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A SECOND-ORDER ACCURATE LINEARIZED DIFFERENCE SCHEME
FOR THE TWO-DIMENSIONAL CAHN-HILLIARD EQUATION

ZHI-ZHONG SUN

ABSTRACT. The Cahn-Hilliard equation is a nonlinear evolutionary equation
that is of fourth order in space. In this paper a linearized finite difference
scheme is derived by the method of reduction of order. It is proved that the
scheme is uniquely solvable and convergent with the convergence rate of order
two in a discrete L,-norm. The coefficient matrix of the difference system is
symmetric and positive definite, so many well-known iterative methods (e.g.
Gauss-Seidel, SOR) can be used to solve the system.

1. Introduction
We consider the Cahn-Hilliard equation
(1.1) U+ Au=Adu), (x,y,t)eQx(0,T]
for u(x, y,t), subject to the boundary conditions

ou _
v
and the initial condition

(1'3) u(x,y,0)=u0(x,y), (xay)eﬁa

where ¢(-) = v'(+), w(u) = y(u?—- p??/4, y >0, Q Iis the interior of the
rectangle [0, L;]1x[0, L,], and v isthe outward pointing normal to 9. This
initial-boundary value problem arises in the study of phase separation in binary
mixtures [1 — 2]. In [3] a continuous in time Morley finite element Galerkin
approximation for (1) is presented and an optimal-order error bound in L,
derived. However, a nonlinear system of ordinary differential equations remains
to be solved. The authors of [4] developed a completely discrete difference
scheme for (1), which was also nonlinear. In this paper, a linearized finite
difference scheme is derived for (1) by the method of reduction of order [5 — 7]
(see §4 below). The coefficient matrix of the difference system is symmetric
and positive definite, so many well-known iterative methods (e.g. Gauss-Seidel,
SOR) can be used to solve the system. We prove that the difference scheme is
uniquely solvable and second-order convergent in a discrete L;-norm.

(1.2) 0, :—V(¢(u)—Au)=0 on 9Qx (0, T}
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Let M, M,, K be integers and h, = L,/M,, h, = L,/M,, ©=T/K

such that A = ajh, hy; = aph, © = azh*t/2 where a;, az, a3 and € are
positive constants. The optimal choice for € is 1/2. We use the notations

Qp ={(xi, yj)Ixi=ihy,yj=jh,0<i < M;,0<j< M},

Q. = {tl = kt, 0< k < K}.

Suppose u = {u;;|0<i<M;,0<j<M} and v={v;|0<i<M;,0<j<
M,} are two mesh functions on Q,. Denote

2 .
Dyxujj = (Uiy1,; — Uij)/h1, D_xuij =Dixui_yj, Oxuij =DixD_xu;j;
2 .
Diyuij = (Ui, jy1 — wij)/ha, D—yujj=Dyyu; j 1, Oyuij = DyyD_yuj;

Uivjz,j = Wiz, j+uij)/2, Wi jei2 = (Wi je1 + Uij)/2
and define the inner product

M —1M—1

(u,v)=h1h2 Z Z UijVij
i=1 j=1

M -1 M—1
l 1 2
+3 D (wiovio + Ui, M,Vi,00) + 5 > (uojv0; + uns,, j0us; ) -
i=1 Jj=1

+ Z(uoovoo + Upr,,0UM, ,0 + Uo, M, V0, M, + UM, M UM, M)

and the discrete L,-norm
lull = v/(u, u).

In addition, if w = {w*|0 < k < K} is a mesh function on Q,, we use the
notation

,wk — (,wk+l + wk—l)/2, A,wk — (wk+1 _ w"")/(21).

It is obvious that

M, M
(u, U)=h1h222(uijvij F Ui, Vi1, Ui jo1 Vi, jot Uit j—1Viet, 1) 4
i=1 j=1
and
Aw* = (wk — wk1)/z.
Let

v =¢(u) - Au;
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then (1) is equivalent to

(2.1) u=Av, (x,y,t)eQx(0,T],
(2.2) v=¢u)—Au, (x,y,t)eQx(0,T],

23 o _ow) _ou _oup
ox x=0 ox x=L ay y=0 ay y=L,
0<x<L,0<y<L,,0<t<T,
Q4 | v %y _dup g
oOx x=0 ox x=L ay y=0 ay y=L,

0<x<L,0<y<L,,0<¢t<T,
(2.5  u(x,y,0) =u(x,y), (x,»)eQ

Our difference scheme for (2) is as follows:

(3.1)

ul; = uo(xi, yj), uj;=uo(xi,yj)+tu(xi,y;), 0<i<M,0<j<M;

for 1<k<K-1,

(32) Auk=okf+vf, 1<i<M—1,1<j<M—1,

(3.3) Al =02vl+ 2D, vk hy, 1<i<M -1,

(3.4) Ak, _52 vEa, —2D_yvF pp /by, 1<i<M -1,

(3.5)  Awg; = 2D, 0§ /hy + 83vf;, 1<j<M—1,

(3.6) Ak j=-2D_yvf /i +6Mvy, ;, 1<j<M—1,

(3.7) Ay = 2D, vlo /by + 2D,y /by,

(3.8) Ay o= —2D_vly o/h +2Dyvky o/ b2,

(3.9) A sy, = 2Dxv§ pg, /11 — 2D—yVf p /2,

(3.10) Aty 2 = —2D_xvl 4/l = 2D vl a2,

(3.11) vk = p(uk) — (02uf; +02uk), 1<i<M -1,1<j<M—1,
(3.12) vk = p(ul) — (02uky + 2D+yu§0/h2), 1<i<M -1,

(3.13) vf 4y, = B(u 4p) - («52 uF apy = 2D_yuf ppfhy), 1<i<My—1,
(3.14) vf; = $(uf;) — 2Dxufi/h +S3uf;), 1<j<M—1,

(3.15) viy, ;= By, ;) — (~2D—xully, j/hi+&Guly, ), 1<j<My—1,
(3.16) vl = B(ufo) — (2D xtuly/hy + 2Dy uly/h2),

(3.17) vk o= by o) — (=2D_yuly, o/h1 + 2Dyl o/h2),

(3.18) 0f a, = $(Uf a1,) — (2Dl pg, /11 = 2Dy uf 11, /1),

(3.19) vl s, = Skt a0) — (=2D_sudfy, ag /M — 2D_yly, g,/ 12),

where u; =A(¢(u0) Auo)
The relations (3.2)-(3.19) can be rewritten in vector-matrix form as

(4.1) (uk —uk—Yy )t = —Avk,
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(4.2) vk = p(uk) + AuF,

where
(Aw)ij = =(63wij + Fwyy), 1<i<M—1,1<j<M—1,
(Aw)jp = —(83wio + 2Dywio/hy), 1<i< M -1,
(Aw)i s, = —(B2Wi, a, — 2D_ywi ag/h2), 1<i<Mi—1,
(Aw)o; = —=(2D1xwoj/hy + Jw)), 1<j<My;—1,

5) (AW, ;= —(=2D_xwa;, /M +owa,,j), 1<j<My—1,
(Aw)oo = —(2D1xwoo/ k1 + 2D4ywoo/h2),
(Aw)p, 0 = —(=2D_xway, ,0/h1 + 2D, way, 0/ h2),
(Aw)o, M, = —(2D4xWo, a1, /1 — 2D_ywo, a1,/ h2) ,
(Aw)m, M, = —(=2D_xwas, a5/ h1 = 2D_ywar, a, / 12) 5
(@) = d(ufy), O<i<M, 0<j<M.

Substituting (4.2) into (4.1), we obtain

(6) (I +tA)uF = uk=' —t4p¥), 1<k<K-1,

where I is an (M + 1) x (M5 + 1) unit matrix. If u* is determined, then
uk+! = 24k — yk=1_ We construct the difference scheme (3.1) and (6) for (1.1-
3).

The main result of this paper is the following theorem, which is proved in
§3.
Theorem 1.1. (I) The difference scheme (3.1) and (6) is uniquely solvable.

(IT) If (1.1-3) has solution u(x,y,t) € C(Q x [0, T), then the solution

of the difference scheme (3.1) and (6) converges to the solution of (1.1-3) in the
discrete Ly-norm, and the rate of convergence is O(h? + h3 + 12).

2. Some anxiliary lemmas
Lemma 2.1. Let A be defined in (5); then A is symmetric and positive semidef-
inite.

Proof. Through simple and trivial calculations, we may obtain (Au,v) —
(u, Av) = 0 and (Au, u) > 0 for any mesh functions u,v on Q. So 4
is symmetric and positive semidefinite.

Lemma 2.2. If f € C*a, b] and

df d*f df af
™) Y iay=2Lay= L= 2Ly =0,
then
’ - a 2
8.1) 4L (@)= Alfta+h) - f@)+ 00,
2
(82) 4L () =~ A 11(b) — 116 - W)+ 0GR

Jor small h.
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Proof. Using Taylor expansion, we have
1d? af
2dx?

fla+m=f@+Lans 14y

Noticing (7), we obtain

(a)h? + ( )h® + O(h%).

2
fla+h) = fla)+ 23 f: (a)h? + O(h*).

It follows that
dzf 2
(@) = Slf(a+ h) — fl@)]+ O(k).

This is (8.1). The other relation (8.2) can be obtained similarly. O

Lemma 2.3. Let ¢y, ¢, and ar, k=1,2,3, ..., be positive and satisfy
g <(+atag+ct, k=1,2,3,...;
then
Ak < exp(ekt)(ar +c2/c1), k=1,2,3,....
Proof. We have
a1 < (1+at)ag + ot

<(1+can)[(l +ct)ag_ +cat]l + 2t

(1 + 1) ap_ +[(1 +c17) + 1ot

IA I/\

A+cat)ka +[1+an)* '+ Q4+ 2+ + (1 +c17) + lleatT
(1 +ct)ka; + {{[(1 + c10)* — 1)/[(1 + c17) = 1]}t
€X

<exp(cikt)(a; +cr/c1), k=1,2,3,.... O

3. The analysis of the difference scheme

We now come to the proof of Theorem 1.1. From Lemma 2.1 we see that the
coefficient matrix of the system of linear algebraic equations (6) is symmetric
and positive definite. So the difference scheme (3.1) and (6) is uniquely solvable.
This completes the proof of the first part of the theorem.

Since ¢(u) = %j‘;[y(uz — $?)?], we have

99(w) _ ou o) _ du
s =100 = Bgl, g =ru - B
Noticing (2.3), we have .
dow)| _ 9ow)|  _ 9sw)| _ 9s)|  _
(9) ox x=0 dx x=L, ay y=0 ay y=L; ’

0<x<L;,0<y<L;,,0<t<T
Differentiating (2.1) with respect to x, we have

i(a_u)_i(&_,_izﬁ)
dx 9t’ 0x 0x2  0y?
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or ‘
o ouy_ 9w o ov,
at 9x’  8x3 " ay?rtox’”
Noticing (2.3) and (2.4), we obtain
3 3
(10.1) ol _ 0 4 0<y<IL,,0<t<T.

0x3|,_, 0x3
Differentiating (2.1) with respect to y, we obtain
3 3
(10.2) 0wl 9% 0, 0<x<L,0<t<T
oy y=0 oy y=L,

Similarly, differentiating (2.2) with respect to x and y, respectively, and using
(2.3), (2.4) and (9), we get

o
(11) ox3

x=L,

_ow) _oul _oul g
x=0 ox3 x=L, 6y3 y=0 6y3 y=L, ’
0<x<L,0<y<L,,0<t<T.

Define the following mesh functions on Q; x Q. :

k ~k k _ ~k k k
Uij=u(xi’yj!tk)3 V}?':’U(x,',yj,tk), Ujj _U U’ v;]ZI/ij_vij'

Using Lemma 2.2 and Taylor expansion, noticing (2.3), (2.4), (10) and (11), we
obtain the error equations of the difference scheme (3.1) and (6) as follows:

(12.1) i = 0 ' =R,

(12.2) Atk = —A9* + FF, 1<k<K-1,

(12.3) ¥ =¢(Uk)—¢(uk)+Aa"<+G'f, 1<k<K-1,
where

Ak = @ — a7 /(21),  (B(UF) - d(uh))i; = $(UE) — (ufy)
R=(rj), FF=(ff), G*=(g})
and there exists a constant ¢; such that
(13.1) il < e17?,

(13.2) Il <ahi+h+1%), gkl <ca(h+h}+17),

because of the assumption that the solution u(x,y,?) belongs to
Ccs(Q x[0, T).
Denote

= max lu(x, y, ), 3= max |d¢(z)/dz|.

0<x<L;,0<y<Ly,0<t<T ’ a-1<z<0+1
We will prove that
(14) || < coth + 3+ 3,

where

Tre2)

2
C4 = €Xp (;(1 + C32)T) cl\/LILz(l +15e
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From (13) and (12.1), we have

s 0. Joi|< VI
(15.2) ”fk” < VLiLyei(hi + h3 + %) ”g || < VLiLyc,(B? + h3 +1%),
1<k<K-1.

It follows from (15.1) that (14) is valid for k = 0 and k& = 1. Now suppose
(14) is valid for 1 < k < /. Then, for small 4,

itk < 2ca(h} +h3 + 1)) /Vhiha <1, 0<i<M,0<j<M;, 1<k<I,
and therefore
B(UE) — d(uly)| < s |y

For 1 < k <, taking the inner product of (12.2) with 2i* , and (12.3) with
29k, then adding the results and using Lemma 2.1, we obtain

0<i<M,0<j<M,1<k<L

20k, AiF) + 2 ”ﬁ"”2
= 2[—(itF, AD%) + (0%, AiF))+ 2(5%, H(U*) - ¢(uF))
+2(iF, F*) + 2(5%, G¥)
= 2(0%, g(U*) — (uk)) + 2(iF , F¥) + 2(5%, G¥)

<ot [+ oy = sl Ja# <+ o[+
<2 i et o] ]+ 64
or,
oo =fe-res
<[+ e o +<||cm|| +[e
<t ozt s+ 64
Thus,

(=0 o s o 2ese a2 24+ o
When 7<1/3,
s 3o sl ot 34+
From the above inequality and (15.2), we have
man [ a# [
<[1+3(1+ )] max(||ak”2 , ||ak-l Hz) + 31(||F"||2 + HG"||2)

<1+ 3(1 + ¢32)7] max( || ”2 ||ak-'H2)
+6tL Loc (B} + h3 + 12?2, 1 <k <L
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Utilizing Lemma 2.3 and (15.1), we have

2 2
max(|[a |, ||a/])
< exp (3(1 + e32)lx) [max(HitIHZ , ||a0”2) g(Ll‘fzc‘ S0+ 4+ 7))

2L1L2€1
I+¢

< exp (3(1 + C32)T) LiLy(1+ +2 )c12(h + h3 +12)2,

< exp (3(1 + C32)l‘t) [LiLyci2t* + (h} + h2 + 1)

or

||a1+l” < exp (%(1+C32)T) \/L1L2(l 2 2) (h2+h2+‘t2)

By the induction principle, (14) is true. This completes the proof of Theorem
1.1. O

4. COMMENTS

In this paper we use the method of reduction of order to derive the linearized
difference scheme (3.1) and (6) for (1.1-3). First, a new variable v is intro-
duced to reduce the original problem into an equivalent system of second-order
differential equations (2.1-5), and a difference scheme (3.1-19) is constructed
for the latter. Then, the discrete variables are separated to obtain the difference
scheme (3.1) and (6) containing only the original variable u. The aim of intro-
ducing the intermediate variable v is to prove the solvability and convergence
of the difference scheme (3.1) and (6).

A difference scheme similar to (3.1) and (6) may be constructed [6] on
nonuniform meshes, and similar results hold if we rewrite (1.1-3) as the fol-
lowing equivalent system of first-order differential equations:

_0vy | 0vy _Ov _0v
ut—ax+5;, 'Ul—ax, UZ—aya (x,yst)EQX(O’T]’
ou; Ouy ou _Ou

’U=¢(u)—(a+—67), ur= oo uz—a, (x,y,0)eQx(0,T],

Uilx=0 = Ui|x=L, = Uz|y=0 = U2|y=1, =0, O0<x<L;,0<y<L,,0<t<T,
Vtlx=0 = Vilx=L, = Va|y=0 = V2ly=1, =0, 0<x<L;,0<y<L,,0<t<T,
u(X,y,0)=u0(X,J’), (x,y)eQ.
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