where X(!) and X( are diagonal, we have
the following existence theorem [4].

Proposition 2.2. There exist diagonal scalar products (2.2) and difference opera-
tors D of accuracy p at the boundaries and 2p in the interior, 1 < p < 4, such
that the summation-by-parts property (2.1) holds.
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Remark 2.0. If one omits the requirement that the boundary stencils be at least
accurate of order p for a given interior accuracy 2p, it is possible to prove
summation by parts for diagonal scalar products and difference operators D of
arbitrary order of accuracy [8]. For a given boundary accuracy p, however, it
may be necessary to resort to interior stencils of accuracy g > 2p, which may
render these operators useless in practice.

The actual computation of the operators above is ill-conditioned, since it
involves the solution of a rank-deficient problem. Using a symbolic language,
one can solve for D exactly, the elements of which in general will depend on
one or more parameters. Explicit examples can be found in [6]. For details on
the algorithms we refer to [9]. The simplest example is furnished by

(2.3)
-1 1 0.5
-05 0 05 1
., = 5
-0.5 0 0.5 1
-1 1 0.5

Summation by parts can be generalized to several space dimensions if we
restrict ourselves to diagonal norms. To simplify the notation, we consider only
the two-dimensional case. A general proof is given in [6]. The grid function u;;
is partitioned as u” = (uf ...ul), ul = (uf;...u] ), j=0,...,v2. Define
the weighted scalar product as

S| —

vy

(2.4) (, V)p=hY.> aigulvi,

i=0 j=0

where i = hhy is the cell area. Let D; and D, denote the difference operators
approximating 8/0x; and 9/9x,. Define

vy V2
(2.5) (D1u)ij = h_ll'zdikukj s (Dau)ij = hizzdjkuik ;
k=0 k=0
where it is assumed that the o’s and d’s satisfy (2.1). Hence
vy 17 2
(, D)y =hy Y 0; (Z ol >y dikvkj) ,
i=0 k=0

j=0

and a similar expression holds for (u, D,v),. The parenthetical expression
satisfies (2.1) for each j. We thus arrive at

Proposition 2.3. Let the discrete difference operators D, and D, be defined by
(2.5). Summation by parts then holds in both dimensions,

1 %] vy
(u, Do)y =hy Y ojul jv,,;—hy Y ojubve; — (Diut, v)

j=0 Jj=0
141 141

(u, D)y = h Y ol vi, — by Y oitlyvio — (Datt, v)
i=0 i=0

where (-. ). is defined bv (2.4).
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Remark 2.1. This is the discrete counterpart of the two-dimensional divergence
theorem. With a general domain Q we assume that there is a smooth map
¢ = &(x) taking Q onto the unit cube where Proposition 2.3 can be applied.
The assumption of such a map ¢ is necessary in order for finite difference
methods to apply to curvilinear domains. Consequently, integration by parts
can always be replaced with summation by parts in the discrete case. It is
presently unknown if it is possible to obtain the summation-by-parts property
in more than one dimension using nondiagonal norms.

2.2. Projections. Suppose that the model equation of §1.1 were discretized as

v,=D*v+Dv,
(2.6) 0(0) =1,

where we have assumed homogeneous Neumann data for convenience; in Part
II [7] it will be shown how to treat inhomogeneous boundary conditions. For
every fixed A the problem above is a constant-coefficient ODE system with a
unique analytic solution. Consequently, there is little hope that the discretized
boundary conditions vy(t) = (Dv),(¢t) = 0 are fulfilled, since they have not
been accounted for so far.

Denote by ¥ c R”*! the vector space where vo(t) = (Dv),(t) = 0, and let
P be a projection of v onto V. Multiplying (2.6) by P yields

(Pv), = P (Dzv + Dv) .

Any solution of (2.6) satisfying the boundary conditions must obey v = Pv,
whence

(2.7) v =P (D2v + Dv) .
Conversely, we have

Proposition 2.4. Let P € R*™° be a given projection independent of t, and sup-
pose that v(t) € R® is a solution of the nonlinear ODE system

v, =PR(t,v)+(I-P)g,
v(0)=f,

where f satisfies f=Pf+ (I — P)g(0). Then

v(t)=Pv(t)+ (I - P)g(t), t>0. «
Proof. Since P is independent of ¢, premultiplication of (2.8) gives ( P2 = P)

(Pv); = PR(t, v).
Using this equality in (2.8) implies
v, =(Pv+(I-P)g).

(2.8)

Hence, by integration,

(I - P)(v(t) - g(1)) = (I - P)(f - £(0)) ,

which proves the proposition. 0O
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Remark 2.2. The function g(¢) represents the boundary data, and (I — P) -
(v — g) = 0 is the extension of (I — P)v =0 to inhomogeneous boundary data.
Proposition 2.4 thus tells us that any solution to (2.8) will satisfy the boundary
conditions if the initial data do.

In general, P is not uniquely defined. Consider the vector space V = {v €
R"*!lvg=0,v, =v,_;}. Then

0 0

1 0 1
1 0 1

both imply Pv € V. To shed some light on how to choose P, we apply the
energy method to (2.7):

d
EHUH;Z, =2(v, P(D*v + Dv)),.
If P were selfadjoint with respect to (-, -);, then
%Hv”i = 2(Pv, D*>v + Dv),, = 2(v, D*v + Dv), ,

where the last equality follows from Proposition 2.4. The crucial condition to
obtain this equality is expressed by

(2.9) (u, Pv)p = (Pu, v) ,

which states that P is an orthogonal projection (using the weighted scalar prod-
uct (-, *)n)-
Suppose that u(x, 1) € R?, x € R", is a solution to

u=F(x,t,0)u, xeQ,
L(x,d)u=0, xel,

where 8 denotes the n-dimensional gradient; I' is the boundary of Q. This
system is discretized in space, possibly requiring a coordinate mapping onto the
unit cube,
v, = PG(t, D)v.
The projection P should be such that v fulfills
LT™v=0,

where L now represents a discretization of the analytic boundary conditions.
Let V = {v € R"|LTv = 0}. According to the preceding discussion, P is taken
to be the orthogonal projection onto V' (with respect to (-, +);). The boundary
conditions can be written as

QTzv=0,

where Q = X-!L. Hence, the boundary conditions are fulfilled for all vectors
v that are orthogonal to the column space of Q, the orthogonal projection onto
which reads Q(QTXQ)~'QTX. In case X = I, this is the standard projection.
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The desired boundary projection is thus given by
P=1-0(Q"20)"'0"%,

or

(2.10) P=I1-X'L(LTZ'L)"'LT.

Remark 2.3. In order for the projection to be well defined, the inverse of
LTX-1L must exist, which follows if and only if L has full column rank.
The latter will follow from assumptions on the analytic boundary conditions
(consistency arguments).

Proposition 2.5. Suppose that L has full column rank, and let P be defined by
(2.10). Then
(i) P?=P,
(i) TP =PTxX,
(iii) v =Pv <= LTv =0.
Proof. All statements are immediate consequences of (2.10). 0O

Remark 2.4. The second statement of Proposition 2.5 is equivalent to (2.9).

2.3. Some technical lemmas. In this subsection we have gathered some technical
results that will be needed in the subsequent presentation. Their proofs have
been deferred to the Supplement. As seen in §1.1, it is necessary to have a
Sobolev inequality. The following proposition shows that there is a discrete
Sobolev inequality for the norms that we are interested in. We present it in a
form suitable for proving strict stability.

Proposition 2.6. Let || - ||, and D be defined by (2.2) and (2.1), respectively.
Then

ik < €lDvlfp+ (7' + 1+EM) v} ,
where € > 0.

Let
(2.11)

A= , Aj=A(Gh), j=0,...,v, h=1,
Ay

denote the grid matrix representation of A(x;) € RY*4 xj = hj € [0, 1].
Smoothness will be assumed as needed.

Lemma 2.1. Let X and A be defined by (2.2) and (2.11), respectively. Then
(u, Av)y — (ATu, )4 < ER)ullallv]lh-

Remark 2.5. According to Lemma 2.1, the transpose of A is an approximate
adjoint with respect to (-, -); ; the perturbation consists of lower-order terms.

The following assumption will be crucial when proving strict stability for
hyperbolic systems.
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Assumption 2.1. Let 4 and X be given by (2.11) and (2.2). Then one of the
conditions below is assumed to hold:
(i) X is diagonal diag(aol...0,1);
(ii) The blocks of A satisfy Ag=---= A4, and A,_,, =---= A, , where r|
and r, r; >0, 0<r, <v-—ry,are defined by equation (2.2).

Corollary 2.1. If Assumption 2.1 holds, then (u, Av), = (ATu, v),.

Proof. In both cases, ¥ and 4 commute. The corollary follows immedi-
ately. O

Remark 2.6. The latter criterion is satisfied if there isa § > 0 such that 4(x) =
const for 0<x<d and 1 -0 <x <1, and if 4 is chosen such that Ar <4,
where r = max(ry, r;).

Lemma 2.2. Let £ and A be defined by (2.2) and (2.11). Then
[(u, Av)y| < |Aloo (1 + & () lullallvlln
where |A|o = sup|A(x)|.

Corollary 2.2. If, in addition to the hypotheses of Lemma 2.2, Assumption 2.1 is
fulfilled, then

|(u, Av)al < |Aloo|lullal|v]]a -

Remark 2.7. Lemma 2.2 states that the growth rate induced by low-order terms
is the same (modulo & (h)-terms) in the continuous and the semidiscrete case.
Denote by [D, A] the commutator of D and A. It is well known that
(u, [D, Alv)r < |IID, Allxllullnl|v]ls » where ||[D, A]|l» can be bounded inde-
pendently of 4. This result can be sharpened under certain circumstances.

Lemma 2.3. Let D be a difference approximdtion satisfying the summation-by-
parts rule (2.1) with respect to a weighted norm (2.2), and define A by (2.11).
Suppose that Assumption 2.1 holds. If A is symmetric, then

(u, [D, AJv)p < p([D, AD[ullnllv]ln »

where p([D, A]) is the spectral radius of [D, A], i.e., p([D, A]) = sup|ix|, Ak
an eigenvalue of [D, A].

3. ONE-DIMENSIONAL PROBLEMS

We shall successively consider hyperbolic, parabolic and mixed hyperbolic-
parabolic systems. Variable-coefficient matrices will be allowed. To simplify
the presentation, we shall only deal with the lower boundary x = 0, which is
justified if we take the solution to have compact support. In general, the upper
boundary x = 1 is treated in a fashion similar to the procedure at the lower
boundary.

3.1. Hyperbolic systems. Consider the hyperbolic system

(3.1)
u=Auxy+Bu+ F, xe€(0,1),
ut(x, 0 =f(x), Alx, t) = (A_(x, t)

u_(O,t)=Lu+(0,t) " LeRdlde , A+(x,t))



SUMMATION BY PARTS, PROJECTIONS, AND STABILITY. I 1043

where u € R?, dy+dy =d; A_, A, is the partitioning of A into negative
and positive eigenvalues. It is assumed that the elements of the diagonal matrix
A never change sign at the boundaries x = 0 and x = 1, and that there is
a constant y > 0 such that A_(j,?) < -y and A:(j,t) >y, j=0,1.
This implies that the rank of L is constant. Furthermore, L is assumed to be
“small”.

The discrete boundary conditions are written as L7v = 0, where

(3.2) LT=(LT 0 ... 0)eR¥xw+Dd,

Here, LT =(I -L)e R%*4  the latter L being the analytic boundary oper-
ator. It follows immediately that rank(L) = rank(/) = d;. The hypothesis of
Proposition 2.5 is thus satisfied, and we have the semidiscrete system

A0, 1)
v, =P(ADv+Bv+F),

(33 o =7,

A=
A(l, 1)

Proposition 3.1. Let (-, ), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. If P is defined by (2.10) and (3.2), then the
solution of (3.3) satisfies an energy estimate

t t
o (011} + /O (Ioo(0)? + v, (7)) d < Kele+o®) (ufu%, + /0 uF(r)ll%dr) :
Proof. The energy method yields (using Propositions 2.5, 2.4)

gZHvHi =2(v, v, = 2(v, P(ADv + Bv + F)),
=2(v, ADv), +2(v, Bv), +2(v, F)y.
Summation by parts implies (v, = 0)
(v, ADv),, = —v{ Agvo — (Dv, Av), — (v, [D, Alv)y.

Hence, by Lemma 2.1,

1 1
(v, ADV), < = 50d Ago + 5 (KollolllIkDwlls + 11D, Alllallvl}})

where AD is a bounded operator, i.e.,

1 1
(v, ADv); < =50 Agvo + 5 (Ki +[|[D, Allln) [[v]l5 -

Now, according to Propositions 2.4, 2.5 we have L7v = 0, which is equivalent
to v_ = Lv, (the latter L denoting the analytic boundary operator). Thus,

v{Aovo = vTA_v_ +vIA v, =vl (AL + LTA_L)v, > %lvol2 ,

where the last inequality follows from the boundary conditions and the assump-
tions on L and A. Note that the analytic problem would result in exactly the
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same inequality. Hence,

1
(v, ADV), < ~ ool + 5 (K + D, Alll) 11}

Lemma 2.2 shows that
(v, Bv)y < (|1Bleo + @(h)) ||v]]7 .

Consequently,

d
Z7IIVIE + vol?
1
<L —_—
= min(1, 7/2)
Integration with respect to ¢ proves the proposition with K = max(1, 2/y). O

(D, Al + 21Bluc + 1+ Ky + S0 +IFIR) -

Definition 3.1. A semidiscrete approximation to the initial-boundary value prob-
lem u, = F(x,t,d)u is said to be strictly stable, if the semidiscrete solu-
tion satisfies an energy estimate that is exponentially bounded by exp(a't),
o' =a+&(h), where o is the exponential growth factor of the analytic esti-
mate.

Remark 3.1. If A (or (-, -),) satisfies Assumption 2.1, it follows that K; = 0.
Also, by Lemma 2.3, ||[D, A]|l» = p([D, A]). Equation (3.3) would thus be
strictly stable if p([D, A]) < |A'|. In particular, (3.3) is strictly stable if
A(x) = const, since this implies [D, A] = 0. We also point out that the
proportionality constant K is completely independent of the discretization. In
case the estimate of the boundary integral is not needed, one may take K = 1.
For variable-coefficient problems we have the following result.

Corollary 3.1. Let D and (-, -), be given by (2.3). Then (3.3) is strictly stable.
Proof. According to the preceding remark, the corollary follows if we can show
that p([D, A]) < |A|« . But

0 Al — Ay

0.5(A1 — Ag) 0 0.5(A2 — Ay)
[D, Al = % : .
0.5(Ay—1 = Ay—2) 0 0.5(Av — Ay—y)
Ay — Ay 0
If A(x) isassumed C!, the mean value theorem gives A; — A; = A'(&;;)(i — j)h
for some &;; € (ih, jh). The corollary thus follows from the Gershgorin disk

theorem. O

3.2. Parabolic systems. We consider the parabolic system
(3.4)

ut=Auxx+Bux+Cu+F, XG(O, l), LI LI
u(x,0)=f(X), L0=(L1)’Ll=(01),
Lou(0, t) + Lyu,(0,t) =0, 0 ’

where L], LI e R"*? [IIeR**4 g, +d; = d; rank(L!) = dy, rank(Lll)=
dy; A, B, C,and F depend smoothly on x and ¢. It is assumed that the
system is strongly parabolic, i.e., A(x, t) + A(x, )T > 261 .
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The following lemma, a proof of which can be found in [3, Lemma 7. 2. 1,
p. 215], will be crucial when proving an energy estimate for the solution of (3.4)
and its semidiscrete counterpart.

Lemma 3.1. Let A € R**? be arbitrary and let Ly, L, € R?*? be of the form
(3.4). The following conditions are equivalent:

(i) There exists a constant ¢ > 0 such that
|uT Au| < clul?
forall u, u, € R* that satisfy
Lou+ Liu, =0.
(i) If a, be R? are vectors such that
Lib=0, Lfa=0,

then
at4ab=0.

Assumption 3.1. Given the boundary matrices Ly, L, the matﬁx A(x,t) is
supposed to be such that the second condition of Lemma 3.1 holds for x =0, 1.

Remark 3.2. Except for Dirichlet and Neumann conditions, Assumption 3.1
imposes severe restrictions on 4. Lemma 3.1 states that the assumption above
is necessary in order to obtain an energy estimate. The computations that follow
will show how the second condition, which holds by assumption, implies the
first.

Before deriving the energy estimates, one more lemma is needed [3, Lemma
7.2.3,p.217].

Lemma 3.2. Suppose that Assumption 3.1 holds and that A(x, t)+ A(x, t)T >
20I. Then the d x d matrix
LI
(cf)

As usual, the boundary conditions are written as LTv = 0, where

is nonsingular.

h h h

and where doj/h are the nonzero elements of the first row of D, which is a
difference operator satisfying the conclusion of Proposition 2.1 or 2.2. We have

doo _ (doo/h)ll L! h (LI
Lo + TL] - ( III L(I)II + d_oo 00 .

Thus, Lemma 3.2 implies that Ly + (doo/#)L; is nonsingular for 4 > 0 suffi-
ciently small. From (3.5) it follows immediately that rank(L) = d . According
to Proposition 2.5, the corresponding projection operator is well defined, and

05 17 = (g4 Bog, Bup, o dep g ) erte,
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we obtain
A0, t)
A= ,
A(l, 1)

v, = P(AD*v + BDv + Cv + F) ,

380y =71,

with similar expressions for B, C, F.

Proposition 3.2. Let (-, -), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. If P is defined by (2.10) and (3.5), then the
solution of (3.6) satisfies an energy estimate

t t
o ()11 + /0 (Ivo(0)? + o (D)) d < el +e 0 (ufn%, + /0 nF<r>nidr) :
Proof- By Propositions 2.5, 2.4, 2.1 we have ( A4y = A(0, ?))
(v, PAD*), = (v, AD*v), = —vg Ao(Dv)o — (Dv, ADv) — (v, [D, A1DV)y ,

where we have assumed homogeneous Dirichlet conditions at the upper bound-
ary for convenience. From Proposition 2.5 it follows that

1 r
3.7 Lovo+ Ly > dojvj = Lovo + Ly (Dv)o = 0.
Jj=0

Partition v; = v; + v}/, v} € ker LI, vi € (ker L)+ . Equation (3.7) implies
L{'vy = 0 and by construction L{(Dv’)o = 0. Hence, according to Assumption
3.1,

—vg Ao(Dv)o = —v§ Ag(Dv")g.

Equation (3.7) can be rewritten as
1
<161) (D’U")o = —Lo'vo .

Since (Dv")g € (ker LI)+, we get

g

. . s
L(Dv"yo=~Lovo, Li=|"'1,

T
A
where {s;} is a basis in ker L{. Thus, L, is nonsingular, and one obtains
—vd Ao(Dv)o = v§ AoL'Lovy < 7|vol*, 7 =|4oL; ' Loloo -

This is exactly the same expression as one would get in the analytic case ( Ag =
A(0, t)). Thus,

(3.8) (v, PADv); < ylwol* — 8[Dvll; + |I[D, Alllallv|ll|DV|ls -
Furthermore,
(3.9) (v, PBD);, < (|Bloo + @ (h)) |[V]I4l|D]l4 ,

(v, PCv), £ (ICloo + @ (R)) |I0]]7.
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Finally, Proposition 2.6 and the algebraic inequality yield
d
a—tll'vlli +[vol* < (o +@ (W) |Ivll; + IIFII;-

Integration with respect to time proves the proposition. 0O

Remark 3.3. All coefficients, except ||[D, A4]||», appearing in (3.8) and (3.9)
are identical (modulo &(h)-terms) to those of the analytic estimate. Since the
discrete Sobolev inequality 2.6 introduces the same growth rate as the analytic
Sobolev inequality, it follows that (3.6) is strictly stable if we have the estimate
[IID, A]l|s £ |A'|o , Which is true if A(x) = const.

For variable coefficients one can prove
Corollary 3.2. Let D and (-, ), be given by (2.3). Then (3.6) is strictly stable
if A is symmetric.
Proof. Same as for Corollary 3.1. O

3.3. Hyperbolic-parabolic systems. Consider the mixed hyperbolic-parabolic
system

ut=Auxx+Bllux+812vx+cllu+C12v+F, X € (O, 1),
vy = Avy + Byuy + Coiu + Cov + G,

Lyu,(0, t)+ Lou(0, t) + Myv(0, t) =0,
'U_(O, t) = So’l)+(0, t) +R0u(0’ t) s

u(x,0)=f(x),
v(x, 0) = ¢(x),

where ueRd', veRdz, v_eRdZ, v+eRd2 , and

I
My = (AgO) .

As usual, we assume ¥ = v = 0 in a neighborhood of x = 1 for convenience;
Ly, L, areasin §3.2, and Sy satisfies the hypotheses of the boundary operator
in §3.1. The coefficient matrices and the forcing functions of the differential
equations may depend on x and ¢.

The discretized boundary conditions are written as LTw = 0, where LT €
RI*w) g g+ d,, d =d; + d;, is given by

L0+%L1 M, %Ll 0
"Ry (I —So) 0 0
dOr
7L 0o 0.
0 0

We want to show that LT has full rank. The first block of LT can be rewritten
as

(3.10)

(3.11)

(Dgl) (I)) [(—%o (I) g)_,_((h/‘go)ﬁ (%l/do(()))Moo (h/tﬁ)gle)],
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= () = (f). 1= ()

Since L is invertible, it follows that

(% 1) ((h/doo)L (h/dog)Moo)
0

where

is invertible, i.e., has full rank for # > O sufficiently small. The expression
enclosed by the square brackets thus has linearly independent rows, which in
turn implies that the first block of LT has full rank. Hence, L has full rank,
and the corresponding projection is well defined.

The semidiscrete system is formulated as

(3.12)
_ HY AD 5 F j
w,= P (ADw + Abw + Cw + F) w, = (z/) j=0.... v,
w(0) = J
where
i diag (A(]h ) o)] ,
O T Bll t BlZ(jhat) i —
A = diag (le L) AGh, oy )| TE0
5 Cu(jh,t) Cn(jh, t))]
C_dlag (C2] _]h t C22(Jh t) '

The forcing function F and the initial data y are defined analogously.

Proposition 3.3. Let (-, ), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. If P is defined by (2.10) and (3.11), then the
solution of (3.12) satisfies an energy estimate

@I+ IO+ 3 [ (1R + oy (0R) de

j=0 and v 0
t
< Kel+o (||f||%, + 11911} + /0 (IF@IE + I1GIE) dr) :
Proof. The energy method applied to (3.12) yields
||w||,, =2(w, P(AD*w + ADw + Cw + F)),
=2(w, (AD*w + ADw + Cw + F)),.
Now

o A 0 1 v
(w, AD*w), = h Z 0;j(u (0 0) n djkdk (::)
k.I=

1/0 0

= h Z gjju; Ajhz Z d,kdklul (u, ADZu);, s
i,j=0 k,1=0
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where D is the difference operator of (3.6). The remaining terms are handled
in a similar manner. One has

1) (w, {iDzw)h = (u, ADzu)h s

(ii) (w, ADw), = (u, B;1Du)y + (u, Bi2Dv) + (v, By Du)y + (v, ADv)y,

(iii) (w, Cw)p = (u, Cyuu)p + (U, Ci2v)p + (v, Co1)p + (v, C20),

(iv) (w, F)y =, F)y+ (v, G) .
For convenience we use the same symbol D to denote the difference operators
acting on u and v. As far as the energy estimate is concerned, the hyperbolic-
parabolic system has now been reduced to the previously treated hyperbolic and
parabolic systems.

Items (iii) and (iv) consist only of lower-order terms, and can be estimated
using Lemma 2.2. Thus, the coefficients of the estimates are identical to the cor-
responding analytic estimate (modulo &'(h)-terms). In item (ii) the potentially
“dangerous” terms are those containing Dv . Using exactly the same technique
as in the proof of Proposition 3.1, we get

1
(v, ADV)y < —Zjuol? + ST A~ Roloclvolluol + 31RF A Rololtol

1
+ 5 (K1 + 11D, Allly) llvll}

i.c., by means of the algebraic inequality
1

5 (Ki+ 1D, Allla) IIvf;.-

(v, AD)y < ~ ool + 71fuol? +
Furthermore,

1 -
(4, BizDv)y < 51Bual (erlvol? + € |uol?)
+ LD, Buialllallullallvlln — (Du, Bi2v)y .

Finally, in item (i) the term (u, AD?u),, is treated as in the proof of Proposition
3.2, the only difference being that

—ung(Du)o = ug;AoLl_] Loug + unglr]Movo
<7 [ﬁzlvol2 + (62_1 + 1) |u0|2] .

We point out that the coefficients of the boundary terms in the inequalities above
are identical to those of the analytic estimate. Choosing €, and ¢, sufficiently
small, we thus arrive at

d 2,7 2 2

i + % (luol? + vol?) < (o' + &) llwll} + IFI; + 11611
where we have used ||w||? = ||u||2 + ||v||2; in the right member we have used

Proposition 2.6 and the algebraic inequality to eliminate |ug|?> and ||Du||y.
Integration proves the proposition with K = max(1, 4/y). O

Remark 3.4. In case no estimate of |vg|? is needed, one may take K = 1. Also,
only the coefficients ||[D, A]||x, |[D, Alllx, ||[D, Bi2]||» and K, will be larger
than their analytic counterparts. If either of the conditions of Assumption 2.1 is
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met, then K; = 0 and the operator norms can be replaced by the corresponding
spectral radii (cf. Lemma 2.3). In particular, if 4, A, B, are constant, then
(3.12) is strictly stable.

As before, for variable coefficients we have

Corollary 3.3. Let D and (-, -), be given by (2.3). Then (3.12) is strictly stable
if A and By, are symmetric.

Proof. Same as for Corollary 3.1. O

3.4. Strict stability. So far we have obtained strict stability under special cir-
cumstances, such as constant-coefficient problems or second-order methods.
The crux of the matter lies in estimating the commutator [D, A]. Only in
the previous cases were we able to prove that ||[D, A4]||; < |4'|« - In fact, nu-
merical experiments show that ||[[D, A]||, > p([D, 4]) = K|4'|«, K > 1, for
high-order methods. Typical values for D’s corresponding to diagonal norms
are K =1.67, K =2.55,and K = 35.8, where the operator accuracy increases
from three to five. One would still obtain K > 1 even if one considered only
the interior operator. This indicates that the commutator should be avoided,
which can be achieved if the analytic problem is reformulated.
The hyperbolic system (3.1) can be rewritten in skew-symmetric form as

U = %(Au)x + ‘;‘
u(x,0)=f(x),
u_(0,1) =Lu,(0,1), L e R4

Aux+(B—%A’)u+F, x€e(0,1),

The corresponding semidiscrete system becomes

(1 1 1,
'Ut—P(EDA'U'*'EAD'U'f‘(B—EA)'U"'F) s

v(0)=f.

Proposition 3.4. Let (-, ), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. Define P by (2.10) and (3.2). If either A or X
Sulfills Assumption 2.1, then (3.13) is strictly stable.

Proof. The energy method implies

(3.13)

L1olp = ~of Agvo— (D, Av)y + (v, ADV), — (v, A'),
+2(v, Bv)y+2(v, F)y.

The boundary terms are treated exactly as in the proof of Proposition 3.1.
Because of Corollary 2.1 we have (Dv, Av), = (v, ADv),. Thus, by Lemma
2.2,
4
dt
which is identical (neglecting & (h)-terms) to the analytic estimate. O

D11 + 21vol? < (1Aloo + 21Bloo + 1+ Em)IIGE + IF I,

Remark 3.5. If X is diagonal, then the @ (h)-terms vanish identically (Corollary
2.2).
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The parabolic system (3.4) is altered in a slightly different manner. The
modified system reads

Uy = (Auy)x + (B — A)ux+Cu+F xe(0,1),
u(x, 0) = f(x),
Lou(0, t)+ Liux(0,8)=0,

which is discretized as

=P(DADv+ (B—A"YDv+Cv+F),

(3.14) o0 =

Proposition 3.5. Let (-, -), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. If P is defined by (2.10) and (3.5), then (3.14) is
strictly stable.

Proof. Left to the reader. O

Finally, the mixed hyperbolic-parabolic system is reformulated as

U = (lAux)x + (11311 — A)ux + (B1av)x + Criu +1(C12 -Bj)v+F,

v, = E(Av)x + EAvx + Byux + Coru+ (Cy — EA’)v +G, xe€(0,1),
where the initial data and the boundary conditions are identical to those of
(3.10). In semidiscrete form we have
w, =P (l~)A~Dw +DAw + BDw + (€ - AN)w + F) ,

w(0) =y
where A and B are block-diagonal matrices of the form
0 Bp(jh,t)
0 A(jh,t)/2
j=0,...,v.

(Bu(Jh 1) —A'(Gh, 1) 0 )]
By (jh, 1) A(jh, 1)/2

(3.15)

Proposition 3.6. Let (-, ), be given by (2.2) and suppose that D satisfies the
conclusion of Proposition 2.1. Define P by (2.10) and (3.11). If either A or T
Sulfills Assumption 2.1, then (3.15) is strictly stable.

Proof. Left to the reader. O

4. TWO-DIMENSIONAL PROBLEMS

The results of §3 will now be generalized to two space dimensions. If the
boundary is smooth, the original problem can be decomposed into two problems
via a partition of unity, one of which is a Cauchy problem. The second problem
is an initial-boundary value problem that is periodic in one space dimension,
see figure below.
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Consequently, summation by parts is needed only in one dimension, and the
generalization of Propositions 3.1, 3.2, 3.3 to two dimensions follows immedi-
ately. For details on the decomposition we refer to [3, sec. 8. 1. 4 and sec. 8. 2. 6].
The situation is different if the boundary is nonsmooth, which is the case in the
presence of corners. As mentioned at the end of §2.1, it is not known how to
extend norms of type (2.2) so as to obtain summation by parts in several space
dimensions. We thus limit ourselves to diagonal norms, in which case we have
Proposition 2.3.

All boundary conditions considered so far are local. In case of characteristic
and Dirichlet conditions no new difficulties are presented in two dimensions,
because each boundary point can be treated individually. Boundary conditions
involving derivatives increase the complexity significantly. Therefore, we shall
only allow normal derivatives in the boundary operator. This is no serious
restriction from the application point of view. Thus, away from the corners
these boundary conditions are locally one-dimensional. For each such bound-
ary point we obtain a projection operator of the previous section. In particular,
these operators commute since they affect disjoint sets of grid points. At cor-
ners the situation is more complicated, because there are two different normal
derivatives, which implies that the corresponding projection no longer is locally
one-dimensional.

° P, P, P. commute

P

Throughout this section we shall focus our interest on the origin, and assume
that the solutions are supported only in a neighborhood of (0, 0). The re-
maining boundary conditions will be accounted for by applying the projection
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operators corresponding to the boundary point in question. Since these opera-
tors commute, the resulting product is the uniquely defined boundary projection.
The domain of definition is taken to be Q = (0, 1) x (0, 1) with boundary T.
It will be shown in Part IT how to extend the results to curvilinear domains. In
order to simplify the presentation, all lower-order terms will be omitted.

4.1. Symmetric hyperbolic systems. Consider

2
U=y Ay +F xeQ=(0,1)x(0,1), ueR?,
(4.1) i=1
u(x, 0) = f(x), x=(x1,x),
o1(x, ) =Sx)pr(x,t), xeT,

where ¢;, ¢;; denote the locally ingoing and outgoing characteristic variables;
A;j = Ai(x, t), i = 1,2, are symmetric and S(x) is assumed to be “small”.
It should be noted that ¢; € R™ | ¢;; € R%™ | where d,(x) + da(x) = d,
x € I'. The matrix

2
(4.2) Ax, )= ni(x)Ai(x, 1)

i=1

can be diagonalized for every x € I'; n(x) = (n;(x), ny(x)) is the outward
unit normal of I". Hence,

(4.3) A(x,t) =QT(x)A(x, )Q(x), xeT.

Note that we allow the eigenvalues to be time-dependent, whereas the eigen-
vectors are assumed to be time-independent to make the resulting projection
operator independent of time. It will be shown in a future paper how this
technicality can be overcome. The characteristic variables are only needed at
the boundary, and they are defined as ¢(x, t) = QT(x)u(x, t). It will be as-
sumed that A(x, ¢) is uniformly nonsingular for x € I, i.e., the eigenvalues are
bounded away from zero. However, the number of positive and negative eigen-
values may differ from one boundary point to another. The analytic boundary
conditions can thus be expressed as

(4.4) L(x)u(x, ) =0, L(x)=Qf (x)-S(x)Qf(x).

Clearly, L(x) has full rank for every x € I'. Strictly speaking, L(0, 0) is not
defined so far, because the normal n(0, 0) is not well defined. It will soon be
shown how to define L(0, 0), and we can formally consider L(x) as being
defined for every x € I'.

Let v;;, i=0,...,v, j=0,...,v; be a grid function. Define v7 =

(vg ... v),), v] = (v§;... vI). The discretized boundary conditions are
written as
for i=0,v;, j=1,...,1,—1and j=0,v,, i=0,..., v, where

LT =(0 ... 0 L(ih, jh) O ... 0)eRAGIxwtDd
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with the nonzero element being the ith entry. At the origin we define
(4.6) L(0,0) = Qf (0, 0) - S(0, 0)Qf;(0, 0),
where Q(0, 0) fulfills

2
h h
Q740 =Aw, A=Y mAi0,0,1), m=-"% m==7",

i=1

where h = 4/h? + h?. The motive for defining L(0, 0) this way will be evident
later. Furthermore, Ag is supposed to be nonsingular. Let

V|
Ly =(Loo ... Lyo) €R"I% g=%"4y(i,0),
i=0
L; =(Loy; L) e RUHDdxs o Z di(i, j),
i=0 and 1,
vy
l,,,2 = (I,OV2 . LVIVZ) c R(V1+l)d><5V2 y Sy = Zdl(l’ VZ),
i=0
where j=1,... , v, — 1. The boundary conditions may thus be expressed as
Ly v
47) LTv=0, L= .. € RUHNarldxs o= § ;.
. Ly2 j=0

Obviously, rank(L) = s, i.e., L has full rank. Hence, the corresponding bound-
ary projection is well defined, and is given by

P=1I- Z“L(LTZ“L)“LT ,
where

0'021 O'QI
= .. s Z[ =

_ , TeR¥4,
0',,221 O'VII

It is possible to simplify the expression for P in this case. We have

Zl_lLo/O'o
L=
I Ly, oy,
But X'L; = L;H;, where
L I/O'O SiXS8; . _
Hj-—< I/O'ul) eRY j=1,...,1n—-1,
I/O’o
H; = ER*Y | j=0,1,.

1/a,,
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Hence
Hy/ao

'L=LH, H-= € R,
HVz/GVZ
Clearly, H is invertible. We therefore arrive at
P=I-LHLTLH)'LT=1-L(LTL)"'LT,

i.e., P is independent of X.
The semidiscrete system can now be defined as

2
(438) v,=P (Z A;Djv + F) ,

i=1

v(0)=f.

It will next be shown that the solution to the system above satisfies an energy
estimate.

Proposition 4.1. Let (-, -), be given by (2.4) and suppose that D, and D, sat-
isfy the conclusion of Proposition 2.3. If P is defined by (2.10) and (4.7), then
the solution of (4.8) satisfies an energy estimate

t t
Ilv(t)||§+/0 lv(Dllfdr < Ke* (I|f||ﬁ+/0 IIF(T)IIf,dT> ;

where the boundary energy || - ||r is given by (v = v, = v for convenience)
v v
@) =k Y 05 (lvosl + 1vs,12) + i Y 6 (viol? + v 2) -
j=0 i=0

Proof. From Propositions 2.5 and 2.4 we obtain

d 2
a‘t'”U”iz; = ZZ(U’ AiDi'U)h + 2('1), F)h .

i=1

From Proposition 2.3 and Corollary 2.1 it follows that (v is only supported in
a neighborhood of (0, 0))

(v, AiDyv)y = —

N —

hy Y ojudi(A1v)ej + (v, [Dy, Al]”)h) )

j=0

l v
(v, 42Dyv) = =5 | by Y ow(A20)i0+ (v, [D2, Az]U)h) :
i=0

Thus, by Lemma 2.3 we have

d 14 ) v
SV < ~hi Y- oivfi(Axv)io — b Y j0g(Arv)o;
i=0 j=0

2
N (zpuu,-, A+ 1) ol + 172,
i=1
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In the first sum the outward unit normal is # = (0, —1), and in the second
n = (-1, 0). Except for the origin, the boundary terms are of exactly the same
form as in the one-dimensional case. Eqgs. (4.2), (4.3) thus imply that

—vl(A20)i0 = L Aigi0 < —%Vﬂmlz = —Zéglvmlz , i>1.

A similar inequality holds for the other terms. At the origin we get
—h2600dy(A1v)00 — h160vdy(A20)00 = hoopdyAcoPoo < —hﬂo)%ol(ﬂoolz-
But A > (h] + hz)/\/—z_ Hence,

—h200vd5(A1v)00 — B0 (A2v)00 < —h100 — hy0

) 2 Y00 12
“—|v —“—|vgo|*.

5 \/il ool 5 ﬁl 0ol
Since A(x) is uniformly nonsingular it follows that y = inf(y00/v2, i, Yoj) >
0. Because of yyy, the constant y will in general be smaller than the corre-
sponding constant of the analytic energy estimate. We thus arrive at

d 2
1o + Sl < (Zpaa, ) + 1) o + 11

i=1
which proves the proposition ( K = max(1, 2/y)). O

4.2. The heat equation. The analysis of homogeneous Dirichlet conditions is
straightforward, even if the domain of definition Q is nontrivial. The prob-
lem lies in discretizing the Neumann conditions properly. This was clear in
one space dimension. In two dimensions the occurrence of corners certainly
complicates the analysis. To gain insight, we shall begin by looking at a simple
model problem.

The two-dimensional heat equation reads

U = Uxx, +Uxx, », XEQ=(0,1)x(0,1),

Un(x, 1) =0, xel,

u(x9 O) =f(X) )
where u, is the normal derivative of u. Again, we focus our attention to a
neighborhood of (0, 0). The boundary conditions are discretized as

(4.9)

1 ¢ . 1 ¢ .
Engkvkj=0, j=0,...,r, h—2kz=0d0k'vik=0, l=0,...,r,

or, equivalently,
(4.10) (D1v)y; =0, j=0,...,r, (Dw);=0, i=0,...,r,

where D; and D, are defined by Proposition 2.3. The conditions above im-
ply that two boundary conditions are prescribed at the origin for the discrete
problem. This approach is natural from the intuitive point of view, in that
gradients at the origin may be interpreted as one-sided limits from the interior.
For the time being we ignore this technicality. It will later be shown how it can
be overcome. When deriving the projection operator it is convenient to cast the
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boundary conditions into yet another form. Define the boundary operators L;
and L,; through

(4.11) LTv=(Dw)y; =0, Ljv=(Dw);=0
for i, j=0,...,r, where

LlTj = ZdOkek 0 ... O) € RIx(+)(ma+D)

doo do ) 1 D(wa+1
LT = (%%0,r r T RX(V|+)(V2+),
2i (h2 e 7, € -—e 0 0 € |

where i, j =0,...,r; {e;} is the canonical basis in R”*!. The boundary
conditions can thus be written in standard form LTv = 0, where
(412) L= (Lo ... Ly, Ly ... Lp)eR&+Heatlxarsl)

We know that the corresponding projection operator is well defined if and only
if rank(L) =2(r+1).

Lemma 4.1. The columns of L (4.12) are linearly dependent. Thus, rank(L) <
2r+1.

Proof. To investigate linear dependence, we study

r r
Zalej-FZﬂjLZj =0,
j=0 Jj=0

which is equivalent to

r

> (ajhady + Bihidoj) e =0,  j=0,...,r.
k=0

Since {ex} is an orthonormal system, it follows that
ajh2d0k+ﬂkhld0j=0>v j>k=0>~~~sr>

which obviously has the nontrivial solution
_h .
aj=doj, ﬂj zdoj, j=0,...,r.

The lemma is proved. O

As a consequence of Lemma 4.1, the projection formulation breaks down.
If, however, we change the boundary condition at the origin to

(4.13) Liv=((1-x)Ll+xLHp)v=0, 0<yx<I,

and leave the boundary conditions at the remaining points unchanged, we get a
well-defined projection operator, since

(414) L=(Ly ... Ly, Loy Lz ... Ly)eRWHDearhxarsl

has full rank.
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Lemma 4.2. The columns of L (4.14) are linearly independent. In particular,
rank(L) =2r+1.

Proof. Again we study

r r
ZajL1j+)’Lol+ZﬂjL2j =0,

j=1 j=1

which is the same as
doo — 1 < d
—@Z/hcekw ((1 -0 dekek +xh12°eo) =0,
doj .
OJZBkek'*'ajh ZdOkek-l')’Xh =0, j=1,

The first component of the first equation yields y(hy(1 — x) + h1x)do = O.
Since dgg # 0 for any operator satisfying Proposition 2.3, and since #; > 0,
0 < x <1, necessarily y = 0. From the remaining components of the first

equation we then obtain ; =0, j=1,...,r, which in turn implies a; =0,
j=1, . The columns of L are thus lmearly independent, i.e., L has
full rank |:|

Before proceeding with the energy estimate, one more lemma is needed. Let
Loy, and Lo, be defined by (4.13), and define L € R»N02H1)x2r+1) 1y

(4.15) L=(Ly ... Ly, Lo, Loy Ly ... Ly).

Lemma 4.3. The columns of L (4.15) are linearly dependent. Thus, rank(L) <
2r+1.

Proof. Consider

r r
Z a;Lyj + y1Loy, + 72Loy, + Z BiL2j=0.
j=1 J=1

Obviously, the lemma is true for ¥, = x>. In the following we thus assume
X1 # x2 . The equation above can be rewritten as

(4.16) > ajLij+Y BiLy=0,
j=0 j=0

(2 ) G =)

According to Lemma 4.1, equation (4.16) has the nontrivial solution

where

h .
aj=doj, PBj= hzdo,, Jj=0,...,r,

whence
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h
7= do X2+h (I=x2) ) /(x2—x1)» h
aj=do;, Pj= doj,
2= —doo X1+h—1(1—X1) [(x2—x1)»

solves the original equation. The lemma is proved. O

Proposition 4.2. Let P be given by Proposition 2.5, where L is defined by (4.14).
Then LT,P = LT P=0.

Proof. Clearly, LTP = 0. Furthermore, Lo, Ly = Lo, for x = 0, 1, respec-
tively. But then, by Lemma 4.3,

Lio=La;, Ly=La,

R2r+ 1

for some vectors a;, aj € . This proves the proposition. 0O

Remark 4.1. Suppose that v is a vector such that v = Pv, where P is as in
the previous proposition. Then L;gv = Lygv =0, i.e., (D1v)go = (D2v)g0 = 0.
In other words, by requiring that the boundary condition at the origin hold for
a specific convex combination, we actually get the stronger result (D;v)q =
(Dyv)go = 0. Thus, we need not overspecify at the corners, cf. equation (4.9).
In the Supplement we give a direct proof that L oP =0 for Lo, with x =0.5.

The semidiscrete heat equation is given by

v, =P (D} +D3)v
v(0)=f.
Proposition 4.3. Let (-, ), be given by (2.4) and suppose that D, and D, sat-

isfy the conclusion of Proposition 2.3. If P is defined by (2.10) and (4.14), then
the solution of (4.17) satisfies an energy estimate

lo@lle < 1Ak -
Proof. The energy method gives

(4.17)

d
IVl = 2(v, D3v)y + 2(v, D3v)y.

By Proposition 2.3 (v is supported only in a neighborhood of the origin),
(v, D), = —hzza,vo, Dyv)o; — ||Dyv]|3.
Jj=0
According to Propositions 2.4, 2.5 and 4.2 we have
(D\)oj=L{v=0, j=0,...,r.

The remaining term (v, D3v), is treated similarly, and the proposition fol-
lows. O
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4.3. Parabolic systems. Consider

(4.18)
2
U=y Aijiixy, +F, xeQ=(0,1)x(0,1), ueR?,
i,j=1
u(x, 0)= f(x), x=(x1, x2),

Lo(x)u(x, t)+ Li(x)up(x,t)=0, xeT.

The assumptions on Ly, L; in (3.4) are supposed to hold pointwise for each
x € I'. Furthermore, we require that Assumption 3.1 with 4 = A4;; be valid on
x; =0, i =1, 2. In particular, the conclusion of Lemma 3.2 holds for each
boundary point. It will be assumed that (4.18) is strongly parabolic, i.e., for all
vectors u;(x, t) € R? , i=1, 2, one has
2 2

> uilx, )T Aij(x, Duj(x, 1) =28 Jui(x, 1))

ij=1 i=1
for all x € Q, t > 0. If the matrices A4;; # 0, i # j, then the assumptions
must be strengthened. The energy method applied to one of the cross terms
yields (u is supported only at the origin, 4;, = const for simplicity, Q is the
unit square)

(u, Aty x,) = —/ OuTAIZuxzde — (Uy, , Ar2Uy,) .
X1 =

In general we cannot get an estimate of uy,(0, x2, f) in the boundary integral.
It is therefore natural to require

Assumption 4.1. A,-Tj =Ajj, i#].

Remark 4.2. Neglecting scaling factors, we have

0 00O
1jo 01 0
Ay = Ay = 210100
0 00O
for the Navier-Stokes equations ( p denotes the density). Clearly, Assumption

4.1 is fulfilled.
If Assumption 4.1 holds, one can integrate by parts once more to obtain

1
(u, Al2ux|x2) = EuTAIZ(O’ O’ t)u - (ux| ’ AIZuJQ) .

In two dimensions we cannot eliminate the boundary terms by means of Sobolev
inequalities, since they would involve L2-norms of uy,,, and so forth. This
motivates

Assumption 4.2. Let u(x, ) satisfy
Lo(0,0)u+ Li(0,0u,=0

at the origin. Then
uTA,j(O,O,t)uzo, i#7].



SUMMATION BY PARTS, PROJECTIONS, AND STABILITY. I 1061

Remark 4.3. This assumption ensures an energy estimate for the continuous
problem in case of a nonsmooth boundary, and couples the cross terms of the
differential operator to the boundary conditions at the origin. In case of the
Navier-Stokes equations one has zero velocity at the origin. Hence, the state
vector becomes u” =(p 0 0 p), which implies Assumption 4.2.

The discrete boundary conditions are formulated as (D; and D, are defined
by Proposition 2.3)

LTv = Lo(0, jhy)voj + Li(0, jho) (D1v)y; =0, j=0,...,7,
(4.19)
LZT,.v = Lo(ihl s O)v,'o +L1(ih1 s 0) (Dz'v)io =0, i=0,...,r,

where

. N
L{jzé ... 0 Lo(o,jhz)eoT-l-Ll(O,jhz)h—lkz;)do[(e{ 0o ... 0),

LZT,.=((Lo(ihl,0)+L1(ih1,0)‘2ﬁ)e,f Ll(ihl,O)%e,.T 0 ... o),
2 2

and ef =0 ... 0 1 0 ... 0)¢€ R¥*+Dd  The poundary conditions
can be expressed in the usual form L7v = 0, where L € R®+D02+Ddx(@2r+1)d
is given by

(4.20) L= (L“ ... Ly LOx Ly ... L2r) s

and
Loy=(1-x)Lio+xLyp, 0<x<1.
Lemma 4.4. The columns of L (4.20) are linearly independent for sufficiently
small step lengths hy and h,. In particular, rank(L) = (2r + 1)d .
Proof. Imitating the proof of Lemma 4.2 gives

y [LO(O, 0) + doo (1;—1" + hlz) L(0, 0)] - 0.

By Lemma 3.2 the expression inside the brackets is nonsingular for 4;, A, suffi-
ciently small. Hence, y = 0, which in turn implies aj = ; =0, j=1,... ,r.
Since the columns of each block L;;, L;; and Lo, are linearly independent,
the lemma follows. O

The semidiscrete parabolic system reads

2
(421) v, =P (Z A,~,~D,~D,~v+F> ,

i,j=1

v(0) =1,

where P is defined by Proposition 2.5 and by (4.20). Unfortunately, Assump-
tion 4.2 is not sufficient for the semidiscrete problem. We need
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Assumption 4.3. Let v satisfy
Lo(0, 0)vgo + L1(0, 0) ((1 = x)(D1v)oo + x(D2v)oo) =0, 0<x<1,
at the origin. Then
()
’Ug;)Aij(O, 0,[)'000-——0, l#.],
(ii)
'UOT;)AII(O’ Os t) = ’UgE)AZZ(O’ Os t)'

Remark 4.4. The first requirement is identical to that of Assumption 4.2. The
second, however, appears only in the discrete case. We note that Assumption
4.3 holds for the Navier-Stokes equations, since 4;; and A, are given by

0 0 0 0 0 00 0
4. =L 0 ¢ 00 4oy = L 0 1 0 0
=5 0 01 0 “275 0 0 ¢ O
—cap/lp 0 0 o -ap/p 0 0 o

Hence, vlydi1 = vlj42n = c2(-p2/p* 0 0 p/p).

Proposition 4.4. Let (-, -), be given by (2.4) and suppose that D, and D, sat-
isfy the conclusion of Proposition 2.3. If P is defined by (2.10) and (4.20), and
if Assumptions 4.1 and 4.3 hold, then the solution of (4.21) satisfies an energy
estimate '

t t
o+ [ (@l < e (ufn%, + nF(rm%,dr) .
Proof. The energy method yields

d 2 r r
EHUH;Z, < =2 (hz > kv (A1;Djv)o + hi Y, 6 vlo(A2;Djv)ko

j=1 k=0 k=0
2

=20 ) |IDwlf; + (Ko + & (M) lv][} + IIFII5 ,
i=1

where Ko depends on ||[D;, 4;i]llx, i = 1,2 and p([D;, A4;j]), i # j. The
first cross term can be written as (v has compact support)

r v 1 v
—hy Y v (A2 D2v)ok = —hy Y 0k A12(0, khy, 1) (E > dklvm)
k=0 k=0 1=0

= —(vo, /‘flzbzvo)h2 s

where v] = (vfy...vl), and where D, satisfies (2.1) with respect to the one-
dimensional scalar product (-, -),, . Hence,

- 1 1 L
—(vo, A12Dyvo)p, = EUoToAlz(O, 0, t)voo + E(Uo, [D2, Ai2lvo)n, -

By Assumption 4.3 the boundary terms vanish. The remaining cross term is
treated in a similar manner.
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Next, we take care of the boundary terms corresponding to the pure second
differences. Only the origin needs to be analyzed, since the other boundary
points are treated exactly as in the proof of Proposition 3.2. At the origin we
get (4;; = 4ii(0, 0, 1))

= ha00vdyA11(D1v)oo — by 600y A22(D2v)eo

__h
= h

= —(h1 + h2)aovgy (1 — X)A11(D1v)oo + X A22(D2v)oo)
and, by Assumption 4.3,
— h200v3yA11(D1v)00 — h160vdyA22(D2v)00
= ~(hy + ha)aovgeArr ((1 — x)(D1v)oo + x(D2v)oo) -
But v = Pv implies Lo,v =0, i.e., by (4.19),
Lo(0, 0)vgo + L1(0, 0) (1 = x)(D1v)oo0 + x(D2v)e0) = 0.
In particular, L{fvey = 0. Partition v;; = vj; + v/}, where v/; € ker(L{),
v/ € ker(L{)* . Assumption 3.1 then gives
— h200vdoA11(D1v)00 — h100vpA22(Dav)oo
= —(h1 + h2)aovgpArr ((1 = x)(D1v")oo + X(D2v")oo) -
By construction,
Lo(0, 0)vgo + L1(0, 0) ((1 = x)(D1v")o0 + x(D2v")00) = 0,
which can be solved in exactly the same way as the corresponding equation in
the proof of Proposition 3.2. Hence,
= h200vdyA11(D1v)00 — h160v5A22(D2v )00
= hyaovdyA11 LT Lovoo + haovdy Az LT Lovoo

where we again have invoked Assumption 4.3. We thus arrive at

d . . B r
ZI0IE + I < (214 L7 Lol oo + (D2, Aiz]) + 1) b2 Y ook ?
k=0

r
+ (2|A22z41_1L0|1,oo +p([Dy, An)) + 1) by oilveol®
k=0

2
-26 ) IIDwll; + (Ko + @ (k) |lvll; + Il ,

i=1

where |V|1,00 = sup(|vko|) and |v]2,00c = sup(|vek|). Replacing p(ID;, 4;:))
by |4li,0, I # j, One obtains the coefficients of the boundary terms of the
analytic energy estimate. They are thus identical if the coefficient matrices are
constant or if we use the standard second-order method. Finally, the bound-
ary terms of the right hand are eliminated by applying the one-dimensional
Sobolev inequality 2.6 in the x;- and x,-directions, respectively. This proves
the proposition. 0O
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Remark 4.5. 1t is clear from the proof that (4.21) is strictly stable if the coef-
ficient matrices are constant, or if Aif = A;;, i =1, 2, and the second-order
method (2.3) is used.

5. SUMMARY AND CONCLUSIONS

We have demonstrated that for a given finite-dimensional scalar product
(+, *)» any linear discretized boundary condition can be written as an orthogonal
projection operator P that satisfies (u, Pv), = (Pu, v),. It should be noted
that the projection is well defined if the corresponding analytic problem is well
posed. For general boundary conditions one may also have to require that the
discretization parameter /4 be small enough (consistency). The projections P ,
the summation-by-parts property, and Proposition 2.4 constitute the main tools
needed to obtain an energy estimate for the semidiscrete case. For a large class
of problems it has been established that existence of an energy estimate for the
continuous problem implies the same for the semidiscrete system.

In one space dimension we are no longer required to consider restricted full
norms

1

s(1)
Y= 1 ,

which were used in [4] to prove stability for symmetric hyperbolic systems sub-
ject to homogeneous boundary conditions. The main result is the stability proof
for mixed hyperbolic-parabolic systems subject to general linear boundary con-
ditions. Reformulating the analytic problem makes it possible to obtain strict
stability, i.e., we have a time stable semidiscrete approximation that is bounded
by the same exponential growth rate (modulo &(4)) as the analytic problem.
For the parabolic part the excess growth rate is induced by the discrete Sobolev
inequality. Furthermore, for the hyperbolic part we have used Assumption
2.1. In particular, strict stability is obtained for diagonal norms and variable-
coefficient problems, and for general norms and constant-coefficient problems.
The stability results hold for finite difference approximations of arbitrary order.

In two space dimensions we are forced to consider diagonal norms in order to
have summation by parts in both dimensions. Stability of high-order schemes
is obtained for general hyperbolic and parabolic initial-boundary value prob-
lems. All results obtained for two dimensions generalize to higher dimensions.
Furthermore, the stability results are valid even if there are corners present.
Although there are no general existence proofs for hyperbolic-parabolic prob-
lems on nonsmooth domains, it may still be useful to have stability results that
allow for corners since they appear in most multi-dimensional finite difference
implementations.

The methods presented in this paper are similar to finite element methods
in that stability for the semidiscrete system follows more or less directly from
the corresponding continuous one. There is, however, one major difference:
The FEM technique often results in implicit space discretization, whereas the
discretized space operators reported in this paper always are explicit.
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There are other ways of imposing boundary conditions so as to ensure time
stability (strict stability) when using difference operators satisfying a summation-
by-parts property. An elegant technique is proposed in [2]. A so-called Simulta-
neous Approximation Term, SAT for short, is added to the semidiscrete scheme.
The SAT will act as a penalty function to enforce an approximation of the dis-
crete boundary conditions. In [2] this approach is used to prove time stability
for high-order finite difference approximations of one-dimensional constant-
coefficient hyperbolic systems. Also, it is not necessary to consider identical
difference stencils in the interior. A new and interesting class of such difference
operators can be found in [1].
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