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VORONOI-ALGORITHM EXPANSION OF TWO FAMILIES
WITH PERIOD LENGTH GOING TO INFINITY

BRIGITTE ADAM

ABSTRACT. We consider families of orders of complex cubic fields introduced
recently by Levesque and Rhin and find the Voronoi-algorithm expansions and
the fundamental units. We compare with the Jacobi-Perron algorithm expan-
sions.

1. INTRODUCTION

A common problem of number theory is the search for parametrized families
of positive integers N such that the field Q(v/N) has a fundamental unit which
is simply written according to the parameters. Such families have been given
by Halter-Koch [5] and Williams [12]. In the complex cubic case, the funda-
mental unit of infinite families of fields Q(v/AM) is given by Stender [10]. For
some of these families, the Voronoi-algorithm expansion [1], [2] and [11], which
generalizes the continued fraction algorithm to three dimensions, has been cal-
culated by Dubois [2] (with period length 1 or 2) and by Williams [12] (with
period length less than or equal to 6). Levesque and Rhin [7] presented the
Jacobi-Perron algorithm [9] expansion (another generalization of the continued
fraction algorithm to higher dimensions) of two parametrized infinite families
Q(), each depending on two parameters. These expansions being periodic
(with the period length going to infinity), they obtained a unit of these fields
and conjectured that this unit is fundamental in the order Z[«]. Fahrane [4]
proved this for one of these families when one of the parameters is large enough
(a noneffective result), whereas Louboutin [8] proved that this unit is a bounded
power (the bound does not depend on the parameters) of the fundamental unit
in the order Z[a].

In this paper we provide a result which allows us to give the Voronoi-algorithm
expansion of these two families. We obtain the following results :

- the period length of these expansions goes to infinity.

- the unit given by Levesque and Rhin is fundamental in the order Z[«].

- for one of these families, Voronoi and Jacobi-Perron algorithms are the
same, i.e., the Jacobi-Perron algorithm provides exactly all the minimal
points given by the Voronoi algorithm.
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Kiihner [6] also presented the Voronoi-algorithm expansion of one of these
families, and Dubois and Fahrane [3] study the second one.

2. MINIMAL POINTS SEARCH METHOD

Definition 2.1. Let «a;, a, be two real numbers so that 1, a;, a, are indepen-
dent over the rationals. We let L = (1, a1, a;) = Z + Z.a; + Z.a; and for all
P = (u,v,w) (respectively Q) in Z3 we define v = y(P) = u + va; + way
(respectively ¢ = ¢(Q)). Let F be a positive quadratic form with real coeffi-
cients of rank 2 so that F(1,0,0)=1and F(0,0, 1) > 1. Wesay that y isa
minimal point adjacent to 1 on the right (further on, we will not specify “right”)
in relation to L and F if y = min{¢ such that ¢ > 1 and F(Q) < 1}.

In this section we will give a proposition which, using an isotropic vector
of the quadratic form, allows us to restrict to 5 the number of choices for a
minimal point adjacent to 1.

- We will assume in the rest of this section that (w,, 1, w;) is an isotropic
vector of F, and we define

é1 = [wal + oy, 01 =([w2], 1, 0),

¢ = [wa] + a1 + a2, 0 = ([w2], 1, 1),

#3 = [wa] + o) — s, 03 = ([w2], 1, -1),

¢s =[wr] - 1+ar, Qs = ([2]-1,1,0),
¢s =[wr] -1+ 0y +az, Qs =([wa]-1,1,1),
#6 = [W2] + 1+ 201 — a2, Os = ([w2]+1,2,-1),
¢7 = [(02]'!‘2&1, Q7 =([Cl)2], 2a 0),

¢ = [W2]+ 1+ a1 —az, Qg = ([w]+ 1,1, -1),

where [...] is the greatest integer function. If 0 <a; <1 ,0<ay <1, we see
that

P4 < P3 < ¢1 < @2,

Ps < P5 < $1 < ¢2,

#1 < ¢7 < P,

#1 < ¢g < P

and
if ay < a;, then ¢, < ¢7,
if 2a; — 1 < a; < ay, then ¢7 < ¢y < ¢,
if ) < 2a; — 1, then ¢7 < ¢ < 93,
if 2a; — 1 < 0, then ¢, < ¢g. »

Lemma 2.2, Let F be a positivé quadratic form in three variables with real co-
efficients of rank 2 such that

F(1,0,0)=1 and F(0,0,1)>1.
Suppose that F has an isotropic vector (w,, 1, w,). Then we can write

(1) F(u,v,w)=aw-ww)?+2bw - wv)(u—ww)+ (4 — w)?
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and

b b
(2) Fu,v,w)= %[w — (@1 +2_w)v + ZZu]2 + g(w - wv)?

B2
+(1 - 27)(14 — wyv)?

with a>1 and b?<a.
Proof. Let M be the matrix of the polar form associated with F . Writing

1 app ais
M= lay an axy
a3 az; ass

{a12 = —w; - wa3,

with a3z > 1, we deduce

axy = (02)? + 2w 1ma13 + azz(w)?,
az3 = —a13W3 — a3z,

since (w,, 1, w;) is an isotropic vector of F . If we write @ = a33 and b =
a3, we obtain the formulas (1) and (2). Since F is a positive form of rank 2,
we have b2 <a. O '

Now we can state the next proposition.

Proposition 2.3. If 0 < w; < l,w, > 1, 0 <a; <1, 0 < a; <1 and
4b% < a, we have

1. If F(Q)) < 1:
a. if b <0, then the minimal point adjacent to 1 is ¢1, ¢3 or ¢4;
b. if b > 0, then the minimal point adjacent to 1 is ¢; or ¢s.
22IfF(Q))>1 and F(Q) < 1:
a. if b <0, then the minimal point adjacent to 1 is:
i ¢2,¢3 or ¢g if <oy,
. ¢2,¢3,84 or ¢7 if 20— 1< a; <ay,
i. ¢2,¢3,04,86 Or ¢7 if a1 <2a2—1;
b. if b > 0, then the minimal point adjacent to 1 is:
i ¢ or ¢s if 2a; — 1 <0,
ii. @, ¢s or o if 2a0—1>0.

Remark. Inequality |2b| < 1 implies 4b% < a (since a > 1).
Proof of Proposition 2.3. Let v = u+ vaj + wa; be the minimal point adjacent
to 1.

1. We assume first that F(Q;) < 1.
a. We first claim that v #0. If v =0 we have :
if u=0,then F(P)=aw? > 1;if w =0, then F(P) =u* > 1;
and p2
if u#0 and w # 0, then F(P)>%+(1—2—a-)>1, which is

impossible.
b. Next, we claim that if y # ¢3, then u, v, w are all nonnegative.
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. The case v = 2. In this case u > [w,].

BRIGITTE ADAM

Since F(P) < 1 and 4b% < a, we have (u— w,v)? < 2;but wy > 1,

then uv > 0. We have (w — wv)? <2, then wv >0 or |w|< 1.

If wv >0, then v < 0 implies that ¥ < 0 and w < 0, which is

impossible because ¥ > 0, so we have v >0, u >0 and w > 0.

If wv <O, then |w|=1. If w=1,then v <0 and u <0. If
2

u =0, we have F(P)>%+(1—2%)> 1, and if u <0, we have
w < 0, which is impossible.

If w=—-1,then v >0, u>0 and (w — wv)? > 1, and if
u < [wyv], then (u —wyv)2 > 1 and F(P) > 1;if u = [wyv], then
v =¢3 or ¥ > ¢;;and if u > [wyv]+ 1, then v > ¢;.

Therefore, wv < 0 implies that y = ¢3.

Thus, we have proved that if ¥ # ¢3, then v > 0, and ¥ and w
are nonnegative.

. We claim that v = 1.

For, if v > 2, we have (1« — w,v)? < 2, then u > 2[w,;] — V2 and
u2>[wl,so y>¢.

. Study of u# and w.

Since u > [w;] — 1, we have (4 — wyv)? < 2.

We claim that w < 2.

If w>2 and u > [w;y], then ¥ > ¢ > ¢;; and if u =[wr] -1,
then (¢ — wyv)*>1 and (w — wv)?>1,s0 F(P)> 1.

If u>[wy]+1,then v > ¢y > ¢ .

In case w =1, if u = [w,yv], then ¥ > ¢, so u = [w;]— 1 and
Y =ds.

In case w =0, if u = [w,v], then ¥ = ¢;; and if u = [wy] -1,
then v = ¢4.

Moreover, if b < 0, we have F(Qs) > 1; and if b > 0, we have
F(Q3) > 1 and F(Q4) > 1. Thus, the first part of the proposition is
proved.
2. Let us assume now that F(Q;)>1 and F(Q>) < 1.
As before, we have ¥ >0, v>0 and w > 1.
a. We assert that v < 2.

If v >3, wehave u > [wy]+1;and if w >0, then yv > ¢,. If
w=-1and u > [w;]+ 1, then ¥ > ¢,; and if u =[wy]+ 1, we
have (1 — w,v)? > 1 and (w — w,v)? > 1,s0 F(P) > 1. Therefore,
v=1orv=2.

. The case v = 1. As in the proof of the first part, we have u >

[w2] -1 and w < 2.

In the case w = 1, if u > [w,], then ¥ > ¢,; if u = [w,], then
v =¢y;and if u=[w,]—1, then ¥ = ¢s.

In the case w = 0, if u > [w;], then vy > ¢ ; if u = [w,], then
w=q¢;and if u=[w,]—1, then ¥ = ¢4.

Inthecase w=—1,if u > [wy]+1,then ¥ > ¢,;if u=[wy]+1,
then y = ¢g; if u = [w;], then y = ¢3; and if u = [wy] — 1, we
have (w — wv)2>1 and (u— wyv)?>1,s0 F(P)> 1.

If w>1,then v > ¢,.



VORONOI-ALGORITHM EXPANSION OF TWO FAMILIES 1691

In the case w =0, if u > [w,], then y > ¢;; and if u = [w-], then
Y =¢7.
Inthecase w = —1,if u > [wy]+ 1, then v > ¢;if u=[wy]+1,
then v = ¢¢; and if u = [w,], then (w — wv)? > 1 and (u —
wyv)2>1,s0 F(P)> 1.
Moreover, if b <0 we have F(Qs) > 1 and F(Qg) > 1;andif >0,
we have F(Q3) > 1, F(Q4) > 1, F(Q7) > 1 and F(Qg) > 1. Thus, the
second part of the proposition is proved. 0O

3. VORONOi ALGORITHM

Let K be a cubic algebraic number field of negative discriminant and L
a lattice (L C R3) of K with basis {1, a;, ay}. As before, to each point
P = (u,v,w) (respectively Q) in Z3 there corresponds an element y =
v(P) = u+va; + way (respectively ¢ = ¢(Q)) in L, and we define

3) F(P) = N—f/,"ﬁ — vy,

where N denotes the norm of K over Q, and ¥’ and yw” the conjugates of
V.
Definition 3.1. We say that ¥ = w(P) is a minimal point of L if for all ¢ =

#(Q) in L sothat 0 < ¢ < ¥ we have F(Q) > F(P). We define the increasing
chain of the minimal points of L by :

Yo = 1 )
Vi+1 = min{y such that ¥ > y; and F(P) < F(P)} ifk>0.
Then y;,; is the minimal point adjacent (on the right) to v, in L. Let &

be any order of K and L =& . By Voronoi we know that the previous chain
is of the purely periodic form :

s € L W, L W, W =€, €W, ey €Wy e
where [ denotes the period length and € is the fundamental unit of & . To
calculate such a sequence, it is sufficient to know how to construct the minimal
point adjacent to 1 in a lattice L = (1, a;, a2). Indeed, let yp =1 and y,
be the minimal point adjacentto 1 in Ly =& = (1, a;, a2).
a. We choose an auxiliary point ¢; so that {y;, ¢, wo} is a basis of Lg.
b. , is the minimal point adjacent to y; in £ = (v, ¢1, Wo) is equiv-

alent to % being the minimal point adjacent to 1 in L; = (1, %IL , 5,/‘9[1).

This process can be continued by induction.

4. APPLICATIONS

4.1. Study of the first family. Let ¢ > 2 and m > 1 be two integers; we consider
the polynomial

fX)=X3=c"X?—(c- )X —c™.
This case was considered by Fahrane [4] and by Kiihner [6]. Levesque and Rhin
[7] have shown that f(X) is irreducible and has exactly one real root «.



1692 BRIGITTE ADAM

4.1.1. Statement of the theorem.
Theorem 4.1. Let o be the real root of the polynomial f(X), K = Q(a), and
@ =1Z[a]. Then

(1) The chain of the minimal points of @ is: for 0 <s<m— 1

07
a—cm

),

)S 5 Vis42 = (12(

Yo=1, w1 =0f

a—cnm
)™,

)" is the fundamental unit of @ and the Voronoi-algorithm

ca
a—cm

(67
Wase3 = ( P and  yamy = CV(a

_cm

(ii) € =a(-——

expansion period length is | =3m + 1.

4.1.2. Proof of Theorem 4.1. For this proof we need the following formulas :
Mm<a<cmt &
«

and
I+ 2-_¢
a2 ala—cm)’
Let L =(1, oy, az) be alattice in K and y the minimal point adjacent to 1
in L. Writing ¥ = u + va; + wa,, we have the following lemmas :

Lemma 4.2. For an integer s, 0<s<m,

)
ifL=(1,a-c", %), then (u, v, w) = (c™, 1, 0).
Proof. We verify in this case that F is a positive quadratic form, which we can
write in the form (1) and (2) with

o« b ala—c™) _ e
a_cm—2s ’ T T em=s m=a, o= o

Wehave O0<w; <1, w>1,0<a;<1,0<a;<1 and 4b2 < a, since

4_b2 _ala— cm?

P o <1.
With the notation of §2, we have ¢; = a, so that
m
F(Q1)=N—ia—)=%< 1and b <0.

According to Proposition 2.3, the minimal point adjacent to 1 is ¢;, ¢3 or
¢4. But Q3 =(c™, 1, —1), and according to (2) we have

o cm=s «a cm

2
F(Qs) > em=zs (1 + ) > >em=s +ct + %a >c" > 1.
Finally, ¢4 =a -1, and
_N@-1) 2c"+c-2 _2cm+c-2
F(Qo == = S22 22025

Therefore, v = ¢, ie., (u,v,w)=(c",1,0). O
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Lemma 4.3. For an integer s, 0<s<m-1,
S

. c 1
ifL={(1, vk E)’ then (u,v,w)=(,1,0).
Proof. As in the proof of Lemma 4.2, we have

a ala —c™) cCa cCa m
g b= m= s = las e

and O<w; <1, wy>1,0<a; <1, 0<ay <1. Moreover,

a =

a(a—c™)

[2b| = p <1
Then we can use Proposition 2.3. We have
CSH d N m m+1
¢ = a(a——cm—) an (a—c")=c )
SO '
_a(a=c")

F(Q[)—m<l and b <.
We have Q3 =(c*, 1, —1), and from (2),

F(Q3) > 2—37[(1 +S(a—c™))? +(1+ g:—g(a —c™)?1> 1.
We have Q4= (cf -1, 1, 0), and from (1),

Ca

ala—c™)
- Z'—m_)

F(Q4) = %(wl)z + =i -1 o=t

2
(1 S
Simplifying the two last terms, we obtain

a?(a —c™)? 2¢5(a — c™ c>
F(Q4)=1+-%m—_s—)—(6s—l)+(—dn'—)+c—2;n-(a—cm)2> 1.

Therefore, ¥ = ¢, ie., (u,v,w)=(c,1,0). O

Lemma 4.4. For an integers, 0<s<m-1,

. a—c" ala-c™)
l'f‘L = (1 ’ CS+1 ’ cS+l

Proof. As before, we have

Y, then (u,v,w)=(c""1%,1,0).

c2m—2s—l b cm—s—l c—1 1 cm—s
, =

2 o a T ala—cm)’

and O<w; <1, wy,>1,0<a;<1,0<a;<1. Moreover,

a= aa —cm)

126 = cm-5~1(0_c‘,—nl - é) <e <l
So we can use Proposition 2.3. We have
a Cm—25—2
¢1=cs+l and F(Q)) = <land b >0,

=), Ww=—m0s, =

1693

1
a

SO ¥ = ¢; or ¥ = ¢5. By using formula (1) for F(Qs) and F(Q;), we have

F(Qs) = F(Q1) + 1 + (a - 2aw; - 2b) + (2{wy} - 2b{w,}) + 2bw
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TABLE 1
— Yi—1 Viyl iyl
k Ly (1 Wk Wk ) Vi Vi

0 (1, a—cm, <) e ,1,0) |(c—-1,0,1)

s+1| (l,a—cm, <) (e, 1,0) (0,0, 1)

3s+2 (1,4,1 (¢, 1,0) 0,0, 1)

3s+3| (1, a5, 2esy | (em=1=5,1,0) | (0,0, 1)

where {w;} = w; — [w;]. We claim that a — 2aw; — 2b > 0. Indeed,

b 1 h a-2aw; —2b cm=s | 2 1
gr=sT < gem=1 2 PeNCe T e > e T d) T T
Since — 5 =1+ 1 we have
ala—cm) al’
a___z_@l___z.b_ S em—s=1 _ 2Cm-s_l n cm—s—1 2 1

cm—S—l o a2 (l - a) - cm—l .

cm—s—l
Ifs<m-1,cm1=5>2 2

as claimed. If s =m — 1, then

<1 and L_Sl so a—2aw, -2b>0,
cml

' 1 1 2 1 1
a—2aa)1—2b=(1+cT_—l)+(?—;)4_(;’;_a

)> 0.

Moreover, 2{w;} — 2b{w,} > 0 so F(Qs) > 1. Therefore ¥ = ¢, i.e.,
(u,v,w)=(c""15,1,0). o
We prove the theorem by induction with the help of these lemmas in the
following way.
Let Ly=(l,a—c", %) . According to Lemma 4.2 we have y; = a.
a. We choose ¢; = a(a—c™).
b. Weobtain L, =(1,a—-c™, al) , and by the same lemma we have vyfll =a,
1e., Yy = a?.
If we continue this process, we obtain, for 0 < s < m — 1, the results given
in Table 1. In the table we have written
m cm
po=a—-c", Y=~
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and the third and fourth columns correspond to the coordinates of —'4;7:'— and of
%:—' in the lattice L, .

Now, the chain of minimal points ¥, of Z[a] can easily be found with the

help of the successive quotients i"ﬁi . Hence,

a

—_ m
Vame1 = a(———=2)".

We have
NWims1)=land N(y;)) #1 if0<i<3m.

Therefore, ¥3,,,1 is the fundamental unit € in &, and the Voronoi-algorithm
expansion period lengthis / =3m + 1.

4.1.3. The Jacobi-Perron algorithm.

Definition 4.5. Let a;, a, be two real numbers. The Jacobi-Perron algorithm
expansion of (a;, ay) is given by two sequences (a;) (b;), (i > 0) of integers
defined by
A =a, o) =a;
andforv >0: a, =[a4], b, =[a}];
altl = 1 V! = oy —ay
2 ay-b,’ 1 af —b,’

Remark. The basis of the lattices L;, 0 < k < 3m, are given by the Jacobi-
Perron algorithm expansion of (a(a —c™), a).

For 0 < k < 3m we define the transition matrix from L; to L;.; by

4% Wic+1
M| o | = | ks |-
V-1 Vi

The matrices M), are given by the previous lemmas, i.e.:

c 1 0
My=1|c-1 0 1},
1 00
andfor 0<s<m-1,

¢ 1 0 ¢ 10 cm=s=1 1 0
My =10 0 1|, Myp=(0 0 1], M3= 0 0 1].
1 00 1 00 1 00
According to Levesque and Rhin [7] we can write
a_k 1 0
My=|b_ 0 1],
1 00

where / =3m+1 and a;_;, b_;, are defined by the Jacobi-Perron algorithin
expansion of (a(a - c™), a).



1696 BRIGITTE ADAM

Remark. For the quadratic form F, an isotropic vector in L; hasfor 1 <k <

3m the coordinates
k-1
a;
( 1 ) ’
Q’f_l —br_
k-1 k—1

where ;" and o]~ are defined by the Jacobi-Perron algorithm expansion
of (a(a—c™), a).

4.2. Study of the second family. Let ¢ > 2 and m > 1 be two integers; we
consider the polynomial
fX)=X3—(c"+c-DX2—(c"-1)X -c™.

Levesque and Rhin [7] have shown that f(X) is irreducible and has exactly
one real root.

4.2.1. Statement of the theorem.

Theorem 4.6. Let o be the real root of the polynomial f(X), K = Q(a), and
@ =1Z[a]. Then

(i) The chain of the minimal points of @ is

2

ca
wo=1, yi=a, '//2=012, '//3=m;
2 2 9
'//4t=a(a_cm) ) '/’4t+1=a(a_cm) Jor1 <t<m-1,
a(c*!t—1)+cm o |, ca® .
= a = or 1<t<m-—2;
Vari2 o —om (a—c'") > Vare3 (a—C'”) Jor 1<t<
2 2
ca’® a
and !//4m_2=(a_cm)'" , !//4m—1=a(a_cm)m;

2

(i) The fundamental unit of @is € =a(
expansion period length is | =4m — 1.

Y™, and the Voronoi-algorithm
a—cmn

4.2.2. Proof of Theorem 4.6. For this proof we need the following formulas:

om
O<a<c+—
[0

and
1+ 1 + 1 <
a o a-cm’
where ¢; = ¢™ + ¢ — 1 . With the same notation as before we have the following
lemmas :

Lemma 4.7. For an integer t, 0<t<m,
t

ifL=(1,a-c, %), then (u, v, w) = (cz, 1, 0).

Proof. The proof of this lemma is analogous to the one of Lemma 4.2 of the
previous section.
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Lemma 4.8. For an integer t, 0<t<m-—1,

if L= (1 c—t—:—l+c—t l) then (u,v,w)=(c', 1, 0);
- s a az,‘a B > B - s B B

ift=0ort=m-1,

: -1 ¢ 1 .
ifL={1, ;,a),then(u,v,w)—(c,l,l).

Proof The coefficients a and b of the quadratic form F in relation to L and
the isotropic vector are given by

ala —c) a a(c™t—1)+c™
—a s, W2=—, W=
2cm cm—t cm—ta

a=—, b=-
and O<w; <1, wy>1,0<a; <1, 0<ay <1. Moreover,

2p) = 2= .

cm
According to (1), we have

o
om

F(Q) =201~ (o= M+ (S 17

3 a(oz—cz)[1 _
cm cma

ct
(@ —c"] (- ™),
so that, on expansion,

1 a—c¢

2 2

(a—c’”) (%'f‘l'f‘ om )
ct m ct m

—2;;(01—6’ )—m(a—c Ya(a — ¢3).

R
FQ) =+ am

We observe that

4) 1 +1+a—cz_ c

Mo cm T a—cm’

then
o ¢ m t+1
F(Q)) = o c_ﬁ(a—c N2+ ala—c) — ™.
Thus, F(Q;) <1 is equivalent to

o ¢t
-5+ (e cM2+a(a—c)—¢*']> 0.
. cm . . cm
Multiplying by pampr and replacing a(a —¢;) with ¢” — 1+ - we see that
. e . cm _
this condition is equivalent to 1+ ¢™ + — —¢'*! —¢™~" > 0. Hence:

(i)if 0<t<m—1,then F(Q1)<1;
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r+1
(i) if £=0 or t =m—1, then F(Q;) > 1, but in this case ¢, = ac_cm
a—c"
and N(¢;) = c*™*,s0 F(Q,) = am—2=1 <l.

We have F(Q3) = F(Q)) +a+ 2aw; + 2bw, ; then

aa(ld™t=1)+c™ ala—c)a-c"
cm cmla e cm-t -

F(Q5) = F(Q)) + = +2

m alc™t—1)+c™
a

We observe that a — ¢, < 2 and that a —¢ is equivalent

om — m m m

‘ c cn o, 1 c
toc—1+ + 5 <M 14—, ie, 0<(c™ =)+ =(c"+1-—),
(8% o o a

which is true. So F(Q3) > Z% >1.
We have

(3) F(Q4) = F(Q1) +2bw1 + 1 +2{w,} > F(Q1) + 2{w>},

so F(Q4) > F(Qy) + 2{w,} since —1 < 2bw, < 0; then

Ct —cm
F(Qo) > o — Zm(a—c™2+ala—c) - ] +27

The right-hand term is greater than 1 if and only if

_ pom t
acmc [1- ;—m(2+a(a—cz)—c’+l)+2c’] >0,

which is equivalent ( replacing a(a —¢;) with ¢” — 1+ ;) to

1+ ¢l 4 c2ttl-m _ pt=m _ & >0,

which is true for 0 <t < m -1, so F(Qs4) > 1. We use Proposition 2.3,
observing that b < 0.

)If0<t<m-—1,then vy =¢;,ie., (u,v,w)=(c,1,0).

(i) If £ =0, then 205 — 1 < @) < a2, SO ¥ = ¢, or ¢7. Furthermore,
F(Q7) = 4aw? + 8bw w; — 4bw;[w,] + 2w, — [w,])? and 4aw? + 8bw w; =0
if t=0,s0 F(Q7)>1 and y = ¢,,ie, (u,v,w)=(",1,1). Ift=m-1
and m >2,then a; > ay,80 ¥ =¢,,ie, (u,v,w)=(c,1,1). O

Lemma 4.9. For an integer t, 1 <t<m-2,
a—c" ala —c™)

ifL=(1, a(ctl = 1)+cm’ a(cttl — 1)+ cm

)y, then (u,v,w)=(1,1,0).
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Proof. We have
sz'H
T la—[(* T =12 —ala— o) (e = 1) + c"a]’

a

(T =D —a=2c™) + ala — 2)? = 2¢™ + c™ala — ¢p)
h 2[(ctt! = 1)2 — a(a — ) (ct*! = 1) + c™a] ’

c"la o — ala —c™)
afem=t—1)+cm ’ P a(em =)+ e’

and O<w; <1, wy>1,0<a; <1, 0<a; <1. Study of b : writing

Wy =

2b = % , we have

N = a(a—c)? + c™a(a — ) = 2¢"H! — (a — ) (¢! = 1),
hence
N>ala-a)+cmala—c) =" —(a—c)(c™ '~ 1) =n;

we have
n=(a-c)lala—c)+cma—(c" = 1)] =",
$0
n=c"Ya-c)lc—1+ca+ 2] -,

m
replacing a(a —c;) with ¢ -1+ % . Further,

ct—c

M= (a—e)(c— 1) - =(c— 1)(a—c2§)>0.

We have D > 0, so b > 0. We claim that |2b| < | : this is equivalent to
N —-D < 0. We have
N - D = [afa - ¢)? = "]+ [c"a(a - &) — ¢™a]
+ [a(a — Cz)(c”’l _ 1) _ cm+t+1] _ (ct+1 _ 1)2 _ (a _ Cz)(cH'l _ 1).

So N-D<0,and |2b|< 1.
We have

_ N(¢1) B c+2 .
F(Q1) = b (@ 1P _ala—a)(c D) +ma © 1;

therefore the minimal point adjacentto 1 is ¢; or ¢s;but ¢s <1,s0 ¥ = ¢
ie., (u,v,w)=(1,1,0). 0O

Lemma 4.10. For an integer t, 1 <t<m-—1,

a—cm a(ct —1)+cm
ct+1 ’ ct+]a

ifL=1(1, ), then (u,v,w)=(c""1"*, 1, 0).
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Proof. We have

_ (et = 1)? —ala — ) (¢t = 1) + ™ b 2(c* = 1) —ala—¢)

c2t+2 ’ i+l s

a

alc™t—1)+c™
ala—cm)

1

Wy = [} Wy = —

(0%

and O<w; <1, w>1,0<a; <1, 0<ay< 1. Moreover, 4b* < a.
Indeed,

a—4b? = {cma —a®(a—¢)? + 3(c"™! = Da(a — ) — (¢ = 1]} > 0.

c2!+2

We have
cn
F(Q]) = Z‘-ZH'—ZCZ- < 1.

(i) If t<m—2,then b<0 and y = ¢;, ¢3 or ¢4. But

F(@)> 501+ 2> 4,

and according to the inequalities (c'*! —1)2 >0, a(a—c¢) <c™, (¢*!1-1) <
(¢m~1—1) and a > c¢;, we obtain a > 2, so F(Q3) > 1. According to (5) we
have

F(Q4) = F(Q1) + 2bw; + 1 + 2{wy} > F(Q1) + 2{w,}.
To prove that F(Q4) > 1, it is sufficient to prove that 2bw; + 1 + 2{w,} > 0.
We have
2(c* = 1) —ala — )
cttla

2 1 cm+1
- W[_E + a—cn

a—C 1 1 cm

- 1)+ m—t—1
ala—c™) -

)

2w, + 1+ 2{wy) = P

— "= (a—0)]

o [a_a—c’”+a(a—c’")]"

and according to (4) the first term equals zero and so F(Q4) > 1 + %;# > 1.
Therefore, w = ¢, i.e., (u,v,w)=(c"""171,1,0).

(i) If t=m—1,then b >0 and y = ¢, or ¢s. We have

_ala=1)+c"
F(Q5) - c’”a ’
and by multiplying the conjugates, we obtain
_ 20y — 2 m( 2 _ m 2
F(Q5)=a(a ) +aof(a—c) +c™(a” —a)+ 2c N a>l;

cimg Mo
therefore, F(Qs) > 1 and v = ¢, i.e., (u,v,w)=(c""17¢,1,0). O

We obtain for 1 <t < m — 2 the results given in Table 2.
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TABLEVZ

E o memgsn | o

0 (l,a—c, <) (c2,1,0) (e —1,0,1)

1 (1, a—cy, 1) (c2,1,0) (0,0, 1)

2 (1, L, 1y (1,1, 1) (1,1,0)

3 (1, de=lFe? a—chy (¢m=1,0, 1) (¢m=1,1,0)

4t (l,a—c, <) (c2,1,0) (c¢'=1,0,1)
4t + 1 (1, =L+ 50 L (c', 1,0) 0,0,1)
41+ 2 (1,a(c,g-_cl";+cm,a(3£?:f;"jcm> (1,1,0) 0,0, 1)
443 | (1, e5en, eldioeey | (emolot Q)| (¢m10 1,0, 1)
4m — 4 (1, a—cy, &2 (¢2,1,0) | (¢m1=1,0,1)
am—3| (1, <=l L (cm=1,1,1) (c™=1,1,0)
4m—2| (1, qCZIT ey (1,0, 1) 0,1,0)
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In the table, we have written
cm
po=a—-c; and wy_,=-"—.
(0%
As before, we deduce that

a?

a—cn

)"

Yam-1 = of
We have
N(yam—1)=land N(y;) #1 if0<i<4m-2.

Therefore, w4,,—; is the fundamental unit € in & and the Voronoi-algorithm
expansion period lengthis / =4m — 1.

4.2.3. The Jacobi-Perron algorithm. For this family the basis of the lattices
Ly, 0<k <4m -2, are not all given by the Jacobi-Perron algorithm expansion
of (a(a—c3), @). The transition matrices are given by

c"+c—-1 1 0 cm+c—-11 0 1 1 1
My = c”—1 0 1],M = 0 0O 1], M=1[11 0},
1 00 1 00 1 00
cm-l 01
M3=(c’”“—l 1 0);
1 00

c"+c-11 0
My = -1 0 1},

for 1 <t<m-1:

1 00
for 1 <t<m-2:

¢ 1 0\ 110 em=1-t 1 0
M4t+l = 0 0 s M4t+2 =10 0 1 s M4t+3 = cm_l_t 0 1 R
1 00 1 00 1 00/

.

¢l 11 1 01
My, _3 = ¢ 1 0 sy Myu_>=10 1 0].
| 00 1 00

Let a; and b; be the integers defined by the Jacobi-Perron algorithm expansion,
given by Levesque and Rhin [7], of (a(a —¢,), ), for which the period length
is A=4m+ 1. For 0<k<4m -4, k #2 and 3, the transition matrices are
given by the Jacobi-Perron algorithm :

if k=0o0r k=1:
a—k 1 0
My=|byx 0 1],

[an—

and

1 00

a5y 1 0
M =1|b_4_, 0 1].
1 0 0

if 4<k<d4m—4:
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For k =2 and 3 we have the relation

a,—4 1 0 a,—3 1 0 a,—2 1 0
MM, = b;_4 01 b},_3 01 bl_z 0 1],
1 00 1 00 1 00

and for k = 4m — 3 and 4m — 2 we have the relation

a 1 0 ap 1 0 as 1 0
Mym—2Maym—3=|b1 0 1 b, 0 1 by 0 1
1 00 1 00 1 00

Remark. For the quadratic form F, an isotropic vector in- L; has the coordi-
nates:
if k=1or k=2:

if k=3:

if 4<k<d4m-3:

ok — by
if k=4m-2:
ak+1

k+1
;= brs1 | »

where o) and o} are defined by the Jacobi-Perron algorithm expansion of
(a(a - C2) ’ a) .
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