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DOMAIN DECOMPOSITION ALGORITHMS FOR MIXED
METHODS FOR SECOND-ORDER ELLIPTIC PROBLEMS

ZHANGXIN CHEN, RICHARD E. EWING, AND RAYTCHO LAZAROV

ABSTRACT. In this paper domain decomposition algorithms for mixed finite
element methods for linear second-order elliptic problems in R? and R3 are
developed. A convergence theory for two-level and multilevel Schwarz meth-
ods applied to the algorithms under consideration is given. It is shown that
the condition number of these iterative methods is bounded uniformly from
above in the same manner as in the theory of domain decomposition methods
for conforming and nonconforming finite element methods for the same differ-
ential problems. Numerical experiments are presented to illustrate the present
techniques.

1. INTRODUCTION

This is the second paper of a sequence where we develop and analyze efficient
iterative algorithms for solving the linear system arising from mixed finite element
methods for linear and quasilinear second-order elliptic problems in IR? and IR®.
In the first paper [12], a new approach for developing multigrid algorithms for
the mixed finite element methods was introduced. It was first shown that the
mixed finite element formulation can be algebraically condensed to a symmetric and
positive definite system for Lagrange multipliers using the features of the existing
mixed finite element spaces. It was then proven that optimal multigrid algorithms
can be designed for the resulting symmetric and positive definite system, which
exactly corresponds to the system arising from certain nonconforming finite element
methods. The advantages of this approach are that the convergence analysis for
the multigrid algorithms with the V- and W-cycles for general second-order elliptic
problems with a tensor coefficient can be given, and that these multigrid algorithms
can be easily implemented.

It has been known that, owing to its saddle point property, it is difficult to
develop efficient domain decomposition methods for solving the linear system gen-
erated by the mixed finite element approximation of second-order elliptic problems.
There have been two types of substructuring domain decomposition methods for
the mixed methods so far. The first method is based on a substructuring method
for the flux variable (the gradient of the scalar unknown times the coefficient of
the differential problems) on the space of divergence-free vectors. This approach is
limited to two space dimensions [24, 25, 26, 27, 28, 31, 32, 40]. The other method
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is the so-called dual variable method [19, 16, 18, 27, 28]. This approach makes use
of a discretization of the flux operator (the coefficient times the gradient), which
transfers the original saddle point problem to an elliptic problem for the scalar
unknown and its approximations over edges or faces, i.e., the Lagrange multipliers,
by eliminating the flux variable. Namely, the first approach is proposed in terms of
domain decomposition methods for a positive definite problem for the flux variable
on the space of divergence-free vectors, while the second approach is established on
the domain decomposition methods for a positive definite problem for the scalar
and Lagrange multiplier. Recently, an iterative procedure based on domain decom-
position techniques [21] was proposed for solving the linear system for the scalar,
the flux, and the Lagrange multiplier, but the convergence analysis is restricted to
use of subdomains as small as individual finite elements.

Our objective in this paper is to develop domain decomposition algorithms for
mixed finite element methods based on the approach described in [12]. The algo-
rithms are based on domain decomposition methods for the Lagrange multiplier
variable only, and thus differ from the approaches summarized above. The main
advantages of our approach are that it works for two and three space dimension
problems, and the dimension of the linear system for which the domain decom-
position algorithms are designed to solve is the smallest among all the existing
approaches. Also, unlike to the elimination process in [19, 16, 18, 25, 26, 31, 32],
where the elimination is globally done from the original linear system of the mixed
finite element discretization, the elimination procedure is here carried out in terms
of an algebraical, element-by-element condensation, which uses the features of the
known mixed finite element spaces and does not need to introduce any extra oper-
ators. This process generates a linear system which can be naturally obtained from
the nonconforming finite element approximation of the same differential problems.
As a consequence, the standard theory for the domain decomposition methods ap-
plied to nonconforming (even conforming) finite element methods applies to the
mixed methods. Finally, bubble functions have been used in [1, 2, 10] to establish
the equivalence between mixed finite element methods and certain nonconforming
methods. The approach under consideration does not make use of bubble functions.
The present approach is exploited for the first time to design domain decomposition
algorithms for mixed methods.

In the next section we introduce the continuous problem and its mixed finite
element discretization. Then, in §3 two-level and multilevel Schwarz algorithms for
the mixed finite elements on triangles are considered. An abstract convergence the-
ory is established in a rather general setting. It is proven that the condition number
of the Schwarz methods is bounded uniformly from above in the same manner as
in the theory of domain decomposition methods for conforming and nonconforming
methods for the same differential problems. Specific examples are given to verify
the abstract theory. In §4, we show that the same algorithm and analysis can be
carried out for the mixed methods on rectangles. Their extensions to simplexes,
rectangular parallelepipeds, and prisms are given in §5, §6, and §7, respectively.
The overall convergence analysis is carried out as follows. We first analyze the
domain decomposition method for the nonconforming finite element method, and
then apply the resulting analysis for the mixed method. Also, a detailed analysis is
given for triangles and simplexes, and the analysis for rectangular parallelepipeds
and prisms follows from the triangular case by establishing certain isomorphisms
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between the triangular and rectangular elements. Finally, numerical experiments
are given in §8 to illustrate the present theory.

2. MIXED FINITE ELEMENT METHODS

Let £2 be a bounded domain in IR?, d = 2 or 3, with the polygonal boundary
02. We consider the elliptic problem

(2.1a) -V -(AVu) = f in £2,
(2.1b) u=0 on 042,

where A(z) is a uniformly positive definite, bounded, symmetric tensor and f(z) €
L2(2) (H*(£2) = W*2(£2) is the Sobolev space of k times differentiable functions
in L%(§2)). Let (-, -)s denote the L?(S) inner product (we omit S if S = £2), and
let

V = H(div; 2) = {v € (L3(2))?: V-v € [*(2)},
W = L*(12).

Then (2.1) is formulated in the following mixed form for the pair (o,u) € V x W:

(2.2a) (V-o,w) = (f,w), Yw e W,
(2.2b) (A lo,v) — (u,V-v) =0, YweV.

It can be easily seen that (2.1) is equivalent to (2.2) through the relation
(2.3) o =—-AVu.

To define a finite element method, we need a partition &, of {2 into elements E,
say, simplexes, rectangular parallelepipeds, and/or prisms. In &, we also need that
adjacent elements completely share their common edge or face; let 9E;, denote the
set of all interior edges (d = 2) or faces (d = 3) e of &.

Let Vi, x Wy, C V x W denote some standard mixed finite element space for
second-order elliptic problems defined over &, (see, e.g., [6, 7, 8, 14, 22, 34, 35,
36]). This space is finite-dimensional and defined locally on each element E € &p;
so let Vi,(E) = V3|g and W (E) = Wy|g. The constraint Vi, C V says that the
normal component of the members of V}, is continuous across the interior boundaries
in 9&},. Following [2], we relax this constraint on Vj, by defining

Vi ={v e L*(£2) : v|g € Vi(E) for each E € &,}.

We then need to introduce Lagrange multipliers to enforce the required continuity
on V4, so define

L, = {# € L2< U e) : pile € Vi, - v for each e € th},
ecdEy,
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where v is the unit normal to e. The hybrid form of the mixed method for (2.1) is
to find (on, un, An) € Vi, x Wy, x Ly, such that

(2.4a) Y (Voonw)e = (fiw), YweWh,

Eecé&y
(2.4b) (Brow,v) — Z [(whn, V- 0)E — (An,v - vE)aman] =0, Vv € Vi,
Eec&y
(24¢) > (on-ve, womon =0, Vp € Ln,
Ecé&y

where Bj, = P, A~ (component-by-component) and P, is the L2-projection onto
Wh. Note that (2.4c) enforces the continuity requirement mentioned above, so in
fact o, € Vp,. Also, (2.4) has a unique solution [2, 10]. Finally, the projected mixed
finite element method is used here. The reason for this is that this projected version
produces a much simpler linear system than the usual mixed method, as shown in
[12]. We emphasize that the present theory applies to the usual mixed method
since the convergence analysis for both cases are the same; for more information
on the relationship between the usual and projected mixed methods, refer to [12].
The next six sections are devoted to designing domain decomposition algorithms
for solving the linear system arising from (2.4).

3. TRIANGULAR CASE

In this and the next sections we consider the two-dimensional case. We first
analyze the lowest-order Raviart-Thomas space [36] (equivalently, the lowest-order
Brezzi-Douglas-Marini space [8]) on triangles.

3.1. Linear system of algebraic equations. The lowest-order Raviart-Thomas
space [36] over triangles is defined by

Vi(E) = (Po(E))’ @ ((z,9) Po(E)),
Wh(E) = Py(E),
Li(e) = Py(e),

where P;(FE) is the restriction of the set of all polynomials of total degree not bigger

than ¢ > 0 to the set E. Let f, = Py f, J,{ = fu(z,y)/2, and By = (a;j;). Then it
is shown [12] that the A, from (2.4) satisfies the equation (3.1) below.

Lemma 1. Let

Mu(x, ) = Y (6, ve)osB (1, ve)or, X.# € L,

Ee€&y,
(Ji e f
Fp(p) = - Z B (u,vE)oE + Z (wdy VvE)oE, M E L,
Ecég,, EcEy,

where ¥ = (,65) = ((auj,1)E)™Y, vE is the outer unit normal to E, and |E|
denotes the area of E. Then A\n, € L}, satisfies

(31) Mp(An, 1) = Fr(p), Vi € La,
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where
Ly ={pw€ Ly : ple =0 for each e C 042}.

Let the basis in Lj be chosen as usual. Namely, take ;4 = 1 on one edge and
= 0 elsewhere in (3.1). Then it follows from (3.1) that the contributions of each
triangle F to the stiffness matrix and the right-hand side are

f i )
(3:2) mE = VEﬂEVEa FiE = _(Jh[TylE)E + (J}{’ VlE)e}za
where 7%, = |eb|vh, and |e%| is the length of the edge e%,. Hence, we obtain the
linear system for Ap:
(3.3) M\ =F,
where M = (my;), A is the vector of degrees of freedom of A\, and F' = (F;).

The following lemma [12] says that (3.3) can also be obtained from the P; non-
conforming finite element method.

Lemma 2. Let
(3.4) Ny ={v € L*(2) :v|g € PI(E), VE € &; v is continuous at the midpoints
of interior sides and vanishes at the midpoints of sides on 82}.

Then (3.3) corresponds to the linear system arising from the problem: Find iy € Ny,
such that

(3.5) an(n, @) = (fr, ), Vo € Na,
where ap(Yp, p) = ZEegh(B,flvwh, Vo)E.

The equivalence stated in Lemma 2 is used to develop the domain decomposition
algorithm for (3.3).

After the computation of Ay, we can easily calculate o3, and uy, from (2.4) if they
are needed. For each E in Sh, set on|r = (a} +bpz,a% + bpy). It follows [12] that

f 2
- _2E‘ Z(ﬂjEi(ailw +aioy), e, j=1,2,
=1
(3.6b) be =f7E,

where fg = fu|p and vl = (VzE(l),VZﬂ(m) and that

3
(3.7) up|Ep = STE] ((thrh, (z,9)E +Zl>\h|e’ ((z,y), VE)eE) .
1=
We end this subsection with three remarks about (3.3). First, there are at most
five nonzero entries per row in the stiffness matrix M. Second, it is easy to see that
the matrix M is a symmetric and positive definite matrix; moreover, if the angles
of every E in &, are not bigger than 7/2, then it is an M-matrix. Finally, while
(3.3) can be obtained by means of the usual approach [12], the present approach is
much simpler.
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3.2. Two-level additive Schwarz method. We now develop a two-level addi-
tive Schwarz algorithm for (3.3). We need to assume a structure to our family of
partitions. In the first step, let £y be a quasi-regular coarse triangulation [15] of 2
into nonoverlapping triangular substructures {2;, ¢ = 1,... ,n. Then, in the second
step we refine £y into triangles to have a quasi-regular triangulation &,. Finally,
let {£2/}7 , be an overlapping domain decomposition of {2 by extending 2; with the
overlap parameter §. The decomposition is assumed to align with the boundary 842,
and the parameter § is defined by 6 = min{dist(042; \ 842,02/ \ 002),i =1,... ,n}.
Associated with each (2], let N}; be the P} nonconforming finite element space whose
elements have support in (2, as defined in (3.4). The finite element space N}, is
represented as a sum of n + 1 subspaces:

(3.8) Ny =N+ NL+...+Np,

where the coarse space NP will be defined later. We now define the operators
II, : N, —» Ni,i=0,1,...,n, by

(3.9 an(Iv,w) = ap(v,w), Yw € N},

and the operator IT : Nj, — Np, by
(3.10) =Y I

Two-level additive algorithm. The additive Schwarz algorithm for (3.3) is given
by

(3.11) o= fr, fo=)_Ffi

=0
where f; satisfies
(3.12) an(fi,v) = (fu,v), YweNi, i=0,1,...,n.
Note that (3.5) and (3.11) have the same solution and thus produce the same
system (3.3).

3.2.1. Convergence theory. We now develop an abstract convergence theory

for bounds on the condition number of II. Specific examples to which the abstract

theory applies will be given in the next subsection. Following Dryja and Wid-

lund’s framework [23], the abstract theory is written in terms of the following two

assumptions:

(A1) There is a constant C such that every v € N, can be represented by v =
Yor_ov; with v; € N} satisfying

n
Zah(vi,vi) < Cap(v,v).
i=0
A2) Let k = (ki;j) be a symmetric matrix with ;; > 0 satisfying
J J
|ah(U'ivvj)| < "gijah(viaUi)l/zah(vjvvj)l/za Vv, € N}lw vj € N}Zn ,7=1,...,n.

Then the next lemma can be found in [23].
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Lemma 3. Assume that the assumptions (A1) and (A2) are satisfied. Then
(3.13a) Amin(IT) > C7,

(3.13b) Amax(IT) < p(k) +1,

where p(k) is the spectral radius of k.

3.2.2. Convergence results. We now give two examples of the coarse space Ny
so that the assumptions (A1) and (A2) are satisfied. Namely, we estimate the two
constants C and p(k). For this, let R;, be the nodal interpolation operator into
Np, and letd/gy be the conforming space of linear polynomials associated with £g.
Then, following [17], we define N} as follows:

(3.14) N ={v € Ny:v=Rnp, p €Ug}.

To give the second example, let £, be the finest triangulation and let &, = &,
for some J > 1 where £y, = & (Hy = 27%H, 0 < k < J) is constructed by
connecting the midpoints of the edges of the triangles in &_1. Then, following
[17], we define the operator I,’j_l : Ny—1 — Ny as follows, where Ny = Npy, is
the P; nonconforming space associated with & (in particular, N;, = Ng,). If
v € Ngx—1 and E € &1 with the vertices (z;,y;) and the midpoints (Z;,;) of its
edges, i = 1,2, 3, then

(3.15a) ¥ u(Z,7,) = v(@,yl) i=1,2,3,
(3.15b) ¥ v(zs, ) = N Z T;,7;)  if (2,u:) ¢ 092,
(3.15¢) IF v(zs,u) = N Z —;’,y;’ if (z;,y:) € 092,

where N7 and N, are the number of the adjacent midpoints (Z},7;) and (Z7,7;)
to (x;,y;) of the edges in O&k_; and the edges on A2 of the elements in &1,
respectively. Alternatively, following [37], ZF_, : Nx_1 — Ny can be equivalently
defined by

(3.16a) IF_ (T, 5;) = v(Z0,T;), i=1,2,3,
1 .
(3.16Db) I,’g_lv(a:i,yi) = N— Z 'UIK, (Tiyy.)  if (20, 0:) ¢ 092,
(24, yl)GK,
(3160) Ik 1’1) T,y yz N Z _;Iaylyl if (wﬁyi) € 607

where N is the number of elements K; € &1 meeting at (z,,y;) and Ny is
defined as in (3.15). Note that (3.15) and (3.16) define the value of If_,v at the
vertices of elements in & and thus can be used to define the continuous piecewise
linear function I ,’g_lv on &. Hence, I,’j_lv is obviously in Ny from its construction
(3.15¢) and (3.16¢) on the boundary 82. It is also a function in Nj. Now, the
second definition of Ny is given by

(3.17) N ={veEN,:v=Typ, p € Ny},

where Ty = I& and Ny = Npg,. In the context of nonconforming finite elements,
the space in (3.17) is a more natural choice for the coarse space N ,?. Since Uy C Ny,
the space in (3.14) is a subspace of the space in (3.17). Hence, the following proof
applies to both cases.
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Theorem 4. Assume that the additive Schwarz operator I is defined by (3.10) with
the coarse space given by (3.14) or (3.17). Then there is a constant independent of
h, H, and 6 such that the condition number c(II) of IT satisfies

(3.18) c(IT) < C(1 + H/6).

It follows from Theorem 4 that if we use a generous overlapping, then the condi-
tion number of I7 is uniformly bounded. The proof of this theorem is given in the
next subsection.

3.2.3. Proof of the convergence result. We show (3.18), using a similar result
from the conforming elements through an adaptation of Cowsar’s arguments [17].
To that end, we need the following two technical lemmas. Below we use the notation

1/2
|v|k = |'U|£1c = (Z |'U|?{1(E)) , k=0,1,...,J.

Ec&

Below we use |v|p = |v|g, .

Lemma 5. There are constants C1 and Cq independent of h and H such that for
all v € Ni_1, we have

(3.19a) CillvllL2o) < NIZE-1vllz2(2) < Callvllr2ca),
(3.19b) Cllvlk—l < II,Icc_l’UIHl(_Q) < CZ’U'k—l-

Proof. The inequality (3.19a) is trivial from the definition of Zf_,. Also, the lower
bound in (3.19b) is obvious since the degrees of freedom of Nj_; are contained in
those of the range of the operator Ni. Thus, it suffices to prove the upper bound in
(3.19b). Toward that end, note that for every v € Ni_1, |v|k—1 is a norm in Nj_;
equivalent to

1/2

3
(3.20) > > (v@nm) - v(Z;,7;))" ’

Ee&i-114,5=1

where the (Z;,7;) are the midpoints of the edges of E. A similar result holds for
every v € Ni. Then the upper bound in (3.19b) follows easily from the definition
of ZF_,, (3.20), and a simple algebraical computation. O

From this lemma we have the corollary.

Corollary 6. There is a constant C independent of h and H such that for ¢ € Ny

(3.21a) 1Zeelln < Cllellex,
(3.21b) 1Zae — ¢llrze) < CH|l¢lley,

where we recall that Iy = I}.

The following lemma was proven in [23] for the conforming finite elements.
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Lemma 7. Let &, /5 be constructed by connecting the midpoints of the edges of the
triangles in &, and set

Uh/2 = {'U S Co(ﬁ) :v|lg € P(E), VE € 8h/2, ’U|39 = 0}.

Then for every v € Uy,, there is a decomposition v = Z?:o v; with vgp € Uy and
v; € Upyo N HG(£2)) such that

(3.22) D ilk o) < COL+ H/O) vk (g

i=0
where C' is independent of h, H, and 6.
Proof of Theorem 4. Let NJ be given in (3.14). Note that

(3.23) n(ITv,v) Zah(ﬂv v).

Then it follows from Schwarz’s inequality and the facts that the II; are projections
and the maximum number of the substructures {2 that intersect at any point is
uniformly bounded that the spectrum of IT is bounded above by

1—|—(max {#G : (z,y) € 2))}.
So we see that the spectrum of IT can be obtained without use of the assumption
(A2).

Next, let Z, = 777 : Nj, — Upn/2 be defined as in (3.15) or in (3.16), and for
every v € Ny, let (Zpv); be the decomposition of Zpv constructed according to
Lemma 7. Then we see that v; = Ry((Zpv);) € N} and v = Y i ,v;. Thus, it
follows from Lemmas 5 and 7 that

> an(vi,v:) < C Y [RA((Znv)s)l
=0 =0

< O3 1@l
=0

< C 1+ H/6) | InvlF g

< C(1+ H/b) an(v,v).

Namely, the assumption (A1) is true, and thus we have the desired result (3.18).0

We close this subsection with two remarks. First, a different coarse space from
that given in (3.14) and (3.17) was introduced in [37], and the condition number of
the resulting additive Schwarz operator I was shown bounded by a constant times
(1 +1log(H/h)) (1 + H/6). His arguments showed that the constant is independent
of jumps in the coefficient a across subdomain interfaces. If the present technique
were used to derive (3.18) with C independent of the jumps in the coefficient, the
same log factor would appear in (3.18). Second, while the simple model (2.1) was
analyzed, the analysis in this section applies to more general equations, as noted in
[12].
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3.3. Two-level multiplicative Schwarz method. We now develop a two-level
multiplicative Schwarz algorithm for (3.3).
Two-level multiplicative algorithm. Starting from any initial guess ¥° € Ny,
we find 9* € Ny, as follows:

(1) Set v_1 =91

(2) For j=0,1,...,n, compute v; by

vj = Vi1 + I (Yn — vj-1);
(3) Set ¥t = vy,
The computation of ITj1)y in the second step can be easily done through the
relation as in (3.12):
an(Ijhn, w) = (fr,w), Yw € Ni,
by (3.5) and (3.9). Note that the error e; = 1, — 1" satisfies e;+1 = Qe;, where
Q= -I,){ — Hp-1) - (I — o).

Thus, the convergence of the multiplicative algorithm is measured from the norm
estimate of ). The following abstract theory about the convergence of this multi-
plicative algorithm is a refinement of a result given in [3].

Lemma 8. Assume that the assumptions (Al) and (A2) are satisfied. Then

1
< 1o ——
1@lla < \/ (20(k)2 +1)C
where the operator norm || - ||, is measured in the ap(-,-)-inner product.

Applying this lemma and the same ideas as in the previous section, we have the
next result.

Theorem 9. Assume that the coarse space Ny is defined by (3.14) or by (3.17).
Then there is a constant C independent of h, H, and § such that

/ 1)
Qlla < 4/1- m

3.4. Multilevel Schwarz methods. In this subsection we extend the previous
two-level additive and multiplicative Schwarz methods to the corresponding multi-
level methods.

Let €y = En, be given and the family {Ex, }x>1 be constructed as before. Let
&, = Eg, be the finest triangulation of (2, i.e., h = 277H. Again, Ny, = Ny
denotes the P; nonconforming finite element space of level k associated with the
triangulation &;. Define (-,-)x on N by

(v, w), = H} Z (%, 7,)w(Zs,7;), v, w € N, k=0,1,...,J,
(Zi,9,)EMi
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where My, indicates the set of midpoints of edges in €. We now introduce several
operators. Let Ay : Ny — Nj be given by

(Arv,w)g = ax(v,w), VYw € Ny,

where ak(-,-) = am, (*,-). As mentioned before, the operator Zf_; : Nx_1 — Ni as
defined in (3.15) or (3.16) has the property that Z¥ v is a continuous piecewise
linear function on & for v € Ni_1, so in fact ZF_ v € Nj. Hence, let Z), = Zy 1
Ny — Np, k=0,1,...,J — 1. Also, define Z* : N, — Ny, and Z* : N, — Ni by

ar(T*v,w) = ap (v, Tryw), Yw € Ng,
(TFv,w)x = (v, Tyw)y,  Yw € Ng.
Finally, let Ax : N — Ni be a symmetric and positive definite operator with

respect to the (-,-)g-inner product. Assume that there are constants v and v
independent of k such that

(3.24) Y (v,0)k < (Akv,v)k < v1(v,v)k, Yv € Ng.

The operator Ay should be more easily inverted than Ag; the identity operator on
Ny is of practical interest among many choices of A;x. From these operators we
define Sy by

S, =Tuh P ARTF, k=0,1,...,J,
Sy, = C1H}?S;, k=0,1,...,J

where we assume that Z; = Z” is the identity operator on N3, and C; satisfies
(3.25) 0< sk < (CLHY)™,

where sy is the largest eigenvalue of S;. It was shown [39] that there is a constant
C; independent of k such that this inequality is indeed satisfied. So the operator
Sy is well defined. We are now ready to define the multilevel algorithms for (3.5)
and thus for (3.3).

Multilevel multiplicative algorithm. Starting from any initial guess ¢¥° € N,
we find 9* € N}, as follows:

(1) Set v_; =L

(2) For k=0,1,...,J, compute vy by

Uk = Vk—1 + Sk(¥n — Vk-1);
(3) Set wz =vJ.
Multilevel additive algorithm. Find ¢, € N, such that
J —~
Syn = Zsmﬁh = fh,
k=0

where ﬁz = Zi:o Skn.
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As rémarked in the last two subsections, S, can be easily obtained from the
right-hand side function f thanks to the relation

AT =TFA.

The following theorem states a convergence result for the above multilevel ad-
ditive and multiplicative algorithms, which can be obtained from an application of
the abstract theory [3, 4, 23] of multilevel algorithms to the present situation, as
shown in [39]. Set

Q=I-55)I=55-1) I - S).

Theorem 10. There are constants Cy, C, and 6 € (0,1) independent of h and H
such that the condition number c¢(S) of S and the norm ||Q||. of @ are bounded as
follows:

o(5) < S+
Co(1-9)
C(1—6)2
HQHQ S \/1 - El—:_g—+0—05)2

4. RECTANGULAR CASE

In this section we consider the lowest-order Raviart-Thomas space over rectangles
[36] (or equivalently the lowest-order Brezzi-Douglas-Fortin-Marini space [7}).

4.1. Linear system of algebraic equations. Let &, be a family of quasi-regular
partitions of {2 into rectangles oriented along the coordinate axes, and let Q; ,(E)
be the space of polynomials of degree not larger than ¢ in  and j in y on E. The
rectangular mixed space [36] is defined by

Vi(E) = Q1,0(E) x Qo1(E),

Wh(E) = Ro(E),

Lin(e) = Py(e).
For each E € &, let Azg and Ayg denote the x-length and the y-length of E,
respectively, Rg = Azx% + Ay%, and let (Zg, Jg) denote the center of the rectangle
E. Let fy be defined as before, and define J,’: such that for each FE € &, J/: B =
fe(Ay%x, Az%y)/RE. For expositional simplicity, let B, = a be a scalar. Then
we again have the next lemma [12]. We emphasize that a similar result holds for a
tensor coeflicient; see [12] for more information.
Lemma 11. Let

1

Mp(x, 1) = Egh m(x, ve)og - (11, vB)os
+ E§h m,ll)ﬁ ((X(leay)ﬂ;E)BE — (fE@E) . (X’ﬂE)aE)

x ((u(z,y),7e)oE — (ZE,UE) - (1, PE)oE) s X, 1 € Ln,

| '(Jf7 Ve (mve)os+ > (' ve)op, 1€ Ln,
Eecé&y Ecégy



DOMAIN DECOMPOSITION ALGORITHMS FOR MIXED METHODS 479

where vt = ( 1(1), —1/;;(2)). Then A € Ly, satisfies
(4.1) Mh()\h,u) = Fp(p), VY€ L.

Let the basis in L; be chosen again as usual, and for each E € &, set |vg| =
Il/}él)l - lu}éz) |. Then it follows from (4.1) that the contributions of each rectangle
E to the stiffness matrix and the right-hand side are

1 ; 3[E|2 ; ;
E __ 7T 3|/ /
(4.2a) m;; = —(a,l)E 7y + Bole s 1)E|VE| gl
. JfaV E 2
(4'2b) FLE =- ( h|E|E) + (J}{a VE)e};

Namely, we have the linear system for Ap:
(4.3) MM=F.
Lemma 12. Let

(4.4) Nu = {s €l = ap + ahe + aby + ap (2 — ¢, ap € R, VE € &;
if E1 and E> share an edge e, then /5[351 ds = /E[aEz ds;

and £|agds=0}.
OENJN

Then (4.3) corresponds to the linear system generated by the problem: Find vy, € Np,
such that

(45) ah(whaw) = (fh,sa)v VQDE Nh'

The equivalence in Lemma 12 is used again to develop the domain decomposition
algorithm for (4.3).

After the computation of A, we can calculate oj, and uy from (2.4) if they are
needed. Setting ox|g = (ag + bz, cg + dry), we find [12] that

[E] 4 6Tg i(1) i(2) 1 i(1) CEEAy?EfE
= E — — —- Al — —==2—,
B (a,l)E i=1 Rg (IVE | |VE I) AzEVE hleE Rg

_ 6|Ei - (1) i(2) Ay%fE
be = (a’l)ERE Z <_|VE |+ Ivg I) + Rg ’

_ [EI GyE z(l) i(2) 1 i(2) JeATL fE

IEI ()] _ 1,42 Azl fe
de ~ (a,1)sRe Z(' l)+ Rb;s .

Also, for each E in &,

unlp = L i (Ay2 Wi + Ax? lum)l) Anlen + (@ V)sl|Elfp 1)E|E[fE,
2Rp S \TUFTE BlE % 12R;

We remark that the matrix M in (4.4) has at most seven nonzero entries per row.
It is symmetric and positive definite. However, in general, it is not an M-matrix.
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4.2. Two-level additive Schwarz method. Let £y be a quasi-regular coarse
triangulation of {2 into nonoverlapping rectangular substructures §2;, i =1,... ,n,
and let £, be a quasi-regular refinement of £x into rectangles. Again, let {£2;} be
an overlapping domain decomposition of {2 which aligns with the boundary 912.
The overlap parameter § is defined as before. Associated with each 2/, let N}
be the restriction of the nonconforming finite element N, to 2. With these, the
form of the additive Schwarz method given in (3.11) and (3.12) remains the same.
Moreover, a parallel analysis could be given here. However, we here show how to
use the established results of the triangular elements to analyze the rectangular
case.

Let gh be the triangulation of {2 into triangles obtained by connecting the two
opposite vertices of the rectangles in £y, as illustrated in Figure 1. Associated with
€h, let Nh be the P; nonconformlng finite element space as defined in (3.4). Then
we define the operator Ih : Nh — Nh as follows. If v € Nj and e is an edge of a
triangle in Nh, then Zyv € Nh is defined by

(4.6) B l(Ihv y De = m(v, 1)e-

Lemma 13. There is a constant C independent of h such that for all v € Ny,
(4.7a) HthHL?(Q) < O]l L2(02)s

(4.7b) 1Znolln < Cllo]ln-

Proof. We first prove the inequality (4.7a). From (4.6) it follows that

||IhU||2L2(rz) = Z HIhU||2L2(E)
E€&y

<cy 24:(/5 |fhv|de)2

Ee€&y i=1

<cY Z(/ |u1de)2

EBe&), i=1
< C”UHM(Q),
from which (4.7a) follows.

FIGURE 1. A triangular refinement of rectangles
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We now prove the second inequality, which follows from the first one. Given
v € Ny, define £ € Ny, w € Ny, and 2z € H(£2) by
(48) ah('U?C) = (ga C)’ Vé. S Nh7
an(w,€) = (§,C), V¢ € Ny,
an(2,¢) = (&), (€ Hy(9).

Note that [|z]|g2(0) < C||€]lL2() by elliptic regularity, and that v and w are ap-
proximations to z with the usual error estimates [1]. Thus, it follows from an inverse
inequality and (4.7a) that
| Znvlln < 11 Zn(0 = w)lln + [[wln
< C (W20 - w)llzaca) + llv = wiln + Ilolls)
< C (WYl = wllz2qe) + [v]ln)
< C (W (Ilv = 2llpaqo) + llw = 2llL2(a)) + [[v]])
< C (hll€ll 2y + [[vlln) -
Finally, by (4.8), we see that
1€1122(2) = an(v,€) < Cllvllnllélln < Ch7lollnlI€] 220,
and (4.7b) follows. O

Let Ry, be the interpolation operator into N, and define the coarse space Ny by
(4.9) NP ={ve Ny:v=Rnp, goeﬁ,?},

where ﬁ,? is a triangular coarse space such that Rpp is well defined for every
o € NJ.

Theorem 14. Assume that N 0 is such a triangular coarse space that the result in
Theorem 4 is true and that the rectangular coarse space Ny is given by (4.9). Then

the condition number c¢(II) of the additive Schwarz operator IT in the rectangular
case satisfies

(4.10) c(IT) < C(1+ H/$),

where C' is independent of h, H, and 6.

Proof. The spectrum of IT can be bounded as before.A It again suffices to prove
the assumption (A1). For every v € N, let (Z,v); € N{ be the decomposition of

Znv € Nj, constructed from the triangular case. Let v; = Rp((Znv);) € Ni. Then
we see that v = Y., v;. Thus, by Theorem 4 and Lemma 13, we obtain

n

Z an(vi,v;) < C Z ah((fhv)i, (fhv)i)

=0 =0
< C(l + H/é) ah(fhl),fhl))
< O (1+ H/8) an(v,),

and (A1) follows. O
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Let &, = Eg, for some J > 1 where £y, = & (Hy = 27FH, 0 < k < J) is
constructed by connecting the midpoints of the edges of the rectangles in £ _1. For
each 0 < k < J, let fk be the triangulation of {2 into triangles corresponding to
&n. Associated with each E‘k, let ﬁk be the P; nonconforming finite element space
as defined in (3.4). Then it is easy to see that N} can be constructed from N 2 by
means of (3.14) or (3.17).

The same idea also applies to the analysis of the two-level multiplicative algo-
rithm, and the same result given in Theorem 11 remains valid here.

4.3. Multilevel Schwarz methods. Let £ = £g, be given and the family
{€n, }x>1 be constructed as above. Let £, = £y, be the finest triangulation of (2,
ie., h=2"7H, for some J > 1, and let N, = Nj denote the nonconforming finite
element space of level k associated with the triangulation &, as defined in (4.4).
For each k, we introduce the continuous bilinear functions

Uk = {E € Co(ﬁ) :élE € Ql,l(E), VE € & and 6[39 = O}

Unlike the triangular case, Uy ¢ Ni. Thus, the intergrid transfer operator I} _; :
Ni—1 — N cannot be defined as in (3.15) and (3.16). Hence, the convergence
analysis in §3.4 does not apply here. Fortunately, we can use the idea of the proof
in Theorem 14 to construct the operator ZF .

For each k, let &x be the triangulation of {2 into triangles obtained from & using
the above manner (see Figure 1), and let T, : Ny — Ni be defined as in (4.6). Let
T) : Ni — Nj, be defined as in (3.15) or (3.16). Then we define Zj : Ny — Nj by

(4.11) T, = RpIiZx.

Define (-, -)x on Ni by
(v we = Y Hy(v,w)e.

eeaé‘k

We can now introduce the operators Ag, %, Z%, Ay, and Sy as before. Namely,
Ag : N, — Ny is given by

(Agv,w)k = ax(v,w), Yw € Ny,

I* : Nj, — Ny, and Z% : Nj, — Ny, are given by

ak(Ikv,w) = ap(v,Trw), Yw € Ny,
(fkv,w)k = (’L),Ikw)J, Yw € Ny,

and Ay : Ny — Ni is a symmetric and positive definite operator with respect to
the (-, -)g-inner product such that there are constants -, and -; independent of &
satisfying

Yo(v,v)k < (Axv, )k < 71(0, )k, Vv € Ni.
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From these operators we define Sy by

S, =Tk ART®, k=0,1,...,J
S, =C1H?S,, k=0,1,...,J
where C; satisfies an inequality similar to (3.25). With the operators Sk, the mul-
tilevel additive and multiplicative Schwarz algorithms can be defined as in §3.4,
and the convergence results directly follow from those in Theorem 10 by means of
Lemma 13.
5. SIMPLEXES
Let now &y, be a partition of {2 into simplexes. The lowest-order Raviart-Thomas-
Nedelec space [36, 34] defined over & is given by
3
Vh(E) = (PO(E)) @ ((J), Y, Z)Po(E)),
Wh(E) = Py(E),
Ly (e) = Py(e).

In the present case the results in Lemmas 1 and 2 remain the same if we define the
nonconforming finite element space

Ny ={v e L*(2) : v|g € P\(E), VE € &x; v is continuous at the barycenters
of interior faces and vanishes at the barycenters of faces on 942}

Moreover, for each simplex E € Ej, its contributions to the stiffness matrix and
the right-hand side are

i AEi Ji,7%)E '
mf”; = VzE,BEV]E, F,;E = "'('—h"l'E"IE‘)'— + (J}{a VzE)e‘}Ea

where JI = fi(x,y,2)/3. For each E € &, let on|p = (ak + bez,a% + bpy,a} +
bgz). Then o, and uy are computed from the following relations:

_Je
bE—37

4
al =— Z |e§3|(ﬂﬁu§(1) + ﬂf;ug” + ﬂﬁ;v’ég)))\hleg
=1

3

- %E—;( ﬁ(ai1$+ai2y+aiaz)’1)E’ j=1,2,3,
1 4 '
Ug =_—-31E1 <(Bhahs (xsyvz))E + ZAhlei:((x’y’z)’VfE)eg) .
i=1

The two-level Schwarz method can be defined as in §3. If £, is given and each
EH,,, is aregular refinement of £y, into eight times as many elements by joining the
barycenters of the faces of the elements in £y, , then the definition of the multilevel
Schwarz method remains unchanged provided that the intergrid transfer operator
TF_, : Nx_1 — Ng is given as in (3.15) or (3.16).
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6. RECTANGULAR PARALLELEPIPEDS

Let now &, be a decomposition of {2 into rectangular parallelepipeds oriented
along the coordinate axes. The lowest-order Raviart-Thomas-Nedelec space [34]
defined over &, (equivalently, the lowest-order Brezzi-Douglas-Fortin-Marini space
[7]) is given by

Vh(E) = Q1,0,0(E) x Qo,1,0(E) X Qo,0,1(E),
Whi(E) = R(E),
Li(e) = Py(e).

In this case the nonconforming space Ny, is given by

Ny = {€:€le = o+ dho + aby+ abe + b — 1) + (e~ ),
a}; € R, VE € &; if E1 and E; share a face e,

then /€|6E1 ds = /€|6E2 ds; and €londs = 0}.

e e 8ENAN
Then the results given in Lemmas 13 and 14 can be extended to the present case.
For each F € &, set

oo 1,1 1
BTACL T A T AR

5 fE Ty oz
Tule = (Az T Ay’ Az%) ’

and

o _ (WO O] )
Vay =
B (AmE’AyE’AzE>,
i 2 3
- - -

Az AyE AzE

|l/i |/ _

Then the contributions of the rectangular parallelepiped E € &, to the stiffness
matrix and the right-hand side are

1 . 3|E| i s 1. )
E.=___—¢ A N W R TIN T
mz] (a,l) + (a,l)E (VE Vg RElyEl |VEI ) 3

J .
Rl N LA

t ||

For E € &, let o4|g = (ag + bezx,cg + drY, sg + tgz). Then it follows from (2.4)
[12] that

___ 6zp[B] ¢ 2 |v’“>| i
ap = (a,l)EAx?ERE; (1 - Az} RE) ) AyE
" ¥ +A33ERE i TefE
Az 6Zg hle Aa:2ER
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_ 6E] : 2y Y] R
bE_(a,l)EAm%RE; (1- Az%RE) AdZ + AyS

(®)
2 fe
+ AZ% )\hle}E + AxQERE,

similar expressions hold for cg, dg, sg, and tg. Finally,

6 ] ] i
L W e fee e
2Rp &\ Ask T Ayg | AZf [7M°B T 12Rg[E]

The two-level Schwarz method can be defined as in the rectangular case. If £x,
is given and each £g, ,, is a regular refinement of £, into eight times as many ele-
ments, then the multilevel Schwarz method can also similarly be defined. Moreover,
the convergence result follows from that for the simplexes if an appropriate opera-
tor can be defined from the nonconforming space on rectangular parallelepipeds to
that on simplexes. This can be done as follows.

Let Eh be the triangulation of {2 into simplexes obtained by dividing each paral-
lelepiped in &}, into six tetrahedra, as illustrated in Figure 2, or into five tetrahedra,
as shown in Figure 3. Also, let JV’h be the corresponding P; nonconforming space
as given in the previous section. Then, if v € N, and e is a face of a tetrahedron
in Nh, we define fhv by

Ug =

6.1) %(fhv, 1), = %@,1)5.

FIGURE 2. A rectangular parallelepiped divided into six tetrahedra
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—F
x

FIGURE 3. A rectangular parallelepiped divided into five tetrahedra

It can be shown as in Lemma 13 that the stability results similar to (4.7) hold for
Zk. Thus, if the coarse space is given as in (4.9), the convergence result in Theorem
14 remains the same for the rectangular parallelepipeds.

7. PRISMATIC ELEMENTS

Let now {2 be of the form 2 = G % [0,1] with G C R? and &, be a partition of 2
into prisms with three vertical edges parallel to the z-axis and two horizontal faces in
the (z,y)-plane. The lowest-order Nedelec space [35] defined over & (equivalently,
the lowest-order Chen-Douglas space [14]) is given by

Va(E) = (Po(E))® @ (((z,y)Po(E), 2Po(E))),
Wh(E) = Py(E),
Li(e) = Py(e).

The corresponding nonconforming finite element space is given by
Ny = {§ €lp=ak +akzr+ady+ahz+ad(a? + 92 —22%), ok € R, VE € &
if E1 and Ej share a face e, then /ﬁla}g1 ds = /£|5E2 ds;
€ €

and londs = O}.
8ENSN

Again, the results given in Lemmas 11 and 12 remain the same. Furthermore,

for each prism E € &, its contributions to the stiffness matrix and the right-

hand side and the restriction of o, and up to E can be explicitly determined as in

the triangular and rectangular cases; for more details on these expressions for the

prismatic elements, refer to [12].
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The two-level and multilevel Schwarz methods can be defined as before. The
convergence result follows from the corresponding result for the simplexes if each
prism is divided into three tetrahedra as in Figure 2 and the operator Zp, : N, — Nj
is defined as in (6.1). We end this section with a remark that with a linearization
approach the*problem of solving quasilinear problems reduces to one of solving
symmetric linear problems [9], and the theory of the paper applies.

8. NUMERICAL EXAMPLE

In this section the two-level additive Schwarz algorithm described in §3 is applied
to the model problem

(8.1a) —~Au=f in2=(0,1)3,
(8.1b) u=1 on 0f2.

Comparison of numerical experiments among the domain decomposition methods
developed in the previous sections will be reported in a forthcoming paper. The
right-hand side f is given by

f(z,y,2) = 3n% sin(nz) sin(my) sin(72),
so that the exact solution is
u(z,y, z) = 1+ sin(nz) sin(ry) sin(nz).

The domain {2 is first divided into uniform cubes, and then each cube is parti-
tioned into five tetrahedra, as shown in Figure 3. The lowest-order Raviart-Thomas
space over a uniform decomposition of {2 into simplexes is exploited here. The con-
jugate gradient method is exploited with the stopping criterion that the relative
residual as measured in the energy norm is less than 1078, The experiments in
Tables 1 and 2 report the condition number in the cases of the overlap parameter
6 = H/4 and § = h. In the tables, n is the number of the subdomains, c(II) is
the condition number of the two-level additive Schwarz algorithm, and # is the
number of iterations needed to achieve the desired accuracy. From these results we
see that the condition number depends linearly on the ratio of the subdomain size
to the overlap parameter and is uniformly bounded. Also, the number of iterations
is bounded independently of the mesh sizes and the number of decompositions.
Hence, the experimental results coincide with the theory established before. An
extension of the present approach to other substructuring methods such as those
in [38, 29, 5] will be discussed in a forthcoming paper.

TABLE 1. The condition number with § = H/4

1/h 16 16 24 24 32 32

n 8 64 8 27 8 64

c(IT) | 586 | 512 | 6.08 | 667 | 6.51 | 6.81
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TABLE 2. The condition number with 6 = h

1/h 36 36 48 48

c(I) 13.74 12.04 12.96 12.55
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