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A SPECTRAL METHOD FOR THE VORTICITY EQUATION
ON THE SURFACE

GUO BEN-YU

ABSTRACT. A spectral scheme is proposed for the vorticity equation defined on
the spherical surface. Generalized stability and convergence are proved. The
approximation results in this paper are also useful for other nonlinear problems.

1. INTRODUCTION

Since the spectral method has convergence rate of “infinite” order, it has be-
come one of the most powerful tools for the numerical solution of nonlinear
partial differential equations arising in fluid dynamics, e.g., see [2, 4, 5, 7, 8, 12,
13, 16, 17]. Many authors provide various spectral schemes and analyze the er-
rors. Usually, only nonlinear problems in Descartes coordinates are considered.
But in meteorological science and some other fields (see [9-11, 19]) one also has
to deal with problems defined on the spherical surface. As pointed out in [2],
so far, no rigorous approximation theory is available for spectral methods in
spherical polar coordinates. Thus, it is desirable to develop the spectral method
for spherical surfaces theoretically. In this paper, we take the vorticity equation
as an example to show how to deal with such problems. In §2, we construct the
scheme by using spherical harmonic functions. In §3, we list a series of lemmas
which play a fundamental role in the theoretical analysis. Finally, we prove
generalized stability and convergence of the scheme.

2. THE SPECTRAL SCHEME
Let S be the unit spherical surface,

S={(A,e):os/1<2n,-12‘-ge<g},

where 4 and 6 are the longitude and latitude. Let £(4, 0, ¢), w(4, 6,¢) and
v > 0 be the vorticity, the stream function and the kinetic viscosity coefficient,
respectively. The gradient, the Jacobi operator and the Laplace operator are as

Received by the editor October 15, 1992 and, in revised form, June 1, 1993.

1991 Mathematics Subject Classification. Primary 65N30, 76D99.

Key words and phrases. Vorticity equation, spherical surface, spectral method, approximation
theory.

©1995 American Mathematical Society

1067



1068 GUO BEN-YU

follows: '
v~ (a5 20)
€W = o (555 - 25 5)
Aé:;(;ls—b;(—?% coseg% +$slz‘§g_j§°

The vorticity equation is of the form
B+JE v)-vV¥=f,, (A,0)€S,te(0,T],
(2.1) -Ay =¢+ f, (A,0)€S,tel0, T],
$(4,0,0) =254, 0), (4,0)€S,
where f, fo and &, are given functions. It is natural to assume that all func-

tions have period 2n for the variable A, and are regular at 6 = +% . For fixing
v , we require in addition that

(2.2) u(w (1) = / /S w4, 8, 1)dS = 0.

- We shall consider the weak representation of (2.1). Let D(S) be the set of
all infinitely differentiable functions which are regular at § = +£% and have the
period 27 in the variable 4. The duality of D(S) is denoted by D’(S). We
define generalized functions u € D’(S) and their derivatives in the usual way
as in [15]. Furthermore, we can define the generalized gradient, the generalized
Jacobi operator and the generalized Laplace operator. For instance, if

//uAvdS=//vﬁdS, Yv € D(S),
s N

then the mapping A such that % = Au is called the generalized Laplace opera-
tor. For simplicity, we denote A by A, etc.
Now, let
L*(S) = {u € D'(S): ||u|| < oo}

with the inner product and the norm being as follows:

(u,v)=//uvds, lul) = (u, u)'72.
S

Furthermore, let
1 du Ou
1 _ ), 2
H(S) = {u. " C0s001° 96 © L (S)}

with the following seminorm and norm:

|uly = (

For positive integer r, we can define the space H'(S) with the norm || - ||,
similarly. In particular, the norm of HZ2(S) is equivalent to (see [15])

(lull? + Au)?)!/2.

1 oul?

cosf 04

ou
26

n 172
) , llaelle = (lluell® + |ulf) 72
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For real r > 0, the space H’(S) is defined by complex interpolation between
the space HU1(S) and HUM*(S), [r] being the integral part of r. Clearly,
HO(S) = L*(S) and ||ulo = ||u||. Besides, let ||ul; 00 = |lUllcrs) and Ul =
llulo, oo -

It can be verified that

—(Au, v) = (Vu, Vv).

Thus, the weak version of (2.1) is to find (&, ) € H!(S) x H'(S) such that
for all v e H!(S),

(2.3)
(&), v) + (JE@D), w(@), v) +v(VE(), V) = (/(1),v), te(0,T],
(Vy(t), Vv) = (&(1) + £(2), v), te[o0, 1],
£(0) = &o.

The existence and uniqueness of the solution of (2.3) was discussed in [19].
Indeed, we can follow a technique similar to the proof of Theorem 6.10 in [14] to
show that if f; € L>°(0, T; L>(S)), f» € L*(0, T; L*(S)) and & € L>(S),
then (2.3) possesses a unique solution ¢ € L2(0, T; H(S)) with 8£/9t €
L2(0, T; H-(S)), H~1(S) being the duality of H!(S).

We now turn to constructing the spectral scheme for (2.3). First, let L,(z)
be the Legendre polynomial of degree n,

dn
2nnldzn
The normalized associated Legendre function is defined as

Lo n(2) = \/(Zn‘;znl?inm—)!m)!(l _ zz)m/zjzmm

Lm,n(z)=L—-m,n(Z), m<0,n>|m|.

Ln(z) = (22 -1

L,(z), m>0,n>|m|,

Furthermore, the spherical harmonic Y,, ,(4, 8) is
1

Y n(d, 0) = —\/Z—_nei'"‘Lm,,,(sin 6), n>|m|.
It can be verified that (see [3])
(2.4) =AYy n(A, 0) =n(n+1)Yp a(4, 0)
and
/2 . 1 fm=m,n=n",
/0 /—n/2 Yi,n(A, 0)Y, (A, 0)cos0dOdA = { 0 otherwise.
We set
2n . pm/2
ﬁm,n=/ / ud, 0)Y,, ,(A, 0)cos0doda.
0 —n/2
Let N

Vu =span{Yp : |m| < M, |m| < n < N(m)},
where N(m) determines the construction of spectral approximation. Usually
we take N(m) =M or N(m)= M +|m|. For simplicity, suppose N(m)=M .
Let Vs be the subset of Vj, containing all real-valued functions.
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Let P)s be the orthogonal projection from L2?(S) onto V3, such that for any
ue L*S)
(PMu—u,'u)=0, Yv € Vy,
or equivalently,

PMu= Z Z am,nYm,n(}n 0)-

|m|<M n>|m|
Let 7 be the mesh size in the variable ¢, and

R, = {t=k’t: 1<k< [g]} , R, =R, U{0}.
Define {
ou(A, 0,1 = ;(u(,l, 0,t+1)—ul,06,1).

Let (1, ¢) € Vi x Var be the approximation to (£, ¢) and b and o pa-
rameters with 0 < b, g < 1. The spectral scheme for (2.3) is as follows:

(6:n(2), v) + (J(n(2) + b1ou(t), 9(2)), V)
~v(A(n(t) + ato:n(1), v) = (fi(1),v), Vv e€Vu,tER:,

(2.5) —(Ap(2), v) = (n(2) + f2(1), v), YveVy,teR,,
u(p(®)) =0, Vt€R,,
1(0) = Ppo.

Clearly, if b = ¢ = 0, then (2.5) is an explicit scheme. If 5 =0 and o # 0,
we still can obtain the value of #(¢) explicitly by the orthogonality of spherical
harmonic functions. Indeed, this is one of the advantages of spectral methods.
Otherwise, the scheme is implicit, and so an iteration is needed for evaluating
n(t) ateach t € R;.

We now consider the existence and uniqueness of the solution of (2.5) with

b # 0. We have
(2.6) (n(®), v) + br(J(n(2), ¢(t — 1)), v) —vot(An(?), v)
) = (F(t),v), Yv€Vy,teR,,

where

Ft)=n(t-1)-t(1-b)J(n(t-1), ¢t — 1))

+vt(l —o)An(t— 1)+ 1f1(t —1).
Clearly, this is a linear algebraic system for the unknown coefficients of the
spherical harmonic expansion of #7(¢). Thus, we only have to show that the
equation
(Z,v)+bt(J(Z, 9),v)—veo1(AZ,v)=0
has only the trivial solution. By taking v = z, we obtain from Lemma 6 (see
83 of this paper) that
1Z|? +vat[Z]: =0

and thus Z = 0. Therefore, n(¢) is determined uniquely at each time ¢ € R, .

3. SOME LEMMAS

For analyzing the errors, we need some basic estimates. In this section,
we prove several lemmas. Throughout this paper, we denote by ¢ a positive
constant independent of M, v and any function, which may be different in
different occurrences. The notation “ G ” means the embedding of spaces.
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Lemma 1. We have HE(S) g H'(S) for 0 < r < B and H'tE(S) c C(S) for
B >0.

Proof. The first assertion follows directly from the definition. We now prove
the second one. Let B be the unit ball in the three-dimensional Euclidean
space, and w a function defined on B. We denote by y(w) the restriction of
w on S. We can take H'+#(S) to be the trace space of H>?*#(B) equipped
with the norm

lellprisses) = Hl]/nz{ﬂ(m llwll 37245 ()
y(w)=u

By embedding theory, H32*#(B) g C(B), and so for any w € H3?*#(B),
”w“C(B) < c||w“1-]3/2+,9(3).

On the other hand, for any u € H!'*(S), there exists W € H3?+#(B) such
that y(w) = u and

1, __
”u”HHﬂ(S) > '2'||U1||H3/2+,e(3).
Therefore,

llullc(s) = sup |u(x)| = sup [w(x)|
X€ES X€S
< S‘éIB’ [W(x)| < cl|@||gsr2engy < 2¢||utll s sy »
X

which implies the second assertion. O
Lemma 2. There exists a positive constant ¢ such that ||u|| < clu|, forall u €
H'(S) with u(u)=0.
Proof. By the Poincaré inequality, we have
lull® < 2 (u(u) + ul}),
and so the claim follows. O
Lemma 3. If u € L*(S), v € H'*A(S) and B >0, then
luv|l < cllull [|v]l1+p-
Proof. By Lemma 1, :
luv]l < cllull®llvliz < cllulllvli,s. ©

Lemmad. If ue Vi and 0<r< B, then

' lullg < cMP~"|ul,.
Proof. Let

M M
U= Z Z ﬁm,nYm,n(A, 0).
m=—M n=|m|

By (2.4), Y, (4, @) is the eigenfunction of the operator —A on §, corre-
sponding to the eigenvalue n(n+1). Thus, for the space H'(s), the norm |v|,
is equivalent to (see [15])

1/2
(3.1) ( D n'(n+1)'|ﬁ,,,,,,|2) :

m==00 n>|m|
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Then

M M
lul < > S nb(n+ 1)F|im,af?

m=—M n=|m|

M M
<eMr NN nt(n+ 1) i,

m=—M n=|m|
<cM*7y|2 o
Lemma 5. If u € H5(S) and r < B, then
| lu— Paguellr < cM™Ejullg,
|Pacuellr < clluelly-

Proof. By (3.1),

M 0o 0o
lu-Pyul<c Y N W+ 1 lamalP+c Y, Y 0+ 1) |, nl?

m=—M n=M+1 |m|>M n=|m|
M o) [ee]
<e Y Y A im P+ D Y n(n+ 1) |im,al?
m=—M n=M+1 |m|>M n=M+1

oo oo
< M2 Z Z n(n+ 1)F iy, n|?

m=—00 n=M+1

< cMP 2w}

The second inequality follows from the first with § = r by using the triangle
inequality. O

Lemma 3 and Lemma 4 are the approximation and inverse inequalities for
spherical harmonics. In [1], Bramble and Pasciak gave similar results with
different proofs.

Lemma 6. If u, v € H'*8(S), w € H'(S) and B >0, then

(u, J(v,w))+ (v, J(u, w)) =0.
Proof. We have

/2 9y w Qv Bw
u, J(v,w =/ / u(————-——)dﬁdi
( ( ) 0o J-zp \OA 06 0604

or2 (Qudw  Oud
=) L G awor) o
- 50 3) 55 (0. )

DD R D e

We know from the regularity of w that w approaches the limits independently
of A, as 8 — xm/2 (see p. 314 of [3]). This means that Jw/04A = 0 at
0 = +m/2, and so the conclusion follows. O
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Lemma 7 (see [6]). For any u€ C(0, T; L*(S))
2(0:u(t) , u(t)) = &cllu(®)|® — 7| 6-u()|>.
Lemma 8 (see [6]). Assume that
(i) E(t) is a nonnegative function defined on R,

(i) p, by, bg, d, and d, are nonnegative constants,
(iii) for t € R,

-1
E(t) < p+1)_(dE(l')+dMPERY (1)),
t'=0

(IV) E(O) <p and pe(dl+d2)tl < M-bi/b2
Then for all t € R, and t <ty

E(t) S pe(d|+d2)t.
If in addition dy =0, then forall p and t<T
E(t) < pet.

4. GENERALIZED STABILITY OF THE SCHEME

As is known, nonlinear schemes are usually not stable in the sense of Lax,
but might be so in the sense of generalized stability [6, 18]. We now analyze
the generalized stability of scheme (2.5). Suppose that 5(0), f; and f; have
errors g, f; and f>, respectively. They induce errors of # and ¢, denoted
by 7/} and ¢. Then

( (6:41(2), v) + (J(7i(2) + bTo:A1(2), (2) + 6(2)), V)
+(J (n(t) + btén(2), (1)), v) — v(A(#(t) + 0T6:7e(2)) , V)
@) ) =(fi(1), v), ) Yv € Vi, t€ Ry,
—(A¢(2), v) = (A(t) + f2(2), v), Vv E€Vy,tER.,
u(g()) =0, teR;,
L 7(0) = o.

By taking v = 27} in the first formula of (4.1), we have from Lemmas 6 and

7 that
(42) 3RO = tl|6: A1) + 2v17(2)|} + vatd:|ii(t)|} — var?|6:A(2)} + Fi(t)
= 2bT(J(#i(2), p(2) + (1)), 3:A(D)) = 2(/i (D), (1)),

where

Fi(t) = 2(J(n(t) + btden(2), ¢(2)), A(2)).
Next, let d be an undetermined constant. By taking v = dtd;# in the same
formula, we get

dels A - gvds (o) +v de? (a - %) 18:(1) + Fa(t)
+dt(J(7i(1), p(t) + §(1), &:A(2)) = dT(fi(t), 3:7i(2)),

(4.3)

where
Fy(t) = dt(J(n(t) + bt n(t), §(1)), 6:7(2)).
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Putting (4.2) and (4.3) together, we obtain

BRI + (@ = DISAWI + 270 +ve (+ 5 ) Sla(oR
(4.4) p s )
+et (do =0 = §) Ba0R + 30 F0) = (Gh(0), 2000) + dedei(c),

j=1
where
F3(t) = ©(d = 2b)(J(A(2), 9(1)), 6:7(2)),
F3(t) = ©(d - 2b)(J (71(2), (1)), O:H(2)).

Furthermore, we put v = ¢ in the second formula of (4.1) and obtain

. | S . ~
g0} < illfp(t)ll2 + (A1 + 1RO
Thus, Lemma 2 leads to

(4.5) 161} < cUAOI* + 1 2O17).
Moreover, by Lemma 2 and (4.5),

I8OI3 < eI + 1AG(I) < cUFDI2 + I A@IP)-
We now estimate the |F;(¢)|. Let ¢ >0 and

= m u | = X tC.
el = gmas Il el = 8 1Ol o €

By Lemma 1, Lemma 6 and (4.5), we know that for any 8 >0,

Fi(0)] = (I (1), 9(0)), n(t) + broen(n)]
< evli(Of + —linlliZIe)1}

<evli()l} + ;i,—lllnl!lﬂﬂ(llﬁ(t)llz + 4@

Similarly,

N cd? . .
|F ()| < evt?|B.A(1)]} + 8—,,|||'1I||f+,g(llﬂ(t)l|2 +1ALOF).
Furthermore, Lemma 3 leads to

ct(d — 2b)?

IF3(0)] < eléeqi(0)I” + ——

llell3, gl ()13

Since
o113 < clleI* + lAe(OII?) < el + 1 A0,

we have from Lemma 4 that

ctM#B(d - 2b)?
€

|F3(2)] < etlldeqi()l|? + (Ul + AN EOIE.
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Also, by Lemma 3, Lemma 4 and the second formula of (4.1), we obtain

ct(d — 2b)?
€
ct(d — 2b)?
€

[Fa(t)] < etllo:A(01° + [OIEMLIGI
UFONF + I2@I1p)1A@R

£ .
aﬂ%zb_) IO + 12OPAOI.

< etlA(OI + €
< TSI +
Finally,
(@), 70 + de8ci(0) < sl + liolP +¢ (1 + X2 ) W ol
By substituting the above estimates into (4.4), we obtain
BRI + ¥(d = 1 = 3)SAWIE + v +ve (o + ) AR
+ Aot A1 < AR + AR + A30),

(4.6)

where

A0=ut(da—a—521——s) ,

e )
A(t) = AR + 171 + 14O,
Ayt)=c (1 ; —) @I+ S0+ AR

Let po > 0 and ¢ be suitably small. We choose the value of d in three
different cases as follows:
(i) ¢ >1/2. We take

d > d|, = max (1 +3e+pg, 2—6—:*-2"—21—);9—;—2—8).
Then
(4.7) 1(d — 1= 3¢)||7(0)|1* + Aot (1)|} = porllfic()]|.
(i) @ According to Lemma 4, there exists a positive constant g such

=1
=7
that |u|? < gM?||u|)® for any u € V). We take
1
d>d,=1+3e+py+vgtM? (5 +£) ,

and so (4.7) holds again.

(iii) 0 <} and tM? < 25 . Then we take

14+ 3¢+ po+quiM3(c +¢)
1+ qutM3(o - §)
It can be verified that (4.7) is still fulfilled.

d>dy=
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Now, let

t—7
E(@t) = I7@I* + 1 Y_@lA(2)If + potldei(2)I?),

z=0
p(0) = 1O + v (7+ 5 ) 1HOR + 3 A2
z=0
By summing up (4.6) for ¢ € R, , we obtain
(4.8) E(t) < p(2) +TZ_:(A1E(Z) + Ax(2)E*(2)).
z=0

Finally, by applying Lemma 8 to (4.8), we get the following result.

Theorem 1. Assume that

(i) tMP# is suitably small, B being an arbitrarily small positive constant,
(ii) 0'~>-5- or tM? < bﬁ’
(i) |0 b1 and p(t) < by for t< 1,
where t; < T, by and b, are suitably small constants depending only on
H7llli+p5 HIA2lll and v. Then for all t < 1,
(4.9) E(1) < p(1)eb.
We now consider a special case, i.e.,
2b>d; forg>1,
(4.10) 2b>d, foro=1,
2b>d; foro<i.

Then we can take d = 2b and so A, = —v . Thus, the following conclusion
follows.

Theorem 2. Let ¢ > § or t™M? < ?zv(l+%)' If in addition (4.10) is fulfilled,
then (4.9) holds for all fi(t), p(t) and t < T.

5. CONVERGENCE
In this section, we deal with convergence. By (2.4),
—PyAu(A, 0)= > Y n(n+1)im nYm a4, 0)
|m|<M n>|m|
== > > tm,nAYm (4, 6) = —APyu(A, 0).

{m|<M n>|m|

Let ¢M) = Py and yM) = Pyy . Then from (2.3) we obtain that for all
v EVy
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( (6:£00(2), v) + (J(EM(1) + b6 LM(1), yM)(1)), v)
+v(V(EM)(t) + 616, M) (1)), Vv)

1y 4 = (CHGO+A0,) +(6), V), teRe,
(Vy0(2), Vo) = EO0(1) + (1), v), t€R.,
u(y™ (1) =0, teR:,

( EM)(0) = Py&y,

where

Gi(1) = 3800(1) ~ 2-80(0),
Ga(t) = brJ (6:£M(2), y™M(1)),

G3(1) = JEM (1), y™(2) - JE(), w(t)),
Ga(t) = 616, 1)

Next, let 7 =¢M + & and ¢ = w™) + . Then we have from (2.5) and (5.1)
that for all v € Vy

(((3:E(1), v) + (J(EO) + bro:(t), y™(t) + v (1)), v)
+H(T(EM(1) + b6, EM(1), (1)), v) + v(AE() + 018:E(2)), v)

) =—( 3 G0, v) — (VG4(t), V), teR,,
(A'/?(t)’ 'U) = (é(t)’ 'U), tGRT,
uy (1)) =0, t€Ry,

[ £(0) =0.

Clearly, we can get the same estimate as in (4.9). But n and # are replaced by
¢ and &, respectively, and p(t) is replaced by

p(t) = TZ—:(”GI(Z)MZ +1G1(2)I* + 1G3(2)II> +Ga(2)I).-

z=0

According to

66 3 1 t—1 aZé
540520 =1 [ (t+1-253(dz,
we have
-1
Y NIG1(2)I? < €0, 1. 12(sy)-
z=0

By Lemma 3 and Lemma §,
2
< ct?||lwlll2+p

(M) 2
%

¢
ot

1G2()I < T llw ™ lll245

1
2

1

< et (|GG + 11A21113)

¢
at
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Furthermore, for r > 0,

G < cly™ @)ll2411E () = EONF + cllE™ O lly () — w(0)113,5
< eM2 (Wl NEN R + HENFTTW NI por)
< eMHIRIIG + IAIDNIENR, + QNG + LAIF AN

Finally,
2

o¢

ot|||,
Therefore, p(t) = O(t2 + M~?"), and so we obtain the following results.

|Ga(0)I} < e7?

Theorem 3. Let r > 0 and B be arbitrarily small positive constants. Assume
that

(i) (4.10) or condition (i) of Theorem 1 holds,

(i) condition (ii) of Theorem 1 is satisfied,

(iii) €€ C(0, T; H'*'(S))NnCY(0, T; H'(S)) N H?3(0, T; L*(S)) and f, €
C(0, T; HE*"(S)). Then, forall t < T,

IE@DN? < b* (12 + MY,

where b* is a positive constant depending only on the norms of & and f; in the
spaces mentioned above.
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