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A RECURSIVE METHOD TO CALCULATE
THE NUMBER OF SOLUTIONS OF
QUADRATIC EQUATIONS OVER FINITE FIELDS

KENICHI IYANAGA

ABSTRACT. The number Spi(a) of solutions of the quadratic equation
X +xF+-+xh=a (x}#xx? forij)

for given m , with o and x; belonging to a finite field, is studied and a recursive
method to compute S, (a) is established.

INTRODUCTION

Given a finite field F, (¢ = p", p: odd prime), the estimation of the number
of solutions of the quadratic equation in the abstract (x; € F*) is reduced to the
study of certain vectors u,, , and a recursive method to calculate this number
is established. When g = p, the latter computation may be applied to calculate
the number N,, of solutions of the congruence

p—1

Xt44x%= (mod p), 1<x <-- F< X <

The number N,, is known to be related to the class number of Q(,/p) (Agoh
[1]), and an algorithm, different from ours, to calculate it is given by Maohua
[3] (see also Sun [4, 5]).

1. PREPARATORY LEMMAS AND PROPOSITION

1.1. In this section we shall establish three lemmas and a proposition, which

will be used to prove Theorem 1. The latter gives an algorithm for computing

the number of solutions of the quadratic equation specified in the abstract.
Given an odd prime number p and g = p", we let F =F, and set

F? = {x?|x € F*}.
We also set, for £ € F*,

o aed(e(). w30-()
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Lemma 1. Given &, n € F*, we have

(1) ety =1, vevy =0, 1/?:1/5, (l/é)2=l/é,
(i1) 2uevy = Vet vy +vg —1,
(iii) 2vuy = v+ vy — Vg,

Proof. Assertion (i) follows directly from the definition. Since
;)
=) =2 -1,
(q ¢
<n

<7> =20y — 1 = 2vg - 1)2vy — 1),

which implies (ii). Similarly, since

(§)-1-2¢

(@) =1-20f, =(1-20))(1-2v;). O

we have

(iii) follows from

q
It is convenient to introduce the following notation:
q—;—l ifv_ =1,
2) P=1 423
—4— lf v = O
We note that
g-1_ v
(3) g —Pt—
1.2. Given «a, f, y belonging to F, we set
4) AP ={(x,y) e P xFlax+ fy =7,y =1if f =0}
and
(@) _ pala) — ()
(5) Ag, =tAg",, Ag.y=4g .

These numbers will be used in the algorithm described in Theorem 1.
The following relations are easily deduced from the definitions:

(6) 1;.»)7 = Aftl‘)iﬁ.(x"'}’ (a € ]F‘) >
(7) Aeap oy =4g, (£, meF),
(8) A =2p+v.,, A0 =2 =0,4D =2p+v' ) (B,7EF),

9) A,0=0, Ago=QRQp+viv_g, A,,=1v (B,y€eF).

Given g,y € F*, it is known that i , may be computed by using Jacobi
sums [2]. In the following, we shall show that group-theoretical considerations
can be used to compute 4g , .
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1.3. We set, for a given a € F*,
A, = {XGMZ(]F)|X((1) ‘g) _ ((1’ g)X}

A% = A, N GLy(F), Al = 4, N SLy(F).

_l(x o
Aa—{<y x)|x,ye]F}.

Lemma 2. The following sequence is exact:

1A - A8 F -1
Proof. Tt is sufficient to show, for a given # € F*, that there exist x, y € F*
satisfying x2 — ay? = B or, equivalently, x> = ay? + . We now have

Hxlx € F) = Hoy? + ply € By = L1,

and

We have

whence

{x}x eF}n{ay*+BlyeF} # 2,
which implies Lemma 2.
Lemma 3. Given o € F*, we have
(M) 845 = (¢ = 1)(g + 1 - 2a),
(ii) $4L =g + 1= 2u,.

Proof. We have
A;=Aa“{(x ay)|x2-ay2=0},
y x

whence we readily obtain (i). The second assertion (ii) then follows from
Lemma 2. O

Proposition 1. Given a, 8, y € F*, we have
(i) 4hg ,=q+1-2(v_p+v,+vp),
—v_ =1),
(i S R
’ p+viv,, (vg=0).
Proof. Since
tAL g =#{(x,y) € F x Flx* + y* = 1}
=#{(x, ) € F x Flx* + By* = 7}
=4dp , +H{(x,y) € FxFlx* + By* =y, xy = 0},
the first claim (i) follows from Lemma 3(ii). We have
(@) _
j’ﬂ,y = A(,—Iﬁ'a—l},

g+1 1
= T - z(l/_“—lﬂ +1/a-l),+l/ﬂy)
g—-1 1 1

=~ t3~ E(V—nﬂ + Vay + Vgy)

1
=p+ 5(1 + l//_| —V_qf = Vay — l/ﬂ},).
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If vg, =1, we have

a 1
153,)); =p+ 5(1 V| =V — Vay)

1
= p + 5(1 — 1/_] - V_aﬁ - aﬂ).
Whence, by Lemma 1(ii), we obtain
ljga’)y =P — V_1Vug.

If, on the other hand, vg, = 0, we have

o 1
).53’)), =p+ 5(1 +l/l_1 —V_op — Vay)
1

=p+§(l/’—l -V/—ay+l/¢;y)’

whence, by Lemma 1(ii1),
(@) _ ' li
Ag',=p+viv,. O
2. A RECURSIVE METHOD TO COMPUTE THE NUMBER OF SOLUTIONS
OF CERTAIN QUADRATIC EQUATIONS

2.1. Given a€F and m (1 <m < (1+v"))43h), we set

(10)  Sp(a) =ﬁ{(x1, ooy Xm)|Xi € F*, Xm:x,?:a,xf # X7 (i;éj)}.

i=1

In order to compute this number, we consider the following set:

MP), = {(J, x)|J C F?, J: irreducible,
(11)
xeJ, W =m,Bx+ Y y=a},

yeJ—{x}

where B € F and J is defined to be irreducible if and only if it does not contain
any pair {z, —z}. Further, we set

(12) Mm,a={Jg]F2|J:irreducible,uJ=m,Zx=a} ,
xeJ
(13) 10 =AML, o = 4 Mo
We have
(14) uf) =ula  E.meF),
(15) .uSrE),a=m,um,a,

(16) Sm(a) =2"mm o
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2.2. Now fix an element r € F* such that v, = 0 and consider the following
vectors (BeF,1<m< (1 +v )9;—‘):

(18) .”m—(ﬂm,Oa :um,l,:um,r)-

Since Sy,(a) equals either S, (0), S,(1) or Su(r), the problem of computing
Sm(a) is, by virtue of (16), reduced to the computation of the vectors ap, .

2.3. Given an element g € F and a fixed element r € F* such that v, = 0,
we shall introduce here a matrix L(#) which will be used to compute #,, :

l(ﬂ ) l(ﬂ ) ﬂ.(ﬂ

(19) L#B) = }'(ﬁ)) li/;)) A(zﬂ
l(ﬂ }'r,l Al

,r
)
r
8)
, T

The following proposition follows easily from (8), (9) and Proposition 1 (ii).

Proposition 2. We have

(i) LO = (2p+.,)E;.
For p e F*,
0 l/ﬂ Vllf
(ii) LB = ((2p+u_l)u ), p—u_lu,; p+u’_11/,g) .
(2p+vivig p+v I/ﬂ p—v_1vp

Theorem 1. Given & € F*,

-2(r (%Z-)) 2(-())

Also, given o €F and 1 <m < (1+v. )4, set

h(\

Sm(a)=u{(x1, s X)X €F ) xP=a, xP # £x] (i;éj)} ,

i=1

andlet g = WPy, 1P\, uA);) and pm = (im0 fim, 15 im, ) be the vectors

defined by (17) and (18) (B € F,v, =0, r € F*), and let L) be the matrix
defined by (19). We then have

(i) Sm(@) =2"mm o« (a=0,1,7),

(i) H) = mp

Gi) AP =0,up B£0, = (L55.0,0),
(iv) uD = g LB — gDy WD (1< m).

Proof. The first three statements (i), (ii) and (iii) are clear from the definitions
(see (15), (16)); the fourth, (iv), is equivalent to

1 1
#Sg)a Hm—1 0)-8)(,+ﬂm 1, 13-1 a+#m 1, }-S-I,I) #,fj) V—l:urf l)a
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In order to prove the above, suppose we are given (J, x) € M,(f,)a with J =
{x,¥15...5Ym—1} satisfying

m—1

ﬂx+2y,»=a.

i=1
Then, the set J' = {y1, ..., Ym—1} belongsto M,,_; ,_p.. We have

2

a-pBx=0o0ra—Bx=y*ora—-fBx=rz (v, z€eF*"),

and accordingly,
(J/’ (X, 1)) e Mm—l,O X Ag‘f)a* (y—2Jl’ (X, y2)) € Mm—l,l % A(lﬁf)a

or
(Z—2J/a (xs 22)) € Mm—l,r X AS‘l,gt)ls

where
wtJ' ={wyi, ..., Wym_1} (w € F*).

Conversely, given
x,»)eAf, (r=0,1,r; y=1ify=0),

and J'={yi,..., hum—1} belonging to M,,_; ,, we have
({x’ YVis, ... )’Ym—l}, X) € Mr(nﬂ,)a

unless

x ==yy; forsome j(1<j<m-1)
(x = —yy; may occur only when v_;=1). Letusset J={x, yy1, ..., YVYm—1}-
If x=yyj,then J={yyi,...,YYm-1},and we have

(B+Dyyi+Y vy =a,
k#j

whence (J, yy;) € M,(nﬂf,”)n. If, on the other hand, x = —yy; (v—; = 1), then
B-Dx+Y y=a,
k#j
and we have
({X, YVis e s VVj—15 VVjt1s o ovs .VYm—l}, x) € My(nﬂ__|l,)a'
Combining the above, we obtain (iv). This completes the proof. O
Specifically, for 1 < m < (1+v",)43!, we obtain the following:

0 1 —1
2 = LO — /lf,,)_, - V—l/li,,_i

=Q2p+vi)#m-r— (M= Dppmy —v_i(m—Dpm_y,
whence
(20) A =2p+v, —(m—=1)1+v_y)im1.
2.4, Weset (1+v" )4 =K. Given 1 <m <k, we have
2m(x) ifvoy =1,
(*) ifv_;=0.

m

#{J c F*|J: irreducible, §J = m} = {
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Hence, we have

—1 2"m(y,) fvo=1,
o ® L4 ) ={ m
(21) /,tm’0+—2 (,um’,‘f'#m,r) m(:::) ifv_, =0.

In particular, we have
2m(%) ifv =1,

-1
@ ot St ={ T B T
m — -— .
For m =k, we have
q-—- _ 2¢ ifv_; =1,
(23) oot i) = {0

When g =3, we have k = 1 and u, = 4, = (0, 1, 0); whereas when v_; =0
and g > 3, we have 9;—’ > 1 and therefore u, =(1,0,0).

2.5. We now compute u#, and u3. We have

2p; = pV
=mLY —4? —v_ a4l
0 1 0
=(0,1,0) 2pv_, p—v_y p+v | -(0,v2, 1))
(2p+ v, P p

-v_1(2p+v.)(1,0,0)
=0,p—-v_ -1y, p+vi,—v))
=0,p—vo1—vy, p—vo1 +12).
Whence, we obtain
(24) 200=0,p—v_1 =1y, p—v_1 +17).
We also have

s = )
©)

=m LW — 4 —v_ 14l
A2 = L — p® — )
=(0,1,0L® -0, v;,v;)—(0,v_y,0).
By Proposition 2 (ii), we have

B =(2p+vi oy, p—voi—vs -y, p- vy +UL ),

and, by the remark made following the proof of Theorem 1,
voip) =v_2p+vi = 1—vo)m =2 y(p— Dy,
and therefore,
63 = (2p% + (1 =3v_y —dv_ vy —dv_r + 21)p + V. (1, — 2v_,),
207 — 2+ Tv_)p + Tv_y + 3v_yvy + 213,
2p% — (14 3v_y1)p +2v5 — vl 1)
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Lemma 1 implies that

u_\h=v_1+1n+rv_yp-—1,

whence
3 5 v
_ {2 2_2 _ ro (22 _
3u3 = (p + <2 FV-1 3V—2) p+Vr_y (2 V—z) )
7 7 3
(25) p2— (1+§V_1)p+§l/_1+§l/_11/2+l/3,

, (1 3 o3,
p-— §+§l/_1 p+ 1/3—-511_11/2 .

2.6. We note here that some of the classical formulas concerning quadratic
residues can be obtained from the formulas (24) and (25) describing #; and
43 . The formula (24) for u, leads to

(26) p=v_1+v, (mod?2),

or, equivalently,
qg->5 . -1\ _
4 (mOd 2) if (—q—) = 1,

qg-3 . -1 .
-—4—(mod2) if (7>_ l;

the latter implies the classical formula

(3)-co

(The above formula for ¢ = p, may also be deduced from computing the
number of solutions of x?+x2 =4 (mod p), as shown by Kenneth S. Williams
[61.)

The formula (25) describing g3, on the other hand, implies

(27) o+ (%—%y_l)p+l/'_l (%—u_z) =0 (mod 3),
5 7 7 3 _

(28) p-— 1+§V_1 p+iu_1+§u_1u2+u3=0 (mod 3),

(29) p?— (% + %u_1> P+ (ug - %V/—HQ) =0 (mod 3).

When v_; = 1, it follows from the formulas (27) and (29) that
pP—p=p*-2p+v;=0 (mod3),

whence

(30) p=v; (mod 3).

When, on the other hand, v_; =0, it follows from formula (28) that

(31) pP—p+v3=0 (mod 3).
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Combining the congruences (30) and (31), we obtain the following special case
of the law of quadratic reciprocity:

() -

2.7. We now illustrate how Theorem 1 may be used to compute the vectors
M, by looking at an example: ¢ = p = 17. In this case, we have

p=4, v =1, vep=1, ve3=0.
We use the general formulas derived above to compute #;, g, and us3:
41 =(0,1,0) (Theorem 1(iii)).
Now, by virtue of (24), we have
pr= 50, p—vo—m, p vyt ) = 300,2,4)=(0,1,2)
By (25), we have

IR YA 3 5 , (V2
.”3—3(/7 + (5—51’—1 —3V—2)P+V_1 (7-1/—2) )

2 1+ZV +zu +§1/ vy +v
p 2—1/72—12—12 3,

2 1 3 ’ 3 !
P — 54—51/_1 p+ l/3—§l/_]1/2

~Y0,3,9=(0,1,3)

3
Also,
4y = )
= LM —p — v 4,
”(2)_”L(2) ”u vl
p = mL® - — v p?,
and
0 1 0
LO=L®=12p p-1 p],
0 » »

0 0 1 ;
=10 p »p |,
2p p p-1
u =(0,1,0L™~-(0,1,0)~(0,1,0)
_(O,p_zsp)
=(Oa2a4)’
D= il — )~ 2
:(O,1,2)L(2)—(0,2,4)—(0,2,4)

=(2pa3p_5a3p_8)
=(8,7,4).

and therefore,
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We have, by (20),
B = (2p+ vl =201 +v_p)p
=(2p-4)(0,1,2)
=(0,4,8),

so that

po = %((o, 1,3)L0 —(8,7,4)-(0, 4, 8))

= %(2,0—8, 4p —12,4p - 12)

= %(0, 4,4)=(0,1,1).

3. COMPUTATION OF N,,

3.1. We set, for an integer m > 1 and a € F,

(32) Q,,,,a={1gr2|w=m,2x=a},
xeJ
(33) Nm,a=ﬁQm,a> Nm=Nm,Os
(34) Nm=(Nm,0 Nm,15 Nm,r) (v, = 0).
When F = F,, the number N,, is the number of solutions of the congruence

(35) x}+--4+x3=0 (mod p) (15x1<---<xm5p%1>.

Agoh [1] proved that, if p =1 (mod 4), then
(36) e =+/pa2-1+ayp,

where h, e (> 1) stand for the class number and the fundamental unit of
Q(,/P) , respectively, and

1 gt
(37) a=-— 14> (=1)™Np | .
m=1

In [4, 5] Sun gave a formula for N,, when m = 2, 3 and 4. Maohua showed

in [3] that
-2 2
N p((m>+ 2 A'")’
where A,, is determined recursively by means of the following formulas:

1 _
On=5(dn+Bud),  A=1/(-)Tp,

w30 (2)9)

o1 =1, MOy = $10m—1 — $20m—2 + -+ (=1)"" s,

We have the following
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Theorem 2. Given 1 < m < 45! and a €F, set

Nm,a=u{JgF2|uJ=m,Zx=a}.

xeJ
Choosing r € F* such that v, =0, set
Nm = (Nm,Os Nm,l » Nm,r)~

Let py (0 < k < p) be the vector given by (18) and let p be as in (2) (we set
so=(1,0,0)). We then have:

(i) If vu1=0, thenN, =un;
(ii) if vy =1, then Ny =N;,_,, (weset Ng = uo).
Ifv_y=1and 1 <m< p, we have
%]
-m+2k
(iii) Ny, = Z (p X ).llm—zk-
k=0

Proof. If v_; =0, it is obvious that N, = u,, .
Suppose v_; = 1. Then

Y x=0, F=2p,
x€F?

and therefore N,, = N;,_,, holds. Suppose, further, that 1 < m < p. Denote
the canonical projection from F? onto F2/{+1} by n. Suppose J € Ny q.
We have

J=JLJu-JyUulJ;, n(Jo)Nn(J)) =2,

where
Ji eMm—Zk,a (k =tJo, i =g if m = 2k).

Conversely, suppose we are given 0 < k <[%Z] and J; € M,,_o o (if m =2k
weset J; = @). Since m < p+k, we have k < p—m+2k and therefore we may
choose Jy C F? such that §Jo = k, n(Jo)Nn(J;) = @; theset J = JpoUu—-JoUJ;
then belongs to N,, .. Combining the above, we obtain Theorem 2. O

3.2. We now use Theorem 2 to compute N,, (im=2,3) (N;=(0,1,0)):
u2 ifv_; =0,
N = { Ho ifg=>5,
m+puy ifS5<gandv_;=1.
Therefore, when 1 < p (5 < q), we have

(38) Ny = py + v_1 ppo.
We also have
Hs3 ifv_; =0,
N3 = { M ifg=9,
a3+ (p—Du if9<gandv_=1.



1330 KENICHI IYANAGA

Hence, when 11 < ¢, we have

(39) N3 =p3+v_i(p - Dau.

Now using the formulas (23) and (29) describing 4, and w3, we obtain:
When 5 <gq,

—V_| —V —V_|+V
N, = (1/_|p, p 21 2 P 21 2);

when 11 < ¢,

_ (2 (L 5, P (Y2 _ V=2
N-"‘<3+(2 6 ! ”-2)”+”-'(6 T)
%2—<1+V“)p+ﬂ+y"yz+ﬁ

3
T )

6 2 3 2

We have, therefore, the following formulas, which contain expressions for 8N,
and 48N; agreeing with Sun’s results [4, 5]:

(2(¢-1),9-9,9-1) ifg=1 (mod38),

N, — (0,g-3,9-3) ifqz3(mod8),
") (2@-1),9-5,9-5) ifg=5 (mod 8),
0,g-7,9+1) if g =7 (mod);

((((@—1)(g—17), (g —1)(g—T7)+ 32+ 16v3,

(g-1)(g—-9)+16v;) ifg=1 (mod 8),
((g=1)(g—11), (g - 3)(g~T7)+ 16vs,

(@ -3)(g—5)+16v;) if g=3 (mod 8),
((g=1)(q@—5), (g —-3)(g—5)+16v3,

(@—1)(g-9) +16v}) ifg=5 (mod8),
((g—1)(g+1),(qg-3)(g—7)+ 16v3,
\ (@+1)(g—9)+16v;3) if g=7 (mod 8).
3.3.  We now show how Theorem 2 can be used by looking at an example:

q=p=17. Wehave p=4, v_, = 1. We also have po=(1,0,0), gy =
(0, 1,0). As shown in 2.7, we have

.”2=(0’1s2)a .”3=(0,1,3)a .”4:(0,1’1)'

Hence, by Theorem 2, we have

48N; = ¢

Nl=.”l=(0’l,0)a N2=.”2+p.”0:(4a192)’
N3=/‘3+(p_1).”l =(0a4a3)9

N4=;:4+(p—2>m+(‘2’>m=<6,3,5),
Ns=N;, Ng=N;, N;=N;, Ng=Nj=pup.
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We can now compute a given in (37):

1 &t
a=——1{14> (-1)"Ny
p—l m=1

11—6(1—0+4—0+6—0+4—0+1)

[u—
.

Whence, by virtue of Agoh’s result (cf. (36)), we have
eh=V1IT-1+V17 =4+ V17

It is well known that the class number 4 of Q(v/17) is 1, and that ¢ = 4++/17
is a fundamental unit of the latter real quadratic number field.
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